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JBW*.triples can be described (modulo W*-algebras, compare [13]) by those of type I. Among
these the (complex) Cartan factors are the building blocks. We determine for every complex
Cartan factor U all conjugations of the underlying complex Banach space and hence all real
forms (in the sense of [15]) of U, called real Cartan factors. We also give a concrete list of
all isomorphy classes of real Cartan factors which generalizes the classification of LOOS [23]
to infinite dimensions. Furthermore, we give an explicit description of the full automorphism
group as well as the group of all surjective R-linear isometries for every non-exceptional
real Cartan factor and decide which of the real or complex Cartan factors are isometrically
equivalent to each other as real Banach spaces.

1. Introduction

On a complex Banach space U a conjugation is a conjugate linear isometry
7:U — U with 72 = 1y and for every such 7 the real Banach space F:=
Fix(r) c U is called a real form of U. Clearly 7 and F C U determine each
other in a unique way. For instance, if U = H is a complex Hilbert space every
orthonormal basis (e;)¢s of H determines a conjugation by

T(Zc; ei) = ZEei

iel i€l
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and it is easily verified that every other conjugation ¢ of H is equivalent to r in
the following sense: There is a surjective {(complex-linear) isometry g: H — H

=1, or equivalently, with g(Fix(r)) = Fix(¢). In general, a given

with o = g7g
complex Banach space has many non-equivalent conjugations and also the case

occurs that it has no conjugation at all (see [20] for an example).

In this article we study conjugations in a special class of complex Ba-
nach spaces, the so called JB*-triples. These form a fairly large class of Ba-
nach spaces. For instance every Hilbert space, every Banach space carrying
the structure of a C*-algebra or more generally every closed linear subspace
A C L{H,K) with aa*a € A for every a € A is in the class, where L{H, K)
is the space of all bounded linear operators from the Hilbert space H into the
Hilbert space K. These latter operator spaces were introduced by Harris [9]
under the name J*-algebras. But there are also JB*-triples which cannot be
given as operator spaces, for instance the exceptional JB*-algebras.

Originally [19] the JB*-triples were introduced in connection with the
study of bounded symmetric domains in infinite dimensions. These are precisely
the complex Banach spaces for which the open unit ball is homogeneous with
respect to the group of all biholomorphic automorphisms. A consequence of
this is that JB*-triples can also be uniquely characterized by the existence of a
certain ternary product {zyz}, the Jordan triple product. On a C*-algebra for
instance this product just is (zy*z + zy*z)/2. The important fact is that for
every JB*-triple the geometry of the Banach space and the algebraic structure
given by the triple product determine each other. In particular, on every JB*-
triple U the conjugations in the Banach space sense and the triple conjugations
(i.e. conjugate linear endomorphisms of period 2 that respect the triple product)
are precisely the same. This makes it possible to deal with isometries and
conjugations entirely in the algebraic context given by the triple product.

Building blocks for JB*-triples are the Cartan factors. These come in six
types, the rectangular operator spaces L{H, K}, spaces of symmetric and of
alternating operators, spin factors and two exceptional spaces of dimensions 16
and 27. On every non-exceptional Cartan factor U we determine explicitly all
conjugations 7 of U and also the corresponding equivalence classes of them.
Calling every real form F:= Fix(7) C U a real Cartan factor this means the
classification of all real Cartan factors up to isomorphy. This result extends
the classification of all real bounded symmetric domains {23} to infinite dimen-
sions. In contrast to the complex case the group Imt(F) of all surjective linear
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isometries of ' may contain the triple automorphism group Aut(F) as a proper
subgroup. Our main result states that real or complex Cartan factors of rank
> 1 (thus essentially only excluding Hilbert spaces) are equivalent with respect
to a surjective IR-linear isometry if and only if they are isomorphic with respect
to the triple product. Furthermore, we compute for every non-exceptional real
Cartan factor F the groups Imt(F) and Aut(F) explicitly. Among these F are
the spaces of all bounded linear operators between and also the spaces of all
skew-hermitian operators on real or quaternionic Hilbert spaces.

Notations and Preliminaries

For (left) Banach spaces F, F' over the fixed base field IF = IR, C or H (the
quaternions), denote by L(E, F) the IK-Banach space of all bounded IF-linear
operators E — F where IK is the center of IF (that isIK = C if F = C
and IK = R otherwise). The real Banach space underlying E will always be
denoted by ER. In this sense the operator spaces L(E, F) and L(Eg, FRr) are
completely different objects ~ for instance in case IF # IR the natural inclusion
L(E,F) < L(Eg, Fr) is proper in general. Denote by Imt(E, F) C L(E, F)
the subset of all surjective isometries (which is empty in general). In the Banach
algebra L(E): = L(E, E) the subgroup of all invertible operators is denoted by
GL(E) and Imt(E):= Imt(E, E) is the subgroup of all surjective isometries.
All operator spaces and groups are endowed with the norm topology in the
following unless otherwise stated. The standard involution of IF is denoted by
o > @&. The quaternion field will always be realized as lH = C@jC where j € H
satisfies j2 = —1 and ¢j = jt for all t € €. The standard involution on H then
is(s+jt) = (3-jt).

In case E, F are Hilbert spaces over IF we always denote the corresponding
inner product by (x| ). It satisfies in particular the identity (az] By) = a(z|y)B
for all @, B € IF. For every z € L(E, F) the adjoint z* € L(F, E) is defined as
usual by (zz|y) = (2| 2*y). In case IF = IR we also write 2’ instead of z*. In case
F = C the transposed operator z’ depends on the choice of conjugations on
E, F (compare section 3). With n = dimg(F) (the cardinality of an orthonor-
mal basis) we denote the group Imt(E) of all surjective F-linear isometries of
E also by O(n), U(n) and Sp(n) according to the three possibilities R, C or
H for IF. These groups are real Banach Lie groups. U(n) and Sp(n) are always
connected. O(n) has two connected components if n is finite and is connected
otherwise.
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Suppose U, V, W are complex Banach spaces. Then we call a map A\:U —
V semi-linear if it is complex-linear or conjugate-linear. Denote by GL,(U) C
GL(UR) the group of all semi-linear operators on U. By a sesqui-linear mapping
U xV — W we mean always an R-bilinear mapping that is complex-linear in
the first and conjugate-linear in the second variable. The operator A € L(U} is
called hermitian if exp(itA) € GL(U) is isometric for every real ¢.

For every space S we denote by 15 the identity transformation on S. We
also write simply 1 instead of 1g if the corresponding space S is obvious.

2. JB*-triples and real forms

2.1 Definition A JB*-triple is a complex Banach space U # 0 together with
a sesqui-linear mapping (a,b) > acb from U x U into £(U) such that for all
a,b,c,z,y € U the following holds

(i) The triple product {abe}: = (anbd){c) is symmetric in a, ¢
(i) (asb,z0y] = {abz}oy — zo{yab}
(iii) aoa is hermitian on U and has spectrum > 0
(iv) flasall = [lal/%
It is known that (iv) in the above definition is equivalent to ||a®|| = |ja||® for
a%: = {aaa} and that always |lacb]| < ||al| - ||b]| holds. For every JB*-triple the

triple product can uniquely be recovered from the underlying Banach space. In
this sense we may say: A given Banach space U is a JB*-triple or not.

The sesqui-linear mapping (a, b) — acb may be considered as an operator-
valued positive-definite hermitian form on U. Therefore we call two elements
a,b € U orthogonal and write a L b if aob = 0 (or equivalently boa = 0) holds.
A subset S C U is called complete if St:= {z € U : z L S} = 0. For every
a € U denote by Q(a) the conjugate-linear operator z — {aza} on U. The
Q-operator satisfies the fundamental formula: Q(Q(a)b) = Q(a)Q(b)Q(a) for
alla,beU.

The JB*-triple U is called abelian if the set of operators UoU C L(U)
is abelian. A real subtriple F C U is called flat if acb = boa for all a,b € F.
The smallest closed real (complex, respectively) subtriple of U containing 2
given element a is flat (abelian, respectively). A closed linear subspace I C U
is called an ideal in U if {IUU} + {UIU} C I holds. Then U/I is a JB*-triple
in a natural way and every ideal J in I is also an ideal in U, compare [21].
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The JB*-triple U is called a JBW*-triple if U as a Banach space is the
dual of another Banach space U, called a predual of U - it is well known
that the predual of a JBW*-triple is unique. The corresponding weak topology
o(U,U.) is denoted by w*. The JBW*-triple U is called a factor if there does
not exist a decomposition U = V@®W into non-zero ideals V, W, or equivalently,
if {0} and U are the only w*-closed ideals of U (for more details on JB*- and
JBW*-triples compare [19], [12], [2], {7]).

The element e € U is called unitary if eoe = 1 holds. Then aob: = {aeb}
and a*: = {eae} define on U the structure of a JB*-algebra with unit e. The
selfadjoint part A:= {a € U : ¢* = a} is a JB-algebra with U = A®iA, compare
[8]. Let us denote by U(U) € U the subset of all unitary elements. Then U(U)
is a closed real-analytic submanifold of U (may be empty) invariant under
the group Aut(U) C GL{U) of all triple automorphisms of U. Every connected
component of U(U) is a K-orbit where K: = Aut(U)° is the identity component
of the Lie group Aut(U). The submanifold U(U) C U is always connected in
case dimU < oo, but not in general. Example 5.7 in [4] shows that Aut(U) may
not even be transitive on U(U).

