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1 INTRODUCTION

The notion of convexity is a basic mathematical structure that is used

to analyze many different problems. In the literature, many papers

deal with the problem of generalizing usual convexity from different

points of view: c-spaces [7], simplicial convexity [2], geodesic convexity

[20], L-convexity [1] or convexity induced by an order [9] are some of

the generalizations dealt with.

In general, we can consider two different kinds of generalizations for

this notion. On the one hand, there are those that are motivated by con-

crete problems, (e.g., the existence of continuous selections and fixed

points [1,2,7,14,17,25], or nonconvex optimization problems [11,18,

20,21,22], etc.) and, on the other hand, those that are stated from an

axiomatic point of view, where the notion of abstract convexity is

based on properties of a family of sets (similar to the properties of the

convex sets in topological vector spaces) [3,16,19,24].

In the context of abstract convexity, there are some authors who con-

sider different definitions of abstract convexity, asking for additional

conditions for the family of subsets that defines the convexity. In [26]

for instance a convexity on a topological space, X, as a family of

closed subsets C, of X, which contains X as an element and which is

closed under arbitrary intersections is considered. Note that this defini-

tion of abstract convexity does not generalize the notion of usual

convexity (in topological vector spaces).

In this article, we consider some abstract convexities that have been

used in the literature to generalize some results on the existence of con-

tinuous selections and fixed points to correspondences. In this frame-

work, we focus on an abstract convexity structure called mc-spaces

(introduced in [14]), which is based on the idea of substituting the

segment that joins any pair of points (or the convex hull of a finite set

ofpoints)bya set thatplays their role, and study the relationshipbetween

it and L-convexity [1] which is equivalent to it, simplicial convexity [2],

c-spaces [7,8], B 0-simplicial convexity [1] and the convexity induced by

an order used in [9]. As an application, we present, in the context of

mc-spaces, a characterization result of nonempty finite intersection, in

the line of the Knaster–Kuratowski–Mazurkiewicz (KKM) Lemma, as

well as an extension of Browder’s result on the existence of continuous

selection and fixed point to correspondences with open lower sections.
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2 ABSTRACT CONVEXITIES

As previouslymentioned, we shall present some particular abstract con-

vexities that appear in the literature, in relation to the problem of the

existence of continuous selections and fixed points to correspondences.

We first present the general notion of abstract convexity structure.

Definition 1 [10] A family C of subsets of a set X is an abstract con-

vexity structure for X if 6 0 and X belong to C and C is closed under

arbitrary intersections.

The elements of C are called C-convex (or simply abstract convex)

subsets of X and the pair (X, C) is called a convex space. Moreover,

the abstract convexity notion allows us to define the notion of the

convex hull operator, which is similar to that of the closure operator

in topology.

Definition 2 [10,24] If X is a set with an abstract convexity C and A is

a subset of X, then the hull operator generated by a convexity structure

C, which we will denote by CC and call C-convex hull, is defined for any

subset A � X by CCðAÞ ¼ \fB 2 C: A � Bg.

This operator enjoys certain properties that are identical to those of

usual convexity: for instance, CC(A) is the smallest C-convex set that

contains set A.

Although there are more abstract convexities (in reference to

the fixed point theory) than the ones we present in this article1,

most of them are particular cases of c-spaces or simplicial convexity

(see [2] or [17]). We will only focus therefore, on those that are more

intuitive.

2.1 K-convex Structure

The K-convex structure is based on the idea of considering functions

that join pairs of points. That is, the segments used in usual convexity

are substituted by an alternative path, previously fixed on X.

1Michael’s convex structure [15], Komiya convex spaces [12], etc.
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Definition 3 [6] A K-convex structure on the set X is given by a

mapping K : X � X � ½0, 1� ! X . Furthermore (X,K) will be called

a K-convex space and function K a K-convex function.

Note that if (X,K) is a K-convex space, it is possible for any pair of

points x, y 2 X to associate themselves with a subset given by

Kðx, y, ½0,1�Þ ¼ [fKðx, y, tÞ: t 2 ½0, 1�g (in a similar way to the case of

the union operation, see [19], or interval spaces, see [22]). Moreover,

we can define an abstract convexity on X by considering a family, C,

of subsets of X as follows:

Z 2 C () 8x, y 2 Z Kðx, y, ½0, 1�Þ � Z:

The elements of C will be called K-convex sets and the K-convex hull

operator associated to this family C of K-convex sets (see Definition 2)

will be denoted by CK.

By imposing different conditions on function K, particular abstract

convexity structures are obtained. The following definitions present

some of these particular cases.

Definition 4 [13] If X is a topological space, a K-convex continuous

structure on X is defined by a continuous function K :X � X�

½0, 1� ! X , such that Kðx, y, 0Þ ¼ x, and Kðx, y, 1Þ ¼ y.

From function K, it is easy to define a family of continuous paths

joining pairs of points in X as follows, for any x, y 2 X ,Kxy : ½0, 1� !

X ,KxyðtÞ ¼ Kðx, y, tÞ.

Obviously a K-convex continuous structure can be defined in any

usual convex subset of a topological vector space. Furthermore it can

be proven that a K-convex continuous structure on X can be defined

if and only if X is a contractible set, although it does not mean that

K-convex subsets coincide with contractible subsets (for more details

see [13]).

