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Abstract. We characterize norm hermitian operators on classes of tensor prod-
ucts of Banach spaces and derive results for the particular settings of injective
and projective tensor products. We provide a characterization of bi-circular
and generalized bi-circular projections on tensor products of Banach spaces
supporting only dyadic surjective isometries.
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1. Introduction. In this paper, we characterize the structure of norm hermitian
operators on tensor products of Banach spaces in which the only surjective isome-
tries are of dyadic type. Khalil in [9], Khalil-Salem in [8], and Jarosz in [11] pro-
vided classifications of surjective isometries for different tensor products of Banach
spaces that assure the existence of spaces with such isometries. The structure of
norm hermitian operators allows an easy characterization of those operators that
are also hermitian projections. Such characterization can be transcribed for bi-
circular projections, as established by Jamison in [10]. The last section extends
previous results to the more general case of generalized bi-circular projections,
introduced in [7], and provides characterizations of these projections in a variety
of tensor product spaces. Characterizations of generalized bi-circular projections
in various Banach spaces can be found in [3], [4] and [13].

We start by recalling the definitions of norm hermitian operators, bi-circular
and generalized bi-circular projections, see [6] and [7].

Definition 1.1. We consider a complex Banach space X. A bounded operator S on
X is said to be hermitian if and only if {e?**};cp defines a one-parameter group
of isometries. An operator P on X is said to be a bi-circular projection if and
only if P2 = P and P + \(Id — P) is an isometry for every complex number \ of
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modulus 1. An operator Py (on X) is said to be a generalized bi-circular projection
if and only if P = Py and Py + A\(I — Py) is an isometry of X, for some \ € C,
A# 1 and [N\ =1

We observe that such isometries must be surjective. In fact, if w € X, there
exists z € X, z = Py(w) + §(w — PA(w)), such that [Py + (I — Py)](z) = w.

We consider the algebraic tensor product of two Banach spaces X; and Xo,
denoted by X; ® Xs, equipped with some crossnorm «, cf. [12]. We denote the
completion of X7 ® X5 relatively to this crossnorm by X;®,X5. The two most well-
known crossnorms on X7 ® X are the so called projective crossnorm (denoted by v)
and injective crossnorm (denoted by A). The corresponding completions relative to
these norms are called projective and injective tensor products, commonly denoted
by X1&Xs and X1 & X, respectively. For completeness of exposition, we recall that
the projective tensor norm is defined as follows

v(z) = inf {Z EAN EEESY xi®yi}
i=1 i=1

the injective tensor norm is defined as follows

A (Z x¢®yi> = sup {I Zw(fciW(yi)l, lell = NIl = 1}~

It is shown in [12, 5] that A is the least crossnorm and p the greatest crossnorm,
i.e. for every reasonable crossnorm « on X1 ® X5, and z € X; ® Xo, we have that

A2) < al2) < pl2).

Definition 1.2. We say that a bounded operator T' on X;®,X3> is dyadic if and
only if there exist bounded operators on the component spaces, denoted by T; and
Ts, so that T = T1RT5.

It follows from the Hahn Banach theorem that the representation of a dyadic
operator as the tensor product of two factors is essentially unique. If T1®T, =
T{®T}5 then there must exist a scalar a so that T} = a7} and T) = aT5. Moreover,
given a dyadic isometry T1®75, T} is an isometry if and only if 75 is an isometry.

2. Norm Hermitian Operators on Tensor Products Spaces with Dyadic Isometries.
In this section we characterize the norm hermitian operators on a tensor product
of two Banach Spaces X;®,X52, where « is a reasonable crossnorm.