Denote by Aut,(U) ¢ GL,(U) the group of all semi-linear triple auto-
morphisms of U. It is known that Aut,(U) consists precisely of all surjective
semi-linear isometries of U. A conjugation on U is a conjugate-linear isometry
7:U — U with 72 = 1. Then U™: = {z € U:7(z) = 2} is a closed real subtriple
with U = U™ @ iUT. We call U7 a real form of U. Two real forms U",V? are
called equivalent if o = grg~? for some g € Imt(U,V) (and then g(U") = V¢
holds). A real Banach space F together with a trilinear map { }: F® — F is
called a real JB*-triple if there exists an IR-linear isometry A from F' into some
(complex) JB*-triple U with {zyz} = {(Az)(Ay)(A2)} for all ,y,z € F. 1t is
easy to see [15] that every real JB*-triple F’ can be realized as real form F = V°
with a JB*-triple V (the hermitification of F) and ¢ uniquely determined up
to isomorphy by F. In particular, every complex JB*-triple U may be consid-
ered in a natural way as a real JB*-triple Ur, the realification of U. The real
JB*-triple F is called complexifiable if F = Ug for some complex JB*-triple
U (see [15] for details). Q(e) is a conjugation on U for every e € U(U) and the
corresponding real form U9(€) coincides with the tangent space to U(U) in the
point ie € U(U). We call the conjugation 7 of U unitary if it is of the form Q(e)
for some unitary e. The real form F of U comes from a unitary conjugation
if and only if F has the structure of a unital JB-algebra or equivalently if the
closed unit ball of F has an isolated extreme point (compare [15]).
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2.2 Remark Let U be a JB*-triple and let 7 = T(U) be the set of all conjuga-
tions of U. Then the group Aut,(U) acts on 7 by 7+ gTg~! and the subgroup
Aut(U) has the same orbits in 7 as Aut,(U).

Proof For every T € 7 and every g € Aut,{U) we have grg™! = grrrg~1 =
(g7)r(gm)~ " o

2.3 Conjecture 7T is a real-analytic submanifold of the Lie group Aut,(U)
and the orbits of Aut(U)° in T are just the connected components of T.

In case dimU < oo the group G = Aut(U) is compact and 7 is a finite
union of G-orbits (see section 4). From this it easily follows that conjecture 2.3
holds in this case.

For the rest of the section denote by E a real or complex JB*-triple. The
element e € E is called a tripotent if {eee} = e holds. Every tripotent e induces
decompositions

E=E,0E;0E=E'9E'eE°

into the corresponding Peirce spaces where Ey = Ej(e) is the k-eigenspace of
eoce and E* = E*(e) is the k-eigenspace of the conjugate-linear operator Q(e)
in E for every k € IR. These satisfy

E1 = El @E—l, E1/2@Eo = Eo

Eq 1 Ey, {E,‘EjEk} C E.'-j+k for all i,7,k
{E'ESE*} Cc EH* if ijk#0.

In particular, E! is a JB-algebra with unit e and E~! is a real subtriple of E.
In case E is a complex JB*-triple obviously E~! = iF! holds whereas in the
real situation the dimensions of E! and E~! are not correlated.

We call a subset S C E orthogonal if 0 ¢ S and x 1 y for every * # ¥
in S. Denote by r = r(E) the minimal cardinal number satisfying card(S) < r
for every orthogonal subset S C E and call it the rank of E. The rank r(e)
of the tripotent e then is defined as the rank of the Peirce space Ey(e). The
tripotent e is called complete if Eg(e) = 0 holds and e is called minimal if
El(e) = Re # 0 (or equivalently r(e) = 1). In general, E does not contain &
minimal nor a complete tripotent, for it is known that the complete tripotents
are precisely the extremal points of the unit ball in E, compare {15]. In case E is
a real or complex JBW*-triple therefore there always exist complete tripotents.
In case E is a JBW*-triple factor we call a complete tripotent e € E maximal
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if dim(Ey/2(e)) < dim(Ey/2(2)) holds for every complete tripotent € € E. In
finite dimension every complete tripotent is maximal since in this case any two
complete tripotents in a factor are equivalent by an automorphism, compare
{23]. Denote by M = M(FE) C E the subset of all maximal tripotents in the
JBWH*-triple factor E. This is a real analytic submanifold of E on which Aut(F)
acts with open orbits [15]. Clearly U(E) is open and closed in M(E) and both
coincide if U(E) # 0.

2.4 Proposition Let H be a complex Hilbert space of dimension n and let
E Cc U:= L(H) be a real or complex subtriple. Then
(i) U(U) is precisely the group U(n) of all unitary operators on H,
(i) U(EY=EnU(U) if1ly € E,
(iii) E can be realized as subtriple E C L(K) for some complex Hilbert space
K in such a way that 1y € E if and only if U(E) # 0,

(iv) U(E) is connected if E is a complex JBW*-triple.
Proof ad (i) Follows for instance with Lemma 3.1.
ad (ii) Suppose e € U(E). Then 1y € U;(e) = pUq for the projections p = ee*
and ¢ = e*e implies p = ¢ = 1y, that is e e U(U).
ad (iii) Fix e € U(E). Then with p, g as before we have again E C pUq and
z + e*ze’e| K defines an injective triple morphism ¢: E — L(K) with ¢(e) =
1 where K:= q(H).
ad (iv) By (ii) and (iii) we may assume e:= 1y € E and hence U(E) =
ENU(U). Fix ¢ € U(FE). Since ¢ is a unitary and hence also a normal operator
on H by (i) there is an abelian subtriple A C E containing both e and c¢. We may
assume that A is maximal abelian in E. This implies that A is a commutative
C*-subalgebra of L({H) and also is w*-closed in E, i.e. A is a commutative W*-
algebra with unit e. But then ¢ = exp(ih) for some k = h* € A and ¢t > exp(ith)
for 0 <t <1isacurve in (U(U) N A) C U(E} connecting e with c. ]

3. Complex Cartan factors

In the following let H be a complex Hilbert space of dimension n with
fixed conjugation x ~ T and corresponding real form X:= {z € H : T = z}.
Then (z|y): = (z|y) defines a symmetric bilinear form H x H — € and the
orthogonal group O(n) = Imt(X) can be identified in a natural way with the
subgroup of all g € U(n) = Imt(H) satisfying {zly) = (gz|gy) for all z,y € H.

Now let K be a further complex Hilbert space with fixed conjugation
also written as y + 7. Denote by m the dimension of K and assume for
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easier notation that H = K in case n = m. For every z € L(H,K) we get
operators Z € L(H,K) and 2’ € £L(K, H) uniquely determined by %(%) = &
and (zxly) = (z|2'y) for all x € H and y € K. Clearly z* = Z' holds and
z — Z defines a conjugation on the Banach space £(H, K).

We will frequently use the following elementary result

3.1 Lemma Let H, K # 0 be arbitrary complex Banach spaces. Then
(i) a € L(K), b€ L(H) with az = zb for every rank-1-operator z € L(H, K)
implies that a, b are multiples of the respective identity operators.
In case H,K are complex Hilbert spaces with distinguished conjugation and
€ € {1, -1} is fixed also the following holds
(i) a,b € L(H,K) with o’z = 2'b for all 2 € L(H,K) implies a = b = 0,
provided dim H > 1.
(iii) a,b € L(H) with az = 2b for all z = €2’ € L(H) implies that a,b are
multiples of the identity, provided dim H > (1 —¢).
Proof ad(i) Easy consequence of the Hahn-Banach Theorem.
ad (ii) By the assumption dim H > 1 there is an orthogonal decomposition
H = H{ ® H; into closed linear subspaces H; of positive dimension that are
invariant under the conjugation of H. For every 2z € L(H,K) and i = 1,2 put
zi:=z| H; € L(H;, K). Then alz; = 2}b; for all 2 € L{H, K) implies the claim.
ad(iii) Suppose € = —1 (the case ¢ = 1 is similar). By assumption there is an
orthogonal decomposition H = H; & H, with H; invariant under the conju-
gation of H and dim H; = 2. Fix j € GL(H;) with 7/ = —j and write every
z € L{H) as operator matrix z = {z;;) with z;; € L(H;, H;). Applying the
assumption of (iii) for

z=('(7) 8) we derive a3 =0 and b;2=0.

Applying it again for all
z= (2 —-Oa:’) we derive (Z;:i -a(l)lx’> - (—;;:231 —fc(')bzz)
for all x € L{H1, H2). From (i1} we get a12 = 0, ba; = 0 and the claim follows
with (i). 0
An important class of JBW*-triples is given by the Cartan factors. These
come in six types as follows (always denoted by U) 1

¥ One has to distinguish the notions ‘Cartan factor of type I, II,... or VI’ and ‘JBW*-
triple of type I, II or III'. Every Cartan factor as a JBW*-triple is of type I.
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L.mi=L(H K).