A different case of K-convexity is that of the equiconnected spaces,

introduced by Dugundji [4] and Himmelberg [5], which are a particular

case of K-convex continuous spaces.

Definition 5 [4,5] A metric space X is equiconnected if and only if,

there exists a continuous function K :X � X � ½0, 1� ! X such that
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for all x, y 2 X ,Kðx, y, 0Þ ¼ x,Kðx, y, 1Þ ¼ y and Kðx, x, tÞ ¼ x for any

t 2 ½0, 1�.

In general, absolute retract spaces2 (AR) are equiconnected spaces

(see [4]). Furthermore, in the context of metric spaces with finite

dimensionality, equiconnected spaces coincide with AR ones.

The following example shows that the notions of K-convex

continuous structure and that of equiconnected space are different.

Example 1 Let X � R
2 be the following set,

X ¼
[

fðx, x=nÞ, x 2 ½0, 1�: n 2 Ng [ ½0, 1� � f0g

It is clear that X is a star-shape set3 and function K : X � X�

½0, 1� ! X can be defined as follows,

Kðx, y, tÞ ¼
ð1� 2tÞxþ 2tx0 t 2 ½0, 0:5�

ð2� 2tÞx0 þ ð2t� 1Þy t 2 ½0:5, 1�:

(

Note that function K obviously satisfies the requirements that define

a K-convex continuous structure but not, however, an equiconnected

structure on X, since it does not satisfy that Kðx, x, tÞ ¼ x for all

t 2 ½0, 1�. Moreover it is not equiconnected for any function K we

could define, since it is not locally equiconnected (see [4, Theorem 2.4]).

2.2 Order Convexity

If (X,�) is a partially ordered set ( poset), and for all x, y 2 X the

closed interval is denoted by ½x, y� ¼ fz 2 X : x � z � yg, so that it is

possible to define an abstract convexity structure on X, called order

convexity, by considering the abstract convex sets like Z � X , such

that for all x, y 2 Z, ½x, y� � Z (see [9]).

2A space Y is an absolute retract (AR) whenever Y is metrizable and for any metriz-
able X and any closed subset A � X, it is verified that each continuous function
f :A ! Y is extendable over X.

3A subset X of a linear space E is a star-shape set if there exists x0 2 X such that
8x 2 X , 8t 2 ½0, 1�, txþ ð1� tÞx0 2 X .
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Moreover, if (X,�) is a (sup)semilattice and the supremum of (x, y) is

denoted by x _ y, then it is possible to consider the abstract convex sets

like Z � X , such that for all x, y 2 Z, ½x, x _ y� [ ½ y, x _ y� � Z.

2.3 c-Spaces

We can consider abstract convexities on a set X by associating to any

finite family of points in X a subset of X. This subset is, in some sense,

the generalized convex hull of these points. This is the case, for

instance, of the notion of c-space (or H-space), introduced in [8],

which associates an infinitely connected set4 (C1) that satisfies some

monotonicity conditions to any finite subset of X.

Formally, the notion of c-space is as follows:

Definition 6 [8] If X is a topological space and hX i denotes the family

of nonempty finite subsets of X, then a c-structure on X is given by a

nonempty set valued map � : hXi ! X that satisfies:

1. for all A 2 hXi, �(A) is nonempty and infinitely connected.
2. for all A,B 2 hXi, A � B implies �ðAÞ � �ðBÞ.

The pair (X,�) is called c-space, and a subset Z � X is called an

H-set if and only if, it is satisfied for all A 2 hZi, �ðAÞ � Z.

Note that in the context of topological vector spaces this definition

includes, as a particular case, the notion of usual convexity. Moreover,

it is easy to show that the family of H-sets defines an abstract con-

vexity on X.

Remark 1 In [6,7] it is considered a more restrictive notion of

c-structure by assuming that sets �(A) are contractible instead of

being infinitely connected.

2.4 Simplicial Convexity

A different way of introducing an abstract convexity structure from a

family of continuous functions is by associating a continuous function

4A set A is infinitely connected if every continuous function defined on the boundary of
a finite dimensional sphere with values in A can be extended to a continuous function on
the ball, with values in A (see [8]).
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defined on the standard simplex that satisfies some conditions to any

finite subset of X (see [2]).

Definition 7 [2] If X is a topological space and �k the k-dimensional

simplex, X has a simplicial convexity if for each n 2 N, and for each

ðx1, x2, . . . , xnÞ 2 Xn, there exists a continuous function �½x1, x2,

. . . , xn� : �n�1 ! X that satisfies

1. for all x 2 X ,�[x](1)¼ x,
2. for all n� 2, for all ðx1, x2, . . . , xnÞ 2 Xn, for all ðt1, t2, . . . , tnÞ 2

�n�1, if ti¼ 0, then �½x1, x2, . . . ,xn�ðt1, t2, . . . , tnÞ ¼ �½x�i�ðt�iÞ,
where x�i denotes that xi is omitted in (x1, x2,. . . , xn).

Moreover, a subset Z of X is called a simplicial convex set if and only

if, for all n 2 N and for all ða1, a2, . . . , anÞ 2 Zn it is satisfied that

for all u 2 �n�1 �½a1, a2, . . . , an�ðuÞ 2 Z:

It is not hard to prove that simplicial convex sets are stable under

arbitrary intersections. They therefore define an abstract convexity

structure.

