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1. Introduction

IN 1931 H. Cartan [4] proved the following uniqueness theorem: Let D C C" be
a bounded domain and let f : D — D be a holomorphic mapping. Then f is
the identity on D if it has a fixed point a € D at which the Jacobian f'(a) is the
identity matrix. Another way of expressing this is as follows: In the space of all
holomorphic mappings D — D a biholomorphic mapping f is uniquely deter-
mined by the first two terms f(a), f’(a) of its power series expansion about a.
Cartan’s proof uses an iteration argument that can immediately be extended to
bounded domains in complex Banach spaces (clearly the Jacobian f’(a) has to be
interpreted as linear operator—the Fréchet derivative df (a) of f ata). In finite as
well as in infinite dimensions Cartan’s uniqueness theorem has been the key for
many important results.

In the present paper we study holomorphic mappings f : B — D between
domains in complex Banach spaces that are rigid at @ € B in the following sense:
f = g for every holomorphic mapping g : B — D with f(a) = g(a) and
df(a) = dg(a). Our main interest is concentrated to the special case where B, D
are the open unit balls of the complex Banach spaces E, F and where a = 0 is
the origin. Then, if f : B — D with f(0) = 0 is rigid at the origin it necessarily
must be of the form f = L|B for a linear operator L : E — F with ||L| = 1.
Such linear operators L we also call rigid.

The paper is organized as follows:

In Section 2 we present the basic background for holomorphic mappings be-
tween domains U, V in complex Banach spaces as needed later for the linear
case. In particular, for every m € N and every holomorphic mapping f : U — V
we define f to be m-rigid at the point a € U if f is uniquely determined within
the space of all holomorphic mappings U — V by all derivatives of order < m
at a. This, in case m = 2, is just what occurs for biholomorphic f in Cartan’s
uniqueness theorem. We also introduce the more general notion of infinitesimal
m-rigidity at a in case f is uniquely determined within families of holomorphic
mappings g; : U — V depending holomorphically on a one-dimensional param-
eter ¢. Using a theorem of Kakutani we show that every biholomorphic automor-
phism of a bounded domain is infinitesimally 1-rigid, and is even infinitesimally
0O-rigid if U is the open unit ball of a complex Banach space.
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In Section 3 we study linear operators L : E — F with ||L| = 1 and call L
rigid if the induced map between the open unit balls is 2-rigid at the origin. In
the case of Hilbert spaces E, F for instance, L is rigid if and only if L is a (not
necessarily surjective) isometry.

In Section 4 we introduce for every given linear operator L : E — F of norm 1
and every m € N numerical invariants «,, € [0, 1] that measure the non-rigidity
of L in connection with homogeneous polynomials of degree m. It turns out that L
is a complex extreme point of the unit ball in the Banach space of all polynomials
E — F of degree < m if and only if «,, vanishes. Furthermore, (¢,)meN 1S
an increasing sequence, and L is rigid if and only if o, = O for all m (i.e. the
limit s vanishes). Besides the invariants «,, we also introduce invariants 7,
that measure certain eccentricities.

In Section 5 we determine the invariants «,, and estimate m,, for some spe-
cial examples. Also, in the case of contractive projections L we relate rigidity
properties of L with smoothness properties of the unit spheres.

In Section 6 we introduce various types of tangent spaces and correlate them to
the rigidity problem.

In Section 7 we apply the methods to JB*-triples. These are generalizations
of operator algebras where the algebra product is replaced by a certain ternary
product, the Jordan triple product. Our main result—Theorem 7.14 —solves com-
pletely the rigidity problem for w*-closed inner ideals in JBW*-triples, the triple
generalizations of W*-algebras.

NOTATION . Throughout, E and F are complex Banach spaces with open unit
balls B C E and D C F. The notation E C F means that E carries the induced
norm from F, i.e. B = D N F. By L(E, F) we denote the Banach space of
all bounded linear operators E — F. Furthermore L(E) := L(E, E) is the
Banach algebra of all continuous endomorphisms and E* := L(E,C) is the
dual of E. The group of all invertible operators in L(E) is denoted by GL(E).
The £P-sum of E and F will be denoted by E ®, F, that is E @ F with norm
satisfying ||(z, w) || = max(||z|, [wl) if p = oo and ||(z, w)|I” = [Iz||” + [w|?
if 1 < p < oo. For complex Hilbert spaces we denote the inner product always
by (z|w) where the conjugate linear variable is w.

