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ON THE CONVERGENCE OF EIGENFUNCTION 
EXPANSION IN THE NORM OF SOBOLEFF SPACES 

I. JO0 (Budapest) 

1. Let SkcR" (n=>3; k = l ,  . . . , l )  be manifolds of dimension d i m S , = m g  -< _ 
~ n - 3  having smooth projection to R"k, i.e. there exist coordinates (~ ,y )=  
=(~x, ..., gm~; Yl . . . .  , Y,-m~) and functions ~o~ECX(R=k-~R"-'~) such that 

l 

& = {(~, y)~R": y~ = ~o~(r lV~o~(~)l <-- C)}, S -- U &- 

Let qEC=(R"\S) be a real-valued function, for which 

(1) !D'q(x)l <= C[dist(x, S)] -'-1"I, (xER", 0 <= [a] =< 1), 

holds, for some z~0 .  
Consider the Schr6dinger operator Lo=-A+q(x ) . ,  D(Lo)=C~(R" ). Such 

operators occur as the Hamiltonian of  molecules [6--12]. E.g., in the case of Li 
(or H~) molecule we have n=6 ,  m=3 ,  xER 3, yER 3, q(x~y)=cllx[-l+c~Iy[-~+ 
+ca[x-y1-1, H = - A  +q(x, y)..  In the case of homogeneous and isotropic space 
the manifolds S~ are subspaces in R". 

It is easy to see that for dim S<=n-3 we have ~ " qELlo~(R ) if z<3/2. Indeed, 
taking into account 

I t 

1 -a ~ [dist (x, &)]- i  _< [dist (x, S)]-1 < ~ ,  [dist (x, Sk)] -~, 
k = l  k = l  

it is enough to prove this for S=Sk, dim S=m<=n-3, 

S =  {(~,y)ER": yj -- ~oj(r IV~oj(~)l ~ Cj; j = 1, . . . ,n-m).  

Using the coordinate transformation (~, y)-~(~, z), z j=yj -%(~)  we have for the 
Jacobian D(~, z)/D(~, y ) =  1 and for any O<-rlEC~(R ") 

(2) f lq(x)l~e(x)dx= f ar f [q(r162162 
R n R m R n - m  

where q~=(~&, .... ~o,_~)EC~(R~-~R"-~). On the other hand for any x=(~ ,y )Eg"  
and u=(~,  ~o(~))ES we have 

] y -  ~({)l ~ l y _  - cp(~)[ + [cp(~)- tP(~)[ < [Y= - ~~ +IVcp(~*)I " I~-  ~t <= 

=< C(ly-~o(~)l  + ]~-~l) ,  
hence 

[ y -  q~(r _--< 2C~(ly-q~(~){~+ I~-{l  ~) = 2CZlx-ul =, 
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i.e. IY- r (~)1 ~ C dist (x, S), consequently 

[q(~,z+~(~))l ~ C[dist ((r z+~o(~)), s)]  -~-<_ clzl -~. 
According to (2) we have 

(3) f lq(x)i~n(x)dx<=C f dr f Iz[-~'~l(r162 
R n R m R n - m  

if 2z<n-m.  But we assume in this work that m ~ n - 3 ,  i.e. n-m~=3 and hence 
for z<3/2 we get 2 r < 3 ~ n - m .  It follows from Lemma 3 of the present 
work that the operator L0 is bounded below, i.e. (Lof, f ) = ( - A f ,  f)+(gf, f )=  
=(Vf, Vf)+(qf, f)~= - c ( f , f )  for every fczC~(R") and hence, by a theorem of K. 
O. Friedrichs [3] the operator L o has a selfadjoint extension L with L~= -eL  Denote 

L= f 2 dE~ the spectral expansion of L and consider for any fEL~(R") the expan- 
- - c  

sion E a f  
It is proved in [5]: if z = l  and 0<=s~l,  then IIEzf-fllm(n,)-~O as , ~ - ~ .  

H~(R ") denotes the space of functions from L2(R"), with the norm [6, 2.3.3] 

I]fI[n,(R-):---[I(I--AY/"TIIa(R,) = 1I(1 + [~/~Y/"f(~)llL,(R,,). 

Later on this theorem was extended in [4] for z =  1 and 0<=s<=2. The localiza- 
tion of E~ was investigated in [8]. Our aim is to prove the following 

THEOREM. Suppose zE[0,3/2) and 0~s<=2 

Then, for any f~ H ~ (R") we have 

(4) I!E~f--f[!n,(R") ~ 0 as 

7 
or zC[0,1/2) and 0-<_s<~--z. 

