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Abstract. We present a topological minimax theorem (Theorem 2.2).
The topological assumptions on the spaces involved are somewhat
weaker than those usually found in the literature. Even when reinter-
preted in the convex setting of topological vector spaces, our theorem
yields nonnegligible improvements, for example, of the Passy—Prisman
theorem and consequently of the Sion theorem, contrary to most results
on topological minimax. This work is part of our ongoing effort to
elaborate a coherent theory of minimax.
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1. Introduction

In this paper, we continue our investigation of minimax theorems, more
specifically topological minimax theorems. The beginning of our investi-
gations was announced in Ref. 1 and was initiated in Ref. 2.

We will say that a function f* Xx Y—R defined on the product of
two topological spaces and taking values in R:==Ru{+c0} is a minimax
function” if

sup inf /= infsup f.
X Y Y X

Our aim is simply stated: to find in a given context conditions (topological
in the present work) on the spaces X and Y and on the lower and upper
levels of a function f: X x Y—R that will guarantee that it is a minimax
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function. Our approach is through the intersection theorems for multi-
functions, like in most other works on this topic. But, whereas one usually
deduces the minimax theorems from the fact that the intersection of the
values of a multifunction are nonempty, we found it necessary to consider
a given family F of multifunctions and to give criteria that imply that all of
the multifunctions in F have the finite intersection property. These criteria
do not bear on the individual members of [; in that case, there would be
no difference with what is done usually, but on how the members of the
family [ are interrelated.

The paper is organized as follows. In Section 2, the Passy-Prisman
minimax theorem is recalled and our main result (Theorem 2.2), which
extends the Passy—Prisman minimax theorem, is stated. We introduce the
notion of interconnectedness, which evolved from our topological reading
of the condition of P-convexity in the small considered by Passy and
Prisman.

In Section 3, we present the basic concepts from which, through a
sequence of simple lemmas and some remarks, we are led in three steps to
an intersection theorem for a family of multifunctions. First, we establish a
local pointed binary intersection property (Lemma 3.1). From the local
pointed binary intersection property, we go to the binary intersection prop-
erty (Lemma 3.2), and from there, with the unavoidable heredity conditions
in such a general context, we move to the finite intersection property
(Theorem 3.1).

In Section 4, we prove our main result, Theorem 2.2. We show in Sec-
tion 5 that, in the context of Theorem 2.2, interconnectedness is not only
sufficient but also necessary. Furthermore, we show also that none of the
five conditions of Theorem 2.2 can be dropped. In Section 6, we will see
that Theorem 2.2 extends the Sion minimax theorem in several ways. More-
over, we establish a link with our previous works (Refs. 1-2) and in the
process we single out a very large class of functions (PP functions) to which
Theorem 2.2 applies. In Section 7, we will improve Theorem 1.1 below, due
to Konig; as a further illustration of our method, we will conclude with
a result (Theorem 7.3), which encompasses the Konig general minimax
theorem, which we will recall in due time.

Theorem 1.1. See Konig (Ref. 3). Let [X be connected® and] Y be
compact. A function f, both lower semicontinuous on Y and upper semi-
continuous on X, is a minimax function if, for every real number

*With respect to Konig’s statement, connectedness of X has to be added to avoid counter-
examples.
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A.° the two conditions below are satisfied:

either (a) N { f< A} xis connected for any nonempty finite FC X,
xeF

()
or (b) N { f=A} xis connected for any nonempty finite FC X,
xeF
cither (a’) () {f>A} yisconnected for any nonempty A Y,
(i) yed

or (b)) N { f=A} yis connected for any nonempty AC Y,
yveAd

and in case of the combination (a) and (a”) the space Y is Hausdorff.

We close this section with some definitions and terminological conven-
tions to which we will adhere throughout the paper. In the sequel, X and Y
will always be nonempty topological spaces; f will always denote a function
from X x Y to R; R denotes the extended real line.

We will say that a multifunction Q: X —— Y has the binary (or finite)
intersection property, if the family of its values {Qx: xe X} has it. We do
not impose a priori that a multifunction should have nonempty values. The
symbol dom Q denotes the set {xe X: Qx=J}.

Given a subset 4c X, we denote by Q, the multifunction defined by

Qszzszxm(ﬂ Qz).

zeA
We set

U Qx=C and ﬂ Qx=Y;

xed xed

*More precisely, Konig takes
A>supinf f=:a.
X Y
But this clearly less demanding condition makes really no difference. In fact, assume
a#+0, define the function fva by
[ fval(x) = max{ f(x), a},
and consider a function y: [¢, +00] —»R which is continuous and strictly increasing. Let
S =ye(fva)
and observe that:

(a) if conditions (i) and (ii) hold for f, whenever 4 > a, then they hold for f”, whenever
reR;
(b) if /7 is a minimax function, then f'is a minimax function.
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hence,
Q@ =Q.
For a subset 4 X, we define

Q4)=U Qx.

xeAd

If T is another multifunction from X to Y, the statement I'c Q means that
I'xc Qx, for each xe X. B
Given a subset 4 of X, the function f,: X x Y—R is defined by

fA (X, y) = max{f(x’ y)r Sup:eAf(Z’y)}'

As usual, the supremum [resp. infimum)] of the empty set is assumed to be
equal to —oo [resp. +00]; hence, fz = f.
For a real number AeR, sets of the form

{yeY:f(x,y)=A} and {yeY:f(x,y)<A}
are referred to as large and strict lower levels of f'at x. Sets of the form
{(xeX:f(x,»))=A} and {xeX:f(x,y)>21}

are referred to as large and strict upper levels of f at y. Notice that lower
level sets are taken with respect to the minimization variable, and that upper
level sets are taken with respect to the maximization variable.