The transposition z ~» 2’ defines a triple isomorphism L(H,K) — L£(K, H),
i.e. we may assume n < m. The group Aut(U)° is given by all transformations
z > uzv with u € U(m), v € U(n) {compare [17] p.91). In case n = m > 1
there is precisely a second connected component of Aut(U) given by all z ++ uz'v
with u,v € U(n) ~ in all other cases Aut(U) is connected. Abstractly, Aut(U)? is
just the Lie group (U(n) x U(m))/U(1) where the embedding of U(1) is given
by A+ (A, ). This follows for instance from 3.1.i. Clearly M(U) = U(U) =
Imt(H, K) is connected and nonempty in case n = m. In all other cases U(U) is
empty and M(U) is the space of all {necessarily not surjective) complex-linear
isometries H — K.

II,:={z € L(H) : 2’ = —z} for n > 2 as subtriple of L(H). All transformations
z — uzv/, u € U(n), form a connected subgroup G of Aut(U). Actually, G =
Aut(U) holds for all n # 4, compare f.i. {11] - the proof there works for all even
cardinal numbers n > 6 and for all finite odd n an induction argument can be
given (II3 is a complex Hilbert space). II, is isomorphic to the spin factor IV
defined below and its automorphism group has two connected components (for
an explicit isomorphism to IV compare [22] p. 200). In this case Aut(U) =
G UGE with

(3.2) e(‘c‘ Z):: (: 2) for all a,b,c,d e C?*?

satisfying e + @’ = b+ ¢ = d+d' = 0. Abstractly, for all n we have Aut(U)® &
U(n)/O(1) where O(1) is identified with {+1} C U(n). Finally,
U(U) = Imt(H) N U is empty if and only if n is finite and odd.
II:= {2z € L(H) : 2/ = 2} as subtriple of L(H). Always Aut(U) = {z —
uzu' 1 u € U(n)} = U(n)/O(1) is connected (the proof in [11] works also in the
finite dimensional case). Moreover U(U) = Imt(H) N U is nonempty.
IV, Denote by || - ||2 the Hilbert norm of H and define a triple product on H
by

{zyz}:i= (z1y)z + (z1y)z ~ (21 2)y
for all x,y,z € H. Let U be the Banach space obtained from H with the
equivalent norm defined by

ll2l)?:= (212) + V/(212)* = {21 )] .

Then U together with the above triple product is a JBW*-triple and is called
the (complex) spin factor of dimension n if n > 2. On the real form X of H the
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norms ||+ |l2 and || ]| coincide, in particular U(U)NX = S:={zx € X : ||| =1}
is the unit sphere in X. Clearly,

UU)y={rs: A€ U(1),s € S}

is nonempty. Aut(U) 2 (U(1) x O(n))/O(1) has 2 connected components for
n € 2IN and is connected in all other cases.

Vi=M 12(00) the 1 x 2-matrices over the complex Cayley numbers OC. Then
U(U) is empty.
VI: = H3(0C) the hermitian 3 x 3-matrices over OC. Here U(U) is nonempty.

The types V and VI are the exceptional Cartan factors. They have di-
mensions 16 and 27 - for details in the finite dimensional case compare [23],
[10]. The Cartan factors of types I ~ IV are called the classical Cartan factors.
It is known (compare f.i. [18] p. 475) that every Cartan factor occurs (up to
isomorphy) in the following list precisely once:

Limform>2n21, II, forn 25, II1,, forn > 2, IV, forn >5, V, VL
As a consequence we have in particular

3.3 Lemma Let U be a Cartan factor. Then the set M(U) of all maximal
tripotents in U is a non-void connected real-analytic submanifold of U on which
the group Aut’(U) acts transitively.

Proof In finite dimensions this follows from [23]. The remaining cases follow

from the above considerations. [}

The Cartan factors are precisely the JBW*-triple factors U containing a
minimal tripotent. Every tripotent e € U has a representation

€= Z €;
i€l

where (e;)ics is an orthogonal family of minimal tripotents in U with card(f) =
r(e) and the sum converges with respect to the w*-topology. Define the rank
r(z) of an arbitrary element z € U as the minimum of all ranks r(e) where e
runs through all tripotents e with = € U(e). In case U is a Cartan factor of
type I — III as defined above, every £ € U may be considered as an operator
between complex Hilbert spaces and r(z) is essentially the dimension of the
range of this operator (more precisely, the dimension of the closure of its range
in the case of types I and III and half of this dimension in the case of type II).
Cartan factors of infinite rank only occur in the types I ~ III.
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It is well known that every Cartan factor U of finite rank is simple, i.e.
{0} and U are the only ideals in U. On the other hand, in every Cartan factor
U of infinite rank the elements of finite rank form an ideal F that is not closed
but is contained in every non-zero ideal of U. Furthermore, the closure K of
F (the space of all ‘compact operators’) is a closed ideal with {0} # K # U.
For every infinite cardinal number ¢ denote by F¢ the set of all x € U with
r(z) < c. It is easily verified that F¢ is an ideal in U. The closure K¢ of F¢ is
the smallest closed ideal in U containing all tripotents of rank < c.

3.4 Proposition For every Cartan factor U of type 1 the assignment ¢ —~ K¢
defines a 1-1-correspondence between all cardinal numbers c with R < ¢ < t{U)
and the set of all closed ideals I of U with {0} # I # U. In particular, the set
of all closed ideals of U is well ordered by inclusion.
Proof By assumption we may assume that U = L(H, K) for complex Hilbert
spaces H, K of infinite dimensions. Let I be a closed ideal with {0} # I # U.
Denote by c the smallest cardinal number such that r(e) < ¢ for every tripotent
e € I. Then F C I implies ¢ > Ro. For every a € L(K) and b € L(H) the
operator A € L{U) defined by A(z) = azxb is a complex-linear combination of
derivations of U and hence leaves the ideal I C U invariant by [14] Proposition
1.8. From this the following property can be derived easily: For every tripotent
e € I and every tripotent f € U with r(f) < r(e) also f € I holds. But then
¢ < r(U) must hold — otherwise U would contain a tripotent e with r(e) = r(U)
and hence also would contain a complete tripotent of U, i.e. I = U contrary to
our assumption. Also K¢ C I follows from the above property. For the proof
of the opposite inclusion I C K¢ fix an arbitrary element x € I and denote
by V the smallest w*-closed complex subtriple of U containing z. It is known
that V has the structure of a commutative W*-algebra in such a way that the
triple product is given by {abc} = abc on V. Representing V as L®(Z, u) for
some finite measure space (X, u) shows that to every e > 0 there is a tripotent
e € V together with elements y,z € V such that y = {eex}, e = {yez} and
flx — yl| < e. But this implies y,e € I and hence e,y € K¢, i.e. + € K¢ and
consequently I = K¢. Now suppose that also I = Ky holds for some infinite
cardinal number d < c. Fix a tripotent e of rank d in . Then there is a sequence
(x;) in Fq4 with e = lim;, a contradiction since Rod =d < c. |
Every spin factor can be realized as a closed *-invariant subtriple of some
L(H) containing the identity e: = 1y of £(H), compare [9]. Clearly, e has rank
2 when considered as an element of U, but it has rank dim H when considered
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as an element of L(H). The Cartan factor I, ,,, may be identified in a natural
way with the Banach space £2(H x K,C) of all continuous bilinear forms
A H x K — © where ||All: = sup|\(h, k)| with b € H and k¥ € K running
over all unit vectors. The Cartan factor III, (II, resp.) is isomorphic to the
subspace of all symmetric (alternating, resp.) forms in £L2(H x H,C).

4. Real Cartan factors

As in section 3 let H, K be complex Hilbert spaces of dimensions n,m
with fixed conjugations. In case of n = m we assume H = K for easier notation.
Denote by X:={z € H:Z =2z} and Y:= {y € K : § = y} the corresponding
real forms.

