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Introduction

The purpose of this paper is to unify a number of minimax theorems
that use hypotheses that are superficially very different.

The important role of connectedness in minimax theorems was first
noted by Wu [29], followed by Tuy [27,28], who was able to generalize Sion’s
minimax theorem [24]. Based on Jod’s result [8], Staché [25] and Komornik
[16] proved minimax theorems for “interval spaces”. These results were
unified by Kindler-Trost [12].

Minimax conditions that use algebraic conditions were considered by
Fan [1], Ko6nig [17], Neumann [19], Irle [7], Lin—Quan [18], Kindler {11} and
Simons [20].

Minimax theorems that miz both connectedness and algebraic condi-
tions were considered by Terkelsen [26], Geraghty-Lin [2,4,5], Kindler [11]
and Simons [21].

Kindler [11] was the first to observe that the algebraic conditions force
conditions akin to connectedness.

In this paper, we give results that unify all the ideas mentioned above,
as well as other ideas due to Ha [6] and Simons [22,23].

The basic minimax theorem is Theorem 1 which has a simple proof using
a compactness condition (1.1), a condition on Y, (1.2) and a condition on
X, (1.3).

There are obvious topological situations in which (1.2) holds — see (8.2).
Lemma 2 gives a set-theoretic situation in which (1.2) holds — in Remarks 3,
we show that, to within ¢, Lemma 2 encompasses all the algebraic situations
mentioned above.

Lemmas 4 and 5 give topological situations (which will require that X
be an interval space) in which (1.3) holds. Lemma 6 gives a set-theoretic
situation in which (1.3) holds — in Remarks 7, we show that, to within ¢
again, Lemma 6 encompasses all the algebraic situations mentioned above.

The reader will undoubtedly notice the similarity between the hypothe-
ses (2.2) and (6.1). In Remarks 7, we give a common result from which both
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Lemma 2 and Lemma 6 can be derived. (We have not used this in the text
for clarity of exposition.)

Let X and Y be nonempty sets and f: X xY — R. If y € R we define
multifunctions l’ from X into 2¥ and [_'y_ from Y into 2% by

VeeX, q]e:={y:yeY, flz,y) 27}
and

VyeY, [yy:={z:z€X, flz,y) >7}.
For convenience, we write LE(W,~) for ﬂ q]w.

The author would like to thank Professor Jiirgen Kindler for an interest-
ing discussion on minimax theorems and for suggesting that he incorporate
[12] into an earlier version of this work.

The joining of sets and pseudoconnectedness
We say that sets Hy and H; are joined by a set H if
HCHyUH,, HNHo#0 and HNH #0.
We say that a family H of sets is pseudoconnected if,
(0.1) Hq, Hi,H € H and Hp and H joined by H = HoN Hy # 0.

Any family of closed connected subsets of a topological space is pseu-
doconnected. So also is any family of open connected subsets. In Lemma 2
we give a situation related to minimax theorems in which a certain family
of sets is automatically pseudoconnected.

THEOREM 1. Let Y be a topological space, and B be a nonempty subset
of R such that inf B = sup inf f. Suppose that, V3 € B and finite subsets
X Y

W of X (with the convention LE(0,8) =Y),

(1.1) Vze X, PBlz isclosed and compact,
(1.2) {_,B_Iz n LE(W"B)}xeX is pseudoconnected
and,

Y zo, €X,3z e X such that
(1.3) { o, T1 T suc

Blzo and B|z1 are joined by Blzn LE(W, ).

Acta Mathematica Hungarica 68, 1994



A FLEXIBLE MINIMAX THEOREM 121

Then
min sup f = sup inf f.
Y X X Y

Proor. Let 3 € B. Let V be a nonempty finite subset of X. We
can write V = {zg,z1} U W. Let z be as in (1.3). It follows that _ﬂ_]zo N

N LE(W,B) and B|z1 N LE(W,B) are joined by S|z N LE(W,B). From
(1.2) and (0.1), LE(V, ) # 0. The result follows from (1.1) and the finite
intersection property.