2.5 B 0-simplicial Convexity

The notion of B 0-simplicial convexity [1] is an obvious generalization of

the notion of simplicial convexity, since we weaken the conditions

required of the continuous function that defines the B 0-simplicial

convexity. Moreover, the notion of B 0-simplicial convexity allows

us to connect the notion of c-spaces with that of simplicial convexity

as well as with other notions of abstract convexities we will introduce

later.

Definition 8 [1] A topological space X has a B 0-simplicial convexity if

for each n 2 N, and for each ðx1, x2, . . . , xnÞ2Xn, there exists a contin-

uous function �½x1,x2,...,xn� : �n�1!X satisfying that for all n� 2,

for all ðx1,x2,...,xnÞ2X
n, and for all ðt1,t2,...,tnÞ2�n�1, if ti¼ 0,

then �½x1,x2,...,xn�ðt1,t2,...,tnÞ¼ �½x�i�ðt�iÞ.

In this context, a subset Z of X is called a B 0-simplicial convex set if

and only if, for all n 2 N and for all ða1, a2, . . . , anÞ 2 Zn it is satisfied

that for all u 2 �n�1�½a1, a2, . . . , an�ðuÞ 2 Z.
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It is obvious that the family of B 0-simplicial convex sets is an abstract

convexity, and the convex hull induced by this convexity is a subsimpli-

cial hull (notion introduced in [25]). Moreover, the abstract convex sets

obtained from a subsimplicial hull are B 0-simplicial convex sets.

2.6 L-spaces

The notion of L-space (see [1]) is a different abstract convexity that

appears in the context of existence of continuous selections and

fixed points to correspondences and which generalizes the (B 0) simpli-

cial convexity as well as the notion of c-spaces.

Definition 9 [1] An L-structure on X is given by a nonempty set-

valued map � : hXi ! X , such that for every A 2 hXi, say A ¼ fa0,

a1, . . . , ang, there exists a continuous function f A : �n ! �ðAÞ such

that for all J � f0, 1, . . . , ng, f Að�JÞ � �ðfai: i 2 JgÞ.

The pair ðX ,�Þ is then called L-space and a subset Z of X, is called an

L-convex set if for all A 2 hZi, then �ðAÞ � Z.

Clearly, the family of L-convex sets defines an abstract convexity

structure on X. Furthermore, it is obvious that the notion of

G-convex spaces, used in [17], is a particular case of L-spaces since, to

define the G-convex spaces, it is required that all of the conditions of

Definition 9 be satisfied, together with a monotonicity condition on

the set-valued map �.

2.7 mc-Spaces

The notion of mc-space is a generalization of K-convex continuous

structures, which is obtained by relaxing the continuity condition on

function K. Now the ideal is to associate, for any finite set of points,

a family of functions requiring their composition to be a continuous

function. The image of this composition generates a set, associated

with the finite set of points, in a similar way to the case of c-spaces

or simplicial convexity. However, in contrast to these cases, no mono-

tonicity condition on the associated sets is now required.

Definition 10 [14] A topological space X is an mc-space (or has an

mc-structure) if for every A 2 hXi, say A ¼ fa0, a1, . . . , ang, there

exists a family of elements fb0, b1, . . . , bng � X , and a family of

functions PA
i :X�½0,1�!X, such that for i¼0,1, . . . , n, PA

i ðx,0Þ¼x,
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PA
i ðx,1Þ¼bi, for all x2X , and function GA : ½0,1�

n
!X given by

GAðt0,t1, . . . ,tn�1Þ¼PA
0 ð. . .ðP

A
n�1ðP

A
n ðbn,1Þ,tn�1Þ, . . . ,t0Þ, is a continuous

function.

Note that the notion of mc-space ranges over a wide field of poss-

ibilities, since it can appear in completely different contexts. For

instance, if X is a nonempty topological space then it is always possible

to define an mc-structure on it by considering, for any finite subset

A ¼ fa0, a1, . . . , ang of X, and for all i ¼ 0, . . . , jAj � 1, bi ¼ a0, and

the family of functions as follows, PA
i ðx, tÞ ¼ x, for all x 2 X and for

all t 2 ½0, 1Þ, while PA
i ðx, 1Þ ¼ a0 for all x 2 X . Moreover, if X is a

usual convex subset of a topological vector space, we can define an

mc-structure by considering for any finite subset A ¼ fa0, a1, . . . , ang

of X and for all i ¼ 0, . . . , jAj � 1, bi¼ ai and functions PA
i ðx, tÞ ¼

ð1� tÞxþ tai for all x 2 X and for all t 2 ½0,1�. In this case, the image

of function GA, coincides with the usual convex hull of A (for more

details see [14]). Moreover, it is easy to prove that mc-spaces are also

extensions of K-convex continuous spaces.

Given an mc-structure, it is possible to define an abstract convexity

by considering the family of sets that are stable under function GA.

In order to define this convexity, we need some preliminary concepts.

Definition 11 [14] If X is an mc-space, and Z a subset of X, then for

all A 2 hXi such that A\Z 6¼ 6 0, say A\Z¼fai0 ,ai1 , . . . ,aimg

ði0< i1< � � �< imÞ, we define the restriction of function GA to Z as

follows, GAjZ : ½0,1�
m
!X , GAjZðtÞ¼PA

i0
ð. . .PA

im�1
ðPA

im
ðaim ,1Þ,tim�1

Þ . . . ,ti0 Þ

where PA
ik

are the functions associated with the elements aik 2A\Z.

