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Minimax Theorems and Cone Saddle Points of
Uniformly Same-Order Vector-Valued Functions'
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Abstract. This paper is concerned with minimax theorems in vector-
valued optimization. A class of vector-valued functions which includes
separated functions f(x, y) = u(x) + v(y) as its proper subset is intro-
duced. Minimax theorems and cone saddle-point theorems for this
class of functions are investigated.
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1. Introduction

Minimax problems for real-valued functions f: X, x Y, — R have been
investigated extensively. It is well known that the equality

infsup f(x, y) = supinf f(x, y)
Yo Xo X, Yo

holds under suitable conditions (Refs. 1-2). In recent years, some authors
have studied minimax theorems for vector-valued functions (Refs. 3-8). In
Ref. 3, Nieuwenhuis first proved that

minmax, f(x, y) < maxming, f(x, y) — K,
Yo Xo Xy Yo
maxminy, f (X, y) < minmaxy f(x, y) + K,
Xo Yo Yo Xo
where the vector-valued function f(x, y) is limited to be of form

fG,p)=x+y.
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Then, in Ref. 4, Tanaka proved the above relationships for general
separated vector-valued functions

S, y) = ulx) + ().

In this paper, we give a class of more general vector-valued functions,
which includes that of separated functions as its proper subset, and
establish relationships similar to the above. Also, some results on cone
saddle points and values are established without hypotheses of convexity
type; therefore, the results of Ref. 4 are improved.

2. Uniformly Same-Order Functions

Throughout this paper, X, Y, Z denote real normed linear spaces; K
denotes the pointed, closed convex cone in Z. We always assume that K°
(interior of K) # .

Let Z; be a nonempty subset of Z, £eZ,. If

(Zo— 25 nK={b}, ()

then Z is said to be a K-maximal point of Z,. The set of all K-maximal
points of Z, is denoted by max Z,. If -

(¢ —Zy)nK={0}, 2

then 2 is said to be a K-minimal point of Z;. The set of all K-minimal
points of Z; is denoted by min Z,. If

(Zo—)nK' =g, | (3

then Z is said to be a weak K-maximal point of Z,. The set of all weak
K-maximal points of Z, is denoted by maxy Z,. If

E-Z)nK' =, 4
then 7 is said to be a weak K-minimal point of Z,. The set of all weak

K-minimal points of Z; is denoted by min,;, Z, (Ref. 6).

Lemma 2.1. If Z, is a nonempty compact set, then max Zy # & and
min Z, # .

Proof. The proof can be found in Ref. 6. O

Lemma 2.2. If Z, is a nonempty compact set, then

Zocmax Zy,— K, Zocmin Z,+ K.
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Proof. We only prove the first inclusion relationship; the second can
be proved similarly.
Let zeZ,. If zemax Z,, then zemax Z,— K. If z¢max Z,, let

E..={z'eZ,|z —zeK}.

It is clear that E. # ¢ and E, is a closed set; therefore, E, is a nonempty
compact subset of Z,. Let z%emax E.; then, zez?— K. We claim that
z%emax Z,. Indeed, if z%°¢max Z,, then there exists z'eZ, such that
z'—z%K]/{0}, and so z'—zeK, that is, z'eE,. This contradicts
z%emax E.. Therefore, zemax Z, — K. ' O

Let Xy X, Yo ¥, and let f: X, x Y,— Z be a vector-valued func-
tion. Now, we introduce a class of vector-valued functions.

Definition 2.1. A vector-valued function f(x, y) is said to be K(K?)-
uniformly same-order on X; with respect to (y', y")e Y, x ¥, if
Gy ~f(x, y")eK/{0} (K°)

for all xe X, when there exists x,€X, such that

[0, ¥") = f (%0, y")€K[{0} (K.

Moreover, if f is K(K°)-uniformly same-order on X, with respect to any
(¥, " eY, x Y,, then fis said to be K(K%-uniformly same-order on X,.