Sufficient conditions for (1.2)

In our next result, W does not necessarily have to be finite.

LEMMA 2. Let W C X and 3 € R. Suppose that,

(2.1) Vy>p and z€ X, 7|z N LE(W,B) is closed and compact,

and, whenever § >+, AN 21 and vo,...,7N € R such that

f Yo =46, 7N =7 and,
Vyo,y1 €Y, 3y €Y such that, Vn e {1,...,N},
(2.2.1) ey C [Yam1 90U [Byr,
(22) 4 (2.2.2) W;?J c ‘—B_yo U ¥n-12,
(2.2.3) [By C[Byou By,
[ (2:24) [6y C [6you b
Then
(1.2) {ﬂw N LE(W’ﬂ)}zeX is pseudoconnected.

PRrOOF. Suppose that the result fails. Then Jz¢,z1,2 € X such that,
writing T := S|z N LE(W, ),

(2.3) T C BlzoU Blas,
(2.4) _ﬂ_’(l)oﬂ_,‘i'a?] ﬂTI@,
a,n(ki, for : = 0,1,

(2.5) Uu; € ﬂmi nT.
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122 S. SIMONS
From (2.1) and (2.4), 34 > 8 such that
(2.6) YzoN y]zaNT = 0.
From (2.5) and (2.6), uo & 7|z1. Let § := f(z1,u0) V f(z0,u1) > 7,

Uo :=ﬂmoﬂﬁ]m1 NT 3 uy and U, ::ﬁjzoﬂ_ﬁ]zl NT >3 u.
Choose N and 7g,...,yn as in (2.2). Then, from (2.6),

Uo C §Jz1 = 70|z1 and UpN n|z1 = Up N 71 = 0.
Thus, YVt € Uy, 3! go(t) € {1,...,N} such that
(2.7) go(1)SnSN=>t¢ Tu|er and n=go(t) =t € Yn-1]21.
Similarly, Vt € Uy, 3'¢1(t) € {1,..., N} such that
gl(t)§n§N=>t¢;y_,lJzo and n:gl(t)=>tel,i__1|mo.

We fix y; € U; to maximize g;(y;) and choose y € Y as in (2.2). From (2.2.3),
y € T. From (2.3), we can suppose without loss of generality that y € Blzo.
From (2.2.4) since y; € _(2_]:1:1, Yy € _6]:1:1. Thus y € Up. Let n := go(%o).
From (2.7), yo € 7Yn-1)z1. Since y; € U1, y1 € Blz1. From (2:2.1), y €
€ Yn|z1. From (2.7), n < go(y). This contradiction of the maximality of
go(yo) completes the proof of the Lemma.

REMARKS 3. In the context of minimax theorems, various authors have
introduced conditions that imply (2.2).
Inspired by a result of Fan [1], Kénig [17] introduced the condition:

(3.1) {Vyo,y1 €Y,dyeY such that,

z€X = flz,y) £ [f(z,30) + f(z,91)] /2.

(3.1) was weakened by Neumann [19], who also showed that it sufficed
that his condition hold “to within £”. (See the discussion on Irle’s theorem
below.)

Neumann’s condition was further weakened by Geraghty-Lin [2,4,5] and
Lin—-Quan [18], who introduced the condition:

(3.2)
{33 € (0,1) such that, Vyo,1n €Y, 3y €Y such that,

Te X = f(f'?,y) _—<: (1 - 3) [f(ﬂ’,’yo) Vf(mayl)]"*' S[f(III,yo) /\f((li',y))]
(To see this take s := 1/2).
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A FLEXIBLE MINIMAX THEOREM 123

Simons [20] weakened (3.2) to the “penalty condition”:
(3.3)
3 a nondecreasing function m:R*Y — R* such that
A>0=2>7m(A)>0 and Yyo,p1 €Y, 3y € Y such that,

g€X = f(z,y) £ f(z,90) V f(z,m) — 7 (If (z,90) — f(z,m)]).