To a given function f'and a real number AeR, one can associate four
multifunctions:

(a) {f=A} and {f<A} from X to Y, which associate to each xe X
the corresponding lower level;

(b) {f=A} and {f>A} from Y to X, which associate to each ye Y
the corresponding upper level.

Notice that
{fa<A}={f<A}4, if A is finite ,
and
{fa=A}={/=A},, foranyA4.

Let . be a property. We say that a function f is arbitrarily ./ [resp.
finitely .77 ], if .7 is a property of f,, for every subset [resp. for every finite
subset] 4 of X.
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2. Minimax Theorem for Interconnected Functions

Our aim is not to present yet another generalization of a minimax
theorem, but rather to present an approach to topological minimax the-
orems and their proofs which takes us further than what has been achieved
by other means. Let us emphasize also that the Passy-Prisman original
result (Theorem 2.1), is the core from which our investigations were born
and around which our methods were developed. We see it as much more
fundamental than the Sion theorem. We believe that the methods and results
of this paper for topological minimax theorems and those of Ref. 4 for
classical minimax theorems speak in favor of our point of view.

Now, we recall the minimax theorem of Passy-Prisman which will
motivate the introduction of some new definitions.

Theorem 2.1. See Passy-Prisman (Ref. 5). Let X and Y be two finite-
dimensional convex sets equipped with the Euclidean topology, and let Y
be compact. A function f: X x Y —R is a minimax function, if the following
properties hold:

(1) VxeX, the function y — f(x, y) is quasiconvex and lower semi-

continuous,

(i) Vye?Y, the function x — f(x, y) is quasiconcave,

(iii) f'is P-convex in the small in Y.

The definition of property (iii) as given by Passy and Prisman is the
following.

Definition 2.1. A function f: X x Y—>R is P-convex in the small in Y
if, for any ueR and any (%, y)e Xx Y such that f(x, y)<u, there exists
€>0 such that, for any (x, y)e Xx Y, if |x — %/ <e and f(x, y) <p, then for
each e[y, y] there exists Xe[x, x] such that f(X, y) <pu.

Remark 2.1. Taking into account the quasiconcavity of f, Theorem
2.1(1i1) was reformulated in Ref. 1 as follows:
(1) For any real number u, any xe€ X, and any yje Y with yje { f<u}x,
there exists a neighborhood ¥V of x such that, for every xe V,

7, {f<uix]lcif<uixn{f<plx,
where [ 7, { f<u}x] is the segment-join.°

°If 4 and y are a subset and a point of a convex set Y, the segment-join [y, 4] is defined by

4= U [yl
VeAdu{y}

where [y, )] is the segment
{A=-y+1y:0<t<l1}.
See Section 6 for the relationship between property (iv) and PP functions.
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Remark 2.2. For a quasi-convex-concave function f, which is P-
convex in the small, we have that:

(1) fis arbitrarily P-convex in the small;

(ii) for any pair of real numbers u and A with u<A and any xe X
with {f<u}x#Q, there exists a neighborhood V of X such that,
for every xe V, there exists a convex subset D of Y verifying

{f<ulxcDc{fsA}xu{fsAlx and Dn{f=sA}xzD.

After an obvious topological transcription Remark 2.2(ii) will be
retained as our interconnectedness condition.

Definition 2.2. A function f'is said to be lower interconnected on Y if
Remark 2.2(ii) holds, when “‘convex” is replaced by “connected”.

For further uses and also to be able to compare different conditions
where a mixture of strict and large levels occurs, let us introduce the follow-
ing notions.

A function f'is said to be lower connected on Y if, for every xe X and
for every pair of real numbers u, A with u<A, there is a connected subset
D of Y such that

{/<uixcDc{f=A}x. (1)

Clearly, a function fis arbitrarily lower connected [resp. finitely lower

connected] on Y if and only if, for every nonempty subset [resp. every non-

empty finite subset] 4 of X and for every pair of real numbers u, A with
<A, there is a connected subset D of Y such that

N {f< u}chchA (f=A}x. (2)

xXeA

Proposition 2.1. A function fis lower connected [resp. finitely or arbi-
trarily lower connected] on Y if and only if, for each ueR and for each
nonempty subset E of X which is a singleton [resp. finite or arbitrary], the
subset [ )ycz{ f<u}x of Y is connected.”

Proof. The “if part” of this claim is obvious. To prove the “only
if part”, observe that, by definition of lower connectedness [resp. finitely,

"Let Y be the set of naturals numbers equipped with the cofinite topology. Consider the func-
tion f defined by f(x, y):=y, if ye {0, 1}, and f(x, y) = 1/, otherwise. Observe that f is arbi-
trarily lower connected on Y; but the large sublevel sets { f<0}x, which are always equal to
{0, 1}, are not connected.
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arbitrarily lower connectedness], for every pair (u, A) with <A, there is a
connected subset D(u, A) of Y such that

ﬂE{f<u}ch(u, e ﬂE{fS/l}x.