The boundary of B (the unit sphere in E) is denoted by dB. The subset of
all extreme boundary points of B is denoted by d,B and 9. B is the set of all
complex extreme boundary points of B. Always A := {r € C : |t| < 1} is the
open unit disc and T := 9A is the circle group. The set N of natural numbers
always includes 0.

2. Rigid holomorphic mappings

For an open subset U of the Banach space E a mapping f : U — F is called
holomorphic if for every a € U the Fréchet-derivative df (a) € L(E, F) exists.
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Then it is known that the derivative df : U — L(E, F) again is holomorphic
and the second derivative d? f = ddf takes values in L(E, L(E, F)), which as
Banach space can be identified in a natural way with the space of all bounded
bilinear mappings E> — F. More generally, the n-th derivative d” f (a) exists as
a bounded symmetric n-linear mapping E" — F for every n € N (by definition
df = f).

For arbitrary subsets S C E and T C F a mapping f : S — T is called
holomorphic if there exists an open subset U C E and a holomorphic mapping
h:U — Fwith § C U and f = h|S. The space of all holomorphic mappings
S — T will be denoted by Hol(S, T). With Aut(S) C Hol(S, S) we denote the
group of all biholomorphic automorphisms of S. For every point a € S denote by

oa(f)=supln eN: [ f@I=0(z—all') asz— a}

the vanishing order of the holomorphic mapping f : S — T at a. For any pair
f»g € HOI(S, T) then o, (f, g) := oq(f — g) is the order of contact at a. In case
a is an inner point of S the condition o,(f, g) = m is equivalent to d" f(a) =
d"g(a) foralln < m.

DEFINITION 2.1. A subset A C E is called a set of determinacy in E if
for every open connected neighbourhood U C E of A the restriction operator
Hol(U, C) — Hol(A, C) is injective.

The following statement is an easy consequence of the Hahn—Banach theorem.

LEMMA 2.2. Let f : U — F be a holomorphic mapping for a domain U C
E. Let furthermore R C F be a closed linear subspace and A C U a set of
determinacy in E. Then f(U) C R if f(A) C R.

Proof. Fix A € F* with A|R = 0. Then the holomorphic function Ao f vanishes
on A.

LEMMA 2.3. Let A C E be a balanced set of determinacy in E. Then also
AN B is a set of determinacy in E.

Proof. Let U be an open connected neighbourhood of A N B and fix a holo-
morphic function f : U — C vanishing on A N B. We have to show that f = 0.
Since A N B contains the origin we may assume without loss of generality that
U = B. Expand f into a series Y _ f,, where every f, : E — C is homogeneous
of degree n (compare Section 4). Every f, vanishes on A N B and hence also
on A, ie. f, =0 forall n.

DEFINITION 2.4. Let S C E and T C F be connected subsets, let m > 0 be
an integer and let A C C be the open unit disc. Then f € Hol(S, T) is called
m-rigid at a € S if the equality g = f holds for every g € Hol(S, T) with
oq(f, 8) = m.If f is m-rigid at every point of S we call fm-rigid every where.
The mapping f is called infinitesimally m-rigid at a € S if g = f holds for
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every family (g/)rea in HOI(S, T') satisfying the following properties: (i) go = f,
(i) o4 (f, &) = m forallt € A and (iii) g, depends holomorphically on ¢, i.e. the
mapping A x S — T defined by (¢, s) — g;(s) is holomorphic, where A x § is
considered as a subset of C x E.

Clearly, stronger versions of infinitesimal rigidity could be introduced by re-
quiring for instance that (g;) depends real analytically or only C" on the parame-
ter . Our main interest however is in the case of linear operators where all these
notions are equivalent to simple rigidity (at least if m > 2, compare 4.3).

All degrees of rigidity may occur: f € Hol(A, A) defined by f(z) = z™,
m € N, is m + 1-rigid but not m-rigid at 0 € A.

