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Won Kyu Kim!, Sangho Kum*:?

Department of Mathematics Education, Chungbuk National University, Cheongju 361-763, Republic of Korea

Abstract

The purpose of this paper is to introduce general %-convex and %-concave conditions, and then to
prove two existence theorems of Nash equilibria in generalized games with %-concavity. Our results
generalize the corresponding results due to Nash, Forgd, Takahashi and Kim—Lee in several ways.
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1. Introduction

In 1951, Nash [19] established the well-known equilibrium existence theorem. Since then,
the classical results of Nash [19], Debreu [4,5], Nikaido—Isoda [20] and Friedman [11] have
served as basic references for the existence of Nash equilibrium for non-cooperative gener-
alized games. In all of them, convexity of strategy spaces, continuity and concavity/quasi-
concavity of the payoff functions were assumed.

On the other hand, the convexity and concavity are very essential natures in numerous
applications in nonlinear analysis, and in particular, those concepts have been extensively
studied and generalized by several authors in the last five decades, e.g., see [1,2,7-9,12-16].
Two important concepts for relaxing the convexity/quasi-convexity assumptions of func-
tions are marked by the seminal papers of Fan [8,9]. In fact, the concept of convex-like
condition due to Fan [8] does not require any linear structure on the strategy space and
using this concept he gave a new minimax theorem and its applications. Also, in a recent
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paper [16], Kim and Lee introduced the %-convexity which generalizes both convex con-
dition and CF-convexity without assuming the linear structure, and as applications, they
proved existence theorems of Nash equilibria and a minimax theorem.

In this paper, we will introduce more general ¢-convex and %-concave conditions. Using
these notions and the partition of unity argument, we prove two existence theorems of Nash
equilibria in generalized N-person games with #-concavity. The crucial step in proofs is to
use Cauty’s celebrated fixed point theorem [3] which resolved the long-standing Schauder
conjecture and its multi-valued modification due to Dobrowolski [6]. For these fixed point
theorems, readers can refer to a very useful survey paper by Park [22]. Our results extend
the corresponding results due to Nash, Forg6, Takahashi and Kim-Lee in several ways.

2. Preliminaries

Let/={1,2,...,n}beanindex set. Foreachi € I, X; be atopological space and denote
X; = Hje]\{i} X Ix=(x1,...,x,) € X, weshall write x;=(x1, ..., Xi—1, Xi+1, - -+, Xn)
€ X;. If x; € X; and x; € X3, we shall use the notation (x;, x3) := (x1, - .., Xi—1, Xi, Xi+1,

..., Xy) = x € X. Denote by [0, 1]" the Cartesian product space of unit intervals
[0, 1] x - -- x [0, 1]. Denote the unit simplex in [0, 1]" by 4,,. Let X be a topological space

n times
and for a correspondence 7: X — 2X denote the fixed pointset Z(T) := {x € X |x €
T(x)}.LetI={1, ..., n}beasetof players. A non-cooperative generalized N-person game

is an ordered 3n-tuple I' := (X1, ..., Xn; T1, ..., Tn; f1, ..., fn), where for each player
i € I, the non-empty set X; is the strategy set, 7;: X =[]/, X; — 2%i is the player’s
constraint correspondence, and f; : X — R is the player’s payoff function. The set X, joint
strategy space, is the Cartesian product of the individual strategy sets, and an element of
X is called a strategy. A strategy (X1, ..., Xx,) € X is called a Nash equilibrium for the
generalized game [ if for eachi =1, ..., n, the following system of inequalities holds:

X € Ti(x) and fi(x;, ;)2 fi(x;, x;)  for all x; € T;(x).

A correspondence 7;: X — 2Xi satisfies the reflexivity when x; € T;(x) for each x € X.
When T; (x)=X; foreachx € X andi € I, then T; clearly satisfies the reflexivity condition.
In this case, the non-cooperative generalized N-person game reduces to the normal form of
N-person game and the Nash equilibrium is exactly the same concept as in [16]. Here we
note that the model of a game in this paper is a non-cooperative game.