Therefore, we can find an increasing sequence {C(U,, W, 1)}, of connected
sets such that

U Cptr )= () 1S <pip.
Hence, the set ﬂxe £{ f<u}x is connected. O

Dually, we give the notions of upper connected functions on X. A func-
tion f is said to be upper connected [resp. finitely and arbitrarily upper
connected] on X if —fis lower connected [resp. finitely and arbitrarily lower
connected] on X.

Finally let us state our main result which extends the Passy—Prisman
Theorem 2.1, and consequently the Sion theorem.

Theorem 2.2. Main Theorem. Let either X or Y be connected, and let
Y be compact. A function f is a minimax function, if the following con-
ditions are satisfied:

(1)  fis lower semicontinuous on Y,
(i) fis arbitrarily upper connected on X,
(ii1) fis finitely lower interconnected on Y.

To appreciate the scope of this minimax theorem for (finitely lower)
interconnected functions in comparison to the Passy—Prisman Theorem 2.1
and the Sion theorem, one can consider, in the standard topological convex
setting, an arbitrary multifunction Q: X —— Y which is concave—convex®
with closed values, such that ﬂxe x Qx#J. Clearly, its indicator function
verifies properties (i)—(iii); on the other hand, it is a quasi-concave—convex
lower semicontinuous function, but generally neither P-convex in the small
nor upper semicontinuous.

3. Tools and Concepts

We introduce in this section the tools and concepts that will be used to
establish the finite intersection property for a large class of multifunctions.
Recall that we have assumed that X and Y are nonempty topological spaces.

8Following Ref. 6, Q is said to be concave—convex, if X, ¥ and Qx are convex for every xe X
and if Q(x)cQ(x;)UQ(x,), whenever xe[x;, x,]cX. The indicator function of Q is the func-
tion f defined by f(x, y) :=—0c0, if ye Qux, and by f(x, y) = + o0, if yg Qx.
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Definition 3.1. A pair (I", Q) of multifunctions from X to Y'is an inter-
connected pair if, for every ¥edom T, there exists a neighborhood V of %
such that

(i) VxeV,ADcY connected such that T'xcDcQxuQx and
DN Qx+D.

Remark 3.1. Sandwich Property. Notice that, if (I, Q) is an intercon-
nected pair, there exists a multifunction =: X —— Y with connected values
such that 'c Ec Q.

Definition 3.2. A pair of multifunctions (Q, ®) from X to Y is topo-
logically concave between two points x; and x, of X if there is a connected
subset C of X such that

{x1,x}cC and Q(C)c®x, U Dx,.

Moreover, (Q, @) is said to topologically concave if it is topologically con-
cave between any two points of X.

Notice that a pair (Q, @) is topologically concave if and only if, for
any BcY, there is a connected subset C of X such that

{xeX: dxcB}c Cc{xe X:Qxc B}.

Observe that, for any topologically concave pair (Q,®), we have
Qc O (take B:=®x). It is clear that the existence of a topologically concave
pair implies that X is connected (take B:=Y).

Remark 3.2. Heredity of Topologically Concave Pairs. One readily
sees from the definition that, if a pair (Q,®d) is topologically concave
between two points x; and x, and if Qc @, then so is the pair (Q,, ®,) for
any subset AcC X.

Remark 3.3. Flexibility for Interconnected and Topologically Concave
Pairs. Let W,¥’, X, Y be multifunctions from X to Y such that ¥'c¥
and Xc Y. Then, (W’,Y’) is interconnected [resp. topologically concave
between two points x; and x,] if (¥, Z) is interconnected [resp. topologically
concave between two points x; and x,].

Lemma 3.1. Local Pointed Binary Intersection Property. Let (I, Q)
be an inter-connected pair of multifunctions from X to Y. If the values of
I" are not empty, then:

(i) VxeX,3 a neighborhood ¥ of % such that Q< N Qx#@ for any
xeV.
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Proof. Since @#I'x and I'x c Qx for each xe X, property (i) is an
immediate consequence of Definition 3.1. |

Lemma 3.2. Binary Intersection Property. Let (Q,®) be a pair of
multifunctions from X to Y which is topologically concave between two
points x; and x, of X and Q c ®. If the values of Q are connected and if
Lemma 3.1(i) is satisfied, then:

Ox; N Ox,2D.

Proof. For contradiction, assume that
Ox, " Dx, =D.
Let C be as in Definition 3.2. Consider the following sets:
A;= {xe C: Qx c ®x;},

where i =1, 2. Since Qc®, each set A4; is nonempty, because it contains Xx;.
On the other hand, if xe C, Definition 3.2(i) entails that Qx c ®x; U Dx;;
but Qux is connected; therefore,

Qxc®x, or Qxcdx,.
This shows that
C= Al UAz .