We start with some trivial statements

REMARK 2.5. Suppose that f : § — T is a holomorphic mapping and g :
T - T,h:S — § are biholomorphic mappings. Then for every a € S, every
integerm >0and f :=go foh™' :§ — T the following holds

(1) f is (infinitesimally, resp.) m + 1-rigid at a if f is (infinitesimally, resp.)
m-rigid at a.
(ii) f is (infinitesimally m-rigid at a if f is m-rigid at a.
(iii) f is (infinitesimally, resp.) m-rigid at h(a) if f is (infinitesimally, resp.)
m-rigid at a.

REMARK 2.6. Suppose that the holomorphic mappings f; : § — T; are (in-
finitesimally, resp.) m-rigid ata € S fori = 1,2. Then also f = (f1, f2) : § —
Ty x T, is (infinitesimally, resp.) m-rigid at a.

As a consequence of Liouville’s theorem every holomorphic mapping £ — T
is 1-rigid everywhere if T C F is bounded. Also, every biholomorphic mapping
f + U — V is 2-rigid everywhere as a consequence of Cartan’s uniqueness
theorem if U C E is a bounded domain. We even have

PROPOSITION 2.7. Suppose that f : U — V is a biholomorphic mapping
where U C E is a bounded domain. Then f is infinitesimally 1-rigid everywhere.

Proof. We may assume that U = V and that f is the identity on U. Fixa € U
and consider on E the Carathéodory norm v defined by

v(v) = supf{ldf(a)v|: f € Hol(U, A), f(a) =0}

forall v € E. Then V := (E, v) also is a complex Banach space. Now sup-
pose that (g;) is a family in Hol(U, U) depending holomorphically on t € A
with g,(a) = a and go = f. Then t + dg;(a) defines a holomorphic mapping
A — L(V) with ||dg;(a)]| < 1 for all 7. But dgo(a) = id is an extreme point
of the unit ball in the Banach algebra £(V) by a result of Kakutani and hence
dg;(a) = id for all t € A—compare [9] p. 74 and p. 69. But then Cartan’s
uniqueness theorem gives g, = f forallt € A.
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For the open unit balls of Hilbert spaces Proposition 2.7 can be generalized, com-
pare also 3.6.

EXAMPLE 2.8. Suppose that E C F are complex Hilbert spaces with open
unit balls B C D. Then the canonical injection f : B < D is 2-rigid everywhere.
Also, f is infinitesimally 1-rigid everywhere.

Proof. Denote by H the orthogonal complement of E in F and suppose that
oq(f, g) = 2 for g € Hol(B, D) and some a € B. Then there are holomorphic
maps¢ : B — B,h: B — H with g = ¢+h. From o, (f, ¢) > 2 we derive ¢ =
f.But then lim;_, 5p h(z) = 0 implies 4 = 0. That f is infinitesimally 1-rigid at
a = 0 € B follows as in the proof of 2.7 since the canonical injection £ — F
is an extreme point of the unit ball in £(E, F). The statement for arbitrary a € B
then is a consequence of 2.5 since there are 4 € Aut(B) and g € Aut(D) with
a=h0)and f =go foh .

For certain domains Cartan’s uniqueness theorem can be strengthened. The first
part of the following statement is due to Harris [13], compare also the more gen-
eral Proposition 6.8.

PROPOSITION 2.9. Let B be the open unit ball of the complex Banach space E
and let f : B — B be a holomorphic mapping with df (0) = id. Then also
f(0) = 0 holds and hence f is the identity on B. Furthermore, f is infinitesimally
0-rigid everywhere on B.

Proof. Put ¢ := f(0) and start with the special case B = A. Then Schwarz
lemma applied to the function g(z) := (f(z) —c¢)/(cf(z)—1) in HOI(A, A) gives
1 = f’(0) < (1—cc) and hence ¢ = 0. In the general case choose a € 9B and A €
E* in such a way that ||c|]la = c and ||A]] = 1 = A(a) holds. Then & € HoI(A, A)
defined by h(z) = A o f(za) satisfies h'(0) = 1 and hence ||c|| = h(0) = 0.
Finally, suppose that (g;) is a family in Hol(B, B) depending holomorphically on
t € A with go = f. Then by Cauchy’s inequalities ||dg;(0)|| < 1 holds and as
before we derive g; = id for all ¢. But then also g;(0) = 0 holds, i.e. g = f for
all z.