(To see this take 7m(A) := sA. Much smaller choices of = are possible, for
instance, w(A) := e~1/A%),
Simons [20] weakened (3.3) to the “upward condition”:
(3.4)
{Ve >0, 31> 0 such that, Vyo,y1 €Y, 3y €Y such that,

z € X and |f(z,y0) - f(z,m)| 2 ¢ = flz,y) £ f(z, %)V f(z,51)—1n
and 2 € X = f(z,y) £ f(z,9)V f(z,n).

(To see this take 7 := 7(¢).)

We now show that if 8 < v < § then (3.4) implies (2.2): We set
€ := v — f3, choose 7 as in (3.4) and v,..., 7N € [y,6] with 70 = 6, 8 = 7
and, Vn € {1,...,N}, Yn—1 — Tn $ 9. Let yo,91 € Y and choose y € Y as
in (3.4). Suppose that f(z,y0) £ Yn—1 and f(z,11) £ B. We distinguish
two cases:

Case 1: f(z,y0) S 7. Then f(z,y) SYV =7 < 7.

Case 2: f(z,y0) > 7. Then f(z,y0) — f(z,y1) 2 € hence, from (3.4),

@, ) £-1VB—=Yc1 =< T

Thus f(z,%0) S Yn-1 and f(z,1) £ B = f(z,y) £ 7, from which
(2.2.1) follows. We can prove similarly that (2.2.2) holds. Finally, f(-,y) <

S f(hy)V f(e)) gives (2.2.3) and (2.2.4).

Irle [7] introduced the concept of an averaging function ¢ (a suitable real
function defined on a suitable subset of R X R) and considered a condition
of the form:

{Va >0 and yo,;1n €Y, Iy €Y such that,
z€X = f(z,9) S o(f(z,90), f(z,3)) +e.
We see that, in common with the situation already described for Neumann’s

result, it suffices that Irle’s condition hold “to within ¢”. However, if ¢ is a

suitable averaging function or, more generally, mean function in the sense
of Kindler [11] then

Y, 3 Y h that
(3.5) {Vyo,yle , 3y €Y such that,

z€X = f(z,y) £ o(f(z,90), f(z,41))
implies that (2.2) holds if 8 < v < 6.
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124 S. SIMONS

Irle’s minimax theorem was generalized by Simons [22], however it com-
plicates the proof immensely to have to deal with “to within ¢” conditions.
In this paper, we shall follow the philosophy of Kindler [11] and not con-
sider “to within ¢” conditions. We hope that this simplification will show
the underlying structures more clearly.

Using the same method of proof as that used in Lemma 2, one can
establish the following more general result:

LEMMA 2. LetT CY and 8,7 € R with 8 < . Suppose that, V6 > v,
AN 21 and vo,...,YN € R such that v = 6, yy = 7 and Vyo,y1 € T,
Jy € T such that, Vn € {1,...,N}, (2.2.1), (2.2.2) and (2.2.4) hold. Let
Zg,21 € X and _ﬂJzo and _,C_i_,:cl be joined by T. Then

__‘)‘_’moﬂljiblﬂT;éO.

Kindler [11] was the first to observe that there are conditions resem-
bling connectedness that are automatic in certain minimax theorems. He
defines two concepts, ¢-connectedness and I'-connectedness and uses ¢- con-
nectedness to establish a general minimax theorem. We will not discuss
-connectedness further since it involves a mean function ¢, and the phi-
losophy of this paper is to work as much as possible with the intrinsic prop-
erties of X, Y and f and avoid additional functions. The precise definition
of I'-connectedness is: if supinf f < B < v < o0, W is a finite subset of

X Y

X, zo,21 € X, and f|zo and f|z1 are joined by LE(W, (), then v|zoN
N y]z1 N LE(W,7) # 0. Thus Lemma 2’ can be used to give a sufficient

condition for I'-connectedness and, in fact, for a more general concept in
which W is not restricted to be finite.