It follows from Lemma 3 below - -  among others - -  taking into account the 
Kato--Rellich theorem [11, X.2] that the operator L0 is essentially selfadjoint, 
further D(Eo)=D(L)=H2(R"). Our theorem seems to be true for arbitrary 

7 
zq[0, 3/2) and 0 ~ s <  _---z but our Lemma 9 is not enough to prove this. Accord- 

2 
ing to the ideas of L. L. Stach6 [15] this last result does not seem to be refinable, 

7 
namely we can not replace z=3/2 or s = ~ - - T .  

The author is indebted to professor ~. A. Alimov and to V. S. Serov for 
their valuable suggestions. 

2. For the proof we need some lemmas. 

L ~ M ~  1. Let k ~ 3 ,  l<=p<k, O<=s<k/p. Then for any fCL~(R k) 

(5) I[ [Xl-sf(x)llr~(Rb ~ C IIf[Iz4(nk ) 

holds. 

Here and below in this work C is a constant independent of f and not nec- 
essarily the same in each occurrences. 
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PROOF. Using the notation I := II Ixl-~f(x)ils we get by Hflder's inequality 

I = f [xl -~" If(x)l p dx <= p f d O  f r k-l-Sp Ifl "-1 dt dr = 
R k 0 0 r 

c(  f(rxj-s is(~)O, ax)',-~)." ( f jvst, ixi(-~+,, at) ~,~ = 
R k R k 

__-  cs(.-i,~. ( f jvst. lxl (-~+1,, ax).~.. 
Rk 

hence 
(6) 111XI-=f(x)ilL..,<~) <= C tl IXI(--:+ "Vf(x)ilL,(R'<). 
If s is an integer, then iterating (6) s times we get (5). 

Now define 

/ [ ~  1, when k is an integer 
s o := P 

otherwise. 

Taking into account Theorem 4.3.2/2 of Triebel [6] : 

L $ ( R  ~) = (L , (Rk) ,  W;o(R~)),  s = Oso, 0 < 0 < l ;  
we obtain 

(7) IlIxI-:f(x)IIL,(R~) <= CIIflIL;(R% (0 _--< S --< So, P < k/s). 

Now let sE(So, k/p). It follows from (7) that for l~po<k/so 

(8) ]I IXI--:~ <= C IIflIL~. (~) 

holds. On the other hand, for any 1-<-pl<k/(so+l) we get from (7) 

(9) 
tl txl-~of(x)tl g1(a~9 ~ C [II Ix I-soy(x)I1L,.0<*) + II ix l-~oVf(x)1I L,.(~ + 1t txl-:~ i f(x)It L,.(,")] 

Taking into account (L,o. /40~=L ~ (0<a< l .  p-~=(1--~)S,~-'+@; ~) (cf. Triebel 
[6], 2.4.2/1) we obtain from (8) and (9) the estimate 

0o) IIIxl-'of(x)lI~;~,~ <= Cllfli~o+,(. ,)  ( v0  < ~ < 1). 

Now, using (10) we prove (5) for So<S<k/p. Define 6=s-so .  It is easy to see 

that ~E(0, 1). Indeed, if k/p is an integer, then 6=S_So=[~__e)  ( k _  ~ - - 1 )  = l - ~  
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(14) 

we get 

( s = k - e ,  O < e < l ) .  If  kip is not  an integer, then / 5 = ( k - e ) - [ k ] < l - e .  Con- 

sequently, from (10) we get 

lilxl-:f(x)itL,.<~> = Illxl-'(ixi-.of(x))llL,.<~> ~ -  

- < c I t / I k  <- c II Ixl-,of(x)l l  ~ , (~)  -- ~(,~. 
Lemma 1 is proved. 

LEMMA 2. For any natural number k=>3, 0Ns<312 and fEC~(R k) 

(11) I[ I x l - ~ f ( x ) l l L ( R  ~) <- C IIfituRak)Iifllu2(R~), 

PROOF. First we prove (11) for s => 1. Using (6) at p = 2 and taking into account 
the inequality Ix l -2 :+2~lx! - l+ l  (0<-2s-2<_-1) we get 

Illxl-*f(x)ll~ III l-"+Wf(x)ll l  

~_ c [li Ixl-V~Vf(x)ll~L,(l~) + IlVf(x)llL(~)]. 

