Let H be a Hilbert space, E := L(H). We consider the mapping ¢ : Ball(F) < M :=
{[l!]eBs xE: 2 —z*z=1, t>1},

1+a*a)(1 —a*a)™?
2a(1 — a*a)~1!

t
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P(u) := {( } with ¢! { } =z/(1+1).

Remark. In the 1-dimensional commutative case £ = C, for the Mobius transformation
My(u) := (u+b)/(1 — bu) we have
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Notice that Miann(q) is the exponential of the vector field [a — EUZ]%. Hence

t cosh(2a)t + sinh(2a)z t
#M = f M .
¢ Mianh(a) lx} [sinh(2a)t + cosh(2a)x o1z €

In particular ¢# M, is the restriction of a linear mapping of C? to M.
We are going to study the analogues in the setting of F = L(H).

Notation. For any a € L(H) and b € Ball(L(H)) we write

Aq(u) == [a — ua*ul %, My (u) := (1 —bb*) V2 (u+ b)(1 + b*u) "2 (1 — b*b)1/2 |

It is well-known that, for b = [exp(A,)]0, we have My(u) = [exp(Ay)]u (Jju]| < 1).
Recall that, for fixed a € L(H) and u € BallL(H ), the function u, := [exp(7Aq)]u (7 € R)
is the solution of the initial value problem %UT = A, (u;), up = u.

Proposition. Let a € L(H) and [%] € M. Then
# 4 _ a*xr + r*a
7 Aa |:$:| {a(l—l—t)—kx(l%—t)_la:*a

Proof. Let us write
t
wi=¢~! { ] =2(1+t)7!, w:=A.(u), G,:=exp(Td,) .
T

Then we have
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— o (Golu)) 32| _ Grlw) = &/ (wAalu) =
= ¢'(u)u.



We calculate both ¢'(u) and @ in terms of ¢, z. For the first component of ¢,
$1(u) = (1 +u*u)(l —uu) ™t = [(1 —u*u) + 2uu](1 — u*u)~ ! =
=1+ u"ga(u) .

Hence and since ¢1(u) = z,

S = | (1) ol 7E) = T () + u G ()7 =

=u'r +u h(u)u .

We can express ¢4(u)u in algebraic terms of u,u as follows:

= diT _ daut7E) = % 2+ (T (@) =

=2q[1 — wu] "t 4 2u[l — wru] T (@ ) [l - utu]

¢y (u)u

Since u = ¢! ['] = 2(1+¢)~! and since z*z = > — 1 = (t — 1)(1 + t), here we have

l—vwu=1— 1+t el +t) =
S () ) = () )~ (1)) =

=2(1+1t)7",
1
1w ™ = S(1+1)
* 1—1 —11 1
u[l —u*u]”" =x(1+1) 5(1+t) =50
Hence we conclude
1 1 1
oy (u)T = 2us(1+1)+2- saf@z(l+ 7+ (1+ t)_lx*ﬂ]§(1 +1) =

1 1
a(l+1t)+ éxﬂ*.r + 51;(1 + ) taru(l 4+ t) .

We can express u in terms of t, z as

gl

=A,(u) =a—ua*u=a—z(1+t) ta*x(1+t)"".

Thus
(1) (2)
——r %
Py(u)i = a(l +t) —x(14+t) ra*z +

(3) (4)
1 1 ~
—|—§xa*x —Eac(l + ) trta(l + ) tatr +

R ®
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—1—530(1 + 1) trFa(l +t) —555(1 + ) terr(1+t) ot




The sum (2)+(3)+(6) vanishes because z*x = (1 + ¢)(t — 1) and hence

(2)+3)+(6)=x {—(1 +1)7t 4 % - %(t —1)(1 —I-t)_l] a*r =

1 1 1 1
=z(1+) |1+ t—Zt+|a*x=0.
2(1 +1) { + 5+ 5t 2t+2}ax 0
The sum (4)+(5) can also be simplified as
(1+8)(t—1)

1 =
(4)+(5) = 533(1 + t)_lx*a[ - (14 t)_l ¥ r +(1+ t)} —

_ lz(l +t) ata—(t—1)+ (1+1t)] =

2
=z(1+t) '2%a
Summing up (1) +--- + (6), we get
Py(u)T = a(l +t)+z(1+t) tz*a ,
¢ (u) ="z + u” Py (u)u =

—a*z— (1+t) tax*a(l +t) 1+
+ 1+t 2" [a(l +t) + 2(1+ 1) z*a big) =
(1) (/23
Ny <
=o'z —(1+t) 'e*a(l +t) ta*r +
3 )
— A+ a1+ ) (1 1)
Using again the identity *z = (1 4 ¢)(t — 1), here we can write
2)+@B)=010+t) 2*a[ -1+ A+)t-1)+(1+t)] =
=2(141t)7*
=0+t A+t)t-1A+t) v*a=t-1)(1+t) 'a*a=
—[Q+t)—2t](1+t) "2*a = —z*a+2t(1 +t) 'z%a

$r(wu=[(1) + (9] + F(2) + (3)] =
=a'rz—=x a—|—2t(1 ) 1x*a+2(1+t) —
=a'r+ (1+8)7 [ = (1+1t)+2t+2]z"a =

=a*z+z%a

Therefore

which completes the proof. Qu.e.d.

