ON THE NORM OF ELEMENTARY OPERATORS IN A

STANDARD OPERATOR ALGEBRAS
AMEURSEDDIK

Abstract. Let B(H) and A be a C*—algebra of all bounded linear operators
on a complex Hilbert space H and a complex normed algebra, respectively. For
A, B € A, define a basic elementary operator M4 g : A — Aby My p(X) =
AX B. An elementary operator is a finite sum Ry p = My, B, of the basic
i=1

ones, where A = (A1, ..., An) and B = (B4, ..., Bn) are two n-tuples of elements
of A.

If A isa standard operator algebra of B(H), it is proved that:

() [4] sMa,p + Mp ag > 2(vV2 = 1) ||A][||B], for any A, B € A

(ii)[1]1°Ma, g+ Mp 4" > ||A]|||B]|, for A, B € A, such that inf A+ B =

€
Al or inf |IB +AA[l = [IB],
¢ :

(i)[B] "Ma,p +Mp,.a =2||A[|B|,if |A+ AB|| = [|A[|+|[B]|, for some

unit scalar A.

In this note, we are interested in the general situation where A is a standard
operator algebra acting en a normed space. We shall prove that ORA,BO >

sup -P f(A)g(B;)-, for any two n-tuples A = (A1,...,An) and B =
f,9€(A*)1 =1
(B1, ..., Bn) of elements of A (where (A*)1 is the unit sphere of A*). As a
consequence of this result, we show that the results (i), (ii) and (iii) remain
true in this general situation.

1. Introduction

Let A and B(H) be a complex normed algebra and a C*—algebra of all bounded
linear operators on a complex Hilbert space H, respectively. For A, B € A, define
a basic elementary operator Ma g : A — A by Ma g(X)= AXB. An elementary

operator is a finite sum Ra g =  Ma,, g, of the basic ones, where A = (A4, ..., 4,)
i=1
and B = (Bu, ..., Bn) are two n-tuples of elements of A.
Many facts about the relation between the spectrum of R4 p and spectrums
of A;, B; are known. For the case with the relation between the operator norm of

R4 p and norms of A;, B;, the problem here is of course a useful lower estimate for
P

the norm of R4 g because some upper estimates such as |[Ra gl < |4 |Bill
=1

are trivial. In a prime C*—algebra (A prime C*—algebra is a C*—algebra which

Map = 0 implies A = 0 or B = 0), Mathieu [2] was proved that | M4 g| =
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|A|||B|| and || Ma,g + Mg al > % ||A| ||B|| . The most abvious prime C*—algebra
are B(H) and Coo(H) ( where Coo(H) is the C*—algebra of all compact operators
on H), respectively. In [4] ,Stacho and Zalar are interested in a standard operator
algebra of B(H)(a standard operator algebra of B(H) is a subalgebra of B(H)
containing all finite rank operators; it is not assumed that is seladjoint or closed
with respect to any topology), where they proved that |Ma g + Mp a| > 2(v/2 —
1) ||AJl | B|| and they conjectured the following:

Conjecture 1.1. Let A be a standard operator algebra of B(H). If A, B € A, then
the estimate | Ma g + Mp a|| > ||A|l || B holds.

Note that this conjecture was verified in the two following cases:
(i) [5], in the Jordan algebra of symmetric operators of B(H),
(ii) [1] for A, B € B(H) such that )1\r€1fc |A+ ABJ|| = ||4] or )1\I€lfc |B+ Al =||B] .

Here, we are interested in the case where A is a standard operator algebra acting

P Z
on a complex normed space. We shall prove that |Ra gl > sup - f(4:)g(Bi)-
f9€(A*)1 =1
for any two n-tuples A = (Ai,...,A,), B = (Bi,..., Bn) of elements of A (where
(A*)1 is the unit sphere of A4*). As a consequence of this main result in our gen-
eral situation, we show that the Stacho-Zalar lower bound remains true, and the
estimate ||Ma g + Mg all > || Al || Bl holds if one of the two conditions is satisfied:
(1) inf ||A+ AB|| = ||A]| or inf | B+ A\A| = ||B]|,
AeC XeC
(2) inf |A+AB| <l or inf |B+ 24| < 121
AeC AeC
So the conjecture of Stacho-Zalar remains unknown only in the case where
(3) 2l < inf | A+ AB|| < ||A|| and 181 < inf ||B 4+ AA|| < ||B]|.
AeC AeC

On the other hand, we are intersted to the following question:

Question. Let A be a standard op%ator algebra acting on a normed space. For
which A, B € A such that [|[Ra gl = |4 [|Bil|?
=1

K3
2. Preliminaries

Definition 2.1. Let Q be a complex Banach algebra with unity I.
(1) The set of states on 2 is by definition:

PQ)={fe: f(I)=1=|1l}

(2) The numerical range of an element A in 2 is by definition:

Wo(4) ={f(A): f e P()}

(8) The numerical radius of an element A in ) is by definition:

w(A) =sup{|\ : A € Wp(A)}
(4) The usual numerical range of an element A in B(H) is by definition:

W(A) = {(Az,2) : 2 € H, [a]| = 1}
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(5) The joint numerical range of a n-tuple A = (Aq, ..., Ayn) of elemnts of Q) is
by definition the set:

Wo(A) = {(f(A1),.... f(An)) : f € P(Q)}
It is known that for any A € B(H), then Wy(A) = W(A) ™, see [6] (whereW (A)~
is the closure of W(A)).