The definition that f(x, y) is said to be K(K°®)-uniformly same-order on
Y, is similar. If f(x, y) is both K(K°)-uniformly same-order on X, and Y,
then f(x, y) is said to be K(K®)-uniformly same-order on X, x Y.

It is easy to see that the separated vector-valued function
f(x, ¥) = u(x) + v(y) must be K(K°)-uniformly same-order on X, x Y,. The
following example illustrates that the set of K(K°)-uniformly same-order
vector-valued functions includes some unseparated vector-valued functions.

Example 2.1. Let
X=Y=Z=R?
Xo={(x, %) |1sx,<2 (=12}
Yo={(y1,3) |15y <2 (=12},
K ={(z,,25) |2, 20,2,>0},

S(x,y) = (331, X292).

It is easy to show that the f(x,y) is K(K°)-uniformly same-order on
X, x Y,; however, it is an unseparated vector-valued-function.
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Lemma 2.3. Let f: X, x Y,— Z be a vector-valued function. Then:

(i) if f(x, y) is K-uniformly same-order on Y, f(%, ) emax f(X,, $)
[min f(X,, §)] implies that f(%, y) emax f(Xo, y) [minf(X,, y)],
for all yeYy;

(i) if f(x,y) is K°-uniformly same-order on Y,, f(%, j)emaxyf
(Xo,9) [ming f(X,, 9)] implies that f(X,y)emaxy f(Xo,)
{miny, f(X,, y)], for all ye¥,. '

Proof.

(i) Let f(x,M)emaxf(X,, §). If there exists y'eY,, such that
f(X, y") émax f(X,, y), then by (1), there exists x°e X, such that

f&0 ) —f(%,y)eK/{0}.
Since f(x, y) is K-uniformly same-order on Y, we have

S&O, D) —f(R, P eK[{8},

which contradicts f(%, ) emax f(X,, 7).
(ii) This can be proved similarly. O

3. Minimax Theorems

Let X, X and ¥, < Y be nonempty sets, and let the vector-valued
function f(x, y) be continuous on X, x ¥,. It can be easily proved that
f(Xy,y) and f(x,Y;) are both compact subsets of Z for any
(x,y)eX, X Yo. So, by Lemma 2.1, the sets

h()’) :zmafo(Xm y)’ (5)
g(x) :=ming f (x, Yo) (6)

are both nonempty for any (x, y)eX, x ¥;. Thus, & and g form two
set-valued maps from Y, to Z and from X to Z, respectively.

Now, we introduce a notion concerning set-valued maps and give
several propositions.

Definition 3.1. A set-valued map # is said to be sequentially compact
at peY, if, for any sequence {y,} = Y, with y, — $ and the sequence {z,}
with z,€h(y,), there exists a subsequence {z,} of {z,} such that z; - # and
Zeh(p). For any yeY,, if & is sequentially compact at y, then 4 is said to
be sequentially compact on Yj,.
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Proposition 3.1. The graph of a set-valued map 4 on Y,, which is
denoted by

graphy h={(y,2) |zeh(y), yeY,},

is a compact set in the space Y x Z if and only if the set Y, is compact and
the set-valued map # is sequentially compact on Y.

Proof. This follows directly from Definition 3.1 and the definition of
graphy, 4. a

Proposition 3.2. If Y, is a compact set and / is a sequentially compact
set-valued map on Y, then

h(Yo)= ) h(y)

ye¥o

is a compact set.

Proof. Let the sequence {z,} = h(Y,); then, there exists a sequence
{y.} = ¥, such that z,eh(y,). Since Y, is compact, we may assume,
without loss of generality, that y, —» 7€ Y,. By the sequential compactness
of h on Y, therc exists a subsequence {z;} of {z,} such that
z; —~zeh(p) = h(Y,). That is, h(Y,) is compact. d

Now, we reconsider the set-valued maps in (5) and (6).

