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E, is the unique predual of and the triple product o is separately
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1 Introduction

In last years, a special category of complex Banach spaces, called JB*-
triples, has focused the attention of many researchers. Historically, JB*-
triples arose in the study of bounded symmetric domains in complex Banach
spaces (see [L] and [K1]) and it has been shown by Kaup [K2], that every
such domainis biholomorphic to the open unit ball of a JB*-triple. Every C*-
algebra is a JB*-triple in the triple produgt, b, ¢} = 3 (ab*c + cb*a) and
every JB*-algebra is a JB*-triple in the triple prodyet, b, ¢} = (a0 b*) o
c+(cob*)oa—(a o ¢)ob*. Inthe context of Functional Analysis, JB*-triples
arise in a natural way in the solution of the contractive projection problem
for C*-algebras, concretely, the range of such a projection is a JB*-triple
for a suitable triple product (see [S], [K3] and [FR1]).

We refer to ([R], [Ru] and [CM]) for recent surveys and to [U] for the
general theory of JB*-triples.

Recently, a theory of real JB*-triples has been developed (see [D] ,
[CDRV], [DR], [BC], [IKR], [K4] and [CGRY]) extending to the real context
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many results in (complex) JB*-triples. However, the extension to the real
case, of the important result proved by Barton-Timoney [BT] assuring that if
E'is a JB*-triple which is a dual Banach space, tlizhas a unique predual
and the triple product ot is separately weak*-continuous, was an open
problem which explicitly appears in the papers [IKR] and [CGR]. In this
paper we solve this problem, so extending the above mentioned result of
Barton-Timoney.

Isidro-Kaup-Rodiguez [IKR] introduce the concept of real IBW*-triple
(as a real form of a complex JBW*-triple) and they have shown [IKR, The-
orem 4.4] that every real JB*-tripl& is a real JBW*-triple if and only if
E has a predual in such a way that the triple product is separately weak*-
continuous. From this, using our main result, we conclude that every dual
real JB*-triple is a real JBW*-triple.

JB*-algebras and JB-algebras are real JB*-triples. If they have a unit,
then the Jordan product is uniquely determined by the triple product (see
[U, Proposition 19.13]) and the unit. Therefore our main result also gives
the known separately weak*-continuity of the product in dual JB*-algebras
and JB-algebras.

The proof of our main result (Theorem 2.11) follows several steps.

In a first step we prove that the dual of a real JB*-triple is well-framed,
(Lemma 2.2). As a consequence the predual of every dual real JB*-triple,
sayF, is unique and every isometric bijection bfis weak*-continuous.

Once it is proved that the Peirce projections Brand the operators
L (e, e) andQ (e) are weak*-continuous for all tripotentsn £ (Proposition
2.4), it can be concluded thatif has a distinguished unitary element, then
the triple product is separately weak*-continuous (Proposition 2.7).

Finally, starting from the existence of complete tripotents in dual real
JB*-triples and using Peirce decomposition, we conclude the proof.

2 Main result

We recall that a complex JB*-triple is a complex Banach sp&ogith a
continuous triple produdt., .,.} : B x B x B — B which is bilinear and
symmetric in the outer variables and conjugate linear in the middle variable,
satisfying:

1. (Jordan Identity).(a, b){z,y, 2z} = {L(a,b)x,y, 2z} — {z, L(b,a)y, z}
+ {x,y, L(a,b)z} forall a,b, c,z,y, z in B, where
L(a,b)x := {a,b,x};

2. The mapL(a,a) from B to B is an hermitian operator with spectrum
> 0forallain B;

3. |[{a,a,a}|| = ||a|]* forall ain B.
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A real Banach spacd together with a trilinear mag., .,.} : A x A x
A — Ais called (see [IKR]) a real JB*-triple if there is a complex JB*-
triple B and anR-linear isometry\ from A to B such that\{z,y, z} =
{A\z, \y, \z} forall z,y, z in A.

Real JB*-triples are essentially the closed real subtriples of complex
JB*-triples and, by [IKR, Proposition 2.2], given a real JB*-triplethere
exists a unique complex JB*-triplB and a unique conjugation (conjugate
linear and isometric mapping of period 2)on B such thatd = B™ :=
{z € B: 7(z) = z}. In fact, B is the complexification of the vector space
A, with triple product extending in a natural way the triple productiatnd
a suitable norm.

The class of real JB*-triples includes all JB-algebras [H], all real C*-
algebras [Go], and all J*B-algebras [A].