Definition 2.2. Let E be a complex normed space and let B(E) denote the complex
normed algebra of all bounded linear operators on E.

(i) A is called a standard operator algebra of B(E), if it is a subalgebra of B(E)
that contains all finite rank operators.

(ii) For x € E and f € E*, define the operator x® f on E by (x ® f)y = f(y)x.

Notation. (i) For any normed space Y, we denote by (Y); the unite sphere of Y,
ie. Y)1={zeY:|z|=1}.

(ii) For A, B € B(E), we put Uap=Map+Mpaand Vap=Msp—Mpa.

(iii) For K C C, we put |K| = sup |A|.

AEK 1, A

(iv) For M, N C C"™, we put MoN = a;if; (e, ., an) € M, (B1,...,8,) € N
i=1

Proposition 2.1. Assume A is a standard operator algebra on a normed space E.
Then |Ma, gl = || Al |B]|, for any A,B € A.

Proof. 1t is clear that ||Ma g| < ||A] ||B] -
Now, let z,y € (E)1 and f € (E*)1. Since 2 ® f € A and ||z ® f|| = 1, then

| |A(z @ F)B|

>
> [lAGz @ f)By|
> [f(By)|||Az|
Hence [[Magll = |Az| sup [f(By)| = [[Az| |Byll.
fe(E*)n
So that || Ma,g|| > [|A| | Bl . Therefore |[Ma gl = ||All|B]|. 1

Theorem 2.2. [4] Assume A is a standard operator algebra of B(H). Then |Ua 5| >
2(v2—1) || A||||B]|, for all A, B € A.

Theorem 2.3. [1] Let A, B € B(H) such that )1\I€1£:||A+ AB|| = ||A]|l or)i\relfCHB + M =
IBIl. Then |[Ua,sll = Al BII-

Theorem 2.4. [3] Assume A is a standard operator algebra of B(H). Let A,B € A
such that w(A*B) = ||A|| || B||. Then ||Ua,gll = 2|A|l||B]l -

| Ma,B

Definition 2.3. LetY be a normed space and x,y € Y. We say that x is orthogonal
toy (xLy), o inf [[Az+yll =iy

Note that if Y is a Hilbert space, then z L y iff {(x,y) = 0.

Proposition 2.5. Let Y be a normed space and z,y € Y. Then the following prop-
erties are equivalent:

(1) x Ly,

(2)3f € Y"1 f(2)=0, fy) =yl
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Proof. If x or y is zero, then the proof is trivial.

Now, assume z and y are not zero.

(1) implies (2).

It is clear that ||Az + py|l > |u| |yl , for all A, p € C. Let F be the subspace of
Y generated by x and y.

Define the functional linear g on F by g(z) = 0 and g¢(y) = ||y||. Then,
9Oz +py)| = |plllyll < [[Az+pyl|, for all A, p e C. Since g(yy) = 1, and
WyLH € (F)1, we have ||g|| = 1. Therefore, the condition (2) follows immediately by
using the prolongement theorem of Hahn-Banach theorem.

(2) implies (1) is trivial. I

Remark 2.1. By using the previous theorem, Theorem 2.3 may be reformulated as
follows: If A L B or B L A, then |[Ua gl > ||A|l||B]|-

Proposition 2.6. Let Y be a normed space and xq, ..., x, € Y. Then the following
propertg'es are equivalent:

o (]

P
(1) © e = [

(2)3f € (V)1 : flai) = il i = 1,.sm.

Proof. (1) implies (2). ° o
. P P S
By Hahn-Banach theorem, there exist f € (Y*)1 such that f( ;) =o x;0.
P P . . i i
Then,  Ref(z;) = ||| - Since Ref(x;) < ||zi|| ;i = 1,...,n, then, we have
=1 i=1

1=
Ref(xz;) = ||=i]|, ¢ = 1,...,n. Therefore f(x;) = ||z, i =1,...,n.
(2) implies (1).
It is clear that:

il = f(a)

i=1 +=1 -

IA

X
< [ i
i=1
Theorem 2.7. Let B be a C*—algebra and let A, B € B. Then |A+ B|| = ||A]| +
IBI| holds iff | All | BIl € Wo(A*B).