EXAMPLE 2.10. Let E be a complex Hilbert space of finite dimension > 1.
Let B C E be the open unit ball and let S := 9B be the unit sphere of E.
Suppose that f : § — § is a holomorphic mapping and that a € S is a given
point. Then it is known that f extends to a holomorphic mapping f : B — B.
Therefore, if f is not constant, its restriction to B is a proper holomorphic map
B — B. But then by [1] f|B is already an automorphism of B. But it is known
that every f € Aut(B) is linear fractional and is uniquely determined by the three
derivatives f(a), df (a) and d? f (a) within Aut(B). From this we get: Either f
is constant, and then f is 1-rigid on S everywhere, or f € Aut(B), and then f is
3-rigid everywhere —but not 2-rigid in any point of S. For more general situations
of this type compare [23].
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PROPOSITION 2.11. Suppose that the holomorphic mapping f : U — V
is m-rigid at a € U and that Q is an arbitrary domain. Then the mapping
g : Ux Q — V defined by g(z,w) = f(z) is m-rigid at every point
(a,q) € U x Q, provided the bounded holomorphic functions on U separate
the points (this happens for instance if U is a bounded domain).

Proof. Fix g € Q and assume that the holomorphic mapping s : U x Q — V
satisfies o(q,4)(h, g) = m. We have to show that g = . Consider

Q:={(z,w) e U x Q:3¢p € HOl(U, Q) with ¢(a) = q, ¢(z) = w}

and fix (z, w) € 2 together with a corresponding ¢. Then y € Hol(U, V') defined
by y(t) = h(t, ¢(t)) satisfies o,(y, g) = m,i.e. y = f and hence g(z, w) =
h(z, w) for all (z, w) € Q. Let X C U be an open non-void subset that can be
separated from a via bounded holomorphic functions on U (for instance X =
U \ {a}). To every x € X there is a neighbourhood Y C Q of g with (x, y) € Q
for all y € Y. This implies by the identity theorem for holomorphic functions
that & coincides with g on X x Q and hence on all of U x Q.

The condition on U in 2.11 cannot be omitted as the following counter ex-
ample shows: Every holomorphic map C — A is constant and hence m-rigid
everywhere while no constant map C x A — A is m-rigid at any point.

COROLLARY 2.12. Let U be a bounded domain. Then for every domain Q
the canonical projection U x Q — U is 2-rigid everywhere.

COROLLARY 2.13. Suppose that U; is a bounded domain and that the holo-
morphic mapping f; : Ui — V; is m-rigid at a; € U; for i = 1,2. Then also
f1 X fo: U x Uy — Vi x Vpism-rigid at a = (ay, a).

3. Rigid linear operators

In the following let B C E and D C F always be the open unit balls. We
are mainly interested in holomorphic maps f : B — D with f(0) = 0. Then
the derivative L := df(0) satisfies |L|| < 1. Therefore, if f is 2-rigid at 0 € B
we must have f = L|B and ||[L|| = 1. It is clear that f never can be 1-rigid
at 0 although it may be infinitesimally 1-rigid at 0. This motivates the following
definition for the linear case.

DEFINITION 3.1. The linear operator L € L(E, F) is called rigid if the in-
duced map B — rD is 2-rigid at 0 € B where r = || L||, that is, if for every
holomorphic mapping f : B — rD with f(0) = 0 and df (0) = L necessarily
f = L|B follows. We call L strictly rigid if for every holomorphic f : B — rD
the conclusion f = L|B already from the only assumption df (0) = L follows. In
case E C F is a subspace we call E (strictly) rigid in F if the canonical injection
E — F has this property.



HOLOMORPHIC RIGIDITY OF LINEAR OPERATORS 255

Clearly, the study of rigidity of linear operators L always can be reduced to
the case ||L|| = 1. The slightly more general situation in 3.1 avoids complicated
constants sometimes. Rigidity in our sense is closely related to the vector valued
Schwarz lemma in the following form: Suppose f : B — D with f(0) = 0 is
holomorphic. Then the derivative L = df(0) has norm < 1 and || f(2)] < ||zl|
holds for all z € B. The question then is: Under what conditions can f = L|B be
concluded? Many authors studied this question under the additional assumption
that L is isometric. It is clear that in case L isometric the Banach space E can
without loss of generality be identified with a subspace E C F via L. To simplify
notation we will frequently do so.