A real JB*-triple E is called a real Cartan factor if it is a real form of a
(complex) Cartan factor. Also, the real forms of (complex) spin factors (JBW*-
triples respectively) are called real spin factors (real JBW*-triples respectively).
The real Cartan factors of finite dimension have been completely classified by
Loos (compare 11.4 in [23]) in terms of 12 different types (8 classical series and
4 exceptional types)

I Do I, ..., VIO,

,ms3 n,ny

The notation has the nice property that erasing the superscripts gives the
corresponding hermitification ~ for instance I, ., in case of the real Cartan
factor I;‘:m. In the following we extend Loos’ classification to infinite dimensions
by determining all conjugations on classical Cartan factors and then finding the
associated equivalence classes. This is done in the following way: Suppose for
n # m we have U = L(H, K) =1, ,, as an example. Then every conjugation 7
of U must be of the form 7(z) = uZv for suitable v € U(n) and u € U(m) since
z ++ % is already known to be a conjugation of U. Now 72(2) = utiz¥v = 2
for all z € U implies az = zb for a:= u¥, b:= v*v" and all z € U. By 3.1.i
the unitary operators a, b are real multiples of the identity, i.e. there are only
two cases possible: (i) Either u,v are both symmetric or (ii) they are both
alternating. Case (ii) can only happen if n,m are even (i.e. not contained in
2IN + 1) and then H, K both can be made into quaternionic Hilbert spaces.
Consider a second conjugation 7(z) = 4z on U. Then 7,7 are equivalent if
and only if for some ¢ € U(m),d € U(n) the relations i = cuc’ and ¥ = dvd’
hold. The set {v € U(n) : v = v'} = U(II1,) is connected and a U(n)-orbit
under the action v — duvd’ (compare section 3), i.e. all conjugations of case
(i) form a complete equivalence class of conjugations of U and this class is
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connected. By similar reasoning in all other cases we get (compare also the
proof of Proposition 5.1)

4.1 Theorem Let U be a classical Cartan factor and let T be the set of all
conjugations of U. Then the equivalence classes of T consist precisely of all
conjugations T of the following form:

ILnmform>nz1
(i) 7(z) = uZv withv =v' € U(n), u =o' € U(m)
(ii) 7(z) = uZv with v = —v' € U(n), u = —u’ € U(m) if n, m are even
(ii) 7(2) = uztu withue U(n)ifn=m> 1
II, for n > 2, for n = 4 see Remark 4.2
(iv) 7(2) = uZu with u = v’ € U(n)
(v) 7(z) =vZu with u = —u’ € U(n) if n > 2 is even
IIT,, forn > 1
(v} 7(z) = uFu with u =o' € U(n)
(vii) 7(2) = uZu with u = —u’ € U(n) if n is even
1V, for n > 3 and cardinal numbers r > s withr 4+ s =n, for n = 2
see Remark 4.3,
(vill) 7(2) = Ag(Z) with A € U(1), g € O(n) such that g> = 1 and such
that the +1-eigenspace of g has dimension r and the —1-eigenspace
has dimension s.

The unitary conjugations are precisely those in (iii), (v), (vi) and (viii) with
s = 1. Each equivalence class (i) - (viii) can be represented by the following real
Cartan factors E, where H is a complex Hilbert space of dimensionn, X,Y are
real Hilbert spaces of dimensions n, m and P, Q are Hilbert spaces of dimensions
p,q over the quaternion field H. The triple product in cases (i) — (vii) is given
by {zyz} = zy*z

(i) 1Y, = L(X,Y) (ii) 13 ., = L(P,Q)

(i) IS, = {z € L(H): 2" =z} (iv) IR = {z € £L(X): 2 = ~7}

(v) I3 = {w € L(P) : w* = w} ) MR ={zel(X):2' =2z}

(vii) I3} = {w € L(P) : w* = ~w}

iviii) IVD"® = E where the Banach space E is the £'-sum E = X; ®! X, of
closed linear subspaces X1, X2 C X of dimensions r,s with X, = Xi-.
Then with the inner product (z|y) from X and the involution x — T
on E defined by T = (x1,—x2) for every = = (x1,z2) the Jordan triple
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product on E is given by
{zyz} = (zIy)z + (zly)z — (212)7 . m)

4.2 Remark Besides (iv) and (v} the factor U = 114 ~ IV has two additional
equivalence classes represented by the two conjugations 7(z) = 8(2) and o(z) =
8(jZj) where j = (3§), e is the unit 2 x 2-matrix and 6 is defined as in (3.2).
The corresponding real forms satisfy U™ ~ IVé'2 and U° =~ Ivg"’.

4.3 Remark The spin spaces IV, = CaC and IV’;.’1 ~R@R are not factors
and IV3? » Cp is a complexifiable factor in contrast to all real Cartan factors.

For p, g finite in Theorem 4.1 the real Cartan factor £{P, Q) can be identified
with the space IHP*? of all quaternionic p x g-matrices a = (a;;) where the triple
product is given by {zaz} = za*z with ¢* = (&j;), more precisely: Consider
P~ H'*P as space of row vectors z = (z1,..., z,) With inner product given by
(ziw): = zw* and scalar multiplication given by Az = (Azy,..., Az) for every
A € H. Then every matrix a € IH?*? induces an H-linear map P — Q ~ H*?

by matrix multiplication z — za from the right.

Together with the classification of the exceptional types in (23] we get

4.4 Corollary Every real Cartan factor occurs up to isomorphy precisely once
in the list:

I;‘R,m, Igf,,zm, IIIE, form>n>1, If’n, III,;H forn > 2,
Ilgf, for n > 3, II,L',i forn > 5,
IV?® forr>sandr+s=n25, Vo, v vi®, vid,

4.5 Lemma For every real JBW*-triple factor E the following two conditions
ar equivalent
(i) E is a real Cartan factor or the realification of a complex Cartan factor,
(ity E contains a minimal tripotent e.
Proof Suppose, E = U™ for some complex JBW*-triple U with conjugation 7.
Case 1: U is a factor. Then the tripotent e has rank < 2 with respect to U. In
particular, U has a minimal tripotent. Therefore U is a complex Cartan factor
and F is a real Cartan factor.
Case 2: U is not a factor. Then U = U; @ Uy is the direct sum of two w*-closed
ideals U; with Uz = 7(U;). Then E is isomorphic to the realification of Us.
Also, U; must be a factor and writing e = e; + e, gives a minimal tripotent

e1 € Uy, that is, U; is a complex Cartan factor. ]
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With Theorem 4.1 also all real forms of an arbitrary £*-sum of Car-
tan factors could easily be determined. Instead of doing this let us discuss the
case of certain continuous products of Cartan factors. Let S be a locally com-
pact topological space and let V' be a Cartan factor. Then the Banach space
U:= C(S, V) of all continuous V-valued functions f on S vanishing at infinity
is a JB*-triple itself — put }J|f)l: = sup{]|f{s)]] : s € S} and define the triple
product pointwise. By [20] the conjugations of U = Co{S, V) can be described
in terms of the conjugations of V' and the topology of S in the following way:
Denote by G the group Aut(V) endowed with the topology of pointwise conver-
gence on V. Fix a conjugation 7 on V. Then g — ¢g": = g7 defines a group au-
tomorphism of G and {rc:c € C} withC:={c € G : c"¢ = 1y € G} is the set
of all conjugations of V. Now suppose that o is a conjugation of U = Cy(S, V).
Then, by [20] proposition 5.1 there is a homeomorphism : S — S and a con-
tinuous map c: § — G such that for every s € S and every f € U

(4.6) (@f)(s) = 7(c(s)(f 2 9(s))) -
Clearly, ¥ and c satisfy
(4.7) Y?=1s and c(s)"c(¥(s)) = 1y €G,

and every pair of continuous maps ¥: S — S, ¢: S — G satisfying (4.7) defines
a conjugation ¢ of U via (4.6). Denote by E:= U? the real form of U with
respect to the conjugation o. For every s € S define the triple homomorphism
€s: E = VR by €,(f) = f(s). Then

Vel ifyg(s)=s
VR otherwise .

e.(5) = {

In general, the fixed point set Fix(1) of ¥ is not open in S and even if Fix(y)) = S
and all real forms V7¢(*), s € S, are equivalent to the real form F of V the real
form E = U® may not be equivalent to Co(S, F) (see [20] for examples). On the
other hand, as an example the following is clear. For I'={s € R: 0 < § £ 1}
every real form of Co(I, V') (the space of all continuous curves in V starting at
the origin) is equivalent to Co(I, F) for some real form F of V.

For the rest of the section assume that the space S is compact. Then
U = Cy(S,V) is the same as the space C(S,V) of all continuous V-valued
functions on S. For convenience we put C(0,V):= {0} for the empty space.
By definition, S is called stonean if the closure of every open subset again is
open in S. In particular, every hyperstonean space 2 (compare [24] for details)
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is stonean, that is precisely the case when C(£2) has a predual (i.e. is a W*-
algebra or in our setting is a JBW*-triple) and hence is of the form L™=(X, u).
For every JB*-triple V' of finite dimension then also C(Q,V) ~ L*®(Z,u,V)
is a JBW*-triple.