Theorem 2.1. If every surjective isometry on X1®,X2 is dyadic, then S is a norm
hermitian operator on X1R®,X2 if and only if either

1. S=rldx,g_x,, for somer €R, or
2. There exist hermitian operators L and R, on X; and X5 respectively, such
that S(r1®%2) = L(x1)Qx2 + v1QR(x2).
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Proof. If S is either of form (1) or (2) then we show that it is an hermitian operator.
It is sufficient to prove that T, = €™ is a one-parameter group of isometries.
This follows trivially, whenever S is a multiple of the Id, since T, = €™ Id. If
S(z1®@73) = L(z1)®z2 + 21®@R(x2) then Ti(r1®@z2) = e'f(z1)®e!E(24). Each
tensor factor is a one-parameter group of isometries, so is {7} }.

Conversely, given S, an hermitian operator on X;®,Xs, then T} = ¢ is a
uniformly continuous one-parameter group of isometries on X;®,Xa, see [6]. Each
isometry is dyadic, hence T} = L;®R;, with L; and R; surjective isometries on
X7 and X5 respectively. We show that these components also define uniformly
continuous one-parameter groups of isometries. We assume that Ly = Idx, and
Ry = Idx,. Furthermore, we first assume that {73} is a nontrivial family, i.e. for
every t # 0, T; is not a multiple of the Id.

Step I {L;} and {R;} are uniformly continuous families of operators.

ITi = Tip | = sup{a((T: — Ty, )(2)) : a(z) = 1}
> sup{a[(T; = Ti,)(x®y)], [lz] = llyll =1}
= sup{a[(Li(2)@R:(y) — Lty (2)@Reo (y)] s [zl = [lyll = 1}
> sup{A [Li(2) @R (y) — Lo (2) @Ry, (v)], [zl = llyll = 1}
= sup{[|@[Li(x) = Lo ()| Ri(y) + (Lo (2))[Re(y) — Rio (9)]] x,

2]l = llyll = llell = 1}

We assume that there exists z € X; (depending on ¢) of norm equal to 1 such
that {L¢(z) — L, (x), Lty (x)} is linearly independent. The Hahn-Banach theorem
asserts the existence of ¢ € X* such that p(Ly,(z)) = 1, o(Li(z) — Ly, (z)) = 0,
and ||¢|| = 1. Therefore

1T = Tio | = sup{[| Re(y) — Reo (W)l = [lyll = 1} = |1 R — Ry |I-

Now, we assume the existence of a sequence {t,} converging to to such that for
every n and x € X1, {L, (x) — Ly (x), Ly, (z)} is linearly dependent. This means
that Ly (x) — Ly, (2) = an(x) Ly, (), for scalars a,(x) depending on both ¢, and
x. We prove that each function a,(z) is, in fact, independent of x. We start by
selecting two linearly independent vectors in X, say x1 and xo (X; and X5 are
of dimension greater than 1). Therefore

Ly, (z1 + x2) — Ly (1 + 22) = an(z1 + 22) Ly (21 + x2)
= an(w1) Lty (21) + an(w2) Ly, (22),

and ap(z1) = an(x1 + 22) = an(z2). On the other hand, for x; = kxs (k a scalar)
we have that a,(z1) = an(z2), hence L;, = (a, + 1)Ly, with |a, + 1| = 1. For
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each n, we have

1Tt = Tioll = sup{a(Le, (2)@ Ry, (y) = Lo (£) R (y)) = |zl = [lyll = 1}
= supfa((an + 1)Ly ()@ Ry, (y) = Lty (2) O R, (y)) : 2]l = [lyll = 1
= sup{|| Ly, (@)l x, [[(an + 1R, (y) = Reo (v) ]2, Nzl = llyll = 1}
= sup{[[(an + 1) Re, (y) = Bio (v)llx, + [lyll =1}

= sup{|(an + DY (R, (y) — (Beo ()] = Nyl =[]l = 1}.