When X and Y are any arbitrary sets, recall that f : X x Y — Ris concave-like on X [9] if
for any x1, xo € X and 4 € [0, 1], there exists an xg € X such that f(xg, y) > Af(x1, ¥) +
(1 = 2) f(xz,y) forevery y € Y. In [10], adding the continuity to concave-like functions,
Forgd introduced the CF-concavity as follows: Let X be a topological space, Y an arbitrary
set. Then f: X x Y — Ris said to be CF-concave on X with respect to Y if there exists a
continuous function ¥: X x X x [0, 1] — X such that for any x1, x; € X and 4 € [0, 1],

JP (i, x2,2), ) Z2Af (i, y) + (A = A f(x2,y) forall yeY.

Next, we will introduce the following general convexity.
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Definition 1. Let X be a topological space, T: X — 2% a correspondence. Let D be a
subset of X. Then f: X x X — R is called ¢-convex on D with respect to T if for every

n>2, whenever n points xi, ..., x, € X are arbitrarily given, there exists a continuous
function ¢, : 4, — D such that
f(d’n(;'lv ces ), y)gfllf(xl» y)+---+ ;vzf(xnv y) (D

forall (41,...,4,) € 4, and forall y € T(¢,, (A1, ..., 2n)); and fis called €-concave on
D with respect to T if — f is ¢-convex on D with respect to 7.

Remarks. (1) When T'(x) = X for each x € X, Definition 1 reduces to the definition in
Kim-Lee [16].

(2) Note that the continuous function ¢,, need not be globally defined on X x - - - X X, x
[0, 17%, but defined only on 4, for each n>2 as in the Definition 1. In fact, by defining
Gy ey An) = WYy(x1, ..., Xn; A1, ..., Ay), for any given n points x1, ..., x, € X, we
can see that the CF-convexity due to Forgé [10] implies the #-convexity.

3. Existence of Nash equilibria

By following the skew-symmetrization method of Nikaido—Isoda [20], let us define the
total sum of payoff functions H : X x X — R associated with the non-cooperative game
I, as follows:

n
Hx,y) =Y iyl Yieds Xis Yid1s - ) 2)

i=1

foreachx = (x1,...,x,), y=1.....y) € X =[]/, Xi.

Lemma 1. Let I' be a generalized N-person game. If there exists a point X € X such that
foreachi=1,...,n,

n
xi € Ti(x) and H(Xx,x)=>H(x,Xx) foreachx € 1_[ Ti (x),
i=1

then X is a Nash equilibrium for the generalized game I'.

Proof. For each i € I, we take any x = (X1, ..., Xj—1, Xj, Xi41,--.,Xn) € ]_[?:1 T; (x).
Then, by substitution, we can see that

H(%, %) = Z G, oo Xy X))+ [iGly ey iy oo Xy)
JE\{i}
SHx, D)= Y fil . Fi o E) + i X F)
Je\{i}
for all x; € T;(x). Therefore we have f;(x;, X;) > fi(x;, x;) for all x; € T;(x); hence x is a
Nash equilibrium. [
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Using the general %-concavity, we now prove the following new existence theorem of
Nash equilibrium:

Theorem 1. Let I ={1,2, ..., n} be afinite set of players, and let I" be a non-cooperative
generalized game satisfying the following:

(1) the strategy space X := []'_, X; is homeomorphic to a non-empty compact convex
subset of a Hausdorff topological vector space;

(2) the constraint correspondence T;: X — 2Xi satisfies the reflexivity condition, i.e.,
x; € T;(x) for each x € X and for eachi € I;

(3) the function H(x, y) is continuous on X x X;

(4) the function x — H(x,y) is €-concave on X with respect to T = [[/_, T;.

Then there exists a Nash equilibrium x € X for the generalized game I'.

Proof. Suppose the contrary. Then, by Lemma 1, for all x € X, either of the following
holds:

(i) there exists i € I such that x; ¢ T;(x);
(i) there exists an y € T'(x) := [[;c; i (x) such that H(x, x) < H(y, x).

Since each 7; satisfies the reflexivity condition, case (i) cannot happen. For any z € X,
welet U(z) :={x € X | H(x, x) < H(z, x)}. Then, by assumptions (2) and (3), each U (z)
is (possibly empty) open in X; and also |, x U (z) = X. Since X is homeomorphic to a non-
empty compact set, X is also compact, and hence there exists a finite number of non-empty
open sets U(z1), ..., U(zm) such that | J7~, U(z;) = X. Note that m >2 because z ¢ U (z)
forall z € X. Let {o; | 1 <i <m} be the partition of unity subordinate to the open covering
{U@)|1<i<m}of X, ie., 0<o;(x)<1, sz=1 ai(x)y=1forallx € X,i=1,...,m,
and if x ¢ U(z;), for some j, then o;(x) = 0. For such {zy,...,z,} C X, since H is
%-concave, there exists a continuous mapping ¢,,: 4, — X satisfying the condition
H(pp Aty ooy )y V)22 H 1, Y) + -+ i H (2, y), forall (Ay, ..., An) € 4,, and
y €T (P (A1, .-y Am)).