Lemma 3.1. If X, < X and Y, < y are nonempty compact sets, and if
f1 Xy x Yy—Z is a continuous vector-valued function, then:

(i) the set-valued maps /(y) and g(x), which are defined by (5) and
(6), are sequentially compact on Y, and X, respectively;
(i) A(Y,) and g(X,) are compact sets.

Proof.

(i) Let £€X,; then, g(X) # . Let (x,} = X, be any sequence with
x, =X, and let z, =f(x,, y,) €g(x,), with y,e ¥, for all » > 1. Since Y, is
compact, there exists a subsequence {y;} of {y,} such that yi—=yevY,.
From the continuity of f, we have z; =f(x;, ;) »Z =f(%, ). It can be
shown that Zeg(X). In fact, if Z¢g(£), then, by (6), (4), and
2=f(X, P ef(%, Yy,), there exists y,e Y, such that

FGE D) —f (&, yo) =k°eK".
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Hence, from

S5 3;) = (X5 20) = (£, §) — (X, Yo),
we have

fx,y) —f(x;,¥0)eK®  for j large enough.
This implies that

f(x;, ;) ¢8(x;), for j large enough.

This leads to a contradiction. Thus, we have proved that g is sequentially
compact at £. Therefore, g is sequentially compact on X,.

Similarly, we can prove that 4(y) is sequentially compact on Yj.

(il) This follows directly from (i) and Proposition 3.2. O

By Lemma 3.1 and Lemma 2.1, we get immediately the following
theorem.

Theorem 3.1. Let X, and Y, be nonempty compact sets, and let
f(x, y) be a continuous vector-valued function on X, x Y;. Then,

minmaxy f(x, y) =min i(Y,) # &,
Yo Xo

maxmin g f(x, y) ==max g(X;) # &.
X Y

0 0

Lemma 3.2. Let X, and Y, be nonempty compact sets, and let f(x, y)
be a continuous vector-valued function on X; x Y,. Then:

(1) if f(x, y) is K®uniformly same-order on Y,
miny maxy, f(x, y) < g(X,) Nh(Yo);
Yo Xo
(i) if f(x, y) is K%uniformly same-order on X,

maxyming, f(x, y) < g(X,) NnA(Y,).
Xo Yo

Proof.
(i) We first have
min,, max, f(x, y) # &,
from Theorem 3.1. Let

Zeming maxy f(x, y).
Yo Xo
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Then, there exists , £ such that Zemaxy f(X,, §) and £ = f(X, ). Thus,
f(X, Peh(P) by (5). We further claim that f(X, §) emin, (X, ¥;) = g(X).
Indeed, if f(X, 7) ¢g(%), there exists f(X, o) such that

&, 9) —f (&, yo0) K. (7N

Since f(%, ) emaxy, f(Xo, ), f(%, yo) emaxy f(Xo, yo) by Lemma 2.3(i).
This implies that

S (%, 9) ¢miny, max, f(x, ),
Yo Xo

which leads to a contradiction.

(ii) This can be proved similarly. O

We now show one of the main results of this paper.

Theorem 3.2. Let X, and Y, be nonempty compact sets, and let
f(x, y) be a continuous vector-valued function on X, x Y,. Then:

(i) if f(x, y) is K%uniformly same-order on Y,

min,, max,, f(x, y) © max, ming,/(x, y) — K;
Yo Xo Xo Yy
(i) if f(x, y) is K°-uniformly same-order on X,,

maxy ming, f(x, y) < mingmaxy f(x, y) + K.
Xo Yo Yo Xo

Proof.
(i) By Lemma 3.2, we have
min,maxy f(x, y) = g(X,).
Yo Xo
Since g(X,) is a compact set by Lemma 3.1(ii), we have

miny maxy f(x, y) € max,ming f(x, y) — K,
Yo Xg Xo Yo

by Lemma 2.2.
(ii) This can be proved similarly. A

The following example shows that the assumption of f(x, y) as uni-
formly same-order is important in Theorem 3.2.
Example 3.1. Let
X=Y=R', Z = R?
Xo={x|0<x<2}, Yo={|-1<y<l},
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K= {(Zn ) l |Zl| < 22/2},
fCep) =(, ).