Moreover, if there exists a y, € X3 (of norm 1) such that {R: (yn), Ry (yn)}
is linearly independent, then let ¢p € X3 such that ¢¥(R:, (yn)) = an + 1 and
¥ (Rey(yn)) = 0. This would imply that sup{[(an + 1)(Ry, (y)) — (R, (y))] :
lyll = |¥|| = 1} = 1 and then || Ty, — Ty, || > 1. This leads to a contradiction,
since {T}} is uniformly continuous. Therefore we assume that for every n and y,
{R:, (y), Re,(y)} is linearly dependent. As previously shown, there exist scalars
depending on t, so that Ry, = (b, + 1)Ry, (Jbn, + 1| = 1). Since we also have that
Ly, = (an+1)Ly,, then T} 4, = %M. Consequently, there must exist
a sequence {7,}, converging to zero, and modulus 1 complex numbers A,, such
that T, = A, Id, equivalently ¢’ ™% = elm(An)1d Since the operator S is hermitian,
it has real spectrum (¢(5)), the spectrum of In(\,,)Id is clearly In(A,). Theorem 6,
in [16], implies that A, =1 or S — In(\,)Id = (2k,mi)Id, for some integers k. In
either case T, is a multiple of the identity, contradicting our initial assumption.

We have shown that {R;} is a uniformly continuous family of surjective isome-
tries. Now we prove that {L;} is also uniformly continuous. For every e¢ > 0 there
exists 6 > 0 so that given t with |t — o] < 0, we have ||T} — T},]| < €/2 and
IRt — Ry, || < €/2. Consequently, we have that

sup{[|R:(y) — Rio (W)l x, = [lyll = 1} = [[Re — Ry, || < €/2
and
1T — Tt ||

= SUD||z = lyll=|oll=1 IP[Lt(x) = Lty (2)] Re(y) + p(Lio () [Re(y) — Reo (9)]llx, }

SUD =yl =l =1 L[ Le (x) — Lo ()] | Re() | — ll( Ly (2))]€/2}

= |lLe — Lt || — /2.

vV

Therefore ||L; — Ly, || < € and the uniform continuity of {L;} follows as well.

Step II {L;} and {R;} are weakly differentiable.
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We observe that the function f(t) = T} is strongly differentiable, hence weakly
differentiable. For every functional ® € (X71®,X2)* we have that

Ty(z) — T,
lim ¢ (t(z)t‘)(z)) exists.
t—to
In particular, this limit also exists for functionals of the form ¢®1. The linearity

of f allows us to reduce the problem to the differentiability at zero. Hence, for
z = z®y, we have

}lli—>mo PR (%) = }lbli% PR ((Lh@’Rh)(}aL@@y)—x@y)

= lim e [La(@)e =y 4 Inldmz gy |,
1—

If there exists y, so that {%, y} is linearly independent, let ¢ be a functional
on X, that attains the value 1 at y and 0 at %. In this case, we have that

fm, o0 | (o) G =Ty | = o |20,

Therefore g(t) = L; is weakly differentiable. Similarly, if we assume the existence
of = such that {W, x} is linearly independent it follows that h(t) = Ry is
weakly differential. The weak differentiability of either g(t), or h(t) implies the
weak differentiability of h(t), or g(t) respectively. It remains to consider the exis-
tence of a sequence h,, converging to zero such that for every x € X; and y € Xo,

{W, x} and {%, y} are both linearly dependent. An analogue of a pre-
vious argument would imply that T} is trivial, for some values of ¢, contradicting
our assumption.

Step III {R;} and {L;} are one parameter groups of isometries.

The group condition T}, 1+, = T3, o T, implies that Ly, 1+, = A(t1,¢2) Lty © Ly,

and Ry, 4, = Mt1,t2) Ry, o Ry,, for some modulus 1 scalars. We prove that
A(t1,t2) = 1, for every t1 and to. We recall that Ty = Idx, e, x, = Idx, ®Idx,
and without loss of generality we may assume that Lo = Idx, and Ry = Idx,.

We also have that Lo = Idy, = At1,—t1)Ly, o Loy, = A(—t1,t1)L_¢, ©
Ly, and Ly, = X(ti,—t1)LZ;, implying that Idy, = A(—ti,t1)L_y, o Ly, =
AM—t1,t1)X(t1, —t1)L_y, o L7}, . Therefore A\(—t1,t1) = A(t1, —t1) and L_y, o Ly, =
Lt1 o L*tl .