Sufficient conditions for (1.3)

We suppose throughout this section that Z C Y.

LEMMA 4. Let X be a topological space, B € R, zg,21 € X, and C be
a connected subset of X such that

(4.1) C >3 zg, 21 and, Yz € C, _@Jx C _ﬁ_[wo U_ﬂ_’xl.

Suppose that

(4.2) VyeZ, {z:2€C, f(z,y) < B} isopenin C
and
(4.3) Vz € C,dy € Z such that f(z,y) < f.
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A FLEXIBLE MINIMAX THEOREM 125

Then 3z € X such that

(4.4) Blzo and B|zy are joined by [z N Z.
Proor. We can suppose that
(45) _ﬂJ$oﬂﬂ$1ﬂZ:®,

for otherwise (4.4) follows with & := 2¢. For 1 = 0,1, let

(4.6) C; = {x:zEC’, ﬁjmﬂZC_ﬂ_Jw,—} 3 z;.

From (4.1) and (4.5),

(4.7) Ci={o:2€C, Blen flainz=0}.
From (4.3), (4.5) and (4.6),

(4.8) ConCy=0.

We can suppose that

(4.9) CoUC1=C,

forif z € C'\ (Co U C1) then (4.4) follows from (4.1) and (4.7). Let z € C.
We now prove that

(4.10) g € Co & Iy € BlroNZ such that f(z,y) < f.

(= )1z € Co and y is as in (4.3) then y € Bz N Z. From (4.6), y €
€ B|zoN Z, as required. (<= ) If y is as in the right-hand side of (4.10) then
y € Blzn BlzoNZ. From (4.7), z & C1. From (4.9) & € Co. This completes
the proof of (4.10). From (4.2) and (4.10), Co is open in C. Similarly, C;

is open in C. Then (4.8) and (4.9) contradict the connectedness of C. This
contradiction completes the proof of the Lemma.

LEMMA 5. Let X be a topological space, § € R, zg,77 € X, and C be
a connected subset of X such that

(4.1) C>3z9,21 and, VzeC, _ﬂ_|a: C ﬁ]zo U Bz
Let Y be a compact topological space,

(5.1) {(z,9):z€C,y€ Z, f(z,y) £ B} be closed in C xY,
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and

(5.2) Ve el, BlanZ #0.

Then 3z € X such that

(4.4) _ﬂ_Ja:o and _ﬂﬂxl are joined by _é_,.’l) nZz.

Proor. Even though (5.2) is weaker than (4.3), we can proceed as in
the proof of Lemma 4 up to (4.9). Instead of (4.10), we have: Vz € C,

(5.3) z€Co& Jy€ BlzoNZ suchthat f(z,y) < B
Let z be a net of elements of Co,z € C and z, — z. From (5.3),

dyr € BlzoNZ such that f(ay,92) S 6.

Since Y is compact, by passing to an appropriate subnet, we can suppose
that 3y € Y such that yy — y. Then (z),y)) — (2z,y) and (2o,y)) —
— (zo,y). From (5.1), y € Z, f(z,y) £ B and f(zo,y) £ B. From (5.3),
z € Co. Thus Cp is closed in C. Similarly, Cj is closed in C. Then (4.8)
and (4.9) contradict the connectedness of C. This contradiction completes
the proof of the Lemma.

LEMMA 6. Let a, 8 € R and a < 3. Suppose that, V{ < o, AN 2 1
and ap,...,0, < B such that

( a9 = (, ay = a and,
Vio,t1 € X, 3z € X such that,Vn e {1,...,N},
(611) _a_nla: C ap-1 toU_ﬁltl,
(6-1) 4 (6.1.2) anlz C BlloU o]t
(6.1.3) Blz C BltoU Blt1,
| (6.1.4) (e C (JtoU ([t
Suppose that
(6.2) Ve e X, alenZ #10,
Let
(6.3) zo,z1 € X, inf f(z9,Z) > —00 and inf f(z1,7) > —o0.