We start with the simple situation dim E = 1, compare also 5.1 for a more
quantitative statement and also 7.2 for a generalization to higher dimensional E.

LEMMA 3.2. Let L : C — F be a linear operator with a : L(1) € 9D.
Then L is rigid if and only if a is a complex extremal boundary point of D. Also,
L is strictly rigid if and only if a is a (real) extremal boundary point of D.

Proof. Put f := L|B and assume that a is not complex extremal. Then there
isavectorv € F withv # 0 and @ + Av C dD. But then g(z) = z(a + zv)
defines a holomorphic map g : A — D with dg(0) = L, i.e. L is not rigid.
Assume on the contrary that a € dB is complex extremal and that g : A — D
is a holomorphic mapping with g(0) = 0 and dg(0) = L. Then h(z) := g(2)/z
defines a holomorphic function 7 : A — D with h(0) = a, i.e. h = a and hence
f = g, compare [9] p. 69 or [21]. Now assume that a € 9B is not extremal.
Then there is a vector v € E with v # 0 and |la & v|| = 1. Forevery a, 8 € C
then 2(axa + Bv) = (@ + B)(a + v) + (¢ — B)(a — v) implies 2|jaa + Bv| <
lo+B|+|o—B|. Define g : A — F withdg(0) = L by 2g(z) = 2za+ (1+z%)v.
Then [|[4g(z)|| < [14z|>+[1—z|> = 2(1427) < 4forallz € A shows g(A) C D,
i.e. L is not strictly rigid. It remains to show that a € 9, D implies strict rigidity
of L. But this follows from [12] p. 27-28 and also from Théoréme 3.6 in [18].

COROLLARY 3.3. Suppose that E is arbitrary and that A C 9B is a set of
determinacy in E. Then every L € L(E, F) with |[L|| = 1 and L(A) C 0¢cD
is rigid. If in addition L(a) € d,D holds for some a € A then L is even strictly
rigid. In particular, in case 9D = 0.D every linear isometry L : E — F is
strictly rigid.

In case of dim E = 2 the situation is already much more complicated as the
following example indicates. In particular, rigid linear operators of norm 1 need
not be isometric even if they are bijective. Notice that by 2.9 every surjective
linear isometry between complex Banach spaces is strictly rigid.

EXAMPLE 3.4. Let I be an arbitrary set of cardinality > 1. For 1 < p <
q < oo fixed consider E := ¢P(I) and F := £9(I). Then the canonical injection
L : E — F isnotrigid if ¢ = oo. In case that [ is finite, the inverse operator



256 J. ARAZY AND W. KAUP

L~!: F — E however always is rigid. In case p > 1 the operator L™ is strictly
rigid.

Proof. Write every z € B as tuple z = (z(i)), fix j € J and let v = ¢;
(i.e. v(i) = §;j for all i € I) in the following. Choose furthermore an integer
m > 2 together with a constant ¢ > 0 such that (1 — ¢#”) < (1 — ¢t™)? holds
for all # € [0,1]. Then g(z) = L(z) + c(z(k))™v defines a holomorphic mapping
g: B — Dwithog(f,g) =m > 2forevery k # j in I if ¢ = oo. Now suppose
that / is of finite cardinality n and put S := (#L)~! forr := n1/P=1/0 = || L~V
Then A = {z € dD : |z(i)| = |z(j)| for all i € I} is a set of determinacy in F.
By 3.3 therefore L™! is rigid since S(A) C do¢(B).

LEMMA 3.5. Suppose that E C F is a closed linear subspace and that A is
a set of determinacy in E. Suppose that for every a € A there is a closed linear
subspace E, C E containing the point a such that E, is rigid in F. Then also E
is rigidin F.

Proof. Let f : B — D be a holomorphic mapping with og(f, g) > 2 for the
canonical injection g : B < D. For every a € A then f(a) = g(a) since E, is
rigid in F. But then f = g by 2.2.

PROPOSITION 3.6. Let H, K be complex Hilbert spaces and let L € L(H, K)
have norm 1. Then L is rigid if and only if L is a (not necessarily surjective)
isometry.