We clearly have A(0,t) = A(¢,0) = 1, for all ¢.

First, we observe that A(¢1,t2) = A(ta,t1) if and only if Ly, o Ly, = Ly, o Ly,.
In order to prove this last statement we proceed as follows:

L3t = )\(2t7 t)LQt o Lt = )\(2t, t)A(t, t)Lt o Lt o Lt = )\(2t, t)Lt o L2t

and
Lt o LQt = L2t O Lt-
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This last statement is equivalent to A(2t,t) = A(¢,2t). Inductively we show that
Lt © Lyt = Lyt 0 Ly and A(nt, mt) = A(mt, nt), for n, m integers and ¢ a real
number. Therefore we have L,, o L,, = L;, o L, for rational values r; and ry and
continuity implies that L;, o Ly, = Ly, o Ly, and A(t1,t2) = A(t2,t1).

Furthermore, for arbitrary values of ¢, say ¢, t1, to we have that A(t +
t1,t2)A(t, t1) = A(t1 + t2, t)A(t1, t2). The weak differentiability established in Step
II implies the differentiability of X, then we have

DN+ 1, t)N(E 1) + At + 1, L) (E, 1) = DAL, b1 + to)N(E1, ta).

Hence, for t = to, the equation above implies that 9;A(¢2,¢1) = 0 and A(te,t1) =
C(t1), a constant depending on ;. For to = 0, we have that 1 = \(0,¢1) = C(t;
and we have established that A = 1 which completes the proof of Step III.

The families {L;} and {R:;} are one-parameter groups of uniformly continu-
ous family of isometries, hence there exist hermitian operators L and R so that
L; = el and R, = e'f. Therefore we have that T; = €5 = etL®e!R and the
corresponding generator satisfies

d ,
S = (—i dt) e”s(a:1®x2) = L(x1)®x2 + 21QR(x2).
t=0

This completes the proof of statement 2, provided that {7;} is a nontrivial family.

If we assume that, for some to, T3, is a multiple of the Id, then Theorem 6, in
[16], implies that A = 1 or S — In(\)Id = (2kni)Id, for some integer k. In either
case S is a multiple of the identity. This completes the proof of the theorem. [

3. Norm Hermitian Operators on Projective and Injective tensor Products. The-
orems by Khalil and Saleh [8, 9] state that surjective isometries on a class of
projective tensor products are dyadic. A theorem by Jarosz states that surjective
isometries, that are not reflections, on a class of injective tensor products are also
dyadic. This isometry structure and the theorem 2.1 provide the infrastructure
for the characterization of norm hermitian operators on Khalil-Saleh projective
tensor products and Jarosz injective tensor products, as it will be shown in the
forthcoming corollary 3.3. We start by stating Khalil, Khalil-Saleh and Jarosz
characterizations.

Theorem 3.1. 1. (Khalil in [9]) T is a surjective isometry on LPQLP (p > 1)
if and only if there exists surjective isometries Ty, Ty on LP such that T =
T1RTs.

2. (Khalil and Saleh in [8]) If X and Y are an ideal pair of Banach spaces i.e.
X and Y are reflexive Banach spaces so that X and Y™ are strictly convex
and X* has the approzimation property ([5]), then every surjective isometry
T on X®Y* is of the form T = Ty®Ts, for surjective isometries Ty, Ty on
X and Y*.
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Theorem 3.2. (Jarosz in [11]) If X1 is a complex Banach space with trivial central-
izer and Xo a complex Banach space with strictly convex dual, then every isometry
T from X1®X, onto itself is of the form

1. T(x1®x2) = T (21)®@Ta(x2), where Ty and Ty are onto isometries.

2. There exists a Banach space Z such that ZRX, is isometric to X1 and T
under this identification is of the form T(z®@a®b) = 2Q@b®a, for all z € Z
and a,b € Xs.