Corollary. If x is a normal operator and [fc] € M then {x,x* t} commute and x*x =

(t —1)(1 +t) whence
¢#A t]  |a"'z+z%a
“Nx| | at+tar |



The case of the real Jordan algebra of self-adjoint operators

Let henceforth only E = A(H) :={a € L(H) : a=a*}. In this case

QZS#AG t _ ar + za _ 0 L,+R,| |

x at + ta L,+ R, 0 x
with the left and right multiplication operators L, : L(H) > z — az respectivaly R, :
L(H) 5 z — za. Since L, and R, commute, exp ((b#Aa) has a rather simple explicite

0 La—|—Ru}n[tL

expression. Straightforward calculations with the power series Y - n!=1 [ Ly 6 M

yield the following.

Theorem. Given any self-adjoint operator a € A(H), the Mdébius transformation
Miann(a) maps Ball(A(H)) onto itself, ¢ is a bijection between Ball(A(H)) and
MNA(H)? = {[{H ctxeA tP—22=1,t> 1} and
[t cosh(L, + Ry)t + sinh(L, + Re)x
#M _ A 1 _ a a a a
¢ tanh(a) ¢O [eXp CL] o (b |: :| Linh(La + Ra)t —|—COSh(La + Ra).T

Xz

For the terms cosh(L, + Rg)z, sinh(L, + Ry)z (2 = t,x) here we have

cosh(Ly + Ra)z = %[exp(a)]z[exp(a)] + %[exp(—a)]z[exp(—a)] ,

1 1
cosh(Ly + Ry)z = E[exp(a)]z[exp(a)] — i[exp(—a)]z[exp(—a)] .
Proof. For any a,u € A(H), we have A,(u) = a — {uau} € A(H) along with ¢1(u) =
(1+u?)(1 —u?)"! ee A(H) and ¢o(u) = 2u(1 —u?)~! €€ A(H). Therefore the vector
field A, is tangent to A(H) moreover complete in A(H) N Ball(L(H) = Ball(A(H) and
the vector field ¢# A, is complete in A(H) N M. Since exp(A,) = Miann(a), it follows

0 L, + R,
¢#Mtanh(a) = €Xp ¢#Aa = €Xp |:La 1+ R, 0 :| ‘ M .

Here we have

_i 1 0 La+Ra 2k+ 1 0 La+Ra 2k—|—1_

4~ (2k)! | Lo+ Ra 0 = (2k +1)! | Lo + Rq 0 -

B i 1 [(Le+Ra)* 0 N i 1 0 (Lq+Ro)*H] _
0 sinh(L, + R,)

sinh(L, + R,)*F+1 0 ‘

o
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In general, the operations L, and R, commute (L,(R,u) = xz(uy) = (xu)y = Ly(Ryu).
Therefore

1 1
cosh(L, + Ry) = —exp(Lg + Ry) + —exp(—Lg — Ry) =

2 2
1 1
= ) eXp(La) eXp(Ra) + 9 eXp(_La) eXp(_Ra) =
1 1 1 a__a 1 —a . _—a
§Lexp(a)Rexp(a) + §Lexp(a)Rexp(a) A 56 ze” + 56 ze
Similarly sinh(L, + R,) : 2z +— %e“zea — %e_aze_a which completes the proof. Qu.e.d.



Case of JB*-triples
Throughout this section let F be a JB*-triple with the triple product {uvw} and structure
derivations D(a,b) : u — {abu}. We define the mapping ¢ : Ball(F) — L(F) x E as

¢ (u) == 2[1 — D(u, u)}_lu ,

1 (u) := 1+ D (¢ (u), u) .

where

o

o) = |
We shall also write M := range(¢) = {¢(u) : u € Ball(E)}.
Lemma. On M we have ¢~ 1 ['] = (1+1¢)7!

Proof. Let u € Ball(E). We have to see that u = (1+¢)"!z thatis (1 +t)u =2z with

:2[1—D(u,u)]_1u, t:=1+ D(x,u) .

Recall that, using the customary notation u?**! := D(u,u)*u (k =0,1,...), we have
the identity {u?F+120H1y2m+1Y} = ¢ 2(k+m)+ - Therefore

=2[1— D(u,u)] U—QZDU u)® = Z 2k+1
k=0
(1+tu=[2+ D(z,u)|u= [2+2ZD(u2k+1,u)}u:2u+2ZD(u2k+1,u)u] =
k=0 k=0

oo o0
=2u! +2 Z w3 =2 Z w =2 . Qued.