Now consider a continuous mapping ¥: X — X, defined by

Y(x) = ¢, (a1(x),...,0n(x)) foralxeX.
Since ¢,, and each o; are continuous, ¥ is continuous on X. Moreover, ¥ maps X, which
is homeomorphic to a non-empty compact convex subset of a Hausdorff topological vector
space, into itself. Therefore, by Cauty’s fixed point theorem [3], there exists an X € X such
that ¥ (x) = x. On the while, by the ¥-concavity of H, we have
HW(x),y)Zzou(x)H(z1,y) + -+ om(x)H(zpm, y) forall y € T(¥(x));

and so by using ¥(x) = x, we have

HE&, y)Zo1(X)H(z1,y) + - 4+ 0 (X)H (2, y) forall y e T(x) C X.



W.K. Kim, S. Kum / Nonlinear Analysis 63 (2005) e1857—e1865 el861

Since x € T (x) by assumption (2), we have
H(x,x)Zo1(x)H(z1, %) + - - + ot (X) H (zm, X). (%)

However, if x € U(z;) for some 1< j<m, then we have H(x,x) < H(z;, x), and
o;j(x) > 0; and if x ¢ U (zx) for some 1 <k <m, then o (x) = 0. Thus we have

HE %) =) wi(®)HE 5 <) 0(H)H (@, 5

i=1 i=1

which contradicts to the fact (x). This completes the proof. [

Remarks. (1) Theorem 1 generalizes the previous equilibrium existence theorems due to
Nash [19], Forg6 [10] and Kim-Lee [16] in the following aspects:

(a) the strategy sets X1, ..., X, need not be convex but 1_[?:1 X; has the fixed point prop-
erty (in fact, if X; is homeomorphic to a compact convex subset of finite dimensional
Euclidean space as in Forgé [10], then []/_, X; is clearly a fixed point space);

(b) all payoff functions f1, ..., f, need not be continuous nor concave, and also H need
not be CF-concave on X with respect to 7.

(2) When T;(x) = X; foreach x € X and i € I, then T; clearly satisfies assumption (2),
and in this case, Theorem 1 is reduced to Theorem 1 of Kim—Lee [16].

(3) Note that the constraint correspondence 7; does not assume any continuity assumption,
but each 7; should satisfy the reflexivity condition.

Next, without assuming the reflexivity assumption on 7; in Theorem 1, we can obtain the
following:

Theorem 2. Let I ={1,2, ..., n} be a finite set of players, and let I' be a non-cooperative
generalized game satisfying the following:

(1) the strategy space X := [[/_, X; is linearly homeomorphic to a non-empty compact
convex subset of a Hausdorff topological vector space;

(2) the constraint correspondence T; : X — 2Xi g upper semicontinuous such that T; (x)
is non-empty closed convex for each x € X, and T = [[\_;T;: X — 2% isa
correspondence;

(3) the function H(x,y) is continuous on X x X,

(4) the function x — H(x, y) is €-concave on F (T) with respect to T;

(5) foreachx € #(T), H(x,x)>H(y,x) forally € X\7 (T).

Then there exists a Nash equilibrium x € X for the generalized game I.

Proof. Since T: X — 2% is upper semicontinuous such that each T'(x) is non-empty
closed convex and X is homeomorphic to a non-empty compact convex subset of a Hausdorff
topological vector space, by Dobrowolski’s fixed point theorem [6], there exists an x € X
such that x € T'(x). Denote D := # (T)={x € X |x € T(x)}; then D is non-empty. Since
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T is upper semicontinuous, D is a non-empty compact subset of X. Suppose the conclusion
were false. Then, by Lemma 1, for each x € X, either of the following holds:

(i) there exists i € I such that x; ¢ T;(x);
(i) there exists an y € T (x) := [[;; Ti(x) such that H(x, x) < H(y, x).

In fact, case (i) implies that x ¢ D. For each z € X, we let
URR)={xeX|H(x,x)<H(z,x)}.