Corollary 3.3. Let E = E1®,F> with E; of any of the following forms:

1. By =E;=L? and a = v,

2. Ey =Y* where (E1,Y) is an ideal pair of Banach spaces and o = v, or

3. E1 a Banach space with trivial centralizer and Es a Banach space with strictly
convex dual and o = X,

then S is a hermitian operator on E if and only if either

1. S=rld, for somer € R, or
2. There exist hermitian operators L on FEy, and R, on FEs, respectively, such
that S(x1Qx9) = L(x1)Q2o + 21QR(x3).

Proof. If S is of any of the forms (1) or (2) then it is clearly hermitian as previously
shown. If S is hermitian then {e™*“}; is a one-parameter group of isometries. This
situation follows clearly from the Theorem 2.1, provided that for every ¢, e’ is
a dyadic isometry. On the other hand, if there exists a to(# 0) so that e?oS is
not dyadic then there must exist an isometry onto Z®X, such that, e***® under
this identification is of the form described in Jarosz theorem. This implies that
e?0S = [d therefore S is a multiple of the identity, see [16]. This completes the
proof. O

4. Bi-circular Projections on Injective and Projective Tensor Products. The
notion of bi-circular projection on a Banach space was first introduced by Sta-
cho and Zalar in [17] and [18]. A projection P on a Banach space X is said to be
bi-circular if ' P 4 (I — P) is an isometry for all choices of real numbers a and
b. These projections are in fact norm hermitian, as shown in [10]. The following
theorem characterizes these projections in a class of tensor product spaces.

Theorem 4.1. If every surjective isometry on X184 X2 is dyadic, then S is a her-
mitian projection on X10Xo if and only if S = Idx, ®R or Loldx, where L and
R are hermitian projections on X1 and X, respectively.

Proof. We begin by assuming that S is a hermitian projection then by the previous
theorem

S(x1®x2) = L(x1)Q@x2 + 21QR(x2),
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where L and R are hermitian operators on X and Y respectively. Since S is a
projection then

(4.1) [L? — L)(21)®z2 + 2L(21)@R(x2) + 1®[R? — R](z2) = 0.

Hahn-Banach Theorem leads to a contradiction if there exists z; € X; (i = 1,2)
so that either {z1, L(x1), [L? — L](z1)} or {za, R(x2), [R* — R](x2)} is lin-
early independent. Therefore for every x; € X;, {x1, L(xy), [L? — L](x1)} and
{xa, R(x3), [R? — R](z2)} are linearly dependent. If there exists z; # 0 so that
L(z1) = ax; then equation 4.1 reduces to

21® [(a® — a)za + 2aR(z2) + (R* — R)(x2)] =0,

and R?+(2a—1)R+ (a®? —a) Id = 0. A theorem due to Taylor (see [15]) applied to
R implies that R = —a Py + (1 —a)P> = P> —ald, where P; and P, are projections
such that P o P, = Py o P, = 0 and a is a real number. These projections are also
hermitian projections. The equation 4.1 reduces to

[(L? = L)(z1) — 2aL(z1) + (a® + a)z1] @22 + [2L(z1) — 2a21] @ P2 (22) = 0.

Therefore, for x5 in the range of P, the last equation implies that L? + (1 —
2a)L+ (a? —a)ld =0 and L = aQ; + (a — 1)Q2, with Q1 and Q2 two orthogonal
projections. Since S(z1®x2) = —Q2(x1)Rxa+x1 P2 (x3), equation 4.1 now implies
that Q2(x1)®@P2(x2) = 0 and then either Q2 or P» is the zero projection. Clearly
it $ =1I1dx,®R or L®ldx,, with L and R hermitian projections on X; and Xs
respectively, S is an hermitian projection. This completes the proof. ([

Remark 4.2. 1. S is a hermitian projection on LP®LP (p > 1) or on a projective
tensor product X®Y* where (X,Y) is an ideal pair of Banach spaces, if and only
if § = Idx®Sy or Sx®Idy where Sy and Sy are hermitian projections on X
and Y respectively.