Proof. Assume that L is rigid and let L = V|L| be the polar decomposition,
where |L| = (L*L)'/2and V € £(H,K) is a partial isometry with ker(V) =
ker(L). Let {E(d))} be the spectral measure of |L|, so

IL| =/ AE(dN).
[0,1]

We claim that |L| = id, that is E ([0, «]) = O for all « < 1. Indeed, if E([0, B]) #
0 for some 8 < 1, choose a unit vector a € H fixed under the projection P :=
E([0, B]) and denote by Q := id — P the complementary projection. Define a
holomorphic map & : B — B by h(z) = (1 — B)(z|la)’a where B C H is the
open unit ball. Since V*V (a) = a holds and V* is an isometry on V(H) = L(H)
we have forall z € B

IL(z) + V(h@)I* = IILI(z) + h(2)|*
= IP|L|(z) + (1 — BY(P(D)|a)?al* + | QILI(2)|*
<IPILI@I*+ A = AP
+2(1 = AIPILI@I - IP@I* + I QILI2)I?
<B+A=PHIHP@I*+28(1 - PIPDI* + 1101
=1P@I*+12@I* = llzII* < L.
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This is a contradiction to the rigidity of L since V (h(a)) # 0. Therefore |L| = id
and L = V is an isometry. The converse statement follows from 2.8.

COROLLARY 3.7. Suppose that H, K are complex Hilbert spaces. Then a lin-
ear operator L : H — K is a surjective isometry if and only if L and L* are
rigid.

COROLLARY 3.8. Suppose that E is a complex Hilbert space of finite dimen-

sion and that a € B is a given point. Then a holomorphic mapping f : B — B is
rigid at a if and only if f € Aut(B).

Proof. Suppose that f is rigid at a. Since Aut(B) acts transitively on B we
may assume that a = 0. But then f = L|B for some linear isometry of E by 3.6.
Because of finite dimension L must be surjective, i.e. f € Aut(B)

A projection P € L(F) is called contractive if || P|| < 1 holds and P is called
bicontractive if in addition also id — P is a contractive projection. Furthermore, a
contractive projection P from F onto E C F is called neutral if | P ()| = ||zl|
always implies z € E for all z € F. Neutrality is not invariant under £°°-sums,
more precisely, suppose that P; is a neutral projection on the complex Banach
space F; withrange E; fori = 1, 2. Then P := P; x P, is a contractive projection
on F = F| @« F> with image E = E| ® E2, but in general P is not neutral.
However, it is easily seen that A := {(x,y) € E : |x|| = ||y]l} is a set of
determinacy in E and that P is almost neutral in the following sense.

DEFINITION 3.9. We call a contractive projection P from F onto E almost
neutral if there exists a set of determinacy A in E such that z € E forevery z € F
with | P(2)|| = |lz]l and P(z) € A.

A nontrivial example for an almost neutral projection is obtained as follows
(compare also 7.11). Let H C K be complex Hilbert spaces with H # K and
dim(H) > 2. Let furthermore p : K — H be the orthogonal projection. Then
P(z) = p o z defines a contractive projection from L(H, K) onto L(H) that is
not neutral. With A C L£(H) the unitary group we see that P is almost neutral.

PROPOSITION 3.10. Suppose that there exists an almost neutral projection P
from F onto E. Then E is rigid in F.

Proof. Choose A C E as in definition 3.9. Then we may assume that A is
balanced and hence that A C B holds by 2.3. Let f : B — D be a holomorphic
mapping with og(f, g) > 2 for the canonical injection g : B — D. Then g =
P o f holds by Cartan’s uniqueness theorem. By Schwarz lemma we have for all
Z€B

lzll =llg@I = I1PfI < If@I < Izl

and hence ||Pf(2)|| = | f(@)],i.e. f(z) € Eforall z € A. Thisimplies f(z) € E
forall z € B by 2.2 and thus f = g.
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A little more can be said in 3.10 if the projection P is strongly neutral in the
following sense: For every sequence (z,) in F with lim | P(z,)| = lim ||z,|| <
400 always lim ||z, — P(z,)|| = 0 holds. Then it is not difficult to see that the
canonical injection B — D is rigid everywhere. As an example of this situation
we may take for every 1 < p < oo any £”-sum F = E @, W with the canonical
projection P : F — E along W.