The set C is connected; therefore, CNA; N A5 is nonempty. Pick a point X
in that set; we can assume that xe 4,. Therefore,

Xe Alﬁ/Tz
From xe 4,, we get
Qx c dx;. (3)

Now, let ¥ be the neighborhood given by Lemma 3.1(i). Since € 4,, there
is a point & in VnA,. But from the definition of 4, and Lemma 3.1(i), it
follows respectively that

Qfc®x, and QN Qi=Q. (4)
Hence, (3) and (4) imply

Ox, N Ox,#J;
thus, we have reached a contradiction. O

Proposition 3.1. Binary Intersection Property for a Family of Multi-
functions. Let F be a family of multifunctions from X to Y with closed
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nonempty values. Then, every multifunction in F has the binary intersection
property if the following two conditions hold:

(1) for any AeF and any pair x;, x,€ X, there exists A’e F with A’cA
such that the pair (A”, A) is topologically concave between x; and
X2,

(ii)) for any Ael, there exists A’eF such that the pair (A, A) is
interconnected.

Proof. Fix an element ® of F and two points x; and x, of X. Taking
into account Remark 3.3 and the sandwich property (Remark 3.1), it fol-
lows that there are I'e F and a multifunction Q from X to Y such that:

(a) TcQco;
(b) (I',Q) is an interconnected pair, Q has connected values, and
(Q, @) is a topologically concave pair between x; and x,.

Indeed, pick A’eF with A’c® such that (A’, @) is topologically concave
between x; and x,. There is A”eF such that (A”, A”) is an interconnected
pair. By the sandwich property (Remark 3.1), there is a multifunction =
with connected values such that A” ¢ Ec A’. Finally, pick A”’ e such that
(A", A”) is an interconnected pair. Now, let I':=A”’, Q= =. That the choice
is appropriate follows from Remark 3.3 on flexibility of interconnected and
topologically concave pairs. Now, let us return to the main stream of the
proof.

The values of I" are nonempty, because I'e F. The pair (T, Q) is inter-
connected; therefore, from Lemma 3.1, we see that Q fulfills Lemma 3.1(1).
Since Q has connected values and (Q, ®) is a topologically concave pair
between x, and x,, Lemma 3.2 and the fact that the values of ® are closed
yield that

(I)Xl M (I)X2¢®.

The points x; and x, of X and the multifunction @ in F being arbitrary, we
have that the family {®x: xe X} has the binary intersection property, when-
ever ®el. O

Theorem 3.1. Finite Intersection Property. Let F be a family of multi-
functions from X to Y with closed nonempty values. Then, every multifunc-
tion in F has the finite intersection property if Proposition 3.1(i) and the
following property hold:

(1) for any finite subset F of X and any AeF, there exists A’e F such
that the pair (A'z, Ap) is interconnected.
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Proof. We proceed by induction. Fix a natural number n=1. Assume
that ﬂxe 4Ax @, for any AeF and any nonempty subset 4 of X having at
most n points. Take an arbitrary subset FC X of cardinality n—1. From
Remark 3.2 and the induction hypothesis, we see that the family

[FF:: {AF: Ae [F}
verifies all the conditions required by Proposition 3.1. Hence,
ApxiNApx>#D, for any AeF and any x;, x,€ X.

Therefore, ﬂxe 4Ax#QD for any AelF and any nonempty subset 4 of X
having at most n+ 1 points. |

4. Proof of the Main Theorem 2.2

Topologically concave pairs of multifunctions are related to arbitrarily
upper connected functions. In fact, we have the following lemma.

Lemma 4.1. Let X be connected. A function f'is arbitrarily upper con-
nected on X if and only if

(i) forevery u, A€ R with u <A, the pair ({ f<u}, { f=A}) is topologi-
cally concave.

Proof. Let i, A be real numbers; let B Y and CcX. The following
two conditions are equivalent:

(a) {xeX: {f=A}xcB}cCc{xeX:{f<ulxcB};
(b) myeY\B{f>l}yCCCﬂyey\B{fzy}y.

Using the connectedness of X if Y= B, and taking into account the
definitions of arbitrarily upper connected function and of topologically con-
cave pair, the required equivalence follows immediately. O

Lemma 4.2. From Y Connectedness to X Connectedness. Let Y be
connected and let f/ be a function which is both lower semicontinuous on Y
and arbitrarily upper connected on X. Then, there is a nonempty connected
subset X” of X such that the restriction of fon X’ x Y, call it f”, verifies:

(1) infysupyf=infysupy f7,
(ii) f” is arbitrarily upper connected on X”.

Moreover, if fis finitely lower interconnected on Y, then so is f”.
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Proof.

Case 1. dJye Y such that, for every x€ X, f(x, y) = —0. Pick any point
X in X and define X’ = {x}. Obviously, (ii) holds; moreover, (i) also holds,
because

infsup f=infsup f'=—c0.
Y X Y X’

Case 2. VyeY, there is xe X such that f(x, y)>—-00. Now, define a
multifunction Q: Y —— X by

Qy:={xeX:f(x,y)>-0};

observe that Q has nonempty values; moreover, the values of Q are connec-
ted, because f is upper connected. Consider the family # of open subsets
of Y defined by

# ={AcY: A open and Q(A) connected }.

Then:

(a) for every ye Y, there is an open set U €./ (y) such that U e 7.