Hence, taking into account the following estimate (cf. [4, Lemma 1]) 

(12) Illxl-ll~f(x)llL(R ~) < Clifikl'(R~IfftlL=(~<~) (k => 3,f<C~(Rk)) 

we obtain (11) for the case 1<=s<3/2. If 0<=s~_l, then (11) follows from (5) 
immediately. Lemma 2 is proved. 

LEMMA3. For any zE[0,3/2) and ~>0 there exists C(e)>0  such that for 
every fEC~(R n) (n =>3) the following estimate holds: 

(13) 2 , 2 2 Ilqfliz:(l~ ) <= e I f  n=(R") +C(e)lifllr=(R") �9 

P~OOF. Using (3) for t / = l f [  z, applying (11) for k = n - m  and  taking into 
account the inequality 

= 1 -,2 > 0 ) ,  
ab<-~a +.-47~ (a,b,~ 

IL qfllL=(R ~ ~ C IlfilH'(R")IIflIH=(R n) ~ ~ Ilfl[~'r + C(O [Ifll~l(m. 

Hence, taking into consideration the estimate 

w e  obtain 
llfft~/(R ) < el llfll~ (R)+C(el)Ilfll~ (R") 1 n ~ 2 n 2 9 

2 n ~ 2 [I q fitLy(. ) [{f{[~(R% q-~l C(e)Hf[l~2(R-)-Jr C(el) C(~)[[fIl~2(R") �9 

If we choose el so that a lC(e)<l /2 ,  then (13) follows. Lemma 3 is proved. 

COROLLARY. For any zE[0, 3 / 2 ) t h e  operator Lo is essentially selfadjoint and 
D(Lo)=D(L)=H2(R"). 
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PROOF. From (13) we obtain for any e > 0  the estimate 

(15) II qf]L~(R") <= 5 II (I--A)fIIL,(R.)+ C (5)IIflIL=(R"). 

Since I - A  is essentially selfadjoint and D ( I - A ) = H 2 ( R " ) ,  the Corollary fol- 
lows by Kato--Rell ich 's  theorem [11, X.2]. 

REMARK. For the essential selfadjointness of L0 it is enough to prove the 
estimate 

t1 qfHL~(R") <= C ][fl/n~(R")Hfl]n~-~(R"), 
for some 6>0 ,  because 

]qf]L2(. ~ <= 5[lflln,(R . )+C(8)  I]fHn ~-~(. -) <= 

5 ]If]Ill2(..)+51 C(5)]lflln,(.-)+ c (51)c(5)]Ill] L=(R"). 

LEMM* 4. For any f 6 H " ( R  ") 

(16) ]ILfIfL,(I~.) <= Cll f[ l~( . . ) .  

PROOF. Using (13) we obtain for any f C H 2 ( R  ") 

IlLfk.<.-) = II - A f  + qTIIL~(R") <= ]fAUIIL~(. ") + tl qflIL,(R ") =< 

< C[I]fl]n )+]f]L )] < C]fl]n( = ~(R" 2(a" = z I{")" 

Lemma 4 is proved. 

LEMMA 5. There exist constants C~>0 and C2>0 such that f o r  every f 6  H2(R  ") 

(17) IILfH~..(R-) ~ C1 2 2 

PROOF. Using (14), applying the Cauchy~Bunyakovsky inequality, further 
taking into account the identity 

]Lf]~(R.) = ]IAflI~2(R.~ --2 (q f ,  A f )  + II q f]~fg") ,  
we obtain 

I(qf, Af)} <= II qf}lL~(g")}IAflIL~(. ") <= ~ ] Afl[~(.") +C(a)]  qfl]~.,(.") 
and 

I]Lf]~2(..) >= IiAftI~(R.)-- Z l ( q f  Af)[ +1] qf[IL2(." ") >-- 

> []a/l[~ -51lafll~ -C(5) l lq f l t~  . > (R = = a(R") z(R") ~ ) 

> (1-5)It flIL( . -c(o II qfIIL( . . 
Now applying (13) for some 51>0, it follows 

]LflI[~(R. ) >= (1-5)][Af[I~(g. ) - - E  1 C(5)I]f[[~(g.) -- C(~, %)tlf[l~(R") �9 

On the other hand 

I]Af[ILz(R ") = I]Af--f  +fllL2(R ") >-- [l( A --I)fHL~(R")- [f]L~tR") 
consequently 

]rfl[~,(..  ) >= (1 - e  - % C  (5))]lf]~t,(R-)-C(5, 51)]lf]~(R-) 

and hence (17) follows if we set 5= 1/2 and 5~ is small enough. Lemma 5 is proved. 
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L~MMA 6. There exists ~to>0 such that for any P=>#o and fEC~(R") we have 

(18) []L.f[IL~(R") => Cgllfiln=(R") (L. := L +#I). 