By making use of this notion, we now define mc-sets, which

generalize usual convex sets.

Definition 12 [14] A subset Z of an mc-space X is an mc-set if and

only if, for any A 2 hXi such that A \ Z 6¼ 6 0, it is satisfied that

GAjZð½0, 1�
m
Þ � Z, where m ¼ cardðA \ ZÞ � 1.

Since the family of mc-sets is stable under arbitrary intersections, it

defines an abstract convexity on X. Furthermore, we can define the

mc-hull operator Cmc in the usual way (see Definition 2). So, it is

obvious that for all Z � X , and for all A 2 hXi such that A \ Z 6¼ 6 0,

it is satisfied that GAjZð½0, 1�
m
Þ � CmcðZÞ.
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3 RELATIONS BETWEEN THE VARIOUS

ABSTRACT CONVEXITIES

Throughout this section, the relationship between the abstract convex-

ity notions introduced in the previous section is analyzed. Since some of

them are obvious5, we will focus on those that are not easily obtained.

We start by showing that any K-convex continuous space is a c-space

in which the K-convex sets are H-sets.

PROPOSITION 1 If (X,K ) is a K-convex continuous space, then there

exists a nonempty set valued map � : hXi ! X such that ðX ,�Þ is a

c-space and K-convex sets are H-sets.

Proof If (X,K ) is aK-convex continuous space, then we can define the

mapping � : hXi ! X , by means of the K-convex hull, that is �ðAÞ ¼

CK ðAÞ. Then by applying Proposition 1.1 in [13], we know that �ðAÞ

is contractible (and therefore C1). Moreover, it is easy to prove that

for all A,B 2 hXi, if A � B then �ðAÞ � �ðBÞ, so ðX ,�Þ is a c-space.

Finally, to show that K-convex sets are H-sets, assume that there

exists a K-convex set Z such that A2 hZi and �ðAÞ ¼CK ðAÞ 6�Z. Then,

we have that A�CK ðAÞ, A�Z and that both of them are K-convex

sets, so A�Z\CK ðAÞ�=�
CK ðAÞ, which is in contradiction with the

fact that CK(A) is the smallest K-convex set containing A. g

The following result states the relationship betweenK-convex contin-

uous structures and simplicial convexities.

PROPOSITION 2 If (X,K ) is a topological space with a K-convex contin-

uous structure, then it is possible to define a simplicial convexity on X

such that K-convex sets are simplicial convex sets.

Proof For any n 2 N, and for any ða1, a2, . . . , anÞ 2 Xn, we define the

family of functions �½a1, a2, . . . , an� as follows,

1. if n¼ 1, �½a� ¼ Kða, a, 1Þ,
2. for n� 2,

�½a1, a2, . . . , an�ðt1, t2, . . . , tnÞ ¼ Kð. . .KðKðan, an�1, tn�1Þ,

an�2, tn�2Þ . . .Þ, a1, t1Þ:

5For instance, to show that an equiconnected space has a K-convex continuous struc-
ture, or that the K-convex continuous structure is a particular case of the mc-space.
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It is easy to show that this family of functions defines a sim-

plicial convexity on X that coincides with the one that is obtained

from K. g

The next proposition shows that the order convexity structure

(in topological semilattices) is a particular case of the simplicial

convexities.

PROPOSITION 3 If ðX ,�Þ is a topological (sup)semilattice with path

connected intervals, then there exists a simplicial convexity on X such

that order convex sets are simplicial convex sets.

Proof If ðX , �Þ is a topological (sup)semilattice with path-connected

intervals, then we can define a nonempty set valued map � : hXi ! X

given by �ðAÞ ¼ [a2A½a, supA�. By applying Lemma 2.1 in [9] we

know that for any n 2 N, any continuous function g : @�n ! �ðAÞ

can be extended to a continuous function f : �n ! �ðAÞ, so �ðAÞ

is C1. Therefore, if we define hull fAg ¼ �ðAÞ, the family of order

convex sets is an abstract convexity such that hull {A} is C1 and, by

applying Proposition 1.5 in [2], we obtain the conclusion. g

The next proposition, which was obtained in [1], states the relation-

ship between c-spaces and simplicial convexities, as well as between

c-spaces and B 0-simplicial convexities.

PROPOSITION 4 [1]

1. If ðX ,�Þ is a c-space such that for all x 2 X , x 2 �ðfxgÞ, then X has a
simplicial convexity such that H-sets are simplicial convex sets.

2. If ðX ,�Þ is a c-space, then it is possible to define a B 0-simplicial
convexity such that H-sets are B 0-simplicial convex sets.

The next result is immediately obtained from the definition of

simplicial convexity.

PROPOSITION 5 If X is a topological space with a simplicial convexity,

then this simplicial convexity defines a B 0-simplicial convexity such

that simplicial convex sets are B 0-simplicial convex sets.

The next results shows that the notion of L-space is more general

than that of B 0-simplicial convexity.