In fact, fix ye Y; f being lower semicontinuous on Y, there is an open

set Ue./ (y) such that ﬂze oQz#; hence, the connectedness of the values
of Q entails that U belongs to # . Moreover:

(b) the union of any chain of open sets belonging to #, belongs to
7

(¢c) AuBe 7 ,if A, Be # and AN B#J.

Now, using the Zorn lemma, from the connectedness of Y and from proper-
ties (a), (b), (c) we have that Ye #. Therefore, by definition of 7, the
nonempty set X’ = Q(Y) is connected.

Condition (ii) holds because

{f>AlycX’, forallAeRand ye Y.

Finally, for every ye Y and xe X\X’, we have f(x, y) =—00; hence,
sup f(x, y) = sup f(x, y).
xeX xeX’

Therefore, (i) holds. O
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Proof of the Main Theorem 2.2.

Case 1. Assume that X is connected. Consider the family
[FZZ{{fSA}: 7L>supinff}.
X Y

Clearly, the multifunctions in F have nonempty values; moreover, by the
lower semicontinuity of f, they have also closed values. The connectedness
of X and the arbitrarily upper connectedness of f in conjunction with
Lemma 4.1 and Remark 3.3 on flexibility of topologically concave pairs
entails that:

(a) VA,ueR with u<A, the pair ({ f=u}, { f=<A}) is topologically
concave.

On the other hand, f'is finitely interconnected on Y, that is:

(b) VA,ueR with pu<A and V finite sets FcX, the pair
({ f=utr, { f=A}p is interconnected.

Properties (a) and (b) tell us that we are in the situation described in
Theorem 3.1. Now, apply that theorem to the family F and take into
account the compactness of Y to conclude that

N { f=A}x=D, for any A >sup inf f.

xeX X Y

Case 2: Assume that Y is connected. Use Lemma 4.2 to reduce this
case to Case 1. O

5. Comments on Properties Occurring in the Main Theorem 2.2

Necessity of the Interconnectedness Condition. We will see in Propos-
ition 6.1 that lower interconnected functions occur naturally in the context
of topological minimax theorems. One could ask to what extent such a
condition is unavoidable. First, consider the rather standard topological
setting described by the following two conditions.

() X is a connected topological space and Y is a compact space;
(i) f: Xx Y —>Ris a function verifying the following properties:

(a) fis lower semicontinuous on Y,
(b) fis finitely lower connected on 7Y,
(c) fis arbitrarily upper connected on X.
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Proposition 5.1. Minimax Criterion. Let
a=supinf f.
X Y

Then, under assumptions (i) and (ii), f'is a minimax function if and only if
f v ais finitely lower interconnected on Y.

Proof. If fverifies (i) and (ii), then so does f\va. Therefore, if v ais
a finitely lower interconnected function on Y, from Theorem 2.2, it is a
minimax function. In other words, f'is a minimax function.

The other implication is a consequence of the following simple remarks.
Assume that f'is a minimax function. First, observe that

N {f<Aix#@, forallA>a.
xeX

Therefore, by (ii)(b), we have that, VA >,V finite subsets F of X, the multi-
function { f< A}, has connected values and

() {f<A}rx2@.

Hence, Vu,A with a<u<A and V finite subsets F of X, the pair
({ f<u}r, {f<A}p is interconnected; therefore, f v a is finitely lower inter-
connected on Y. O

Independence of the Properties Occurring in the Main Theorem
2.2. The examples below serve to show that none of the following five
properties which occur in Theorem 2.2 can be dropped:

(P1) either X or Y is connected;

(P2) Y is compact;

(P3) fis lower semicontinuous on Y;

(P4) fis arbitrarily upper connected on X;
(P5) fis finitely lower interconnected on Y.

In each of the examples below, a multifunction Q: X —— Y is given; its
indicator function verifies all except one of the previous five assumptions of
Theorem 2.2 and is not a minimax function, because the values of Q are
nonempty and ﬂxe Qx=0.

Example 5.1. X:=Y:={0, 1} are equipped with the discrete topology
and Q is defined by

{{0}, ifx=0,
Qx = .
{1}, ifx=1.

Clearly, neither X nor Y is connected; hence, (P1) does not hold.
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Example 5.2. X:=Y:=(0, 1] are equipped with the usual topology and
Q is defined by

Qx:=(0,1/(n+1)],
where n=1 is the natural number such that
1/n+1)<x=1/n.
Clearly, Y is not compact; hence, (P2) does not hold.
Example 5.3. X:= Y:=[0, 1] are equipped with the usual topology and
Q is defined by

[0,1/2), ifx=0,
[0,1/2],  ifxe(0,1/2),
(1/2, ifx=1/2,
[1/2,1,  ifxe(1/2,1].

Clearly, (P3) does not hold, because Q has values which are not closed.

Example 5.4. X:= Y:=[0, 1] are equipped with the usual topology and
Q is defined by

{03, ifx=1/2,
Qx=1{{11, if xe [0, 1/4]U[3/4, 1],
[0, 1, ifxe(1/4,1/2)U(1/2,3/4).

Clearly, (P4) does not hold, because Q has cofibers’ which are not
connected.

