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1 INTRODUCTION

The notion of convexity is a basic mathematical structure that is used
to analyze many different problems. In the literature, many papers
deal with the problem of generalizing usual convexity from different
points of view: c-spaces [7], simplicial convexity [2], geodesic conveXity
[20], L-convexity [1] or convexity induced by an order [9] are some of
the generalizations dealt with.

In general, we can consider two different kinds of generalizations for
this notion. On the one hand, there are those that are motivated by con-
crete problems, (e.g., the existence of continuous selections and fixed
points [1,2,7,14,17,25], or nonconvex optimization problems [11,18,
20,21,22], etc.) and, on the other hand, those that are stated from an
axiomatic point of view, where the notion of abstract convexity is
based on properties of a family of sets (similar to the properties of the
convex sets in topological vector spaces) [3,16,19,24].

In the context of abstract convexity, there are some authors who con-
sider different definitions of abstract convexity, asking for additional
conditions for the family of subsets that defines the convexity. In [26]
for instance a convexity on a topological space, X, as a family of
closed subsets C, of X, which contains X as an element and which is
closed under arbitrary intersections is considered. Note that this defini-
tion of abstract convexity does not generalize the notion of usual
convexity (in topological vector spaces).

In this article, we consider some abstract convexities that have been
used in the literature to generalize some results on the existence of con-
tinuous selections and fixed points to correspondences. In this frame-
work, we focus on an abstract convexity structure called mc-spaces
(introduced in [14]), which is based on the idea of substituting the
segment that joins any pair of points (or the convex hull of a finite set
of points) by a set that plays their role, and study the relationship between
it and L-convexity [1] which is equivalent to it, simplicial convexity [2],
c-spaces [7,8], B’-simplicial convexity [1] and the convexity induced by
an order used in [9]. As an application, we present, in the context of
mc-spaces, a characterization result of nonempty finite intersection, in
the line of the Knaster—Kuratowski—-Mazurkiewicz (KKM) Lemma, as
well as an extension of Browder’s result on the existence of continuous
selection and fixed point to correspondences with open lower sections.
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2 ABSTRACT CONVEXITIES

As previously mentioned, we shall present some particular abstract con-
vexities that appear in the literature, in relation to the problem of the
existence of continuous selections and fixed points to correspondences.
We first present the general notion of abstract convexity structure.

Definition 1 [10] A family C of subsets of a set X is an abstract con-
vexity structure for X if f§§ and X belong to C and C is closed under
arbitrary intersections.

The elements of C are called C-convex (or simply abstract convex)
subsets of X and the pair (X,C) is called a convex space. Moreover,
the abstract convexity notion allows us to define the notion of the
convex hull operator, which is similar to that of the closure operator
in topology.

Definition 2 [10,24] If X is a set with an abstract convexity C and 4 is
a subset of X, then the hull operator generated by a convexity structure
C, which we will denote by C¢ and call C-convex hull, is defined for any
subset 4 € X by Ce(A) =N{Be(C: A C B}

This operator enjoys certain properties that are identical to those of
usual convexity: for instance, C¢(A) is the smallest C-convex set that
contains set A.

Although there are more abstract convexities (in reference to
the fixed point theory) than the ones we present in this article',
most of them are particular cases of c-spaces or simplicial convexity
(see [2] or [17]). We will only focus therefore, on those that are more
intuitive.

2.1 K-convex Structure

The K-convex structure is based on the idea of considering functions
that join pairs of points. That is, the segments used in usual convexity
are substituted by an alternative path, previously fixed on X.

"Michael’s convex structure [15], Komiya convex spaces [12], etc.
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Definition 3 [6] A K-convex structure on the set X is given by a
mapping K : X x X x[0,1] - X. Furthermore (X, K) will be called
a K-convex space and function K a K-convex function.

Note that if (X, K) is a K-convex space, it is possible for any pair of
points x,y € X to associate themselves with a subset given by
K(x,,[0,1]) = U{K(x, y,1):t € [0,1]} (in a similar way to the case of
the union operation, see [19], or interval spaces, see [22]). Moreover,
we can define an abstract convexity on X by considering a family, C,
of subsets of X as follows:

ZeCeVx,yeZ K(x,][0,1)CZ.

The elements of C will be called K-convex sets and the K-convex hull
operator associated to this family C of K-convex sets (see Definition 2)
will be denoted by Ck.

By imposing different conditions on function K, particular abstract
convexity structures are obtained. The following definitions present
some of these particular cases.

Definition 4 [13] If X is a topological space, a K-convex continuous
structure on X is defined by a continuous function K:X x X x
[0, 1] = X, such that K(x,y,0) = x, and K(x,y,1) = y.