Then Jz € X such that
(4.4) Blzo and B|z1 are joined by Blz N Z.
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PrOOF. From (6.3), we can choose ¢ € R such that {|zoNZ = Jz1in

NZ =49§. From (6.2), { < a. Let N 2 1 and aq...,oy satisfy (6.1). If
t€ X and (|tNZ =0 then, from (6.2),

@ftNZ=(tNZ=0 and any|tNZ= atNZ #0.
Thus 3'g(t) € {1,..., N} such that
(64) g(t)SnSN = oufiNZ#0 and n=g(t) > aniftnZ=0.

Fori=0,11let U; := {t:teX, (ItnZ =9, ﬁjtﬂZC_ﬁJmi}azi.

We fix ¢; € U; to maximize g(¢;) and choose z € X to satisfy (6.1.1)—(6.1.4).
From (6.1.4),

(6.5) (jenZ=0.
From (6.1.3), flzNZ C (ﬁ]to n Z) U (_@_]tl N Z) . Since t; € U,

(6.6) LB_]zﬂZCﬁjng_ﬂ_j:cl.
We next prove that
(6.7) Blzn BlzinZ #9.

If 2 ¢ Uo then, from (6.5), BlanNZ ¢ Blzo and (6.7) follows from (6.6). If,

on the other hand, z € Uy we set n :== g(to). From the assumed maximality
of g(to), g(z) £ n. From (6.4),

gn_lxﬂZyé@ and Qpq toﬂZZ(D.

From (6.1.1), an|z 0 B{tiNZ # 0. (6.7) follows since o, € 8 and 1 € Us,
This completes the proof of (6.7). We can prove similarly that _ﬂ_]a: N _ﬂ_] TN
N Z # §. The result follows from (6.6).

REMARKS 7. The numbering of the statements in these remarks is
chosen to correspond with the numbering of the statements in Remarks 3.
The credits are identical.

{Vto,h €X,3ze X such that,

(7.1) yeY = f(z,9) 2 [f(to,y) + f(t1,0)/2
implies
(7.2) {33 € (0,1) such that, VYip, 1, € X, 3z € X such that,
' YEY = f(z,y) 2 (1= 9)[(to,¥) V f(t1,9)] + s[f(to,y) A f(t1,y)]
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128 S. SIMONS
which implies

3 a nondecreasing functiont : R* — R*  such that
A>0=>7(A)>0
and Vip,t1 € X, 32 € X such that,

YyEY = f(z,y) 2 f(to,y) A f(t1,9) + (| f(t0,y) — f(t1,9)])

(7.3)

which implies

(7.4)
Ye >0, 39> 0 such that, Vio,ty € X, 3z € X such that,
y €Y and|f(to,y) — f(t1,y)l 2 e = f(z,y) 2 f(to,y) A f(t1,9) +n
and  y €Y = f(z,y) 2 f(to,y) A f(t1,9)

which implies that (6.1) holds if { < @ < 8. If ¢ is a suitable averaging or
mean function

to,t1 € X, 3 X h t
(7.5) {V 0ot1 € X,z € such that,

yEY = f(z,y) 2 o(f(to,y), f(t1,9))

also implies that (6.1) holds if { < a < f3.

The following more abstract result can be used to prove both Lemma
2 and Lemma 6. Let U and V be nonempty sets, B: U — 2V, and Vn €
€{l,....,N}, D, : U —2V. Let Dy = 0. Suppose that,

Vio,t; € U, 3u € U such that, Vne{l,...,N},
D, 1to=0 and BunBt;=0= D,u=70,
Dp1ti=0 and BunBty=0= Dyu=0,
and Bu C BtgU Bt;.
Suppose also that {Bu}, ¢ is pseudoconnected and, Vu € U, Dnu # 0.
Then Y up,u; € U, Bug N Buy # 0.

We note, finally, that (4.1) automatically holds if, Vy € Y, f(.,y) is
quasiconcave in the sense of interval spaces.