4.8 Proposition Let V be a Cartan factor of finite dimension and let S be
a stonean space. Then to every real form E of U = C(S,V) there is a finite
system Sq,S1,...,8, of open closed subsets of S such that
(i) S is the disjoint union of Sy, S1,...,S,,
(ii) So and S) are homeomorphic,
(iii) E is isomorphic to the £*°-sum

B~ Sk Fr)

1<k<n

where Fy = Vg and Fj,..., F, are mutually inequivalent real forms of

V.
Proof Fix a conjugation o of U and choose 7,1, ¢ as above. Let Sy C S be
a subset which is maximal with respect to the property: S is open in S and
disjoint from Sp: = %(S1). Then S is the disjoint union S = P U Q of open -
invariant subsets, where P is the closure of Sy U S; in S. From the maximality
of S; the inclusion @ C Fix(%)) easily follows. For the proof of the opposite
inclusion define h: So U S — IR by h(s) = —h(ps) = 1 for all s € Sp. Since
the domain of % is open and dense in the stonean space P and h is bounded
and continuous this function has a continuous extension % to all of P, compare
[24] p. 105. But & takes only the values {1} and satisfies h = —~h o ¢, i.e. ¥
cannot have a fixed point in P. Therefore @ = Fix{1) is open in S and via
f = (fiS1, fIQ) the real form E is the £°-sum of C(S1, Vir) and the real form
of €(Q, V) induced by o, i.e. for the rest of the proof we may assume withount
loss of generality that § = @ = Fix(¢). Denote again by T C Aut,(V) the
space of all conjugations of V. Then 7 = T3 U...UT, is a finite disjoint union
of G-orbits for the compact group G = Aut(V). Every 7 is open and closed
in T, ie Sk:= {s € S : 7c(s) € Tx} is also open and closed in S. Without
loss of generality we may therefore assume that n = 2 - or equivalently — that
all conjugations Tc(s) are equivalent to a single conjugation 7. Consider the
set R of all pairs (R,a) where R is an open subset of S and a:R = G is 2

continuous mapping with

1c(8) = a(s)moa(s)™! forall se€R.
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R is partially ordered with respect to (R,a) < (R,&): <= (RCR and a=
&|R). Fix a maximal element (R, a) of R. Since the action of G on T admits
local continuous cross sections the open set R is dense in S. Again, a extends to
a continuous map a: S — L(V) taking values in G, i.e. R = S by the maximality
of R. Consider the conjugation oo of U defined by (oof)(s) = 7o(f(s)). The
corresponding real form of U then is just C(S, V™). But then o = gagg~! where
g € Aut(U) is defined by (gf)(s) = a(s)f(s)afs)~! for all s € S. 0

5. Automorphism groups and isometric equivalence

5.1 Proposition With the notations of Theorem 4.1 let E be one of the real
Cartan factors (i) - (viii). Then the following transformations form an open
subgroup G C Aut(E) of index < 2.

(i) z ~> uzv with u € O(m), v € O(n)
(ii) w > uwv with u € Sp(q), v € Sp(p)
(iil) z— Luzu* with u € U(n)
(iv),{vi) z ~+ Fuzu’ with u € O(n)
(v),(vii) w— Fuwu* with u € Sp(p)
(vili) (z1,22) + (uzy,vzs) With u € O(r), v € O(s)
G coincides with Aut(E) except in the following cases where Aut(E) = GUGyg
(i) forn=m>1and g(x) =2
(ii) for p= ¢ and g(w) = w*
(iii) forn > 1 and g{z) =2’
(iv) for n =4 and g = 6 on {z € R*** : 2’ = —z}, compare (3.2)
(v) for p =2 and g(z) = 2/ on {z € H?*?: 2* = 2}

(viii) for r = s and g(z1, z2) = (x2, 1) if Xy and X are identified.

Proof We choose the case (ii) for n = m = 2p as an example. Then we may
take E = UT for U = I,,,, with conjugation 7(2) = —jZj where j = —j’ € U(n)
satisfies j2 = —1. This j makes H to an IH-Hilbert space P of dimension p in
the following way: We may assume that H = X & X is the orthogonal sum of
two identical copies of a complex Hilbert space X with involution z — % such
that the conjugation on H is given by (z,y) — (%, 7). Realizing every z € L(H)
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by a 2 X 2-matrix with entries in £(X) we may assume that

i=(%8)

Defining the conjugate-unitary operator a — j{a@) on H as left multiplication by
j € H the C-vector space H becomes a left H-vector space and actually a left
IH-Hilbert space P with respect to the unique IH-valued extension of the inner
product from H. Clearly, an IR-linear map z: P — P is H-linear if and only
if z is C-linear and satisfies jz = Zj, i.e. E = L(P). Also, for every z € L(P)
the adjoints z* with respect to H and P coincide. The group Aut(E) can be
identified with the group {g € Aut(U) : 797 = g}. Suppose that g € Aut(E) is
of the form g(z) = uzv with u,v € U(n). Then j = j implies jujzjTj = uzv
and hence @z = 2b for a: = u'juj, b:= vjv’s and all z € U. Lemma 3.1 gives
a A € U(1) with b = —)?1. Replacing u,v by Au, Av we do not change g but
may assume that a = b = —1 or equivalently 7 = 7% and vj = j7 which
implies u,v € Sp(p). This shows that G = {w — uwv : u,v € Sp(p)} is the
group of all g € Aut(E) that extend to an automorphism in Aut®(U) of U. Since
Aut(U) has 2 connected components the group G has index < 2 in Aut(E). The
automorphism 2z — —j2'j of U commutes with 7 and induces on E = L(P) the
automorphism w — w* which is not in G. This settles the special case (ii) for
p = q. All other cases are similar. O

5.2 Corollary For every non-exceptional real Cartan factor E the Banach
Lie group Aut(E) has at most 8 connected components.

5.3 Remark We will see later (Theorem 5.18) that the group Aut(F) for
all cases {i) ~ (viii) in Proposition 5.1 coincides with the group Imt(E) of all
IR-linear surjective isometries of E if E is not a real Hilbert space.

As a consequence of a result in [1] every derivation of a real JB*-triple
is automatically continuous. Therefore, Proposition 5.1 immediately gives an
explicit description of the Lie algebra Der(E) of ali triple derivations of the
classical Cartan factor E.

Suppose, F is a real JB*-triple and ¢ € E is a unit vector. Then zoy:=
{zey} defines on E the structure of a real Banach Jordan algebra E(®) with
lzoyll < llz|f- ly|| and the following conditions are known to be equivalent [15]

(i) E® is a JB-algebra with unit e,
(ii) e is an isolated point in the extreme boundary of the unit ball in E,

(iil) e is a complete tripotent with §(e) = 0 for all § € Der(E).
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On the other hand, every unital JB-algebra occurs as E) for some real JB*-
triple E and Aut(E(®)) = {g € Aut(E) : g(e) = e} for the algebra automorphism
group. In the special case of a JB-algebra E¢) with E a real JB*-triple factor
the two points *e are the only isolated extreme boundary points of the unit
ball in E, i.e. g(e) = e for all g € Aut(E) and hence Aut(E(®)) has index 2 in
Aut(E). The groups Aut(E(®)) and hence Aut(E) for E = {z € L(H): 2z = 2*}
and H an IF-Hilbert space of dimension > 3, have also been determined in [16]
using another method as the group of all transformations z — uzu~! where
u: H — H is a surjective 7-linear isometry and 7 € Aut(IF) is an IR-linear field
automorphism. Comparing this result with Proposition 5.1 shows that in case
IF = H every transformation in Aut(E(®)) can already be given as z + uzu~}
with u an H-linear isometry, i.e. T = 1y suffices for the description of Aut(E(®))
in the case I = IH.

In contrast to the complex case for every real JB*-triple E the group
Aut(E) may be a proper subgroup of the group Imt(E) of all linear sur-
jective isometries. For instance, the underlying Banach space of W = Ig_*.,
is Hilbert with group Imt(W) & O(8) of dimension 28 whereas the group
Aut(W) = (Sp(1) x Sp(2))/0(1) has only dimension 13 (compare the more
general statement in Lemma 5.12). It is known that Aut(E) = Imt(E) holds
for every JB-algebra as well as for every real C*-algebra (compare [25], [5],
[16]). It might be interesting to determine Imt(E) for all real Cartan factors E
or more generally Imt(E, F) for any such pair of spaces. For complex Cartan
factors U,V of rank > 1 Dang [6] proved: Every surjective IR-linear isometry
U — V is semi-linear and hence respects the triple product. In particular,
Imt(Ur) = Aut,(U) if (U} > 1. It is clear that this last statement does not
hold for any complex Hilbert space U of dimension > 1 and it is to be expected

that also the case of rank 1 plays a special rble in the real situation.

5.4 Proposition The real JB*-triples E with r(E) = 1 are precisely those
whose underlying Banach space is a real Hilbert space. These are precisely the
following real and (realifications of) complex Cartan factors: Iﬁ,, Ilzl',[zm Vo,
V© and ) FP

Proof E is the real form of a Cartan factor of rank < 2 or the realification of a
Cartan factor of rank 1. Inspecting the list in [23] together with Theorem 4.1
gives the result. a

As a consequence, real JB*-triples E with r(E) = 1 are isometrically
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isomorphic if and only if they have the same dimension d. We may therefore

assume r: = r(E) > 1 in the following.

d r a z

| ol nm n {1} 1 m>n>2
L2 4pg P {4} 4 g2p22
nn n {0, 2} 1 n>?2
nr nn-1)/2 [n/2] {2} 1 n>4
1434 p(2p - 1) P {0,4} 1 P22
mk n(n+1)/2 n {0,1} 1 n>2
I, | p(2p+1) p {4} 3 P22
vy n 2 {r—1,s—-1} 1 n>3,r>s>1
V0o 16 2 {3} 1
V1% 27 3 {4} 1
vI® 27 3 {0, 8} 1
Lim 2nm n {2} 2 m>n>2
11, n(n—1) [n/2) {4} 2 n>4
I, n(n+1) n {1} 2 n>2
v, 2n 2 {n -2} 2 n>3

v 32 2 {6} 2

V1 54 3 {8} 2

TABLE 1: Isometric invariants of real and complex Cartan factors of rank > 1

For the rest of the section let E be a real or complex Cartan factor
and F an arbitrary real JB*-triple. We are interested in finding invariants
that are respected by IR-linear surjective isometries. An obvious one is the
real dimension d = d(E) which by definition is the minimal cardinality of a
total subset of E over IR. Denote by a = a(E) the set of all cardinal numbers
(dim E'(e) — 2) where e runs over all tripotents e € E with r(e) = 2. Clearly,
a(E) = 0 in case E has rank 1. The following result (that actually holds for
arbitrary real JB*-triples E) immediately shows that a(E) as well as the rank
r(E) are isometric invariants.
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5.5 Proposition Let A\: E — F be a surjective IR-linear isometry. Then

(i) A commutes with the cube mappings x — z3: = {zzz} and in particular
respects the orthogonality relation.