From function K, it is easy to define a family of continuous paths
joining pairs of points in X as follows, for any x,y € X, K, : [0,1] —
X, Ko (D) = K(x, . 1).

Obviously a K-convex continuous structure can be defined in any
usual convex subset of a topological vector space. Furthermore it can
be proven that a K-convex continuous structure on X can be defined
if and only if X is a contractible set, although it does not mean that
K-convex subsets coincide with contractible subsets (for more details
see [13]).

A different case of K-convexity is that of the equiconnected spaces,
introduced by Dugundji [4] and Himmelberg [5], which are a particular
case of K-convex continuous spaces.

Definition 5 [4,5] A metric space X is equiconnected if and only if,
there exists a continuous function K: X x X x [0,1] = X such that
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forall x,y € X, K(x,y,0) = x, K(x,y,1) =y and K(x, x, t) = x for any
t€[0,1].

In general, absolute retract spaces® (AR) are equiconnected spaces
(see [4]). Furthermore, in the context of metric spaces with finite
dimensionality, equiconnected spaces coincide with AR ones.

The following example shows that the notions of K-convex
continuous structure and that of equiconnected space are different.

Example I Let X C R? be the following set,
X = Jix.x/m).x €0, 1]:n € N} U0, 1] x {0}

It is clear that X is a star-shape set® and function K :X x X x
[0, 1] = X can be defined as follows,

(1 —28)x + 2txp t €[0,0.5]

K(x,y, t) = (2 . 2t)X0 + (2[ _ l)y t e [05, 1]

Note that function K obviously satisfies the requirements that define
a K-convex continuous structure but not, however, an equiconnected
structure on X, since it does not satisfy that K(x,x,?) = x for all
t € [0,1]. Moreover it is not equiconnected for any function K we
could define, since it is not locally equiconnected (see [4, Theorem 2.4]).

2.2 Order Convexity

If (X, <) is a partially ordered set (poset), and for all x,y € X the
closed interval is denoted by [x,y] ={z € X: x <z <y}, so that it is
possible to define an abstract convexity structure on X, called order
convexity, by considering the abstract convex sets like Z C X, such
that for all x,y € Z, [x,y] C Z (see [9]).

2A space Y is an absolute retract (AR) whenever Y is metrizable and for any metriz-
able X and any closed subset A C X, it is verified that each continuous function
f:4 — Y is extendable over X.

3A subset X of a linear space E is a star-shape set if there exists xo € X such that
Vx e X,Vtel0,1], tx+ (1 — H)xp € X.
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Moreover, if (X, <) is a (sup)semilattice and the supremum of (x, y) is
denoted by x Vv y, then it is possible to consider the abstract convex sets
like Z C X, such that forall x,y € Z, [x,x Vy]U[y,x VY] C Z.

2.3 c-Spaces

We can consider abstract convexities on a set X by associating to any
finite family of points in X a subset of X. This subset is, in some sense,
the generalized convex hull of these points. This is the case, for
instance, of the notion of c-space (or H-space), introduced in [§],
which associates an infinitely connected set* (C*°) that satisfies some
monotonicity conditions to any finite subset of X.

Formally, the notion of c¢-space is as follows:

Definition 6 [8] If X is a topological space and (X') denotes the family
of nonempty finite subsets of X, then a c-structure on X is given by a
nonempty set valued map I': (X) — X that satisfies:

1. for all 4 € (X), I'(A4) is nonempty and infinitely connected.
2. for all 4, B € (X), A C B implies I'(4) € I'(B).

The pair (X, TI') is called c-space, and a subset Z C X is called an
H-set if and only if, it is satisfied for all 4 € (Z), I'(4) C Z.

Note that in the context of topological vector spaces this definition
includes, as a particular case, the notion of usual convexity. Moreover,
it is easy to show that the family of H-sets defines an abstract con-
vexity on X.

Remark 1 1In [6,7] it is considered a more restrictive notion of
c-structure by assuming that sets I'(4) are contractible instead of
being infinitely connected.

2.4 Simplicial Convexity

A different way of introducing an abstract convexity structure from a
family of continuous functions is by associating a continuous function

A set A is infinitely connected if every continuous function defined on the boundary of
a finite dimensional sphere with values in 4 can be extended to a continuous function on
the ball, with values in A4 (see [8]).
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defined on the standard simplex that satisfies some conditions to any
finite subset of X (see [2]).