2. S is a hermitian projection on X;®Xs, with X; a Banach space with trivial
centralizer and Xs a Banach space with strictly convex dual, if and only if S =
Idx,®Sx, or Sx,®Idx, where Sx, and Sx, are hermitian projections on X» and
X, respectively.

5. Generalized Bi-Circular Projections as Dyadic Operators. A generalization of
bi-circular projections was recently introduced by Fosner, Illisevic, and Li in [7].
It concerns with projections Py on X so that Py + A\(I — P,) is an isometry of X,
for some modulus 1 complex number A # 1.

In the next theorem B(X;®,X2) represents the bounded operators on
X1®aXa.

Theorem 5.1. If A € T with A # 1, then P\ € B(X1®,X2) is a projection asso-
ciated with a dyadic isometry (i.e. Py + AX(I — Py) is dyadic) if and only if Py is
dyadic.
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Proof. Given a generalized dyadic projection Py, the isometry Py + A(Id — Py) is
clearly dyadic.

We prove the converse, if T' denotes a dyadic isometry associated with Py,
then P, is also dyadic. Since P) is a projection then T must satisfy the algebraic
equation T? — (A + 1)T + A = 0. Furthermore T = T} ®Ty, hence we have that

(5.1)
T2(x) @ Ti(y) — A+ DTy (2) @ To(y) + Az @y =0, for all 2 € X1, and y € X,

with © ® y interpreted as an operator from the dual X7 into Xs. For every ¢ € X7
the equation (5.1) yields

(5.2) (TE(x)T5 (y) — (A4 1)p(T1(2)) Ta(y) + Ap(z)y = 0.

We first assume that A = —1, then (5.2) reduces to o(T2(x))T3(y) = ¢(x)y. For
each * € X; we have that T?(z) = a, x (for some scalar a,) and T§ = a, Id.
The linearity of T) implies that a, is independent of x. Hence T? = ald and
T3 = ald. Therefore Py = MT'*'T = Id, which is clearly dyadic. Now, we assume
A # —1.If, in addition, there exists 1 € X7 so that {z1, T1(z1), T¢(x1)} is linearly
independent then the Hahn-Banach theorem assures the existence of a functional
in X7 such that ¢(Ti(x1)) = 1 and @(T%(z1)) = ¢(xr1) = 0. This leads to a
contradiction. Hence, for all x € X7, the set {z, T1(z), T (x)} must be linearly
dependent. If there exists € X; such that {x, T1(x)} is linearly independent then
T?(z) = ax + VT (x), for some scalars a and b. Then equation (5.2) reduces to

[ap(a) + bo(T1(2)]T3 (y) — (A + 1)p(T1(2) Ta(y) + Ap(x)y = 0.

We select a functional ¢ such that ¢(z) = 1 and ¢(Ty(z)) = 0. Hence aT%(y) +
Ay = 0, for all y € Xo. This implies that T3 = cId, for some ¢ of modulus
1. We also select a functional ¢ such that ¥(x) = 0 and ¢¥(Ty(x)) = 1. Then
bey — (A + 1)Ta(y) = 0 and To, = dId for some scalar d of modulus 1. The
equation (5.2) becomes ¢(d*TZ(z) — (A + 1)dTi(x) + A\x) = 0, for all ¢ € X7.
Therefore d*T? — (A + 1)d Ty + AId = 0. The projection P is given as follows

1 1
Pa®y) = 1 [P @y +Ti@) @ Toy)) = — [ +dTi@)] .
_ —dz+dTi(x) o s
We set S1(z) = ————, hence P\ = S1 ® Id. The remaining case assumes

that for every « € X1, {z, T1(z)} is linearly dependent. For each x, there exists a
modulus 1 scalar e, such that 737 (z) = e, x. The linearity of T7 assures that e, is
independent of x and then T} = eld. The equation (5.2) becomes

*0(x) T3 (y) — (A + 1) ed(x) Ta(y) + Ad(z)y = 0,
for every ¢ € X; and y € Xs. Therefore e2TZ — e(A + 1)T + AId = 0 and

Py = Id ® Sy with Sy(y) = 2el2), O

It is a consequence of the previous proof the following corollary.
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71 aZs 5 710 aZs
Uy ® Uy Uy @ U,
X1®QX2 T X1®aX2

FI1GURE 1. S and T are tensor conjugate if and only if the diagram commutes.