The constant C. does not depend on f. 

PRoof. It follows from (17) using the spectral theorem that 

Ilflt• ClllLfll~ +C~llfll~ < 2(R") = 2(R ) ~(R ) 

c f (2 '+1)d(Ezf ,  f )  ~ C (2+#)2 d(E~f, f )  = CllL#fli[,(g.), 
-c o -c o 

if #=>/to and #o is large enough, because in this case we have 22--}-1~(2-'}-1.t)2 
(2= > - C o ,  #=>Po). Lemma 6 is proved. 

LEMMA 7 [4, Lemma 6]. Let A and B be strongly positive selfadjoint operators in 
the Hilbert space H. Suppose that the conditions 

(19) D(B) c D(A), 

(20) l[Aflln <-CI1BflIH (fED(B)), 

are fulfilled. Then for any OE[O, 1] we have 

(21) ]]A~ <= Co]tS~ (fED(B)). 

L~MMh 8. For any #=>go, sE O, - ~ - z  and fEH~(R ") 

(22) llLf2 f][L~(a.) <= C~llfllH=r 
PROOf. First we prove (22) for 0<=s<=2. It is trivial for s=0  and it was proved 

in Lemma 4 for s=2.  Now apply Lemma 7 for A=L~, B = I - A ,  D(B)=H~(R"). 
We obtain: 
(23) IIL~ <--CllfiIn.o(R. ) (0 =< 0 ~ 1). 

Now let 2 < s < 7 - v .  Using Lemma 1 we obtain for any po<3/z the estimate 

(24) I1LuftILt.o(.. ) ~ C [ilfllZ,o(R. ) + II/llL~o(.. ) + I[ qfll%o(n.)] <= 

< C[llfl[ ~ )+  Ilfl[ ~ )1 <- Ctlfll : L o(R" L 0(R" - -  /, o(R'D" 

On the other hand, using Lemma 1 once again, we obtain for any p~<3/( r+l )  
and fEL~.~(R =) the estimate 

(25) tIVL,,ZIIL,~ (R.) ~- c [IlfiILg,CR-)+ }l(V q)fllLp~ (R ") + 

+ ItqV./'llLp:."!l ~ c[tlsil~L<,<.,+ IlflI4+,, J <~ CllfllL~:.,. 
Acta Mathematica Hungarica 47, 1986 
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Using (24), (25), the equality (Lpo ' Lpl)~_Lpl - -  ~ (0<6<1 ,  p - l = ( 1 - 6 ) p o l + t p i  -1) of 
Triebel [6, 2.4.2/1] and taking into account that in our case p<3/(z+6) ,  we obtain 
for any 66(0, 1) and ftL~+~(R ") the estimate 

(26) [[L~f]lzg(R. ) <= C IJfl]Lg+~(~-). 

Now we are in the position to prove (22) for z s ~ - -z .  Set 6 : = s - 2 .  Then 

7 3 
6 < ~ - - z - 2 < ~ ,  further we obtain from (26) that for any fEH~(R ") we have 

LufEH~(R"). Using (23) and then (26) we obtain 

]IL~/2fIIL..(R.)= a/2 . <  < = ]]Zg (Luf)]IL~(R ) = CI[LuflILg(R")= Cllf]lL~+~(n") CHf[]n,(g.). 

Lemma 8 is proved. 
7 

LnM~A9' Suppose 0<=s<-2, 0<=z<3/2 or 0---z<1/2 and 0 = s < 7 = z .  Then 

for any g-->go and gtH~(R ") we have 

(27) II g[l , ,( , .)  <= C IlL~/~gI[L~(,% . 

PROOV. (27) is trivial for s = 0  and it was proved in Lemma 6 for s=2.  Hence, 
using Lemma 7 for B = L , ,  A=--l-A, D(A)=H2(R') ,  we obtain 

(28) II gll < c llt~/2gll (0 < < 7 / 2 -  ~) HS(R n) = L2(Rn) = S = 2 ,  0 = <  ~ < . 