4. Quantitative study of rigidity

As before, let E, F be complex Banach spaces with open unit balls B, D. We
call a continuous mapping f : E — F a homogeneous polynomial of degree n if
there is a symmetric n-linear mapping ¢ : E" — F with f(z) = q(z,z,...,2)
for all z € E—or equivalently—if f is holomorphic and satisfies f(1z) = t" f(2)
forall z € E and all ¢ € C. The n-linear map ¢ is uniquely determined by f and
can be recovered from f with the polarization formula

41,22, z) = @) Y siere s fE1z1+ 2222+ -+ EaZn)-
ee{x1)

Also d" f(a) = n!q holds for every a € E. Put

Pn : =Py (E, F) := {homogeneous polynomials E — F of degree n}

P* . =P"(E, F) := {polynomials E — F of degree < n} = @Pk
k<n

for every n € N and denote by H>**(B, F) the Banach space of all bounded holo-
morphic functions f : B — F with norm || f|| = sup,cp [ f(2)|. Then P, as
well as P" can be considered as closed linear subspaces of H* (B, F) for every
n € Nand every f € H®(B, F) has a unique expansion

f= an with f;, € P, foralln € N,

converging uniformly on every subball sB C B,s € A.Every f, : E — F'is
given by

o) = /T (rt) " F(riz) di

with z € E and r > O satisfying r, € B and dt the (normalized) Haar measure
on T. In particular, f + f, defines a contractive projection P, from H*°(B, F)
onto P, for every n € N.

In the following let £ := {f € H*(B, F) : f(0) = 0} and denote by B the
closed unit ball of £. For every t € ‘A define the commutation operator C; € L(E)
by f(z) — f(tz)/tift #0and by f > df(0) € Py ift = 0.

LEMMA 4.1. t + C, defines a semigroup homomorphism A — L(E) with
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IC: | = 1 forall t. For every f =Y 02| fo € E with f, € Py the family (g;)
in € with

g =C(f) =) fu""!
n=1

depends holomorphically on't € A and t +— g, defines a holomorphic curve
A — E. Incase ||f|l = | fill also |lg: |l = || f1l holds for all t.

Proof. Fix f € B. Then by Schwarz lemma we have || f(z)| < |z for all
z € B and hence ||C;|| < 1. From P C Fix(C;) we thus get ||C;|| = 1. The last
statement follows from g1 = f, go = f1 and || gs |l < llg:l if |s] < [z].

Fix an operator L € L(E, F) with ||L| = 1 in the following. We introduce
some numerical invariants that measure the size of non-rigidity of L: Let A =
A(L) be the set of all f € £ with df(0) = 0and |L + f|| < 1. Then L is rigid
if and only if A = 0. It is easily seen that A is closed convex in £ and also is
invariant under every operator C,. From 4.1 we see that L + A is contained in the
boundary 955 of B. For every m > 2 let

Ap := AN Py, oy = sup |[fll and 7, := sup | Pn(),
feAn feA

where P, is the projection operator (Zn f,,) — fm as defined above. Then
clearly o, < 7, < 1 holds and every A,, is a balanced subset of B, that is

An ={f €Pw: IL+1tf|| < lforallt € A}.

We may use this equation to define A, together with «,, also for the remaining
casesm =0andm = 1.

LEMMA 4.2. oy < a1 for all m € N and in particular, the limit oy =
lima,, < 1 exists.

Proof. Fix f € A,, and let A be the unit ball of E*. Forevery . € A,z € B
and € A we have

L)+ f@I <1,

that is, A - f is contained in A, 4. Then the Hahn—Banach theorem implies
If1I'= sup |2 - f1I,
AEA

which proves the statement.

The operators C; may be generalized in the following way. Let 1 be a regular
complex Borel measure on A with finite total variation and put

AK) = ﬁ e dpo)
A
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for every integer k < 0. Then the operator C,, := fZ C;du(t) € L(E) satisfies
IC.ll < il and for f =32, fu as before we have

Cu(f) =D Al =n)fy.
n=1

In particular, if u is a probability measure on A, we have IC.ll =1 = f1(0) and

1L+ Cu(P)ll = H/ACI(L + fdu

</,||L+f||du<z><ﬁdu<z>=1
A A

for every f € A, ie. C,, maps the spaces A and A4,, into themselves for every
m € N. In the following proposition we use measures p that are concentrated on
T C A.