Definition 7 [2] If X is a topological space and Aj the k-dimensional
simplex, X has a simplicial convexity if for each n € N, and for each
(x1,x2,...,x,) € X", there exists a continuous function ®[xi,x,,
..., Xt Ay_1 — X that satisfies

1. for all x € X, ®[x](1) =x,

2. for all n>2, for all (x1,x2,...,x,) € X", for all (¢,t2,...,1,) €
Ay, if ;=0, then ®[xy,x2,...,x,](t1, 1, ..., 1) = P[x_;](z_)),
where x_; denotes that x; is omitted in (xq, x»,. .., X,,).

Moreover, a subset Z of X is called a simplicial convex set if and only
if, for all n € N and for all (a1, as,...,a,) € Z" it is satisfied that

forallue A,-1 Qla,as,...,a,)(u) € Z.

It is not hard to prove that simplicial convex sets are stable under
arbitrary intersections. They therefore define an abstract convexity
structure.

2.5 B’-simplicial Convexity

The notion of B’-simplicial convexity [1]is an obvious generalization of
the notion of simplicial convexity, since we weaken the conditions
required of the continuous function that defines the B’-simplicial
convexity. Moreover, the notion of B’-simplicial convexity allows
us to connect the notion of c-spaces with that of simplicial convexity
as well as with other notions of abstract convexities we will introduce
later.

Definition 8 [1] A topological space X has a B’-simplicial convexity if
for each n € N, and for each (x;, x5, ..., x;) € X", there exists a contin-
uous function ®[xy,xy,...,x,]: A, — X satisfying that for all n> 2,
for all (xi,xz,...,x,)€X", and for all (¢1,t,....,t,)€eA,_1, if t;=0,
then ®[x,x2,...,x,](¢1,t2,....1,)= D[x_;](¢_;).

In this context, a subset Z of X is called a B’-simplicial convex set if
and only if, for all n € N and for all (a1, a,...,a,) € Z" it is satisfied
that for all u € A, ®lay, az, ...,a,)(u) € Z.
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It is obvious that the family of B’-simplicial convex sets is an abstract
convexity, and the convex hull induced by this convexity is a subsimpli-
cial hull (notion introduced in [25]). Moreover, the abstract convex sets
obtained from a subsimplicial hull are B’-simplicial convex sets.

2.6 L-spaces

The notion of L-space (see [1]) is a different abstract convexity that
appears in the context of existence of continuous selections and
fixed points to correspondences and which generalizes the (B’) simpli-
cial convexity as well as the notion of c-spaces.

Definition 9 [1] An L-structure on X is given by a nonempty set-
valued map I' : (X) — X, such that for every 4 € (X), say 4 = {ay,
ai,...,a,), there exists a continuous function f“4: A, — I'(4) such
that for all J  {0,1,...,n}, f4(A)) € T({a;: i € J}).

The pair (X, T') is then called L-space and a subset Z of X, is called an
L-convex set if for all 4 € (Z), then I'(4) C Z.

Clearly, the family of L-convex sets defines an abstract convexity
structure on X. Furthermore, it is obvious that the notion of
G-convex spaces, used in [17], is a particular case of L-spaces since, to
define the G-convex spaces, it is required that all of the conditions of
Definition 9 be satisfied, together with a monotonicity condition on
the set-valued map I'.

2.7 mc-Spaces

The notion of mec-space is a generalization of K-convex continuous
structures, which is obtained by relaxing the continuity condition on
function K. Now the ideal is to associate, for any finite set of points,
a family of functions requiring their composition to be a continuous
function. The image of this composition generates a set, associated
with the finite set of points, in a similar way to the case of c¢-spaces
or simplicial convexity. However, in contrast to these cases, no mono-
tonicity condition on the associated sets is now required.

Definition 10 [14] A topological space X is an mc-space (or has an
me-structure) if for every A € (X), say A ={ag,ai,...,a,}, there
exists a family of elements {by,b;,...,b,} C X, and a family of
functions P/: X x[0,1]— X, such that for i=0,1,...,n, P(x,0)=x,
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PA(x,1)=b;, for all xeX, and function G4:[0,1]"— X given by
Ga(tost1y... ty—1)=PJ(...(PL (P(by,1),10-1),...,00), is a continuous
function.

Note that the notion of mc-space ranges over a wide field of poss-
ibilities, since it can appear in completely different contexts. For
instance, if X is a nonempty topological space then it is always possible
to define an mc-structure on it by considering, for any finite subset
A=A{ay,ar,...,a,} of X, and for all i=0,...,|4| —1, b; = ap, and
the family of functions as follows, P#(x, ) = x, for all x € X and for
all 1 €[0,1), while P{‘(x, 1) = ay for all x € X. Moreover, if X is a
usual convex subset of a topological vector space, we can define an
me-structure by considering for any finite subset 4 = {ay, ay, ..., a,}
of X and for all i=0,...,|4|— 1, b;=a; and functions PiA(x, f) =
(1 — #)x + ta; for all x € X and for all ¢ € [0,1]. In this case, the image
of function G4, coincides with the usual convex hull of 4 (for more
details see [14]). Moreover, it is easy to prove that mc-spaces are also
extensions of K-convex continuous spaces.