Applications of Theorem 1

For Theorems 8 and 9, we suppose that Y is a topological space, B is a
nonempty subset of R, inf B = sup inf f and, V5 € B,
X Y

(8.1) Vz € X, B|c is nonempty, closed and compact,

Acta Mathematica Hungarica 63, 1994



A FLEXIBLE MINIMAX THEOREM 129
and either
(8.2) V nonempty finite subsets V of X, LE(V,3) is connected
or

8.3) Vé>y>pF and z€X, gz is closed and
(8. IN 21 and ~7,...,7Yv € R such that (2.2) holds.

(The choice can depend on (.) We point out that the “nonempty” as-
sumption in (8.1) automatically holds if either, V3 € B, § > sup inf f or,
X v

Vz € X, min f(z,Y) exists.

THEOREM 8. LetY be compact, X be a topological space and, V3 € B
and zo,z1 € X,3 a connected subset C of X such that

(4.1) C 3 xg, x1 and, Vz € C, _,Cilz Cﬂmouﬂxl

and
{(z,y):2€eC,yeY, f(z,y) L B} is closed inC x Y.

Then
min sup f = sup inf f.
Y X X Y

PRrooF. Let § € B. By assumption, (1.1) holds and, from Lemma 2 if
necessary, if W is finite then (1.2) holds. From Lemma 5 with Z := Y,

if W = § then (1.3) holds.
Now suppose that n 2 1 and
if card W < n — 1 then (1.3) holds.
From the proof of Theorem 1, if card V < n + 1 then LE(V,8) # 0. Thus
if card W < n and Z = LE(W, 3) then (5.2) holds.

From Lemma 5,
if card W < n then (1.3) holds.

Thus we have proved by induction that

if W is finite then (1.3) holds.

The result follows from Theorem 1.
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THEOREM 9. Suppose that either

VB € B, B >supinf f, X is a topological space and,
X Y

(9.1) Vzo,21 € X, 3 a connected subset C of X
such that (4.1) holds and
VyeY, {z:z€C, f(z,y) < B} is open in C.

or,

V3 € B, B> supinf f,

X Y

(9-2) Vi(<a<pB,IN 21andayg,...,an £ 3 such that (6.1) holds

andVz € X, inf f(z,Y) > —o0.
Then

min sup f = sup inf f.
Y X X Y

Proor. By assumption, V3 € B, (1.1) holds and, from Lemma 2 if
necessary, if W is finite then (1.2) holds. From Lemma 4 or Lemma 6 with
Z:=Y,

if € B and W = { then (1.3) holds.

Now suppose that n 2 1 and
if # € B and card W < n — 1 then (1.3) holds.

If 8 € B, we choose a € B such that a < 3. From the proof of Theorem 1
with § replaced by a, if card V £ n + 1 then LE(V, ) # 0. Thus

if € B,card W £ n and Z = LE(W, ) then (4.3) and (6.2) hold.
From Lemma 4 or Lemma 6,
if 3 € B and card W < n then (1.3) holds.
Thus we have proved by induction that
if B € B and W is finite then (1.3) holds.

The result follows from Theorem 1.

REMARKS 10. The minimax theorems referred to in the introduction
that depend only on connectedness follow from either Theorem 8-(8.2) or
Theorem 9—-(8.2, 9.1). Those that depend on algebraic conditions, and their
set-theoretic generalizations follow from Theorem 9-(8.3, 9.2). Those that
miz algebraic conditions and connectedness follow from Theorem 9-(8.2,
9.2). Theorem 8-(8.3) and Theorem 9-(8.3, 9.1) give new results. We
remark, finally, that in Theorem 8 and Theorem 9-(9.1), C can depend on

B.