Real JB*-triples are Jordan triples. So, given a tripotefe, e, e} = e)
in areal JB*-tripleA, there exists a decompositiondfinto the eigenspaces
of L(e, e), known as the Peirce decomposition;

A= Ao(e) &} Al(e) D AQ(B)

whereAy(e) = {x € A: L(e,e)z = &z} fork = 0,1,2.
Ay (e) is called the Peircé-space ok. Peircek-spaces satisfy the fol-
lowing multiplication rules:

1. {A;(e), Aj(e), Ax(e)} < Ai—jyr(e), wherei,j,k = 0,1,2 and
Ai(e) =0forl#0,1,2.
2. {Ao(e), Ag(e), A} = {Ag(e),Ao(e), A} =0.
These rules are known as Peirce arithmetic. In particular, Peeispaces
are subtriples.

The projectionPy (e) of A onto A, (e) is called the Peircé-projection
of e. These projections are given by

Py(e) = Q(e)%;

Pi(e) = 2(L(e, ) — Q(e)?);

Py(e) = Idy — 2L(e, ) + Q(e)?;
whereQ(e)x = {e, z, e}.

If X is a dual Banach space with predudl, we will denote byw*
theo (X, X, ) topology inX. The next Lemma summarizes some important
results on well-framed Banach spaces, relevant to our purpose. We refer to
[G] for a detailed presentation of the well-framed property and the proof of
the next Lemma.

Lemma 2.1 [G, Th. 15and Th. 16 ]
Let X be areal or complex Banach space, then
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1. If X is well-framed, thenX is the unique predual ok *. Furthermore,
every isometric bijection oX* is w*-continuous.
2. If X is well-framed, then so is any closed linear subspack of

In the proof of [BT, Theorem 2.1] it is shown that the duat of a
complex JB*-triple B is well-framed. The next lemma shows that this is
still true for real JB*-triples.

Lemma 2.2 The dual of a real JB*-triple is well-framed.

Proof. Let A be areal JB*-triple and suppose tliats a complex JB*-triple
such thatA = B7, wherer is a conjugation orB. Thent* : B* — B*
defined by(7* f)z := fr(z), for all fin B* andx in B, is a conjugation
on B*. Furthermore, the map — f |- is an isometric bijection between
(B*)" and (B7)*, henced* = (B*)" is a real subspace dB*. It is
known [IR, Lemma 1.4] that ifX is a well-framed complex Banach space,
then its underlying real Banach spakg is well-framed, too. HenceB* ),

is well-framed, sa4* is well-framed too by Lemma 2.1, 2.0

The following proposition is a first application of Godefroy’s theory of
well-framed Banach spaces to dual real JB*-triples (that is real JB*-triples
which are dual Banach spaces).

Proposition 2.3 Let E' be a real JB*-triple with a preduaF,.. Then

1. E, is the unique predual off and every isometric bijection o is
w*-continuous.
2. The operatot.(a,b) — L(b,a) on E is w*-continuous for alk, b in E.

Proof. 1. By the above Lemmdy* is well-framed. Sincdv, is a subspace
of £*, Lemma 2.1 gives the first assertion.

2. Leta,bin E. Itis known [IKR, proposition 2.5] that
exp(t(L(a,b) — L(b,a))) is an isometric bijection o, for all ¢ in R.
Hence by the first assertion itis*-continuous. Now the operator

exp (t (L(a,b) — L(b,a))) — Idg
t

is w*-continuous, because the set ofall-continuous operators of
is norm-closed in the Banach space of all bounded linear operators on
E. O

L(a,b) — L(b,a) = limy_

We recall that ifY” is aw*-closed subspace of a Banach dual spice
thenY is a Banach dual space (with predugl/ Y5 ). Furthermorer (Y, Y,)
ando (X, X,) |y are the same topology dri On the other hand i¢ is a
tripotent in a complex JB*-triple3, thene is a tripotent in the subtriple
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Bs (e) such thatL(e, e) is the identity map orBs (e) (i.e. e is a unitary
element inB; (e)). ThereforeB; (e) is a unital JB*-algebra with product
x oy = {xz,e,y} and involutionz* = Q (e) = ([BKU, Theorem 2.2] and
[KU, Theorem 3.7], see also [U, Proposition 19.13])

The next proposition shows that the triple product in a dual real JB*-triple
is separatelyv*-continuous if we fix the same tripotent in two variables.

Proposition 2.4 Let E' be a dual real JB*-triple anck a tripotent in E.
Then the Peirce projectiong(e, e) andQ(e) are w*-continuous operators
onkE.