It is easy to show that f(x, y) is K%uniformly same-order on Y, but it is
not K°-uniformly same-order on X,. We observe with a simple geometric
analysis that

ming maxy, /(x, ) ={(y, %) | -1/2<y <1/2},
o a3
max,, minyy f(x, y) = {72 | -12<y <12}
[ 0
vi{imn|12<y <1}
u{(y, —» | —l<y<-1/2}.
Hence,
min,, max,, (X, y) < max, ming, /(x, y),
Yg Xo Xo Yo
but

maxy miny, f(x, y) & mingpmaxy f(x, y) + K.
Xo Yo Yy Xo

4. Cone Saddle Points

In this section, we establish the existence theorem for cone saddle
points. The following definition of cone saddle point is equivalent to that
in Ref. 9.

Definition 4.1. A point (x,, yo)€Xp X Y, 18 said to be a K-saddle
point of the vector-valued function f(x, y) with respect to X, x Y, if

S (%o, yo) Emax f (X, yo) nmin f' (x5, Yo).

The set of all K-saddle points of f(x, y) with respect to X, x Y is denoted
by S.

The following definition of weak K-saddle point is from Ref. 4.

Definition 4.2. A point (xg, y)€X, X Y, is said to be a weak K-
saddle point of the vector-valued function f(x, y) with respect to X, x ¥y if

S (xo0, yo)emaxy, [ (X, yo) nminy, f(x,, Yo).
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The set of all weak K-saddle points of f(x, y) with resepct to X, x ¥ is
denoted by S¥.

It is obvious that S = S¥.

Remark 4.1. Note that an existence theorem for a weak K-saddle
point has actually been given in the proof of Lemma 3.2.

We further establish the existence theorem for K-saddle points. In Ref.
3, Nieuwenhuis proved that, if X, and Y, are nonempty convex compact
sets, and if f(x, y) is continuous on X, X ¥, is convex in x for every ye ¥,
and is concave in y for every xeXj, then f(x, y) has at least one saddle
point on X, x Y.

We prove that the conditions in Theorem 3.2 are sufficient to ensure
the existence of the K-saddle points. To this end, we introduce the
following symbols:

A={xeX,|f(x,y)emax f(X,, y), for all yeY;},
B:={yeY,|f(x, y)emin f(x, Y,), for all xeX,},
A% :={xeX,|f(x, y)emaxy f (X, y), for all ye¥,},
BY:={yeY,|f(x,y)emin, f(x, Y,), for all xeX,}.

Theorem 4.1. Let X, and Y, be nonempty compact sets, and let

f(x, y) be a continuous vector-valued function on X, x Y,. Then:

(i) if fis K-uniformly same-order on X, x Y,
A#J, B+, S=A4xB;

(ii) if fis K°-uniformly same-order on X, x Y,

A" and BY are both nonempty compact sets, S¥ = 4" x B,

Proof.

(i) For any y,eY,, there exists x,eX, such that f(x,,),)€
max f(Xy, yo). By Lemma 2.3(i), we have

f(xg, y)emax f(Xy, ),  for all yeY,.

Therefore, x,c 4; that is, 4 # (. The proof of B # (J is analogous.
Now, we turn to the proof of S =4 x B. Let (x,, yo) €S. Then,

S (xg, yo) eEmax f(X,, yo) nmin f(xo, ¥p),
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from Definition 4.1. It follows that

f(xo, )’) Emaxf(Xo, .V), for all ye YO,

by Lemma 2.3(1). Thus, x,€ 4. Similarly, y,€B. Therefore, S « 4 x B. The
converse inclusion relationship is clear. Hence, we have S = 4 x B.