Example 5.5. X:= Y:=[0, 1] are equipped with the usual topology and
Q is defined by

{0}, ifx=0,
Qx=1{1}, ifx=1,
{0, 1}, if xe(0, 1).

Clearly, (P5) does not hold, because Q has values which are not connected.

°The cofibers of an arbitrary multifunction Q: X—-Y are the sets {xe X:ye Qx}, where
yeY.
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6. Extensions of the Sion Minimax Theorem: Cones and PP Functions
Proposition 6.1. Lower Interconnected Functions. The following pro-

perties holds:

(1) if fis lower interconnected on Y, then it is lower connected on Y;
(i) if fis lower connected on Y and upper semicontinuous on X, then
it is lower interconnected on Y.

Proof. Interconnectedness of f on Y amounts to:

(a) VA, ue Rwith u<A, the pair ({ f<u}, { f=A}) is interconnected.

Hence, (i) follows immediately from (a) and the sandwich property (Remark
3.1) for interconnected pairs.

Now, we will show (ii). Let u, A be real numbers with u<A. If
{f<u}x#9, by upper semicontinuity choose je{ f<u}x and a neighbor-
hood V of x such that

ye{f<ulx, for any xe V.

Since f'is lower connected on Y, for each xe V there is a connected set D,
of Y such that

{f<ujxcD.c {f=A}x.
Hence, for xe V, we have

{f<u}xcD.c{fsA}xu{f=A}x and jeD.N{f=A}x
This proves that the pair of multifunctions ({ f<u}, {f<A}) is intercon-
nected. O

From the definition of arbitrarily lower (inter)connectedness, Proposi-
tion 6.1 entails the following corollary.

Corollary 6.1. Let f be upper semicontinuous on X. Then, the follow-
ing properties are equivalent:
(1) fis arbitrarily lower connected on Y,

(i) fis arbitrarily lower interconnected on Y.

From Corollary 6.1 and Theorem 2.2, the next theorem a la Sion fol-
lows in a straightforward manner.

Theorem 6.1. Let either X or Y be connected, and let either X or Y
be compact. A function f'is a minimax function if the two conditions below
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are satisfied:

(1) fis both lower semicontinuous and arbitrarily lower connected on
Y;

(i) fis both upper semicontinuous and arbitrarily upper connected
on X.

That Theorem 6.1 is a topological version of the Sion theorem is clear
if we recall the inclusions (2) [resp. the dual inclusions] to deduce from
the quasiconvexity [resp. quasiconcavity| of a function its arbitrarily lower
connectedness [resp. arbitrarily upper connectedness].

How to construct arbitrarily lower interconnected functions, without
assuming upper semicontinuity as in Corollary 6.1 above?

Let us say that a pair (I, Q) of multifunctions from X to Y is an
arbitrarily [resp. finitely] interconnected pair if, for every set [resp. finite set]
AcX, the pair (I',, Q) is interconnected.

Recognizing that a given pair is interconnected might be a difficult task,
seeing that it is finitely [resp. arbitrarily] interconnected might be even more
difficult. But, when the space Y has some geometric structure, we might be
able to show in one step that a pair of multifunctions is arbitrarily intercon-
nected. Convexity is one such structure; also, an interval structure'® would
do. But we prefer to express ourselves in another language.

The concept of a cone on a set, which we introduce now, is an instru-
mental and convenient tool for proving topological minimax theorems and
for defining large classes of minimax functions.

Definition 6.1. See Greco-Horvath (Ref. 2, Definition 2). A function
cn: Yx.7(Y)—.7(Y) is said to be a cone on Y if, for every ye Y, A and
Be.7(Y), the following two conditions are satisfied:

(i) {yiudcen(y, 4),
(i) if AcB, then cn(y, A)ccen(y, B).

The prototype of the cones is the segment-join

v, 4= U [yl

yeduiy}
where [y, )] is the segment
{A=-ty+ty:0=t=1}.

'An interval structure on Y (see Stacho, Ref. 7) is a function [, -] which maps each pair
(y,y")e Yx Y to a connected subset [y, '] of Y including the points y and y’.
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Among the convex cones (i.e., cones with convex values), the standard con-
vex cone is the smallest.

A cone on Y with connected values is said to be a connected cone.
Clearly, if a convex set Y is equipped with a topology which turns segments
into connected sets, then every convex cone is connected. To every interval
structure [[-, -] on Y, we can associate the connected cone, defined by

A= U [y

Conversely, to any connected cone cn on Y, there corresponds the interval
structure defined by

[y, yT:=cn(y, {}).
The latter cone includes the former, i.e.,
[y, Alcen(y, A), forye Yand AcCY.
Lemma 6.1. See Greco-Horvath (Ref. 2, Definition 3). For a pair

(T',Q) of multifunctions from X to Y to be interconnected, it is sufficient
that there exists a connected cone cn on Y such that:

(1) for any xe X and yeTI'x, there exists Ve./ (x) such that, for any
xeVl,

en(7, I'x)cQxuQx.

The obvious proof is left to the reader. If conditions (i) is satisfied for some
connected cone, we say that (I, Q) is a PP pair.

Lemma 6.2. Heredity. Let (I', Q) be a PP pair of multifunctions from
X to Y. Then, for any subset Ac X, the pair (T, Q) is PP.