Now suppose 0<--z<l/2 and 2 < s < 7 - z .  Let 6 : = s - 2 .  For any g tC~(R ' )  

we have obviously by (28) 

(29) flg[] ]I(I h)glt <C[]Z~,/~(I A)glI < H a ( R  n )  ~ -  _ _  H t ( R  n )  = - -  L 2 ( R  n )  ~-- 

C[[]Z~./ZgllL ~R )+l[Z~./~(Zu q)gllL (R )] < C[IIL;~(L~/~g)IIL )+][L~/2(qg)J[z + < n ~ n = n n = ~. 2 ~ ( R  2 ( R  ) 

s t 2  . . - <  +llg~ gllL~(,, 3 = C[[IZ4/~grl~(~~ + llLg/2(qg)l[L2:(~=)]. 

Now we estimate [ILg/2(qg)HL ~. We obtain from (3) and (5) 

(30) [[qgHL~(R") <= C[Igl]~-(R L) (0 <= �9 < 3/2) 
and 
(31) IIgqlln~(,.) <= []qVgilL2+[]Vqg[[L,+llgq][L2 <: Cllg]]n'+~(R") (0 <= Z < 1/2). 

We apply the interpolation theorem of Stein [13]. To this suppose 6 is such that 
�9 +6<3 /2  and choose e>0  so that z(g)=z, where z(z) :=z(O,5-~)+(1,5-e)(1-z) .  
Define the operators A~ and T z as follows: 

Azg := Iq(x)l'iZ)/'(sgn q(x))g(x), T~g := (I-A)Z/~Azg. 

From (30) and (31) we obtain for any gEC~(R"): 

HTzgItL~(R-) = []AzgI1L~(g. ) <-- C[]gHHa/2-~(R. ) (Re z = 0), 
and 

lIT=gilL,(.") <= [IAzg][.l(.")----< Cllg[[.~/=-o(.") (Rez = 1), 

A c t a  M a t h e m a t i c a  H u n g a r i c a  4 7 ,  1 9 8 6  
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hence by Stein's interpolation theorem [13] we get for z = 6 :  

IlZ~gllLi ~ Cllglln3'~-o, IIA~gIIL, ~-- CIIgllu3/~-~, 
i.e. using also (14) we obtain 

I1 qgl[n'(R") <= ~ I1 gIIH'<R") + C (~)I[ g[IL~(R") �9 
Hence and from (29) the desired estimate (27) follows. Lemma 9 is proved. 

PROOf OF a~a~ TnEOm~M. Using (22) and (27) we obtain for fEH'(R"): 

IIf-Efflln, = I[LZ'/~L[/Z(I- E~)fll H~ <= 

<= C ][n~/e(I--E~)f]lL~ = C H(I-E~)(L~/~I)IIL~ -~ 0 (A -* ~o). 

The Theorem is proved. 

REMARK. If  the Sk'S are subspaces, then we can state the Theorem for any 

�9 ~[0, 3/2) and s~ 0, 7 - z  because in this case we can prove Lemma 9 in a more 

general form. This follows from the following fact: if g(z)~C~(R~\{O}) is a func- 
k 

tion for which ID~g(z)l<=Clzl -~-I~1 (z/O) holds, then gCHS(R n) for any s < ~ - -  

- z = : 6 .  For the proof of this fact it is enough to show that gEHkx-~(R k) (here 
H denotes the Nikol'skii's class of functions), because taking into account the 
well known imbeddings H~- ~ c H~ ~ o~- ~ ~ r a -  �9 -'2,2 "--,~ our statement follows. We use here 
the notations of [14]. For the proof we must show the estimate 

I : =  ~2)(D~g, t ) :=  sup f IA~D~'g[ dz = O(t ~-I~l) (supp g c ~). 

The desired estimate follows immediately for Iz l<2h  and Izl>=2h, resp. from the 
following estimates: 

sup f IA~O~g(z)l dz <_- 4 sup f ID~g(z)l de <-_ 

] , l  sup = <_- C sup Iz[-~-Ial+k-Xdz = O([h[k -v - i~ l )  
Ihl~_t [h]~_t 

-- O(e- i~ l ) ,  O'  :=  { z C n :  lzt < 21hi}; 

IA~D~gl = i, 10z~c3zj (D~g)(z*)hih <= 

~_ C i Z  z*E[z-h, z+h], 

hence 
I ~_ sup hi 2 ~ flD~+Pgldz+O(~-t~t) <-_ 

A 

f2":= {z~f2; lzl --> 2 Ihl}. <-- sup f Izl -'-I~l-~+~-I dz+O(t ~-!~1) = O(t~-I~l), 
Ihl ~_t 2]hl 
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