(ii) For every tripotent e € E the spaces E'(e), E~'(e) @ Ey/2(e) and Ey(e)
are mapped under X into the corresponding spaces with respect to the
tripotent A(e) € F.

Proof Lemma 4.3, Proposition 3.8 and Corollary 4.10 in [15]. 0

5.6 Lemma FEy(e)+ = Ey(e) for every non-complete tripotent e € E.

Proof We may assume that e # 0 and also that E is a complex Cartan factor,
otherwise pass to the hermitification. V:= Ey(e)* is a closed subtriple of E
with V = E(e) ® Vi 2(e). Fix z € Vi 3(e). We have to show z = 0. To begin
with, assume that E = L(H, K) where H, K are complex Hilbert spaces. The
projections e and ee*® give orthogonal decompositions H = Hy, & H, and
K = K, & K, such that the corresponding operator matrices for e and 'z have

e_uO andz—oa
“\0 O “\b 0

with v € Imt(Hy, K1). Then 2z € V implies ub*z = 0 and za*u = O for all
z € L(Hy,K,;) and hence 2z = 0 since Hy # 0 # K, by assumption. In the
same way the exceptional type VI as well as the Cartan factors of type IT and

the form

IIT are settled using for instance Lemma 3.1. For the remaining cases e is a
minimal tripotent, a case covered by Lemma 2.1 in [6]. ]

With Lemma 5.6 we get the following improvement of Proposition 5.5, see also
Corollary 5.11.

5.7 Proposition Suppose that E, F are real or complex Cartan factors of rank
> 1. Then every surjective R-linear isometry A: E — F also maps the spaces
E~!(e) and E;(e) into the corresponding subspaces of F for every tripotent
e€ E.

Proof Because of Proposition 5.5 and Lemma 5.6 we may assume that the
tripotent e is complete. By assumption E has rank > 1, therefore there exists
a representation e = e; + e with e; L e non-complete tripotents. By Lemma
5.6 both E; (e;) are respected by A, hence also E~1(e;),

EYe)=E Ye))®E Ye2) ® ﬂ (E~Y(e:) ® Eyja(es)) and
i=1,2

Ei(e) = E'(e)® E~Y(e) . a
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For every orthogonal family (e;)ies of minimal tripotents in E the w*-
convergent sum e:= ) . e; i a tripotent and we call (e;}ier a frame in E if e
is a maximal tripotent in E. Every frame is a maximal orthogonal family of

minimal tripotents, the opposite is not true in general.

5.8 Proposition Let E be a real or complex Cartan factor. Then
(i) Every finite orthogonal family of minimal tripotents in E can be extended
to a frame.
(ii) Every frame in E has cardinality r(E).
(iii) For every pair of frames (e; }ic1, (€;)ier in E there exists an automorphism
g € Aut(E) with g(e;) = %¢€; forallie I.

Proof The finite dimensional case is contained in [23] and the spin factor case
is almost trivial. So only Cartan factors of types I — III and their real forms
have to be considered. Fix IF-Hilbert spaces H, K with n:= dimp H < m:=
dimp K. In case n = m we assume H = K and in case IF = € the spaces H, K
are endowed with a conjugation.

Case 1: E = L(H, K). Suppose e € F is a minimal tripotent. Then there are
unit vectors h € H and k = e(h) € K such that the projections e*e € L(H),
ee* € L(K) have images IFh, IFk. Therefore, if (e;)ier is an orthogonal family
of minimal tripotents in E we get for every ¢ € I unit vectors h;, k; with the
above properties and it is easily verified that (h;)icr and (k;);er are orthonormal
families in H and K. Furthermore, (e;)iers is a frame in F if and only if: (h;)ier
is an orthonormal basis of H and in case n = m also (k;)ics Is an orthonormal
basis of K. Therefore (i) and (ii) are obvious in this case. Furthermore, if the
unit vectors hq, k; belong to the frame (;) there exist operators u € Imt(K)
and v € Imt(H) with v(h;) = h; and u(k;) = k; for all i € I. Then g(e:) = &
for all i € I with g € Aut(E) defined by g(2) = uzv.
Case 2: E = {z € L(H) : z* = ez} with £ = +1 a square in IF. Every frame
(ei)ier in E is also a frame in L(H) and hence has cardinality n. Therefore,
if (€)ier is another frame in E we get with the notations of the first case the
same as before but with the additional conditions k; = +h; and IE = :}:ﬁ',- for
all 1. Define again u € Imt{H) and g € Aut(E) by u(k;) = k; and g(z) = uzu’.
Case 3: E = {z € L(H} : 2/ = z} and IF = C. Same as case 2 with the
conditions k; = Ak, \; € U(1), for the first frame and the same for the second
frame.
Case 4: E = {z € L(H) : 2/ = —z} with n even and IF # HH. As tripotent in
L(H) every e; has rank 2 and there is a minimal tripotent f; € £(H) such that
Ji L f{ and e; = f; — f]. Since n is even by assumption (which covers the case
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n infinite) the union of the families (f;) and (f]) is a frame in £(H) and the
proof proceeds as above. 0

Proposition 5.8 in particular implies that Aut(E) acts transitively on the
minimal tripotents of E since £ — —x always is in Aut(E). Therefore, if we
fix a minimal tripotent e € E the real dimension z(E): = d(Ey(e)t) does not
depend on e and is an isometric invariant of E by proposition 5.5. A case-
by-case computation gives TABLE 1 where elementary arithmetic of cardinal
numbers is used - so that for instance n(n —1)/2 = [n/2] = n for every infinite
cardinal n. Inspecting the table gives immediately the following result.

5.9 Theorem Let CF be the class of all real and (realifications of) complex
Cartan factors. Then the invariants d,r, a,z form a complete system of invari-
ants in CF with respect to isometric equivalence, more precisely, two triples
E,F in CF allow a surjective IR-linear isometry if and only if both have the
same invariants. For the subclass of all triples of rank > 1 isometric equivalence
is the same as equivalence with respect to triple isomorphisms.

To get a complete system of invariants for CF with respect to triple
isomorphy one may take for instance r,a,z, b, h where b(E): = dim E~1(e) and
h(E): = dim Ey5(e) for e € E a minimal tripotent.

The result of Theorem 5.9 can be extended to other real JB*-triples. As
an example, suppose E is a JB*-triple in the class CF. Denote by I the closed
linear span of all minimal tripotents in E (the subtriple of all compact operators
in case of the types I — III). Then [ is the unique minimal closed ideal of E
and the bidual of I can be identified with E. Therefore every A € Imt(I) has
a unique extension to an isometry of E and hence Imt(I) = Imt(E) as well as
Aut(I) = Aut(E) in this sense. Suppose furthermore that F' C E is a closed real
subtriple containing the ideal I. For instance, if H, K are IF-Hilbert spaces and
L ¢ H is a closed linear subspace then {z € L{H,K) : z|L compact} is such
a subtriple which in general is not an ideal of E. Now suppose, E is another
object in CF and I c F c E are closed subtriples with T the minimal closed
ideal of E. Then every surjective linear isometry A: F' — F maps I onto I and
hence induces a surjective linear isometry E — E.

TABLE 1 reveals that E in CF has the structure of a JB-algebra of di-
mension > 1 if and only if 0 € a(E). Also, the following can be seen: The
automorphism group Aut(E) acts transitively on frames in E if and only if
3(E) contains at most one element.

5.10 Lemma Let E be a real or complex JB*triple of rank > 1 and let
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e € E be a minimal tripotent. Then every element in the unit sphere S:= {c €
Ei(e) : ||cll = 1} of the Peirce space E;(e) also is a minimal tripotent in E and
satisfies eoe = coc. In addition (.¢s E~'(c) = 0 holds.