Proof. Let cn be a connected cone on Y with respect to which the
pair (I, Q) is PP. Fix a subset AcX. Now, let xe X and yeI',%. Since
yeT'x, from the definition of PP pair it follows that there is a neighborhood
V of X such that

en(j, I'x) c Qx U Qx, for any xe V. (%)
Notice that

en(y, I'x) c Qx, ifyelx.
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Combined with the monotonicity of the cone, this yields

en(y, T'yx) cen(y, I'x) N ( N Qx’).

x'eAd
Finally, taking (5) into account we get that, for any xe V,

en(P, Tyx)c Q8 U Q x. O

Let us say that a function f'is a PP function if, for every A, ueR with
w<A, the pair ({ f<u}, {f=A}) is PP. It is immediate to check that the
minimax functions of the Passy—Prisman Theorem 2.1 are PP functions with
respect to the segment-join; recall Remark 2.1. Lemmas 6.1 and 6.2 lead to
the following theorem.

Theorem 6.2. Every PP function is arbitrarily lower interconnected on
Y. Therefore, Theorem 2.2 holds if (iii) is replaced by “fis a PP function™.

For example, let X and Y be topological spaces with an interval struc-
ture [-,-] on Y. If /2 Xx Y—R is a function such that, for every A, ueR
with <A, at least one of the following seven pairs is PP with respect to
the cone associated to the interval structure, then fis a PP function:

L) {f<uh {f<Ah.  {(S<uh {/=4}),
{f=uh {f<A),  {A/=upif=ih,
({f<uh {f<up),  {f<uph {/=u),
({f=u}, {/=u).

As we have seen in Remark 2.1, the hypotheses of the Passy—Prisman
Theorem 2.1 imply that, for each peR, the pairs of multifunctions
({f<u}, {f<u}) are PP. The list (L) shows that one can mix strict and
large inequalities as one likes. Concerning the version with strict inequalit-
ies, ({f<u},{f<y}), and the version with Ilarge inequalities,
({f=u}, {f=u}), we showed in Ref. 1, Examples 2 and 3, that they are
independent; that is, one cannot be derived from the other. One can also
find in Ref. 2 explicit formulations in terms of interval spaces, for example
in topological semilattices or hyperconvex metric spaces.

In the setting of upper semicontinuous functions, we have the following
proposition, which offers a new insight on Theorem 6.1 (2 la Sion) above.
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Proposition 6.2. Let Y be connected, and let f be upper semicontinu-
ous on X. The following properties are equivalent:

(1)  fis arbitrarily lower connected,
(i)  fis arbitrarily lower interconnected,
(ii1) f'is a PP function.

Proof. The equivalence (i) < (i) was stated in Corollary 6.1. The
implication (ii) < (iii) is stated in Theorem 6.2. Now, assume (i). To show
(ii1), it is enough to prove that ({ f<u}, { f<u}) is a PP pair for every real
number u. Let us fix p.

For every y,)'e Y, let

D] = {Y, if there is no xe X such that {y, y'} c{f<u}x,
SN PN {{f<ulx:xeXand {y,y’}c{f<ulx},  otherwise,

and define a cone cn on Y by

ey, )= U [»y]

yeduiy}

The sets [y, y’] are connected, since f is arbitrarily lower connected on Y;
hence, the cone cn is connected.
Observe that

en(y, {f<u}x)={f<plx,  ifye{f<puix. (6)
Now, to verify Lemma 6.1(i), let X€ X and ye { f<u}x. By the upper semi-
continuity of f, there is V'e./ (x) such that, for every xe V,

yel{f<uix;
hence, by (6), we have

en(p, {/<uix)c{f<uixo{f<ujx,  foreveryxeV;
therefore, f'is a PP function. O

In the usual context of interval spaces, interval structures are fixed,
independently of any function (see the Stacho theorem below); in con-
trast, for each given PP function, there is a family of intervals [see (6) in
the proof above], each one adapted to the family of strict sublevel sets
{/<u}x:xeX}.

The first minimax theorem in the context of interval spaces (i.e., a space
with a fixed interval structure) was given by Stacho'' in Ref. 7. Given two
interval spaces (X, [+, ]) and (Y, [, ‘1), let us say that f: X x Y—R is quasi-
concave in the sense of Stach6 on the interval space (X, [-, ]) if, for all
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X1, X2€ X and for all xe[x;, x,], one has min{ f(x;, f(x2)} =/f(x). Quasicon-
vexity on the interval space (Y, [, -]) is defined similarly.

Theorem 6.3. See Stacho (Ref. 7). Let (X, [+, ]) and (Y, [, ]) be two
compact interval spaces. A continuous function f: X' x Y—>R is a minimax
function if it is both quasiconcave on X and quasiconvex on Y in the sense
of Staché.

7. Improvements of the Konig Minimax Theorem

From Proposition 6.1 and the definition of finitely lower (inter)connect-
edness, we have the following corollary.

Corollary 7.1. Let f be upper semicontinuous on X. Then, the follow-
ing properties are equivalent:

(1) fis finitely lower connected on Y,
(i) fis finitely lower interconnected on Y.