PROPOSITION 6 If X has a B 0-simplicial convexity, then X is an L-space

such that B 0-simplicial convex sets are L-convex sets.
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Proof For every n 2 N, let �n be the set of all functions � :

f0,1, . . . ,ng! f0,1, . . . ,ng. Then for any A2hXi, A¼fa0,a1, . . . ,ang we

define the mapping � : hXi!X as follows,

�ðAÞ ¼
[

f�½a�ð0Þ, a�ð1Þ, . . . , a�ðnÞ�ð�nÞ: � 2 �ng,

and function f A : �n ! �ðAÞ by f Að�Þ ¼ �½a0, a1, . . . , an�ð�Þ 8� 2 �n.

It is clear that function f A is continuous and satisfies the requirement

that for all J ¼ fi0, . . . , img � f0, 1, . . . , ng, ði0 < i1 < � � � < imÞ and for

all � 2 �J ,

f Að�Þ ¼ �½a0, . . . , an�ð�Þ ¼ �½ai0 , . . . , aim �ð�i0 , . . . , �imÞ

� �½ai0 , . . . , aim �ð�mÞ � �ðfai0 , . . . , aimgÞ,

so f Að�JÞ � �ðfai0 , . . . , aimgÞ.

Finally, if Z � X is a B 0-simplicial convex set, since for any n 2 N

and any ða0, a1, . . . , anÞ 2 Znþ1 we know that �½a0,a1, . . . ,an�ð�nÞ�Z,

it is satisfied that for any A2hZi, �ðAÞ�Z; therefore Z is an

L-convex set. g

The next propositions show that the notion of mc-space and L-space

are equivalent, in the sense that if we have an mc-space, then it is

possible to define an L-structure such that mc-sets are L-sets, and

conversely, if we have an L-space then, it is possible to define an

mc-structure such that L-sets are mc-sets.

PROPOSITION 7 If X is an L-space, then X is an mc-space such that

L-convex sets are mc-sets.

Proof If X has a L-structure, then we can define for all A 2 hXi,

A ¼ fa0, a1, . . . , ang functions PA
i as follows:

PA
n ðan, 1Þ ¼ f AðenÞ,

PA
n�1ðP

A
n ðan, 1Þ, tn�1Þ ¼ f Aðtn�1en�1 þ ð1� tn�1ÞenÞ,

PA
n�2ðP

A
n�1ðP

A
n ðan, 1Þ, tn�1Þ, tn�2Þ ¼ f Aðtn�2en�2 þ ð1� tn�2Þ

� ½tn�1en�1 þ ð1� tn�1Þen�Þ,
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and so on. Moreover, for those values not considered until now, func-

tions PA
i are defined in such a way that PA

i ðx, 0Þ ¼ x and PA
i ðx, 1Þ ¼

f AðeiÞ. Therefore, function GAðt0,t1, . . . ,tn�1Þ¼ f Að
Pn

i¼0�ieiÞ where

coefficients �i depend continuously on tj, j¼0,1, . . . ,n. Finally, if Z is

a L-convex set, then it is satisfied that for all A2hZi, �ðAÞ�Z. To

see that Z is also an mc-set, we have to prove that for all A2hXi,

such that A\Z 6¼ 6 0, A\Z¼fai0 , . . . ,aimg, then GAjZð½0,1�Þ
m
Þ�Z. But

if J¼fi0, . . . , img then �J ¼Cðfeik :k¼0, . . . ,mgÞ and therefore, by the

definition of function GA, we get GAjZð½0,1�
m
Þ� f Að�JÞ��ðfaik :k¼

0, . . . ,mgÞ¼�ðA\ZÞ�Z: g

In order to prove the next proposition, we use the following Lemma,

which was proven in [14].

LEMMA 1 [14] If X is an mc-space, for i ¼ 0, 1, . . . , n, functions

ti : �n ! ½0, 1� are defined by

tið�Þ ¼
0 if �i ¼ 0
�iPn
j¼i �j

if �i 6¼ 0

8<
:

and function T : �n !½0,1�n is defined by T ð�Þ ¼ ðt0ð�Þ, t1ð�Þ, . . . ,

tn�1ð�ÞÞ, then for any finite set A 2 hXi, A ¼ fa0, a1, . . . , ang the compo-

sition f A ¼ GA ! T is a continuous function.

PROPOSITION 8 If X is an mc-space, then X is an L-space. Moreover,

mc-sets are L-convex sets.

Proof If X is an mc-space then for any finite set A 2 hXi,

A ¼ fa0, a1, . . . , ang, there exists a family of functions PA
i , such that

their composition GA is a continuous function. By applying Lemma 1

the function f A : �n ! X defined by f A ¼ GA ! T is continuous.

In order to obtain an L-convexity in such a way that mc-sets are

L-convex sets, we define the nonempty set-valued map � : hXi ! X ,

as follows,

�ðBÞ ¼ [fGAjBð½0, 1�
m
Þ: B � A,A 2 hXig,

where m ¼ cardðA \ BÞ � 1.
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Notice that for any A 2 hXi, A¼fa0,a1,...,ang, for all J¼fi0,...,img�

f0,1,...,ng, ði0<i1< ���<imÞ, and for all �2�J ,

f Að�Þ ¼ GAðT ð�ÞÞ 2 GAjfai0 ,..., aim g
ð½0, 1�mÞ � �ðfaik : ik 2 JgÞ,

so f Að�JÞ � �ðfai0 , . . . , aimgÞ.