Proof. Let B a complex JB*-triple and- a conjugation onB such that
E = B7. First we observe that every tripotent iis a tripotent inB and
the restrictions taZ of Peirce projections o3 are the Peirce projections
onkE.

2

For everye € Clet S, := S. (e) =5,_, €"Ps (e). ThenS; is an
isometric automorphism @d if |¢| = 1 by [FR2, Lemma 1.1]. Thefy; are
isometries of E and heneg'-continuous. Therefor®, (e) = (S1—5-1)/2
is w*-continuous and the subtripkg;(e) + Ey(e) is w*-closed inE. But.S;
andPy(e) — P»(e) have the same restriction iy (e) + Ey(e). This implies
that Py(e), P»(e) and L(e,e) = Py(e) + 3 Pi(e) arew*-continuous. The
restriction of@(e) to thew*-closed subtripleZ,(e) is isometric and hence
is w*-continuous o). O

Following [IKR] a real JBW*-triple is a real JB*-triplell such that
E = B7 for a dual complex JB*-triple (JBW*-tripleB and a conjugation
TonBb.

From [IKR, Theorem 4.4F is a real JIBW*-triple if an only ifE' has a
predualFE, in such a way that the triple product is separatetycontinuous.
In this paper we prove that every dual real JB*-triple is a real JBW*-triple.
Concretely we will prove that in every dual real JB*-triple the triple product
is separatelyv*-continuous.

The following Proposition is a first approach to our purpose.

Proposition 2.5 Let £ be a dual real JB*-triple. Suppose that for every
a in E and for everye > 0, there exists a familye, ..., e, } of pairwise

n
orthogonal tripotents and, ..., A, INR, such tha4 a— > i 1 Ai€j
Then the triple product oF is separatelyw*-continuous.

<eE.

Proof. Leta € F andl > ¢ > 0. Then by hypothesis, there exists a family
{e1, ..., e, } Of pairwise orthogonal tripotents and, ..., A,, in R, such that

9
la —anll < 57771
21+ lall)
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n n
for a, :=>,_; Aie;. By orthogonalityL(ay, a,) =Y ,_; AZL(e;,¢€;).
HenceL (a,, a,) is w*-continuous by Proposition 2.4. Since
|1L(a,a) = L(an, a)|| = |L(a — an, a)|| < [la — an| [|a]

< izujnan) (1+ Jal)

and
[ L(an; an) — L(an, a)|| = | L(an, an — a)|| < [la — an| ||ax]|

g
<57/ A+ lal)
2(1+ |lall)
(where we have used thit — a, || < & = |lan|| < e+ |la]| <1+ ||al]).
It follows that

HL(G,CL) - L(aman)H < HL(G’? a) (am )H
+ 1 L(an, an) — L(an, a)
<e.

Thisimpliesthat(a, a) isinthe norm closure of the set of alf-continuous
operators and henceus'-continuous for alk in E. In particularL(a, b) +
L(b,a) = L(a+b,a+b) — L(a,a) — L(b,b) is w*-continuous. Now by
using Proposition 2.3, 2., we ha¥g&a, b) is w*-continuous for alk, bin E.

Itis known [IKR, Lemma 3.6] that;, e; are orthogonal tripotents if and
only if e; & e; are tripotents. Therefore, if, e; are orthogonal tripotents,
then@(e; + e;) is w*-continuous by Proposition 2.4. Thus

n

Q (an,an) = Z.’j L AiXQ (e ej)

5 Z,J 1 (ei +e5) = Qer) = Q(ey)
is w*-continuous.
Again
1Q(a) — Q(an, a)|| = Q(a — an, a)|| < [la — ay|| [|all
< o (1 Jall)
2(1+|al)

and

|Q(an) — Q(an, a)|| = |Q(an, an — a)|| < lla — anl| ||ax]|

< grgyap (el
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S0
1Q(a) — Qan)|| <e.

HenceQ (a) is w*-continuous for alk in E. Finally

Qa.b) = 5 (Qa+b) - Q@) - Q)

is w*-continuous for alk, bin £. O

If Eis areal JB*-triple there exists a complex JB*-trigbeand a conju-
gationT on B such thatt! = B”. Lete be a tripotent ink, as we have com-
mented beforeBs (e) is a JB*-algebra. Thereford (e) := {z € Es (e) :
Q(e)x = z} is a JB-algebra as a closed subalgebra of the JB-algebra
{r € Ba(e): Q(e)x =a*=x}.