Proof Fix ¢ € S. Then ¢ is a minimal tripotent in F since E(e) has rank 1.
In case a(E) = 1 we have E~(e) = 0 and nothing more has to be shown. For
the remaining cases, see TABLE 1, eae = coc is easily checked and ¢ ¢ E~1(c)
gives the last statement. O

5.11 Corollary Let E be a real or complex Cartan factor of rank > 1.
Then A(Eyj(e)) = Eyj2(Xe) for every minimal tripotent e € E and every
A€ Imt(E).
Proof Follows from Propositions 5.5 and 5.7 as well as from Ey(e) = Ex(c) for
k=1,1/2 and all c € S together with
Eypa(e) = () {EY(c) ® E1pa(c)) - ]
cES

Corollary 5.11 implies that surjective IR-linear isometries in case of rank
> 1 respect the collinearity relation between minimal tripotents. By definition,
two tripotents e, c € E are called collinear and we write eTc if e € Ey/(c) and
¢ € Ey/z(e). From Lemma 5.10 it is easily derived that the triple product of
any three pairwise collinear minimal tripotents in E' vanishes.

The question arises whether in CF isometric equivalence and triple iso-
morphy are the same - or equivalently as a consequence of Theorem 5.9 —
whether Imt{E) = Aut(E) holds for every real Cartan factor E. Therefore de-
note by IS the class of all real JB*-triples E with Imt(E) = Aut(E). As already
has been pointed out (compare [25], [5], [6]) every JB-algebra, every real C*-
algebra and every complex JB*-triple is in ZS - more precisely the underlying
structure of a real JB*.triple for every such object. On the other hand, not ev-
ery real Cartan factor is in the class ZS, as the following characterization in the
rank-1-case shows — compare also Proposition 5.4 and notice that Igﬁ = Iv:,o
and Cg =~ IV2°,

5.12 Lemma Let E be a real JB*-triple of rank 1. Then E is in the class IS
if and only if E~1(e) = 0 or Ey(e) = 0 for some (and hence every) minimal
tripotent e € E, that is, if and only if E is isomorphic to If‘m for somem > 1
or to IV™® for some n > 2.

Proof E is a real Hilbert space. Therefore, if E~1(e) # 0 and F, /2(e) # 0 there
is a A € Imt(E) and a vector a € Ey/y(e) with A(e) = e and Ma) ¢ Ey/a(e)-
But such a A cannot be in Aut{E). Therefore only those factors of rank 1 can
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be in ZS that are listed in the Lemma. That actually I‘ﬁm lies in ZS is obvious
and the spin case is covered by the next Lemma. D

5.13 Lemma Every real spin factor E is in the class ZS.

Proof Write E = IV]® as in Theorem 4.1. Then Imt(F) = O(n) = Aut(E) in
case s = 0. In case s > 0 the extreme boundary of the unit ball in F has two
connected components — the two unit spheres in X; and X,. Since surjective
isometries respect the extreme boundary the statement follows easily from the
description of Aut(E} in Proposition 5.1. a

As a generalization of Theorem 5.1 in (5] we have

5.14 Proposition Let H, K be IF-Hilbert spaces of dimension > 1 over the
field IF which is either R or H. Then E:= L({H, K) is in the class IS.

Proof Choose orthonormal bases {hg : 8 € B} of H and {ko : & € A} of K.
Define the tripotent eog € E by eap(h) = (k| hg)k, for all h € H and put
Eap:= Ei(eqp). Then el (k) = (klka)hp implies

E,,»,EE,,EJ;; C Eo,p

and every other associative triple product of the Fop's vanishes that is not of
this form. The IR-linear span D of R:= J, 4 Eap is a (not necessarily closed)
subtriple of E. Fix A € Imt(E) and assume that there are unit vectors a,b,c € R
with A{abc} # {(Aa)(Ab)(Ac)}. But a,b, ¢ are minimal tripotents in E and the
three cases ‘a L b or ‘b L ¢’ or ‘a, b, c pairwise collinear’ cannot happen since
then both sides of the above inequality would vanish. Therefore there exist
orthogonal tripotents eqag, eys in R with a,b,c € Ei(e) for e:= e,5 + €qs.
By Proposition 5.7 A is an isometry from E)(¢) onto E;()e). But both Peirce
spaces are in the class ZS by [5] (in the real case they are even real spin
factors), hence the restriction A|Ei(e) is a triple homomorphism by Lemma
5.13, a contradiction. Therefore the restriction A|D is a triple homomorphism.
Since A is w*-continuous, the triple product is separately w*-continuous and D
is w*-dense in E the statement follows. ]

As a consequence of Proposition 5.1 we may reformulate Proposition 5.14
also as:

5.15 Proposition Let H,K,X,Y be real Hilbert spaces. Then

Imt(C(H,K),£(X,Y)) = {z+>uzv:ueimt(K,Y),v € Imt(X,H)}
U {z~uz'v:ive Imt(H,Y),ve lmt(X,K)}.
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The same is true for quaternionic Hilbert spaces provided H, K have dimension
> 1 over H (notice that in this case lmt on the left hand side of the equation
means IR-linear isometries in contrast to IH-linear isometries on the other side).

5.16 Proposition E = {z € L(H): 2’ = -z} is in the class TS for every real
Hilbert space H of dimension > 1.

Proof Fix A\ € Imt(E) and choose an orthonormal basis {h, : a € A} of H.
Define for every a # 3 the minimal tripotent eap € E by e,g(h) = (hl ho)hs ~
(hihg)hy for all h € H and put Eog:= Ei(eas). Then E,g = Ep, and as
above the R-linear span D of Ri= |J, 5 Fap is a w*-dense subtriple of E.
Therefore we only have to show that \:D — F is a triple morphism. Now
{EapE4sE,.} # 0 implies that there are at most 4 different indices involved,
that is, as a consequence of Proposition 5.5 we may assume without loss of
generality that H has dimension < 4. But this implies that E is 1somorphlc to
one of the triples 11 1 I1 5 or IVY 2 in I8. u|

5.17 Proposition E = {z € L(H): 2* = —z} is in IS for every H-Hilbert
space H.

Proof Fix A € Imt(E) and choose an orthonormal basis (ha)aea of H. Since
HIF =~ 1VEO is in IS we may assume dimgg H > 1. For every a € A define
ex € L(H) by eq(h) = (hlha)ha. Then re, is a minimal tripotent of E for
every r € IH with 72 = —1 and the Peirce spaces

aas = El(rea) = {sea :s€eH with 3= —'S}

Eogi= Eyjp{req) N Ey yo{reg) for a#p

do not depend on r. Clearly, (ieq )ac is a frame in E and because of Proposition
5.8.iii we may assume that A(E,p) = E,g for all a,3 € A. The restriction of
A to the real Hilbert space E,, is an orthogonal transformation, denote by
0o = =*1 its determinant. We may assume without loss of generality that not
all 4, are negative (otherwise replace A by —)). For every family (ga)aca of
isometries go € Imt(Eqa,) with positive determinant there is a ¢ € Aut(E) with
9o = 9)Eqaq — therefore we may assume furthermore that for all o € A

Aiee) = ieq, Aljea) = jear Miien) = bajieq -

Claim 1: For every a, B there exists £,p = %1 such that e g\ is the identity
on Eqp. In particular, 6, =1 for all a € A.
For the proof of this claim we may assume that A = {1, 2} and we may identify
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E with the matrix space {z € H?*? : z* = —2} in such a way that §; = 1 and

r 0 00
T™1=%0 0/ T"2%\o r

for all . Then A leaves invariant the subtriple

EYo)=ENnjC*¥™? » V:={z€C™?:2 =2} for r= (5 ?)
and hence induces an IR-linear isometry o of the complex Cartan factor V' by
Mjv) = jo(v) for all v € V. By [6] o is either complex-linear or conjugate-
linear. The latter case cannot occur since ¢ is complex-linear on the complex
line generated by e;, i.e. 62 = 1. More generally, for every u € H with uu =1
one has

~1 _ u 0 -1 u 0 ~ . ui’&' 0
E (c‘,)—-(0 —-i)E (c)(0 i) =~V for C“'_(O i)
and hence
0 w\_,/0 u 1
/\(jﬂ 0>—i<ﬁz 0) € E (Cu)ﬁEm.
But then IH = JHj proves the claim.
Claim 2: €,,&48 = €ag holds for all a, 3,7 € A.

For the proof of this claim only the case dimy H = 3 and A = {¢, 8,7} has to
be considered. Then for c: = ie, + ieg +iey € E again

EYc)  Wi={2€C3:2/ =2}

and the claim follows from the explicit description of Aut{W) in section 3.
We now proceed the main proof with H arbitrary. Fix ¥ € A and define u €
L(H) by

u(he) = eayha

for all & € A. Then g(w) = uwu* defines an element g € Aut(E) that coincides
with €4,6,5id on every E,g. As a consequence of claim 2 A and g coincide on
every E,g. Since A and g are w*-continuous and the linear span of all E,g is
w*-dense in E we conclude that A = g € AutE). (]

We leave open the question whether the two exceptional factors V% and
VIO belong to the class ZS. But we know that all other real or complex Cartan
factors of rank > 1 do. This allows us to state our main result:



218 KAUP

5.18 Theorem Let E be a non-exceptional real or complex Cartan factor of
rank > 1. Let furthermore F be a real JBW*-triple. Then a bijective R-linear
map X: E — F is an isometry if and only if it respects the triple products.