Moreover, if Z is an mc-set, then for all A 2 hXi, such that

A \ Z 6¼ 6 0, A \ Z ¼ fai0 , . . . , aimg, then GAjZð½0, 1�
m
Þ � Z. Therefore,

for any B 2 hZi, it is satisfied that �ðBÞ � Z, so Z is an L-convex set.g

The following example shows that mc-sets do not coincide with

H-sets.

Example 2 Consider the following subset X � R; X¼
S1

n¼0

½2n,2nþ1�. We want to prove that X is an mc-space whose mc-sets

are not H-sets. To do so, we define the following functions for all

A¼ fa1, . . . ,ang2 hXi.

PA
i ðx, 0Þ ¼ x, PA

i ðx, tÞ ¼ maxfai: ai 2 Ag ¼ a" 8t 2 ð0, 1�:

It is clear that GA is a continuous function since it is a constant one,

GAðt0, t1, . . . , tn�1Þ ¼ PA
0 ð. . .P

A
n�1ðP

A
n ðan, 1Þ, tn�1Þ . . . , t0Þ ¼ a", 8ti 2 ½0, 1�:

X is therefore an mc-space. Moreover, for all w 2 X , subsets Zw ¼

½w, þ1Þ \ X are mc-sets, since for every finite subset A of X such

that A \ Zw 6¼ 6 0 we know that a" 2Zw, therefore GAjZw
ð½0,1�mÞ¼

a" 2Zw. However, it is not possible to define a c-structure on X such

that Zw are H-sets for all w2X . By contradiction, if we assume that

�:hXi!X defines a c-structure on X, then it has to be satisfied that

for all A2hXi, �ðAÞ has to be contractible set and, therefore, to be

included in some interval ½2n,2nþ1�. Moreover, by the monotonicity

condition (if A�B, then �ðAÞ��ðBÞ), this interval has to be the

same for every A2hXi, since, otherwise, they belong to two different

connected components and they would not be contractible sets.

Therefore, whenever w>2nþ1, it is clear that Zw is not an H-set

due to the fact that, in this particular case, for every A2hZwi, �ðAÞ

is not included in Zw.

Note that this example also shows that, in general, an mc-structure

does not induce a B 0-simplicial convexity.
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The relations between the various abstract convexities considered in

this section can be summarized by the following diagram (Fig. 1).

4 SELECTIONS, FIXED POINT AND KKM RESULTS

This section is devoted to presenting some results on the existence of

fixed points, continuous selections to correspondences and KKM

results in the context of mc-spaces. The first result was obtained in

[14] and states the existence of a continuous selection with a fixed

point of the mc-convex hull of a correspondence defined on mc-spaces.

Moreover, it gives the key for obtaining the generalization of

Browder’s result on the existence of continuous selection and fixed

point to correspondences with open lower sections. Henceforth, we

shall consider Hausdorff topological spaces.

THEOREM 1 [14] If X is a compact topological mc-space and 	 :X ! X

is a nonempty valued correspondence satisfying that

y 2 	�1ðxÞ ) 9x0 2 X: y 2 int	�1ðx0Þ,

FIGURE 1.
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then, there exists a nonempty finite subset A of X and a continuous func-

tion f : X ! X such that for all x 2 X , f ðxÞ 2 GAj	ðxÞð½0, 1�
m
Þ and there

exists x" 2 X such that x" ¼ f ðx"Þ.

The following result is an extension of Browder’s theorem to the

context of mc-spaces.

THEOREM 2 If X is a compact topological mc-space and 	 : X ! X is a

nonempty mc-set valued correspondence satisfying one of the following

conditions,

(i) y 2 	�1ðxÞ ) 9x0 2 X: y 2 int	�1ðx0Þ,

(ii) for each y 2 X , 	�1ðyÞ contains an open subset Oy of X such thatS
y2X Oy ¼ X ,

then 	 has a continuous selection and a fixed point.

Proof It is easy to show that conditions (i) and (ii) are equivalent if 	

is a nonempty set valued correspondence, so the conclusion is obtained

by applying Theorem 1 and by considering that 	 has mc-set values. g

In addition, if 	 is a nonempty mc-set valued correspondence with

open lower sections, then we can apply this theorem and ensure the

existence of a continuous selection and a fixed point.

Furthermore, if paracompactness on the space X is considered

instead of compactness and X has a B 0-simplicial convexity, then we

can also ensure the existence of a continuous selection to correspon-

dences with open lower sections.

THEOREM 3 [1] If X is a paracompact topological space, Y is a topolo-

gical space with a B 0-simplicial convexity and 	 : X ! Y is a correspon-

dence with nonempty B 0-simplicial convex values and open lower sections

	�1ðyÞ ¼ fx 2 X j y 2 	ðxÞg, then 	 has a continuous selection.

The next definition presents the notion of compressibility, introduced

in [25], which is related to results on the existence of continuous selec-

tions to correspondences with open lower sections in spaces with an

abstract convexity structure.

Definition 13 [25] A topological space X is compressible into a topo-

logical space Y (with respect to an operation of hull defined on Y) if

for every finite family A of open sets covering X and every system
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fyA: A 2 Ag of elements of Y, there exists a continuous function

f :X ! Y such that for every x 2 X , f ðxÞ 2 CðfyA: x 2 AgÞ.