Then, by assumption (3), each U (z) is (possibly empty) open in X; and also (| ..y U(z)) U
(X\D) = X. By assumption (5), for each z € X\ D, we have that U(z) C X\D. Since

X=<U U(z))U U v |ve,

zeD zeX\D

we obtain that D C | .. U(z). Since D is compact and each U(z) is open, there exists
a finite number of non-empty open sets U(z1), ..., U(zy) such that D C UL, U(z),
where {z1,...,zn} C X. If U, U(z,»)gX, we can choose z,,41 € X\D satisfying
that z,,4+1 ¢ U(z;) for each i € {1,...,m}. In this case, we denote a non-empty open
set U(zm+1) = X\D. Then {U(z1), ..., U(zm+1)} is a finite open covering of X. Here
we note that if X = (JI", U(z;), we do not need an extra open set U (z,,+1). Since X is
homeomorphic to a non-empty compact set, X is also compact, and hence there exists a
partition of unity {oy, ..., %;,+1} subordinate to the open covering {U (z1), - .., U(zm+1)},
ie., 0<o (x) <1, Z?”:ﬁl oi(x)=1forall x e X, i=1,...,m+ l;andif x ¢ U(z;) for
some j, then o;(x) = 0. For such {z1, ..., zm+1} C X, since x — H(x, y) is ¢-concave
on D with respect to 7, there exists a continuous mapping ¢,, | : 4,41 — D satisfying
the condition

H(Dpp1 (A ooy dms 1), Y) Z A H (21, ¥) + - + A1 H(Zimg1, Y)

forall (A1,..., Am+1) € Aprrand y € T(P,, 1 (A1, ..., Amg1)).
Next, we consider a continuous mapping ¥': X — D, defined by

V() =@, (1(2), ..., 0p41(z)) forall z € X.

Since ¢,, | and each o; are continuous, ¥ is continuous on X. Moreover, ¥ maps X, which
is homeomorphic to a non-empty compact convex subset of a Hausdorff topological vector
space, into a compact subset C of X. Therefore, by Cauty’s theorem [3], there exists an
x € D such that ¥ (x) = x. Furthermore, we have

HWY(x), y)Zzou () H(z1,y) + -+ + (D) H(Zm, y) + g 1 () H (215 Y)s

forall y € T(¢,, 41 (1(X), ..., %up1(¥)) =T (¥Y(X)) =T (x). Since X € D, x € T(x);
and so by putting y := x, we have

H(x,x)Zzou(X)H(z1,X) + -+ + 0 (X) H (2, X) + o1 () H (21, X). (sek)
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However, if x € U(z;) for some 1< j <m, then H(x, X) < H(z;, x) and o; (X) > 0; and if
x ¢ U (zx) for some 1 <k <m, ar(x)=0. Also note that since x € D, x ¢ X\D=U (Z;y+1);
and so oy, 41 (x) = 0. Therefore, we have

m+1 m+1
3 w@®HG@. D> Y w@HGE ) = HE )
i=1 i=1

which contradicts (). This completes the proof. [

Remark. When 7;(x) =X, foreachx € X andi € I, then T; clearly satisfies assumptions
(2) and (5), and in this case, assumption (4) implies that x — H (x, y) is é-concave on X;
hence Theorem 2 is reduced to Theorem 1 of Kim—Lee [16]. Therefore, Theorem 2 also
generalizes the previous equilibrium existence theorems due to Nash [19], Forgé [10] and
Kim-Lee [16] in several aspects.

4. Examples of generalized game

First we give an example where Theorem 1 can be applied but the previous results due
to Nash [19], Nikaido—Isoda [20], Friedman [11], Kim-Lee [16] and Theorem 2 are not
available.

Example 1. Let I'={X, X»; T1, T5; f1, f>} be a generalized 2-person game where X| :=
{(x.y) € R¥[x? 4+ y? =1, -1<x<1,0<y<1), Xp == {(x,y) € R?|x? + )% =
1,0<x, y<l1},respectively. Let 7; : X=X x X» — 2Xi and payoff functions f; : X — R
be given as follows:

Ti((x, y), (w,v)) == X1 N{(x,2) |22y} foreach ((x,y), (u,v)) € X;

Ia((x,y), (u,v)) == Xo N {(u, w) [w<v} foreach ((x,y), (u,v)) € X;

Fi((x, ), (u, v) := x*u +v*> foreach ((x,y), (1, v)) € X = X| x X;