Acta Mathemetica Hungarica 63, 1994



A FLEXIBLE MINIMAX THEOREM 131

References

[1] K. Fan, Minimax theorems, Proc. Nat. Acad. Sci. U.S.A., 39 (1953), 42-47.
[2] M. A. Geraghty and B.-L. Lin, On a minimax theorem of Terkelsen, Bull. Inst. Math.
Acad. Sinica, 11 (1983), 343-347.
[3] M. A. Geraghty and B.-L. Lin, Topological minimax theorems, Proc. Amer. Math.
Soc., 91 (1984), 377-380.
[4] M. A. Geraghty and B.-L. Lin, Minimax theorems without linear structure, Linear
and Multilinear Algebra, 17 (1985), 171-180.
[5] M. A. Geraghty and B.-L. Lin, Minimax theorems without convexity, Contemporary
Mathematics, 52 (1986), 102-108.
[6] C. W. Ha, Minimax and fixed point theorems, Math. Ann., 248 (1980), 73-77.
[7] A. Irle, A general minimax theorem, Zeitschrift fir Cperations Research, 29 (1985),
229-247.
(8] L. Joé, A simple proof for von Nenmann’s minimax theorem, Acta Sci. Math.
(Szeged), 42 (1980), 91-94.
[9] I. Joé, Note on my paper “A simple proof for von Neumann’s minimax theorem”,
Acta Math. Hungar., 44 (1984), 363-365. ’
[10] I. Jo6 and L. L. Stachd, A note on Ky Fan’s minimax theorem, Acta Math. Hungar.,
39 (1982), 401-407.
[11] J. Kindler, On a minimax theorem of Terkelsen’s, Arch Math., 55 (1990), 573-583.
[12] J. Kindler and R. Trost, Minimax theorems for interval spaces, Acta Math. Hungar.,

54 (1989).

(13] H. Komiya, On minimax theorems, Bull. Inst. Math. Acad. Sinica, 17 (1989),
171-178.

[14] H. Komiya, Elementary proof for Sion’s minimax theorem, Kodai Math. J., 11
(1988), 5-7.

[15] H. Komiya, A minimax theorem without linear structure, Hiyoshi Rev. Nat. Sci., 8
(1990), 74-78.

[16] V. Komornik, Minimax theorems for upper semicontinuous functions, Acta Math.
Acad. Sci. Hungar., 40 (1982), 159-163.

[17] H. Kénig, Uber das Von Neumannsche Minimax-Theorem, Arch. Math., 19 (1968),
482-487.

[18] B.-L. Lin and X.-C. Quan, A symmetric minimax theorem without linear structure,
Arch. Math., 52 (1989), 367-370.

[19] M. Neumann, Bemerkungen zum von Neumannschen Minimaxtheorem, Arch. Math.,
29 (1977), 96-105.

[20] S. Simons, An upward-downward minimax theorem, Arch. Math., 55 (1990), 275-
279.

[21] S. Simons, On Terkelson’s minimax theorem, Bull. Inst. Math. Acad. Sinica, 18
(1990), 35-39.

[22] S. Simons, A minimax theorem with staircases, Arch. Math., 57 (1991), 169-179.

[23] S. Simons, Another general minimax theorem, Fized Point Theory and Applications,
Pitman Research Notes in Mathematics, 252 (1991), pp. 383-390.

[24] M. Sion, On general minimax theorems, Pac. J. Math., 8 (1958), 171-176.

[25] L. L. Staché, Minimax theorems beyond topological vector spaces, Acta Sci. Math.
(Szeged), 42 (1980), 157-164.

[26] F. Terkelsen, Some Minimax Theorems, Math. Scand., 31 (1972), 405-413.

(27] H. Tuy, On a general minimax theorem, Soviet Math. Dokl., 15 (1974), 1689-1693.

Acta Mathematica Hungarica 63, 1994



132 S. SIMONS: A FLEXIBLE MINIMAX THEOREM

(28] H. Tuy, On the general minimax theorem, Colloguium Math., 33 (1975), 145-158.
[29] Wu Wen-Tsiin, A remark on the fundamental theorem in the theory of games, Sci.
Rec. New Ser., 3 (1959), 229-233.

(Received July 30, 1990)

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF CALIFORNIA
SANTA BARBARA CA 93106 — 3080
USA

Acta Mathematica Hungarica 63, 1994