From this definition it is not difficult to prove the following theorem.

THEOREM 4 A normal topological space is compressible into (a) every

L-space, (b) every mc-space.

Note that the previous Theorems 1, 2, 3, could not be obtained as

a consequence of the results of Wieczorek [25, Theorem 8 and

Corollary 9] since we use weaker conditions. Moreover, we also

obtain the existence of fixed points (in Theorem 2).

Next results present some generalization of the well-known Knaster–

Kuratowski–Mazurkiewicz (KKM) result in the context of mc-spaces.

First, we show a characterization result of nonempty finite intersection

that contains, as a corollary, the classical KKM-Lemma as well as

its version in the context of mc-spaces and, therefore, in all of the

abstract convexity structures that we have introduced in the previous

sections.

THEOREM 5 If X is a topological space and fRi: i ¼ 0, . . . , ng is a family

of closed subsets of X, then the following statements are equivalent:

(i)
Tn

i¼0 Ri 6¼ 6 0;

(ii) X is an mc-space and there exists a finite set A ¼ fx0, . . . , xng 2 hXi

such that for any family fi0, . . . , ikg � f0, 1, . . . , ng of indices, it is

satisfied that GAjfxi0 ,..., xik g
ð½0, 1�kÞ �

Sk
j¼0 Rij .

Proof On the one hand, if X is an mc-space, we know that for

all A ¼ fx0, . . . , xng 2 hXi there exist functions PA
i such that their

composition GA is continuous and, from Lemma 1, the function

f ¼ GA ! T : �n ! X is continuous. Moreover, if J ¼ fi0, . . . , ikg �

f0, . . . , ng, then, by definition of T and GA, we have that

f ð�JÞ � GAjfxi : i2 Jgð½0, 1�
k
Þ �

[
i2J

Ri:

Therefore f �1ðRiÞ ¼ Fi are closed subset of �n and it is satisfied that

�J �
S

i2 J Fi, so we can apply the KKM-Lemma and obtain that

there exists z 2
Tn

i¼0 Fi, so f ðzÞ 2
Tn

i¼0 Ri.
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On the other hand, consider x" 2
Tn

i¼0Ri and define the mc-structure

in the following way: for all A2hXi,PA
i ðx,tÞ¼x, 8x2X , t2 ½0,1Þ and

PA
i ðx,1Þ¼x". Then, GAðt0, . . . ,tn�1Þ¼x" is trivially continuous and

satisfies that for every subfamily fi0, . . . , ikg� f0, . . . ,ng of indices

GAjfxi0 ,..., xik g
ð½0, 1�kÞ ¼ x" 2

[k

j¼0
Rij :

g

In the same line we obtain the generalization of the previous

characterization result to the nonfinite case.

THEOREM 6 If X is a topological space and 	 : X ! X is a nonempty

valued correspondence with closed values, and there exists x0 2 X such

that 	ðx0Þ is compact, then the following statements are equivalent:

(i)
T

x2X 	ðxÞ 6¼ 6 0;

(ii) X is an mc-space such that, for all finite subset A ¼ fx0, . . . , xng of

X, it is satisfied that for any family fi0, . . . , ikg � f0, 1, . . . , ng of

indices, then GAjfxi0 ,..., xik g
ð½0, 1�kÞ �

Sk
j¼0 	ðxij Þ.

As a corollary, we obtain the finite version of the KKM-Lemma in

the context of mc-spaces.

COROLLARY 1 If X is an mc-space, fRi: i ¼ 0, . . . , ng is a family of

closed subset of X and there exists points x0, . . . , xn of X such that for

every family fi0, . . . , ikg � f0, 1, . . . , ng of indices Cmcðfxi0 , . . . , xikg �Sk
j¼0 Rij , then

Tn
i¼0 Ri 6¼ 6 0

To obtain other generalizations of the KKM-Lemma, we use the

notion of KKM-relation introduced in [25].

Definition 14 [25] Given topological spaces X and Y, Y with an

abstract convexity structure, a correspondence 	 : X ! Y is a KKM-

relation on a set F ¼ ðx1, . . . , xng � X with respect to a correspondence

� :X ! Y whenever, for every y1 2 �ðx1Þ, . . . , yn 2 �ðxnÞ,

Cðfy1, . . . , yngÞ �
[n
i¼1

	ðxiÞ:

It is said that 	 is a KKM-relation with respect to � if it is a KKM-

relation on every finite set F.

814 J.-V. LLINARES



To simplify the notation, and whenever � is the identity function

ð�ðxÞ ¼ xÞ, we shall, henceforth, denote 	 as a KKM-mapping instead

of a KKM-relation with respect to identity function.

Corollary 1 can be extended by considering the notion of KKM-

mapping.

COROLLARY 2 If X is an mc-space and 	 : X ! X is a KKM-mapping

which has nonempty closed values, then the family f	ðxÞ: x 2 Xg has the

finite intersection property.

As an immediate consequence, we obtain:

COROLLARY 3 If X is an mc-space and 	 : X ! X is a KKM-mapping

which has nonempty closed values and if there is x0 such that 	ðx0Þ is

compact, then
T

x2X 	ðxÞ 6¼ 6 0.