The next theorem a la Sion follows in a straightforward way from this
corollary and our main result, Theorem 2.2.

Theorem 7.1. Let either X or Y be connected, and let Y be compact.
A function f'is a minimax function if the two conditions below are satisfied:

(1) fis both lower semicontinuous and finitely lower connected on Y,
(i1) f'is both upper semicontinuous and arbitrarily upper connected
on X.

That Theorem 7.1 improves the Konig Theorem 1.1 is clear; there are
no separation properties on Y, and the connectedness of Y can replace that
of X. There were attempts by Konig to remove the Hausdorff condition on
Y; he showed that it could be replaced by the weaker and unusual weak
Hausdorff property; see Ref. 3 and references therein.

Konig gave two versions of his theorem, one in Ref. 3 cited here as
Theorem 1.1 and another in Ref. 8, which we will recall as Theorem 7.2
below.

Let aeR; a subset BcR is said to be a border set at « if a is the
infimum of B and each be B is strictly greater than a. Obviously, a convex
border set is an interval.
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Theorem 7.2. See Konig (Ref. 8). Let X be connected, Y compact,
and f'a function both lower semicontinuous on Y and upper semicontinuous
on X. Let B and I be respectively a border [resp. border convex] set at
a=supyinfy f. Then, f is a minimax function under each of the four
assumptions below:

(a) N {f=A}xisconnected, VAe B, V nonempty finite FC X,
xeF

(b) () {f>A}yisconnected, VAe B, ¥ nonempty subset HC Y;
veH

(a) N {f<A}xisconnected, VAe I, V nonempty finite FC X,

xeF

M 1m) N1 f>A}yisconnected, VAe B,V nonempty subset HC Y,
yveH
(¢) Yis HausdorfT;

(a) () {f<A}xisconnected, VAe B, ¥ nonempty finite F X,
(iii) xeF
(b) () {f=Alyis connected, Ve B, ¥ nonempty subset HC Y;
yeH

(@) () {f=A}xisconnected, VA€, ¥ nonempty finite FC X,
(IV) xeF
(b) () {f=A}yisconnected, VAe B, ¥ nonempty subset HC Y;

yveH

The Konig proof of Theorem 7.2 was not simple. The statement of the
theorem itself is quite intricate. Now, we give an improvement of the Konig
Theorem 7.2 by allowing a free mixture of large/strict lower/upper level
sets.

Theorem 7.3. Let X be connected, and let Y be compact. Assume that
fis a function which is both lower semicontinuous on Y and upper semicon-
tinuous on X. Let a=supy infy f. Then, fis a minimax function if the two
conditions below are satisfied:

(i) For any A >a and for any finite subset Fc X, there exists u with
a<u<A such that, for every xe X,

3 Dc Y connected such that { f<u}rpxcDc{f=A}rx.

(i) For any A >a and for any nonempty subset Hc X, there exists u
with a<pu <A and

3Cc X connected such that () {f>A}ycCc () {f=u}y.
yeH yveH
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Proof. We have to see that the family of multifunctions
F={{f=A}:A>a} has the finite intersection property. For that purpose,
we will use Theorem 3.1. Hence, we have to show that Proposition 3.1(1)
and Theorem 3.1(i) hold.

Claim 1. Proposition 3.1(i) holds. Fix A >a and x,, x, in X. By the
flexibility of topologically concave pairs (see Remark 3.3), it is enough to
show that: for every A >a, there exists g with a <u <A such that the pair
({f<u}, {f=A}) is topologically concave between x;, x,. Define

H={yeY:{xi,x2}c{/>A}y}. (7
If H=, choose a real number u such that a<u<A. Then, one has
Y={f=Alxi0{f=A}x;
in other words,
{f<uixc{f=A}xU{f=A}x,, foreveryxelX.

Hence, X being connected, from Definition 3.2 it follows that the pair
({f<u}, {f=A}) is topologically concave between x;, x,.

Otherwise, in the case where H#J, take y and C as in (ii). By (7), we
have that

e epe (/> Ay

hence, from (ii), it follows that {x;, x,}c C. On the other hand, from the
inclusion

cc () {/=u}y
yveH
in (i1) and from the definition (7) of H, it follows easily that
{f<uixc{f=A}x,U{f=A}x,, foreveryxeC.

Hence, by Definition 3.2, we have that the pair ({ f<u}, { f=A}) is topologi-
cally concave between xi, x,.

Claim 2. Theorem 3.1(i) holds. Fix A >a and FcX finite subset. By
flexibility of the interconnected pairs (see Remark 3.3), it is enough to show
that, for every A>a, there exists yu with a<u<A such that the pair
({f<u}r, {f=A}p is interconnected.

Hence, choose u as in (i) and fix ¥e X such that { f<u} x#J. By the
upper semicontinuity of fz choose ye Y and a neighborhood ¥V of X such
that

ve{f<u}rx, for any xe V.
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Property (i) entails that, for each xe V, there exists a connected set D of Y
such that

{f<ulpxcDc{f=A}px.
Hence, for xe V, we have

{f<ulpxcDC{f=A}pxU{f=A}rx and jeDN{f=A}rx.
Thus, the pair ({ f<u}p, { f<A}p) is interconnected. O
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