Given an mc-structure, it is possible to define an abstract convexity
by considering the family of sets that are stable under function G 4.
In order to define this convexity, we need some preliminary concepts.

Definition 11 [14] If X is an mc-space, and Z a subset of X, then for
all Ae(X) such that ANZ#P, say ANZ={a;,ai.,...,q;,}
(ip<iy <---<iy), we define the restriction of function G4 to Z as
follows, GA|Z : [0, l]m - X, GA|Z(Z) = P;:( ..PA (PI-A;I(G,‘W, 1), l,‘mil).. '9lio)

Im—1

where P;! are the functions associated with the elements a;, € ANZ.

By making use of this notion, we now define mec-sets, which
generalize usual convex sets.

Definition 12 [14] A subset Z of an mc-space X is an mc-set if and
only if, for any 4 € (X) such that ANZ # @, it is satisfied that
G 42([0,1]") € Z, where m = card(A N Z) — 1.

Since the family of mc-sets is stable under arbitrary intersections, it
defines an abstract convexity on X. Furthermore, we can define the
mc-hull operator C,,. in the usual way (see Definition 2). So, it is
obvious that for all Z C X, and for all 4 € (X) such that AN Z # @,
it is satisfied that G4£([0, 11") € Cye(2).



806 J.-V. LLINARES

3 RELATIONS BETWEEN THE VARIOUS
ABSTRACT CONVEXITIES

Throughout this section, the relationship between the abstract convex-
ity notions introduced in the previous section is analyzed. Since some of
them are obvious>, we will focus on those that are not easily obtained.

We start by showing that any K-convex continuous space is a c-space
in which the K-convex sets are H-sets.

ProposiTioN 1 If (X, K) is a K-convex continuous space, then there
exists a nonempty set valued map T':(X) — X such that (X,T) is a
c-space and K-convex sets are H-sets.

Proof 1If (X, K)isa K-convex continuous space, then we can define the
mapping I" : (X) — X, by means of the K-convex hull, that is I'(4) =
Ck(A). Then by applying Proposition 1.1 in [13], we know that I'(4)
is contractible (and therefore C*°). Moreover, it is easy to prove that
forall 4, B € (X),if A C Bthen I'(4) C I'(B), so (X, ') is a c-space.

Finally, to show that K-convex sets are H-sets, assume that there
exists a K-convex set Z such that 4 € (Z) and I'(4) = Cx(A4) € Z. Then,
we have that 4 C Ckx(A), A C Z and that both of them are K-convex
sets, so A CZNCk(A)S Ck(A4), which is in contradiction with the
fact that Cx(A) is the smallest K-convex set containing A. |

The following result states the relationship between K-convex contin-
uous structures and simplicial convexities.

Prorosition 2 If (X, K) is a topological space with a K-convex contin-
uous structure, then it is possible to define a simplicial convexity on X
such that K-convex sets are simplicial convex sets.

Proof Foranyn € N, and for any (a1, az, ..., a,) € X", we define the
family of functions ®[a;, ay,...,a,] as follows,

1. if n=1, ®[a] = K(a,a, 1),

2. forn=>2,

dD[alaaZ: s 9an](lla 125 L] lﬂ) = K( M K(K(dn,an,]’ lnfl)y

an—2, tn72) .- ')a ai, tl)'

SFor instance, to show that an equiconnected space has a K-convex continuous struc-
ture, or that the K-convex continuous structure is a particular case of the mc-space.
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It is easy to show that this family of functions defines a sim-
plicial convexity on X that coincides with the one that is obtained
from K. ]

The next proposition shows that the order convexity structure
(in topological semilattices) is a particular case of the simplicial
convexities.

ProrositioN 3 If (X,<) is a topological (sup)semilattice with path
connected intervals, then there exists a simplicial convexity on X such
that order convex sets are simplicial convex sets.

Proof 1If (X, <) is a topological (sup)semilattice with path-connected
intervals, then we can define a nonempty set valued map I': (X) - X
given by I'(A) = U,e 4[a, sup A]. By applying Lemma 2.1 in [9] we
know that for any n € N, any continuous function g: 9A, — I'(4)
can be extended to a continuous function f : A, — I'(4), so I'(4)
is C*. Therefore, if we define hull {4} = I'(A), the family of order
convex sets is an abstract convexity such that hull {4} is C* and, by
applying Proposition 1.5 in [2], we obtain the conclusion. |

The next proposition, which was obtained in [1], states the relation-
ship between c-spaces and simplicial convexities, as well as between
c-spaces and B’-simplicial convexities.