Proof. We can assume A and B are not zero.

Assume that ||A+ B|| = ||A|| + ||B||. Then we have ||[(A+ B)*(A+ B)| =
HA||2 + HB||2 + 2||A||||B]|- On the other hand, there exist f € P(B) such that
|(A+ B)*(A+ B)|| = f(A*A)+ f(B*B)+2Ref(A*B), and since f(A*A) < A2,
f(B*B) < ||B|* and Ref(A*B) < ||A]| | B|, then we have Ref(A*B) = ||A| || B
and since |f(A*B)| < ||A||||B]l, then we obtain f(A*B) = ||A||||B], so that
IAI[ | B]| € Wo(A*B).
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Now assume that ||A| ||B|| € Wo(A*B). Then there exist f € P(B) such that
F(A*B) = |A||||B], and since |f(A*B)|* < f(A*A)f(B*B), f(A"A) < ||A|* and
f(B*B) < ||B||?, then we obtain f(A*A) = ||A||*, f(B*B) = ||B|/?, therefore
f(A*A) + f(B*B) + 2Ref(A*B) = (|A]| + ||B|))?, thus (Al + [|B[)* = f((A+
BY*(A+B)) < |[(A+B)*(A+ B)|| = ||[A+ B||2 < (||A]l + | B])?, we can deduce
that |[A+ Bl = [[A] +[B]|. W

Corollary 2.8. Let B be a C*—algebra and let A, B € B. Then the following prop-
erties are equivalent:

(1) w(A*B) = [|A[|[|B]|,

(2) INe (C)y: [[A+AB| = [ All + |1B] -

Proof. (1) implies (2).

Since Wo(A*B) is compact, then there exist p € (C); such that [|A||[|B|p €
Wo(A*B). Put C = uB, then ||A]||C|| € Wo(A*C). Then, by the Theorem2.7,
|A+ C|| = ||A|l + ||C]| . Therefore ||A+ AB| = ||A|| + || B]|, where A\ = 7.

(2) implies (1).

It is clear, if C' = AB, then, by the Theorem2.7, || A|| || B|| = || A|| ||C|| € Wo(A*C).
So we obtain, ||A]| || B]| < w(4*C) = w(A*B). Since w(A*B) < ||[A*B|| < || A|l||B]l,
the condition (1) follows immediately.

Remark 2.2. By using the above theorem, Theorem 2.4 may be reformulated as
follows:
If |A+ ABJ| = ||A|| +||B]|, for some unit scalar X, then |Ua

| =2[|AlIB]l. o

3. A lower bound of the norm of R4 »

In this section, we consider the case where A is a standard operator algebra
acting on a complex normed space F.

Theorem 3.1. Let A = (41,...,A,) and B = (Ba,...,B,) are two n-tuples of
elements of A. Then

X

[Ra4,5

| > sup - f(Ai)g(Bi)-
F9€(A* )1 ;=1

Proof. Let z,y € (E)1, f,g9 € (A*)1 and h € (E*)1. Then, we have:

o X °
IRall = 2 Ai(z®h)B;3
ot=1 o
o X °
> 2 Ai(x®h)Biy3
oi=l o
o X °
= g h(Bzy)Alxg
oP e oP e
Thus, |[Ra gl > sup o h(Biy)Aize =o h(Bjy)A;e.
|zl=1 i=1 o o =1 )
oP e o P °
So that, |Ra,pll > o h(Biy)f(Ai)e = oh(  f(Ai)Biy)e

=1 =1
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o P o oP °
Then, [[Ra,sl > sup oh(  f(Ai)Biy)e = f(Ai)Biye, therefore R4 p| >
o de(B5)1 i=1 o 1=1 _ Z
P s oP ° -P -
H81H1p o f(A))Biyo =o  f(A;)B;o. Therefore |Ra gl >~ f(4i)g(B:)-. 1
yll=1 =1 i=1 i=1

Corollary 3.2. Assume E is a Banach space and A = B(E). Lat A = (A, ..., Ay,)
and B = (B, ..., By,) are two n-tuples of operators on E. Then

1R8]l = [Wo(A) o Wo(B)|
Proof. Since P(A) C (A*)1, then

EX : :X :

sup - f(Ai)g(Bi)- sup - f(Ai)g(Bi)-
F,9€(A) ;=1 [,9€P(A) ;=1

= |Wo(A) o Wo(B)|

Y

So the resul follows immediately.