In the following theorem, we use similar continuity conditions to

those considered in [23]. The generalization obtained is as follows:

THEOREM 7 If X is a compact mc-space and 	 :X ! X is a KKM-

mapping such that for all x2X the set X�	ðxÞ contains an open subset

Ox that satisfies
S

x2X Ox ¼ X if
T

x2X 	ðxÞ ¼ 6 0, then
T

x2X 	ðxÞ 6¼ 6 0.

Proof By contradiction, assume that
T

x2X 	ðxÞ ¼ 6 0, that is,

X ¼ X �
\
x2X

	ðxÞ ¼
[
x2X

ðX � 	ðxÞÞ:

Since X ¼
S

x2X Ox and X is compact, then there exists a finite sub-

covering and a finite partition of unity f ig
n
i¼0 subordinated to it,

that is,

 iðxÞ > 0 if and only if, x 2 Oai � X � 	ðaiÞ, i ¼ 0, 1, . . . , n:

and we define function � : X ! �n by �ðxÞ ¼ ð 0ðxÞ, . . . , nðxÞÞ.

Moreover, since X is an mc-space, if we take A ¼ fa0, . . . , ang, then

there exists a continuous function GA : ½0, 1�n ! X , and by applying

Lemma 1 then, the function f : X �!
�

�n �!
T

½0, 1�n �!
GA

X , is contin-

uous. Furthermore, if we consider g ¼ GA ! T , then function � ! g :

�n ! �n is a continuous one defined from a compact convex set
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into itself. We can therefore apply Brouwer’s fixed point theorem and

conclude that there exists a fixed point, that is, 9y" 2 �n: �ðgðy
"ÞÞ ¼ y"

and by denoting x" ¼ gðy"Þ we obtain that f ðx"Þ ¼ x".

Therefore, if we define Jðx"Þ ¼ fi :  iðx
"Þ > 0g, it is satisfied that

x" ¼ GAðT ð�ðx
"ÞÞÞ 2 Cmcðfai: i 2 Jðx"ÞgÞ �

[
i 2 Jðx"Þ

	ðaiÞ:

Furthermore, if i 2 Jðx"Þ, then x" 2 Oai � X � 	ðaiÞ, hence:

x" 2
\

i2 Jðx"Þ

ðX � 	ðaiÞÞ ¼ X �
[

i2 Jðx"Þ

	ðaiÞ

 !
,

which is a contradiction. g

The next result is in the same line as those obtained in [25], but by

considering mc-spaces.

THEOREM 8 If X is a normal mc-space, fx0, x1, . . . , xng � X and

	 : X ! X , and � : X ! X are two correspondences satisfying

(i) � : X ! X , is upper semicontinuous (u.s.c.), such that for all

x 2 X , x 2 �ðxÞ,

(ii) 	 : X ! X , is a KKM-relation, with respect to �,

(iii) for every x" 2 X ,
Tn

i¼0 	ðxiÞ
� 


\�ðx"Þ ¼ 6 0 implies that

	ðxjÞ \�ðx"Þ ¼ 6 0 for some j, then there exists x0 2 X such thatTn
i¼0 	ðxiÞ

� 

\�ðx0Þ 6¼ 6 0.

In particular, if 	ðx"Þ is compact for some x" 2 X , then
T

x2X 	ðxÞ 6¼ 6 0.

Proof By contradiction, suppose that for every x 2 X ,
Tn

i¼0 	ðxiÞ
� 


\

�ðxÞ ¼ 6 0. By (iii), we know that for every x 2 X , there exists some

j such that 	ðxjÞ \�ðxÞ ¼ 6 0. Therefore, by the u.s.c. of �, the sets

Xi ¼ x : 	ðxiÞ \�ðxÞ ¼ 6 0
� 


, for i ¼ 0, 1, . . . n, are open and form an

open covering of X. But since X is a normal space, we know that

there exists a partition of unity f ig
n
i¼0 subordinated to this covering, so

 iðxÞ > 0 if and only if x 2 Xi, i ¼ 0, 1, . . . , n,

and we can define function � :X ! �n by �ðxÞ ¼ ð 0ðxÞ, . . . , nðxÞÞ.
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Moreover, if we choose y0 2 �ðx0Þ, . . . , yn 2 �ðxnÞ and we take

A ¼ fy0, . . . , ynÞ, since X is an mc-space, then there exists a continuous

function GA : ½0, 1�n ! X . Therefore, from Lemma 1 the function

f ¼ GA ! T !�,

f :X �!
�

�n �!
T

½0, 1�n �!
GA

X ,

is continuous. Then, by reasoning as we did in the previous theorem,

we can conclude that there exists a fixed point of function f, that is,

f(w)¼w. Moreover, this element w satisfies that

w ¼ f ðwÞ ¼ GAðT ð�ðwÞÞÞ 2 Cmcðfyi:w 2 XigÞ

¼ Cmcðfyi:	ðxiÞ \�ðwÞ ¼ 6 0Þg � Cmcðfyi:	ðxiÞ \�ðwÞ ¼ 6 0g

and from the KKM-relation condition we obtain

Cmcðfyi:	ðxiÞ \�ðwÞ ¼ 6 0g � [f	ðxiÞ:	ðxiÞ \�ðwÞ ¼ 6 0g,

which is in contradiction with the condition that correspondence �

contains the diagonal. g
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