ProrosiTiON 4 [1]

1. If (X,T) is a c-space such that for all x € X, x € T'({x}), then X has a
simplicial convexity such that H-sets are simplicial convex sets.

2. If (X,T) is a c-space, then it is possible to define a B’-simplicial
convexity such that H-sets are B’-simplicial convex sets.

The next result is immediately obtained from the definition of
simplicial convexity.

ProrosiTioN 5 If X is a topological space with a simplicial convexity,
then this simplicial convexity defines a B’-simplicial convexity such
that simplicial convex sets are B’-simplicial convex sets.

The next results shows that the notion of L-space is more general
than that of B’-simplicial convexity.

ProvosiTiON 6 If X has a B'-simplicial convexity, then X is an L-space
such that B'-simplicial convex sets are L-convex sets.
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Proof For every neN, let A, be the set of all functions o:
{0,1,...,n}— {0,1,...,n}. Then for any 4 € (X), A={ap,ay,...,a,} we
define the mapping I': (X) — X as follows,

I'(4) = U{q)[aa(O)aaa(l)a e dol(Ag): 0 € Ayl

and function 4 : A, — I'(4) by f4(1) = ®lag, a1, ..., a,](1) YA € A,.
It is clear that function /' is continuous and satisfies the requirement
that for all J = {iy,..., i} C {0,1,...,n}, (iy <i <--- < iy,) and for
all L € Aj,

fA()“) = @[ao, s an]()‘) = <I>[a,~0, R ainx]()‘f()’ SRR )\'im)
< Playy, - .., ai,)(Am) € T{diy, - - -, @i, }),

SO fA(AJ) - F({a,b, ey a,‘m}).

Finally, if Z € X is a B’-simplicial convex set, since for any n € N
and any (ag, ai, . ..,a,) € Z""" we know that ®[ag,ay,...,a,](A,) S Z,
it is satisfied that for any Ae(Z), I'(4)C Z; therefore Z is an
L-convex set. u

The next propositions show that the notion of mc-space and L-space
are equivalent, in the sense that if we have an mc-space, then it is
possible to define an L-structure such that mc-sets are L-sets, and
conversely, if we have an L-space then, it is possible to define an
mec-structure such that L-sets are mc-sets.

ProrosiTioN 7 If X is an L-space, then X is an mc-space such that
L-convex sets are mc-sets.

Proof 1If X has a L-structure, then we can define for all 4 € (X)),
A ={ay,ay,...,a,} functions PiA as follows:

Pl (an, 1) = f"(en),
P (Pl (an, 1), tyet) = [ (tn-ren1 + (1 = 14-1)en),
P (P (PHan, 1), taet)s tn-2) = [ (tw-sen—2 + (1 — ty_2)
X [th—ren—1 + (1 = th—1)e,]),
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and so on. Moreover, for those values not considered until now, func-
tions P4 are defined in such a way that P{(x,0) = x and P(x, 1) =
Sf4(e;). Therefore, function G4(to,t1,...,t.—1) =/, e;) where
coefficients «; depend continuously on #;, j=0,1,...,n. Finally, if Z is
a L-convex set, then it is satisfied that for all 4€(Z), I'(4)CZ. To
see that Z is also an mc-set, we have to prove that for all 4 € (X),
such that ANZ# @, ANZ ={a,,,...,a;,}, then G42([0,1])")ZZ. But
if J={ip,...,in} then A;=C({e;:k=0,...,m}) and therefore, by the
definition of function G4, we get G4z([0,1]") C fA(A) ST {ay,: k=
0,....mH)=T(ANZ)CZ. [ ]

In order to prove the next proposition, we use the following Lemma,
which was proven in [14].

Lemma 1 [14] If X is an mc-space, for i =0,1,...,n, functions
ti: A, — [0, 1] are defined by

0 if ;=0
ti(1) = A A0

n .
j=i N

and function T : A, —[0,1]" is defined by T(A)=(to(A),t;(1),...,
ta_1(X)), then for any finite set A € (X), A = {ay,ay,...,a,} the compo-
sition f4 = G4 o Tis a continuous function.

ProrosiTiON 8 If X is an mc-space, then X is an L-space. Moreover,
mec-sets are L-convex sets.

Proof If X is an mec-space then for any finite set A4 € (X),
A ={ay,ay,...,a,}, there exists a family of functions P;“, such that
their composition G4 is a continuous function. By applying Lemma 1
the function /4 : A, — X defined by /* = G4 o T is continuous.