Corollary 3.3. Let A, B € A. then, we have:

1UaBl =z sup |f(A)g(B)+ f(B)g(A)l

fr9€(A N

Proof. This result follows immediately, by Theorem 3.1, since Ua,g = R4, B), (,4)- 1

Corollary 3.4. Let A = (Ag, ..., An) and B = (Bl7 .2, By) are two n-tuples of ele-
oP 3 oP A
ments of A such that o= Aje = ||A | and s Bio = ||Bi|l. Then |Ra,gll =

=1 =1 = =1

P
1Al 1| B:]] -

1=

Proof By Proposition 2.6, there exist f,g € (A*)l such that f( ;) = ||A:|| and
g9(Bi) = ||Bi|, for i =1,. - -

-P - P
By using Theorem 3.1, we obtain [[Rapll =~ f(4:)g(Bi)-=  [Aill[Bill =

i=1 =1
[Rapl. B

Corollary 3.5. Let A,B € A such that ||A+ B = ||A|| + ||B||. Then
2||A[l1B] -

Proof. Since Uy, p = M a,g+Mp, 4, this corollary is a particular case of the previous
Corollary.

Remark 3.1. In the previous corollary, we can replace the condition ||A+ B| =
Al + [|B]l, by ||A+ ABJ| = ||A|| + || BIl, for some unit scalar A, since |Ua gl =
\Uaxgll =2 A ||AB]|| = 2||A|| | B|| . Using Corollary 2.8, this give a general form
of Theorem 2.4.

Theorem 3.6. Let A,B € A. Then |Uap| > 2(v2 — 1) ||A|||B]|, for any A, B
€ A



Proof. We may assume without lost of the generality that ||A]| = || B = 1.
By Corollary 3.3, we have,

1Uasll = |£(A)g(B) + f(B)g(A)] (1)

for any f,g € (A*)1.
Apply (1), for g = f, we obtain:

Ul = 2[f(A)f(B)| (2)

By Hahn-Banach theorem, there exist fo,g0 € (A*)1, such that fo(B) =1 =
g9o(A). Put fo(A) = a and go(B) = B.

Inequality (1) yields for f = fo and g = go, ||Ua,g| > |1 +afB| > 1—|af|.

Apply inequality (2) twice, for f = fo and for g = go, we obtain |Ua gl > 2|¢|
and [|Ua,s| > 26|

Therefore |Ua g|/> +4 |Ua | > 4|af| +4(1 — [af]) = 4. We deduce |Ua z| >
2(vV2-1) [ All1B]- 1
Corollary 3.7. Let A,B € A such that ALB or BLA, then:

(i) |Ua,ll = |A] 1|B]]

(i) |Va,sll = [|AIl|B]| -
Proof. (i) Assume A1 B. By Proposition 2.5, there exist f € (A*)1, such that
f(A) =0and f(B) = ||B||. Thenfor all g € (A*)1, wehave ||[Ua 5| > |f(A)g(B) + f(B)g(4)| =
Bl 1g(A)[ . Therefore, [Ua,p| > HBHg:&E) (lg(A)D) = [IAIIBI-

1

By the same, we obtain the second implication.
By a similar proof, we obtain (ii). I

Theorem 3.8. Let A, B € A, such that inf |4+ AB| < 21 o inf || B+ M| <
€ €
3L Then |Ua 5] = 4] 18]
Proof. By a simple computation, we obtain, V4 g = Va+ap g, for all complex A.
Then [V ]| < 2inf |4+ AB| |B]].
If /{relg |A+ AB| < ﬂ%ﬂ, then ||Va, gl < ||A]| |B||- By Proposition 2.1, we have

1Uasll+IVasll = 2||Masl = 2| Al || B]| . It follows that |[Ua,5 > [|A]l[B]|. By
the same, we obtain the inequality with the second condition. il

Remark 3.2. 1- The Theorem 3.6 is a general form of Theorem 2.2.
2- The Corollary 3.7.1 is a general form of Theorem 2.3.
3- By Corollary 3.7.i and Theorem 8.8, the conjecture of Stacho-Zalar is satisfied
in the two following cases:
(i) inf ||A+ AB|| = ||4]| or inf ||B + M| =B,
AeC AeC

(ii) inf |A+AB|| < 2L or inf | B 4 24| < 151,
AeC AeC

Then, it remains unknown only in the case where 14l < /{Iéf(; A+ AB| < ||A|l

Il
2
and 151 < inf | B+ 24| < || BI|.
aeC

Note that, the conjecture of Stacho-Zalar is given in particualar case of Hilbert
space, but our partial results are given in a general situation of normed space.
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Theorem 3.9. Let A, B € A. Then |[Uap|| > % |Vasl.

Proof. We may assume that |A|| = ||B|| = 1.
By Hahn-Banach theorem, there exist f € (A*)1 such that f(B) = 1. Put
f(A) = p.
It follows, from Corollary 3.3, that ||Ua gl > sup |f(A)g(B)+ f(B)g(4)]
€(A*)1

g
|A+pB|. Since [Vap| = [Va+us,sll < 2[|A+ pB||, it follows that [[Ua, gl
s IVasl- 0

Vv
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