(), ,0) == —xv” 4y foreach ((x, ), (u,v)) € X = X1 x X2,
Then T and 7> clearly satisfy the reflexive condition, and note that each 7; is upper semi-
continuous and closed valued but not convex valued; hence Theorem 2 cannot be applied.
Also note that fi((x, y), (u, v)) is not quasi-concave for any fixed (u, v) € X5. Thus The-
orems due to Nash [19] and Friedman [11] cannot be applied. The strategy sets X and
X5 are not convex but homeomorphic to a compact convex set {(x, 0) | 0 <x < 1}. The total
sum of payoff function H: X x X — R s given by

H(((x, ), (u, v)), (11, 12), (11, 1)) = fi((x, ), (11, 15)) + fa((t1, 12), (u, v))

=x2t] + 157 — n1v? + 13 for each (((x.y), (. v)), (11, 12). (1], 15))) € X x X.

For arbitrarily given two points ((x1, y1), (41, v1)), ((x2, ¥2), (u2,v2)) € X, we now
define a continuous function ¢, : [0, 17> X by

by (4, )= ((\/ﬂxlz + ,ux%, \/1 —ix% —,ux%) , <\/1 —}nv% —,uv%, \/}vv% + ,uv%))
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for each (4, n) € [0, 113, where / + u = 1. Then ¢, is a continuous function depend-
ing on the given points ((x1, y1), (41, v1)), ((x2, y2), (u2, v12)) € X. Moreover, for any
((t1,12), (11, 1)) € X and (4, p) € [0, 11? with 2 4+ u = 1, we have

H (s (4, ), (11, 12), (1], 1))

=H <(<\/)»x12+,ux§, \/1 —ix%—ux%) , <\/1 —iv%—uv%) , \//Iv%—l—uv%)) s
(11, 1), (11, 1))

> (a4 i) + 17 — 1160 + wd) + 1

=23 + 1) — vl 4 1) + uC3] + 157 — 103 + 1)
= ZH (((x1, y1), (1, v1)), (11, 22), (11, 15)))
+ wH (((x2, y2), (u2, v2)), ((t1, 1), (1], 15))).

For arbitrarily given n points ((x1, y1), (41, v1)), ..., ((Xn, Yn), (Un, vy)) € X, we can
similarly define a continuous function ¢,,, and hence H is %-concave on X. Therefore, we
can apply Theorem 1 to the game I'; and we can easily check that ((1, 0), (1, 0)) is a Nash
equilibrium for I'.

Even in 1-person game, the following simple example shows that Theorem 2 can be
applied but Theorem 1 is not applicable.

Example 2. Let ' = (X, T, f) be a generalized 1-person game where X =[—1, 1], and
the constraint correspondence 7 : X — 2% and the payoff function f: X — R be given
as follows:

[x, 1], if O<x<I;

T = { 0}, if —1<x<0:;

fx) = x> foreach x € [—1,1].

Then T satisfies the assumptions in Theorem 2. Clearly, the fixed point set % (T') is [0, 1],
and note thatx ¢ T'(x) foreachx € [—1, 0] so that the reflexivity assumption (2) of Theorem
1 is not satisfied. Foreachx € Z(T) = [0, 1], H(x, x)= f(x)=x>> H(y, x)= f(y) =y
forall y € [—1, 0] = X\Z (T), so that assumption (5) of Theorem 2 is satisfied.

For any given two points x1,x; € Z(T) = [0, 1], we define a continuous function
¢r: 47 — X x X by

Gy (21— 2) := x; + (1 — A)xp for all 4 € [0, 1].

Then it is easy to see that ¢, is a continuous function on 4,. Also, for every 4 € [0, 1]
and y € T(¢,(4, 1 — 1)), we have

H(py(h1—2),y)=H (3 Jx1 + (1= Ao, y) —Jx1 + (1= Do
>2H (x1,y) + (1 —2) H(xa, y) = 2x; + (1 — )x3,
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so that the related total sum of payoff function H : X x X — R satisfies assumption (4) of
Theorem 2. Also, note that if x1, x, € [—1, 0], then assumption (4) of Theorem 2 cannot
be satisfied. Therefore, we can apply Theorem 2 to the 1-person game I'; and clearly, 1 is
an equilibrium for I'. In fact, we have 1 € T'(1), and

I=f()=f(x) =x> for every x € T(1) =10, 1].
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