In order to obtain an L-convexity in such a way that mc-sets are
L-convex sets, we define the nonempty set-valued map I': (X) — X,
as follows,

[(B) = U{G45([0, 11"): B S 4,4 € (X)},

where m = card(A N B) — 1.
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Notice that for any 4 € (X), A={ay,a,,...,a,}, for all J={iy,...,i,,} C
{0,1,...,n}, (ip<iy <---<iy), and for all A€ Ay,

,,,,,

so fA(A)) € T({ajys - - -»a;,})-

Moreover, if Z is an mec-set, then for all 4 € (X), such that
ANZ# P, ANZ ={a,...,a,}, then G4z([0,1]") € Z. Therefore,
for any B € (Z), it is satisfied that I'(B) € Z, so Z is an L-convex sct. l

The following example shows that mc-sets do not coincide with
H-sets.

Example 2 Consider the following subset X CR; X=[J,,
[2n,2n+1]. We want to prove that X is an mc-space whose mc-sets
are not H-sets. To do so, we define the following functions for all
A= {ay,...,a,} € (X).

Pf‘(x, 0) = x, Pf(x, 1) = max{a;:a; € A} = a* Vit € (0, 1].
It is clear that G 4 is a continuous function since it is a constant one,

Ga(tos 11 s tao1) = PLC P (P, 1), t01) . .., t0) = @, V1 € [0, 1].
X is therefore an mc-space. Moreover, for all w € X, subsets Z,, =
[w, +00) N X are mc-sets, since for every finite subset 4 of X such
that ANZ, # B we know that a*e€Z,, therefore Gz, ([0,1]")=
a* e Z,. However, it is not possible to define a ¢-structure on X such
that Z,, are H-sets for all we X. By contradiction, if we assume that
I':(X) — X defines a c-structure on X, then it has to be satisfied that
for all A€ (X), I'(4) has to be contractible set and, therefore, to be
included in some interval [2n,2n+ 1]. Moreover, by the monotonicity
condition (if 4C B, then I'(4) CI'(B)), this interval has to be the
same for every 4 € (X), since, otherwise, they belong to two different
connected components and they would not be contractible sets.
Therefore, whenever w>2n+1, it is clear that Z,, is not an H-set
due to the fact that, in this particular case, for every 4 €(Z,), I'(4)
is not included in Z,,.

Note that this example also shows that, in general, an mc-structure
does not induce a B’-simplicial convexity.
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usual convexity
(topological vector spaces)

I

equiconnected

N

K-convex continuous

order convexity structure
simplicial convexity c-spaces

\/

B'-simplicial convexity

— T

mc-spaces - > L-spaces

FIGURE 1.

The relations between the various abstract convexities considered in
this section can be summarized by the following diagram (Fig. 1).

4 SELECTIONS, FIXED POINT AND KKM RESULTS

This section is devoted to presenting some results on the existence of
fixed points, continuous selections to correspondences and KKM
results in the context of mc-spaces. The first result was obtained in
[14] and states the existence of a continuous selection with a fixed
point of the mc-convex hull of a correspondence defined on mc-spaces.
Moreover, it gives the key for obtaining the generalization of
Browder’s result on the existence of continuous selection and fixed
point to correspondences with open lower sections. Henceforth, we
shall consider Hausdorff topological spaces.

THeEOREM 1 [14] If X is a compact topological me-space and ¢p: X — X
is a nonempty valued correspondence satisfying that

ye¢p '(x) = Ix e X:y einte (X)),
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then, there exists a nonempty finite subset A of X and a continuous func-
tion f: X — X such that for all x € X,f(x) € Gup)([0,1]") and there
exists x* € X such that x* = f(x*).

The following result is an extension of Browder’s theorem to the
context of mc-spaces.

THEOREM 2 If X is a compact topological mc-space and ¢ : X — X is a
nonempty mc-set valued correspondence satisfying one of the following
conditions,

() yeop'(x) =3I € X: y eintgp ' (x),

(i) for each y € X, ¢~'(y) contains an open subset O, of X such that
UyEX 0}’ = X’

then ¢ has a continuous selection and a fixed point.

Proof Itis easy to show that conditions (i) and (ii) are equivalent if ¢
is a nonempty set valued correspondence, so the conclusion is obtained
by applying Theorem 1 and by considering that ¢ has mc-set values. B

In addition, if ¢ is a nonempty mc-set valued correspondence with
open lower sections, then we can apply this theorem and ensure the
existence of a continuous selection and a fixed point.

Furthermore, if paracompactness on the space X is considered
instead of compactness and X has a B’-simplicial convexity, then we
can also ensure the existence of a continuous selection to correspon-
dences with open lower sections.