We are going to show that # is a dual real JB*-triple andlis a tripotent
in E, then every element it (¢) can be approximated by finite linear
combinations of pairwise orthogonal tripotents. An argument similar to that
in the proof of Proposition 2.5 then shows thafa, b) and @ (a,b) are
w*-continuous for alkz, bin A (e).

Proposition 2.6 Let £ be a dual real JB*-triple anck a tripotent in £.
ThenL(a,b) andQ (a, b) are w*-continuous for allz, b in A (e) .

Proof. A (e) is a JB-algebra and sineg (e) is w*-continuous, ther (e)

is w*-closed inE. ThereforeA (e) is a JBW-algebra [H, Theorem 4.4.16].
Again by [H, Lemma 4.1.11] ila € A(e), then thew*-closure of the
subalgebra generated by W (a) , is isometrically isomorphic to a mono-
tone complete” (X) where X is a compact Hausdorff space and for alll
e > 0, there exist pairwise orthogonal idempotests..., e, in W (a) and

n

A, ..., A\p In R such thatHa— D oimq Ai€i

facteq, ..., e, are pairwise orthogonal tripotents i because; + e; are
tripotents inE for all i # j. Finally we proceed as in the proof of Proposi-
tion2.5. O

< ¢ [H, Proposition 4.2.3]In

The following result is one of the keys in the proof of our main result
and gives the separate*-continuity of the triple product in the case that
the dual real JB*-tripleE’ has a unitary element, i.e. L (u,u) = Idg
(E = Ex (u)).

Proposition 2.7 Let £ be a dual real JB*-triple with a unitary element.
Then the triple product is separately*-continuous.

Proof. SinceF is a real JB*-triple, there exists a complex JB*-trigheand
a conjugationr on B such thatE = B7. Let u be a unitary element in
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E. Thenw is a unitary element itB. So B is a complex JB*-triple with a
unitary element:.. By [BKU, Theorem 2.2] and [KU, Theorem 3.7], (see
also [U, Proposition 19.13]) it follows tha® is a unital JB*-algebra with
productz o y := {z,u,y}, involutionz* := {u,z,u} = @ (u) z and unit
u.

PutA:={zc E:Qu)z=z}andD :={z € F:Q (u)z = —x}.
ThenE = A® D, becausé&) (u) is an involution onE.

For M, := L(a,u) the identities

L((I, b) = MaM * — Mb*Ma + Maob*;

Q(a, b) = (MaMb + MbMa - Maob)Q(u)

for all a,b € E imply that only thew*-continuity of everyM,, a € E, has
to be shown. Fot = a* this follows from Proposition 2.6 and fai* = —a
from the identity

2M, = L(a,u) — L(u,a)

and Proposition 2.3, 2.0

Proposition 2.8 Let £ be a dual real JB*-triple anck a tripotent in E.
ThenL (a,b) and@ (a, b) are w*-continuous operators of for all a, b in
E2 (6) .

Proof. Es (e) is a dual real JB*-triple with a unitary elemeat Then by
Proposition 2.7 the triple product is separatelj-continuous onFs(e).
ThereforeEs (e) is a real IBW*-triple [IKR, Theorem 4.4].

From [IKR, Proof of Theorem 4.8] it can be concluded that foraaét
E, (e) ande > 0, there exist a family of pairwise orthogonal tripotents

n

{e1,..,en}in Ey(e) andAq, ..., A\, € Rsuchthatlla — ), Nie;i|| < e.

As in the proof of Proposition 2.5, we conclude ttiata, b) andQ (a, b)
arew*-continuous operators afi for all a, b in Es (e). O

The nexttwo lemmas are needed in the proof of the Main Theorem below.
We are inspired in some results of Friedman and Russo [FR2, Propositions
1 and 2] for their proofs.

Lemma 2.9 Let E be a real JB*-triple,f € E* ande a tripotentinE such
that|[f P, (e)|| = [|f]| - Thenf = fP, (e) .

Proof. The same proof as in [FR2, Proposition 1] runs herg.

Lemma 2.10 Let £’ be a dual real JB*-triple. Then
1. If f € E,, there exists a tripotentin E such thatf = fP; (e).
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2. Anet{z, } convergesto zero in the*-topology ifand only if P> (u)z4 }
converges to zero in the*-topology for every tripotent in F.

Proof. 1. Letussupposgf|| = 1,thenthesef = {z € E: f (z) = ||z||
= ||f|| = 1} isnonempty convex and*-compact. Therefore there exists
an extreme point of the closed unit ball Bf ¢, such that is in S, too.
Hencee is atripotent [IKR, Lemma 3.3], anfl(e) = || || = 1. We have
f = fP»(e) by Lemma 2.9.