Proof Suppose that A is a triple isomorphism. Then A is isometric by {15].
Conversely, suppose that A is an isometry. By assumption, FF = U for a
JBW*-triple U. Since X respects the orthogonality relation (see Proposition
5.5) U cannot contain any non-trivial r-invariant w*-closed ideal. Also, for ev-
ery minimal tripotent e € E the image A(e) is a minimal tripotent in F and
hence the sum of at most 2 orthogonal minimal tripotents in U. Therefore only
the following two cases can occur: (i) U is a Cartan factor and hence F is a real
Cartan factor, or (ii) U = V@V for a Cartan factor V and hence F = Vg. We
may therefore assume F = F. The proof then follows by combining Theorem
5.9, Lemma 4.5 and Propositions 5.14 — 5.17 together with the known fact that
every JB-algebra and also every complex Cartan factor of rank > 1 is in the
class Z8. 0

6. Some remarks

6.1 Remark Suppose E is a real {or complex) JB*-triple and I, J,K C E are
closed ideals. Then

(i) Ind={IJE}={IEJ},

(i) ILJ <= INnJ=0,

(ili)y K=(Kn®&(KnJ) if E=IaJ.
Proof Use that to every a € F there is an element ¢ € E with {cce} =a. O

Consider JB*-triples of the form U = C(S, E) where S is a compact

topological space. Then every closed subset A C S determines the closed ideal
I'={f € U: flA = 0} of U. Clearly, I.is complemented by another ideal in
U if and only if A is also open in S. Hence the following statement may be
considered as a first step in generalizing Proposition 4.8 to arbitrary JBW*-
triples.

6.2 Lemma Suppose U is a (complex) JBW*-triple and ¢ is a conjugation of
U. Then there are w*-closed ideals I, J, K C U such that

HU=I®JBK,

(it} K = o{J) and every w*-closed ideal of I is o-invariant.
Proof Let J be an ideal of U that is maximal with respect to the property
J L o(J). Then J, K:= o(J) and I: = (J + K)* are w*-closed ideals of U
satisfying (i) and o(I) = I. Suppose A C I is a w*-closed ideal. Then there is
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a decomposition A = T' @ B into w*-closed ideals where T' = A N o(A). But
then 0(A) = T @ o(B) implies BN o (B) = 0 and hence B L ¢(B) by (6.1).
For J' = (J + B) also J' L ¢(J’) holds, i.e. B =0 by the maximality of J. O

6.3 Corollary Every real JBW*-triple E has a unique decomposition E =
R & C into w*-closed ideals R,C where C is complexifiable and R has the
following property: Let I with conjugation T be the hermitification of R. Then
every w*~closed ideal of I is T-invariant.

Proof Let U with conjugation o be the hermitification of £. Then E X I"® Jr
with the notation of Lemma 6.2. 0

In {15] the notion of real type for a real JB*-triple E has been introduced,
that is, £ has the following property:

{P1) There exists a maximal abelian subtriple of E that is flat.

We do not know whether the subtriple R in 6.3 is of real type in this sense.
Other properties of a real JB*-triple that might be interesting in this context
are as follows

(P2) Every maximal flat subtriple of E is maximal abelian.

(Ps) Every closed ideal of U is o-invariant where U with conjugation o is the
hermitification of E.

We do not know which of the conditions (P,) — (P3) are equivalent. They are
equivalent for real JB*-triples of finite dimension.

As an example let E be the real JB*-triple of all symmetric real 2 x 2-
matrices. As a Banach space E can be identified with C ® IR endowed with
norm |i(z,t)]| = |z} + |¢| - just identify (z,t) with the matrix

(t+a b ) where z=a+1b.
b t—a

The unit ball B of E is the double cone over the unit disc of C and ¢ is the
normalized trace of E. It is easily verified that the maximal flat subtriples of E
are precisely the linear 2-planes passing through the unit matrix and hence are
also maximal abelian (since E itself is not abelian). On the other hand, there
is exactly one more maximal abelian subtriple A of E - it is given by t = 0 or
equivalently as the linear span of the matrices
e=(1 0) and j=(0 1).

0 -1 10
A is isomorphic to Cg and is not flat. A is the image of the operator A: = joe
and the restriction of A to A is a complex structure on A.
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The idea of this example may be generalized in the following way: Let E
be an arbitrary real JB*-triple and suppose e # 0 is a tripotent in E. Call an
element j € E an imaginary unit (with respect to e) if

(6.4) QU)e=—-e and Q(e)j=-j.

This implies j € E(e) and from {jej}oe—jo{eje} = [joe, joe] = 0 we derive
eoe = joj and hence that j is a tripotent with the same Peirce spaces in E as
e. Obviously IRe @ IRj is a subtriple of E isomorphic to CR.

6.5 Lemma joe = —enj.
Proof Suppose z € Ei(e) for k =1,1/2,0. Then

k{jex} = {je{eex}} = {{jee}ex} — {e{eje}z} + {ee{jez}}
= {jex} + {ejz} + k{jex}
implies the statement. O

6.6 Lemma The operator A: = jue is a derivation of the triple product and
satisfies the algebraic equation A(A® + 1)(4\2 +1) = 0.

Proof The derivation property follows immediately from 6.5 and the Jordan
triple identity. E becomes a real Jordan algebra with respect to the product
zy = {zey}. Denote for every u € F by L(u):= uve the corresponding left
multiplication operator on E. Then 2L(u)® = 3L(u?)L(u) — L(u3) holds by
[3] p. 154 which gives 2A% + (3ene — 1)A = 0 for w:= j. Since A commutes
with ene we may consider the Peirce spaces Ej(e) separately. A vanishes on
Eo(e) by the Peirce multiplication rules and for k = 1,1/2 the restriction of
X to Ej(e) annihilates the polynomial 26° + (3k — 1) which is a factor of
6(6% + 1)(46* + 1) € R[4). O
6.7 Corollary E splits into the direct sum E = A® B @ C of \-invariant
subtriples where A:= ker(A2 4+ 1) C Ei(e), B:= ker(4X? + 1) C Ey/s(e) and
C: = ker()) D Eq(e).

Proof We only have to show that A, B, C are subtriples. Let U: = E@®iE be the
hermitification of FE and denote by U, the r-eigenspace of A when considered
as a complex-linear operator on U. Then

{U-UUe} C Urgzee
for all ,5,t € € since A is a derivation of U. The result now follows from
A=Eﬂ(U;@U_i),B=Eﬂ(Ui/2€BU..;/2)andC=EnU0. jn}

It is clear that on A (on B resp.) a complex structure is given by A (by
2] resp.). Actually we have
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6.8 Lemma A is a complex JB*-triple with respect to the complex structure
A

Proof We may assume without loss of generality that E = A. Then F is a unital
real Jordan algebra with product 2y = {zey} and involution z — ZF: = Q(e)z.
The conditions (6.4) are equivalent to j2 = —e and 7 = —j. For every u,v € E
the identity

L(u?v) = 2L(w)L(u) + L(u?)L(v) — 2L(u)L(v)L(u)

holds by [3] p. 145. For u = j this implies L(jv)L(j) = L(j)L{v)L(j) and hence
L{jv) = L(§)L(v) since L(j) is invertible. Therefore A commutes with every
L(v) and hence with every operator zoy = [L(z), L(F)] + L(z%). But then [15]
proposition 2.6 gives the result. O

6.9 Corollary Let E be a real JBW*-triple and suppose that e;,es € E are
orthogonal tripotents with Fyz: = Ey/3(e1) N Ey/z(e2) # 0. Then E contains an
abelian subtriple that is not flat.

Proof Put e: = e1+e3. The Peirce space E (e) is a Jordan algebra with product
zy = {zey} and involution z — F: = Q(e)x. Then {z7z} = (ay)z—(zy)z+(z2)y
is an easy consequence of the Jordan triple identity. Replacing e; by —es if
necessary we may assume without loss of generality that V:= {v € Ey3 :
Q(e)v = —v} # 0. Since V is a real JBW*-triple we may choose a tripotent ¢ #
0in V. Then ¢ = —c = ¢® and also j = —j holds for j: = c? € E;(e;) ® Ei(e2).
Now Q(c)j = —j and Q(j)c = —c® = —c implies that A = Rc+ Rj is a
subtriple isomorphic to CRr. O

6.10 Corollary Let FE be a real JBW*-triple factor. Then the following con-
ditions are equivalent

(i) Every maximal abelian subtriple of E is flat,

(i) E is a real Cartan factor of rank 1, i.e. the underlying Banach space of

E is Hilbert.

Proof Let e € E be a complete tripotent and choose a maximal flat subtriple
F C E containing e. Then F C Ej(e). Suppose that (i) and dim F > 1 holds.
Since F is w*-closed in E there are orthogonal tripotents e;,e; € F with
e = e} + e3. F cannot contain a non-flat abelian subtriple by assumption, i.e.
Eyj3 = 0 as a consequence of 6.9. But this is a contradiction to our assumption
that E is a factor. Therefore (i) implies F = IRe and E is the real form of a
Cartan factor of rank < 2. 0
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