Tueorem 3 [1] If X is a paracompact topological space, Y is a topolo-
gical space with a B'-simplicial convexity and ¢ : X — Y is a correspon-
dence with nonempty B’-simplicial convex values and open lower sections
¢ '(y) = {x € X |y € ¢(x)}, then ¢ has a continuous selection.

The next definition presents the notion of compressibility, introduced
in [25], which is related to results on the existence of continuous selec-
tions to correspondences with open lower sections in spaces with an
abstract convexity structure.

Definition 13 [25] A topological space X is compressible into a topo-
logical space Y (with respect to an operation of hull defined on Y) if
for every finite family A of open sets covering X and every system
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{yq: A € A} of elements of Y, there exists a continuous function
f:X — Y such that for every x € X, f(x) € C({y4: x € 4}).

From this definition it is not difficult to prove the following theorem.

THEOREM 4 A normal topological space is compressible into (a) every
L-space, (b) every mc-space.

Note that the previous Theorems 1,2, 3, could not be obtained as
a consequence of the results of Wieczorek [25, Theorem 8 and
Corollary 9] since we use weaker conditions. Moreover, we also
obtain the existence of fixed points (in Theorem 2).

Next results present some generalization of the well-known Knaster—
Kuratowski-Mazurkiewicz (KKM) result in the context of mc-spaces.
First, we show a characterization result of nonempty finite intersection
that contains, as a corollary, the classical KKM-Lemma as well as
its version in the context of mc-spaces and, therefore, in all of the
abstract convexity structures that we have introduced in the previous
sections.

THEOREM 5 If X is a topological space and {R;:i = 0, . .., n} is a family
of closed subsets of X, then the following statements are equivalent:

(i) Nizo Ri # 0;
(1) X is an mc-space and there exists a finite set A = {xy,...,x,} € (X)
such that for any family {iy,...,i} C{0,1, ...,n} of indices, it is

satisfied that G s, ..., ([0, 11 € ULy Ry,

Proof On the one hand, if X is an mec-space, we know that for
all 4 ={xp,...,x,} € (X) there exist functions Pf‘ such that their
composition G, is continuous and, from Lemma 1, the function
f=G4 07T : A, — X is continuous. Moreover, if J = {iy,...,i} C
{0, ..., n}, then, by definition of 7 and G4, we have that

F(A)) S Gujnien((0,11F) € oy Ri-

Therefore f~'(R;) = F; are closed subset of A, and it is satisfied that
Ay S Ui, Fi, so we can apply the KKM-Lemma and obtain that
there exists z € (i_y Fy, s0 f(2) € (o Ri-
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On the other hand, consider x* € ﬂ” o Ri and define the mc-structure
in the following way: for all 4 € (X), PA(x,n)=x,¥xe X, t€[0,1) and
Pf‘(x, 1)=x*. Then, GA(to,...,tn,l)_x is trivially continuous and
satisfies that for every subfamily {i,...,ir} € {0,...,n} of indices

N k
Gl (0,11 = 2" € Rs.

In the same line we obtain the generalization of the previous
characterization result to the nonfinite case.

THEOREM 6 If X is a topological space and ¢ : X — X is a nonempty
valued correspondence with closed values, and there exists xo € X such
that ¢(xo) is compact, then the following statements are equivalent:

() Nyey o(x) # 0

(i1) X is an mc-space such that, for all finite subset A = {xy,...,x,} of
X, it is satisfied that for any family {io, ..., ik} €{0,1, ...,n} of
indices, then G qx, ... x, ([0, 1] 5 < U _o H(x;,).

As a corollary, we obtain the finite version of the KKM-Lemma in
the context of mc-spaces.

Y,A

CoroLLARY | If X is an mc-space, {R;:i=0,...,n} is a family of
closed subset of X and there exists points xo, ..., Xy of X such that for
every family {ip, ..., i} €{0,1, ...,n} of indices Cpe({xi,...,x;} S

Uio Ry then iy Ri # 0
To obtain other generalizations of the KKM-Lemma, we use the

notion of KKM-relation introduced in [25].

Definition 14 [25] Given topological spaces X and Y, Y with an
abstract convexity structure, a correspondence ¢: X — Y is a KKM-
relation on a set F = (xy,...,Xx,} C X with respect to a correspondence
®:X — Y whenever, for every y; € O(xy),...,y, € O(x,),

C({yl» oo ayn}) - U¢(xl)
i=1

It is said that ¢ is a KKM-relation with respect to © if it is a KKM-
relation on every finite set F.
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To simplify the notation, and whenever © is the identity function
(B(x) = x), we shall, henceforth, denote ¢ as a KKM-mapping instead
of a KKM-relation with respect to identity function.