(ii) We can prove that 4" # &, B # ¢, and S¥=4% x B”. It
remains to show that 4" and B" are compact.

Let {x,} <= A" with x, > %. We take an arbitrary sequence {y,} < ¥,
with y, - j€Y,. From the definition of 4* and the continuity of f(x, y),
we have

2, = f (X0 Yu) €R(Y,)
and
z, >z =f(%,9).

Since the set-valued map / is sequentially compact at y by Lemma 3.1(i),
f(&, P)eh(P). That is,

f(‘i-a ﬁ) emaXWf(XOa ﬁ)'
Thus, for any yeY,, one has

S (X, y)emax,, f(X,, y)

by Lemma 2.3(ii); hence, £€4"”. Thus, A" is a closed subset of the
compact set X,, and hence 4" is compact.
Similarly, we can prove that B" is compact. O

Remark 4.2. Note that Theorem 4.1 also depicts the structures of the
sets S and S¥.

The value f(x,, ¥), for which (x,, y,) is a (weak) K-saddle point of
f(x,y) on X, x Y, is called the (weak) K-saddle value of f(x, y) at (x,, ¥p)-
We denote by V" the set of all weak K-saddle values of f(x, y) with
respect to X, x Y,. That is,
VW= {f(xm Yo) | (%0, Yo) GSW}-
By Theorem 4.1, we have
V¥ =f(4", BY),

and V% is compact under the conditions in Theorem 4.1.

Theorem 4.2. Let X; and Y, be nonempty compact sets, and let
f(x, y) be a continuous vector-valued function on X; x Y. Then:
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(i) if f(x,y) is K%uniformly same-order on Y,

min,maxy, f(x, y) =min, V¥,
Yo Xo

minmax, f(x, y) = min V%,
Yo Xo
(i) if f(x, y) is K%uniformly same-order on X,

max, miny, f(x, y) = maxy V%,
Xo Yy

maxmin,, f(x, y) = max V%,
Xo Yo

Proof.

585

(i) We only prove the first equation. Let f(, §)emin,, V'"; then,
y p q

fx DenY,). If [f(X J)¢mingmaxy f(x,y), then there

f(x', y)eh(Y,) such that
f(ﬁa ﬁ) —f(xla y’) GKO'
Since A(Y,) is compact by Lemma 3.1(ii), we have
f(x', y")emin, maxy f(x, y) + K,
Yo Xo
by Lemma 2.2. That is,
S &'y =f(x0, y0) + k',
where
f(xo, yo) eming maxy f(x, ),  k'ek.
Yo Xo
Thus, we have
f & P) —f(xo, yo) €K,
from (8) and (9), and
[0, yo)e V™,
by Lemma 3.2(i). This contradicts f(%, ) emin, V'¥. Therefore,

miny, V¥ < n;a,inwn}axwf(x, »).
0 0

Next, we show the converse inclusion relationship. Let

Sf(%, §)eminy, max,, f(x, y).
Yo Xo

exists

(®)

&)
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From Lemma 3.2, we have f(%, ))e V". If f(X, §) émin,, V", there exists
f(x0, ¥o)€ V¥ such that

f &, 9) —f(x0, ¥0) K.
However,
f(x05 J’o) Emaxwf(Xo, yo) ﬁminwf(xo, Y0)~

This contradicts
S (%, ) eminy maxy f(x, ).
Yo Xo
Therefore,
min maxy f(x, ¥) < ming V%,
Yo = Xo
(i) This can be proved similarly. O

Since V" is compact, the following corollary is a direct consequence of
Lemma 2.2 and Theorem 4.2.

Corollary 4.1. If the assumptions in Theorem 4.2 hold, then

V¥ < max,,ming f(x, y) — K,
Xo Yo

V¥ < mingmaxy, f(x,y) + K.
Yo Xo

That is,

0

VY (minWmafo(x, )+ K) o) (maxwminwf(x, y) — K).
Yo | Xo / Xo Y,
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