Corollary 5.2. If A\ # —1, P\ € B(X1®4 X2) is a generalized bi-circular projection
associated with a dyadic isometry if and only if Py is either of the form S, ® Id
or Id ® Sa, with S; a generalized bi-circular projection on X;.

Proof. Tt was shown in the previous that if Py is associated with a dyadic isometry
then

Py(z®y) = S1(2)0y or P\(z®@1y) =12253(y)
with S1(z) = %}7\3(1) and Sy (y) = W%fz(y) The operators S; and Sy are
generalized bi-circular projections on the component spaces since d?T? — (A +
1)dTy + Ad = 0 and €*T5 — e (A + 1)Ty + Ad = 0. It is trivial to check the
converse. |

Definition 5.3. Given the Banach spaces X1, X5, Z; and Z5, we consider the tensor
products X7 ®, X2 and Z; ®, Zs, representing the completions of X; ® Xy and
71 ® Zs relative to the crossnorm . A bounded operator S on Z7 ®, Zs is said to
be tensor conjugate to a bounded operator T, on X; ®, Xo, if and only if there
exists a dyadic isometry U; ® U with isometric factors U; : Z; — X; such that
(see Figure 1)

(5.3) T=U®Uy)oSo(U'@U;™).

Remark 5.4. Isometric properties are preserved under tensor conjugacy. The equa-
tion 5.3 also implies that T = (U; ®@Uy)oS*o(U; *@U; ), for every positive inte-
ger k. In particular, we conclude that, for X; = X5, the operator S(a® b) =b® a
is not tensor conjugate to a dyadic one.

If X, has trivial centralizer (see [1] for the definition) and X5 has strictly
convex dual it was shown in [11] that there exists a Banach space Z so that the
injective tensor product Z®X, is isometric to X, we denote such isometry by
U. If T is a nondyadic surjective isometry on X1®Xs then S = U®Idx, o T o
U—l®Idx,, acting on the basis element z®a® b, yields z®b @ a. If we assume that
a given generalized bi-circular projection Py, on X;®X5, is associated with such
an isometry T then P, = U '®Idx, o Py o U®Idy, is a projection (P? = P,).

Therefore we have that (A+1)(S —Id) = 0, and hence A = —1 or S = Id. In either
case P is the average of the Id with an isometric reflection (S? = Id).
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Corollary 5.5. If X1 is a complex Banach space with trivial centralizer and Xs a
complex Banach space with strictly convex dual then every gemeralized bi-circular
projection P on X,®Xy is of the form
IdX1®X2 + R

2 3
where P; are generalized bi-circular projections on X; and R is an isometric re-
flection on X1®X,.

P®ldx,, Idx,®P,, or

Proof. If the isometry associated with P is dyadic then corollary 5.2 applies. Other-
wise Jarosz’s theorem asserts the existence of a Banach space Z such that X is iso-
metrically isomorphic to Z® X, where the isometry associated with P, denoted by
R, is tensor conjugate to a reflection, hence R? = Id. Since R?> — (1+A\)R+\ld =0

then A= —1 and P = M. This completes the proof. O

Corollary 5.6. 1. FEvery generalized bi-circular projection, Py with A # —1, on
LPRLP is of the form
Pi®Id or 1d®Ps,

where P; is a generalized bi-circular projection on LP.
2. If X andY define an ideal pair of Banach spaces, every generalized bi-circular
projection, Py with A\ # —1, on X®Y™* is of the form

P ®Idy« or Idx ® Ps,

where Py is a generalized bi-circular projection on X and Ps is a generalized
bi-circular projection on Y™ .
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