Corollary 1 can be extended by considering the notion of KKM-
mapping.
CoroLLARY 2 If X is an mc-space and ¢ X — X is a KKM-mapping

which has nonempty closed values, then the family {¢(x): x € X} has the
finite intersection property.

As an immediate consequence, we obtain:

CoroLLARY 3 If X is an mc-space and ¢ X — X is a KKM-mapping
which has nonempty closed values and if there is xq such that ¢(xg) is

compact, then (), y ¢(x) # 0.

In the following theorem, we use similar continuity conditions to
those considered in [23]. The generalization obtained is as follows:

TueOREM 7 If X is a compact mc-space and ¢: X — X is a KKM-
mapping such that for all xe X the set X —¢(x) contains an open subset

O, that satisfies |y Ox = X if (\ycxy $(x) = 0, then [, c y $(x) # 0.
Proof By contradiction, assume that (), _y ¢(x) = #, that is,

X=X~ [)ow=J&-ew).

xeX xekX

Since X = J, .y Ox and X is compact, then there exists a finite sub-
covering and a finite partition of unity {,}7_, subordinated to it,
that is,

Yi(x) >0 ifandonlyif, xe O, C X —¢(a;), i=0,1,...,n.

and we define function ¥ : X — A, by W(x) = (Yo(x),. .., ¥(x)).

Moreover, since X is an mc-space, if we take 4 = {ay, ..., a,}, then
there exists a continuous function G4 : [0,1]" — X, and by applying
Lemma 1 then, the function f : X N A, — [0, 17" 4 X, is contin-
uous. Furthermore, if we consider g = G4 o 7, then function Vo g:
A, — A, is a continuous one defined from a compact convex set
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into itself. We can therefore apply Brouwer’s fixed point theorem and
conclude that there exists a fixed point, that is, Iy* € A,: V(g(y*)) = »*
and by denoting x* = g(y*) we obtain that f(x*) = x*.

Therefore, if we define J(x*) = {i: ¥;,(x*) > 0}, it is satisfied that

X = GATWE)) € Cuefaz i e JoOM < | ).

ieJ(x*)

Furthermore, if i € J(x*), then x* € O,, C X — ¢(a;), hence:

ve N (X—qs(a,-)):X—( U ¢>(a,»)),

ieJ(x*) ie J(x*)

which is a contradiction. [ |

The next result is in the same line as those obtained in [25], but by
considering mc-spaces.

Tueorem 8 If X is a normal mc-space, {xy,Xx1,...,x,} CX and
¢: X —> X,and ® : X — X are two correspondences satisfying

(1) ®: X — X, is upper semicontinuous (u.s.c.), such that for all
x e X, x € O(x),
(i) ¢: X — X, is a KKM-relation, with respect to ©,
(iii) for every x,€ X, {ﬂ;’zo m} NOx,) =0 implies that
d(x;)) N O(x) = @ for some j, then there exists x' € X such that
[Ny o)} N o) # 0.

In particular, if $(x*) is compact for some x* € X, then (. y ¢(x) # 0.

Proof By contradiction, suppose that for every x € X, {7, ¢(x;)}N
B(x) = . By (iii), we know that for every x € X, there exists some
j such that ¢(x;) N ©(x) = @. Therefore, by the u.s.c. of @, the sets
Xi={x: ¢(x) N O(x) = P}, for i =0,1, ...n, are open and form an
open covering of X. But since X is a normal space, we know that
there exists a partition of unity {;}7_, subordinated to this covering, so

Yi(x) >0 ifandonlyif xe X;, i=0,1,...,n,

and we can define function ¥: X — A, by ¥(x) = (¥o(x), ..., ¥u(x)).
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Moreover, if we choose yg € O(xg),...,y, € O(x,) and we take
A= {yo,...,yn), since X is an mc-space, then there exists a continuous
function G, :[0,1]" — X. Therefore, from Lemma 1 the function
f = GA O T o \I’,

ix2oa, Lo x,

is continuous. Then, by reasoning as we did in the previous theorem,
we can conclude that there exists a fixed point of function f, that is,
fiw)=w. Moreover, this element w satisfies that

w Zf(W) = GA(T(lII(W))) € Cmc({yi: we Xl})

= Cpe({yit ¢(xi) N O(w) = P)} € Cpie({yiz p(x;) N O(w) = B}

and from the KKM-relation condition we obtain
Cne({yi: 9(xi) N O(w) = B} S U{p(x;): p(x;) N O(w) = #},

which is in contradiction with the condition that correspondence ©
contains the diagonal. ]
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