2. (=) Straightforward becaud® (u) isw*-continuous (for every tripotent
w in E) by Proposition 2.4.

(<) Suppose thab, (u) z, wy 0, for every tripotentu in E. Let f €
E,. From the first assertion, there exists a tripoterih £ such that
f = fP(e). By hypothesisP, (e) x4 “0. Thereforef P, (e) o =
f(zq) = 0. O

A tripotente in a Jordan tripled is called complete if4; (¢) = 0. Ina
dual real JB*-tripleE’ we have many complete tripotents because by [IKR,
Lemma 3.3], the complete tripotents i are exactly the extreme points
of the closed unit ball o2, Bg. Banach-Alaoglu’s and Krein-Millman’s
theorems give thaBp is thew*-closed convex hull of its extreme points.
Having disposed of these preliminary steps we can now prove the Main
Theorem.

Theorem 2.11 Let E be a dual real JB*-triple. Then the triple product is
separatelyw*-continuous, i.e.F' is a real IBW*-triple.

Proof. We first prove that. (a, b) is w*-continuous for alk, b € E.
Lete be a complete tripotent if. If we fix a € E; (e) andb € Es (e),
using Peirce arithmetic, it is easy to check that

L(a,b) = L(a,b) P, (e) and
L(b,a) =L (b,a) Py (e).

From Proposition 2.3, 2L (a,b) — L (b,a) is w*-continuous and by
Proposition 2.4P; (e) and P; (e) arew*-continuous. Therefore

L(a,b) = L(a,b) P, (e) — L (b,a) P (e) P (e)
= (L (a,b) — L (b,a)) P> (e)

is w*-continuous. (3.1)

Ina similarwayL (b,a) = — (L (a,b) — L (b,a)) P; (e) isw*-continu-
ous. (3.2)
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Now if a € E andb € Es (e) , thena = a1 + a2 wherea; € E; (e) for
1=1,2. Since
L(a,b) = L(a1,b) + L (az,b)
L(b,a) =L (b,a1)+ L (b,az)
we can conclude by (3.1), (3.2) and Proposition 2.8 that, b) andL (b, a)
arew*-continuous for albk € E andb € Es (e).
Leta € F, by applying Jordan identity, we have

L(a,L(e,e)a)=—L(e,a)L(a,e)+ L({e,a,a},e)+ L(a,e)L(e,a).

Thus by (3.3).L (a, L (e, ) a) is w*-continuous becausec Fj (e) .
From

L(a,L(e,e)a) = L(al +a27L(6,€)a1 +a2>
1
=L (al +a2,§a1 +a2)

1 1
= §L (al,al) + §L (ag,al) +L(a1,a2) +L(a2,a2)

we deduce that

L(al,al)
=2 (L (a,L(e,e)a) — %L(ag,al) — L(ay,a2) —L(ag,a2)>

is w*-continuous which follows from (3.3) and (3.4). We have proved that
L (a1, a1) isw*-continuous for alk; € FE; (e) .

Finally sinceEl = E; (e) & E; (e), andL(.,.) is bilinear, by (3.3) and
(3.5) we can conclude thdt(a, b) is w*-continuous for all, b € E.

The last part of the proof is devoted to prove thata, b) is w*-conti-
nuous for alla, b € E.

Wefixa,b € E.ltiseasytochecktha@) (b) Q (a) = 2L (b,a) L (b,a)—
L({b,a,b},a). ThusQ (b) Q (a) isw*-continuous for alk, b € E by (3.6).
In particular@ (u) @ (a) is w*-continuous for every tripotent in E. So
(using Proposition 2.4 (u) @ (a) = Q (u) Q (u) Q (a) isw*-continuous
for every tripotents in E.

Now by Lemma2.10, 2Q (a) isw*-continuous ifand only i (u)Q(a)
isw*-continuous for every tripotentin £. Hence, using (3.7), we conclude
the proof. O

Edwards [E, Theorems 3.2 and 3.4] has shown that the complexification
of a JB-algebra/, is a JBW*-algebra if and only if’ is a JBW-algebra. This
result now is a consequence of our main result and [IKR, Theorem 4.4].
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Corollary 2.12 LetJ be a JB-algebra. Thetiis a IBW-algebra if and only
if its complexification is a JBW*-algebra.

Proof. ConsiderB = J @ iJ (the complexification of/) as JB*-triple,r
the natural involution orB andJ = B™. O

AcknowledgementsThe authors wish to thank W. Kaup for his suggestions.
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