PROPOSITION 4.3. For every m > 2 and every s € C with |s| < 1/2 the
operator s P,, maps A into Ay,. In particular, oy, < 75 < 204, holds and for
every fixed m > 2 the factor 2 in this estimate is the best constant valid for all
operators L uniformly.

Proof. Consider du(t) = Re(1 + 2st1=™) dt, where dt is the Haar measure
on T. Then p is a probability measure on T with (1 —n) = O foralln > 2
except (t(1 —m) = s. This implies s P, (f) = C,.(f) € Ay forall f € A. The
last claim will be verified in example 5.2.

PROPOSITION 4.4. The following conditions are equivalent for every L €
L(E, F)ywith |L| = 1.

(i) L is a complex extreme point of the unit ball in H* (B, F),
(ii) L is rigid,
(iii) am = 0forallm (i.e. aso = 0).

Proof. (i) = (ii) Suppose that L is not rigid. Then there is f = Y f, € B
with f # f; = L. Since g; := C;(f) depends holomorphically on ¢ € A we get
IL +s(gr —go)ll = 1foralls € Cand ¢t € A with |2s¢] < 1 — |¢] by [9] p. 68.
Then g; # go = L for t # 0 implies that (i) does not hold.

(i) = (iii) is trivial.

(iii) = (i) Suppose that (i) does not hold. Then there is a non-zero holomor-
phicmap f : B — D with ||[L +¢f| < 1 forall r € A. After replacing f by
the function z — A(z)? f(z) for a suitable A € E* we may assume that f € A.
By 4.3 there is an m > 2 with «,, > 0. Finally, Lemma 4.2 implies oo > 0.

The equivalence of (i) and (ii) in 4.4 is already contained in [12] p. 25, compare
also [6] p. 75. In [12] it also has been shown that L (using our language) is strictly
rigid if it is a (real) extreme point of the unit ball in H* (B, F).
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DEFINITION 4.5. For every m > 1 the linear operator L € L(E, F) is called
m-extreme if L is an extreme point of the unit ball in P (E, F). In case of a
complex extreme point we call L complex m-extreme.

LEMMA 4.6. For every m > 2 the conditions ‘m-extreme’, ‘complex m-
extreme’ and ‘o, = 0’ are equivalent. Furthermore, ‘a; = 0’ is equivalent to
‘complex 1-extreme’.

The set A C £ is convex and contains the origin. In general, A it is not circular
(compare 5.2 for an example).

LEMMA 4.7. Suppose that A is circular. Then the projection P, maps A
onto Ay, and in particular, oy, = 7, holds for every m = 2.

Proof. Fix f € A. Then
IL(z) 4+t f2)| = ILGtz) + 7" f2)] < 1

holds for all # € T and z € B. This implies

L)+ P f(N = H/T(L(Z)thmf(tZ))dt

</ ILG) -+t f(2)dr < 1
T

and hence P, (f) € An.

5. Some numerical estimates

In the following, for given L € L(E, F) with ||L|| = 1, the spaces A, A,
and the numerical invariants «,,, 7, have the same meaning as in the preceding
section. We want to get estimates on these invariants in the special situation where
one of the spaces E, F has dimension 1. We start with the case E = C and a
quantitative version of Lemma 3.2.

LEMMA 5.1. Let L : C — F be a linear operator with ||L|| = 1. Then
am = ag =sup{||v]| ;v € F, |la+tv| <1} forallt € A
forallm € Nwherea := L(1) € aD.

Proof. Suppose that f € A,,. Then f(z) = z"v for some v € F with |la +
tv|| < 1forall s € T. This shows v € Ag and thus o, < ap.

EXAMPLE 5.2. Let K be alocally compact Hausdorff space and F := Cy(K).
Fix a function a € F with ||a|]| = 1 and putr := ||[1 — |al||. Let L : C — F be
defined by L(z) = za. Then by 3.2 the operator L is rigid if and only if » = 0
holds. For v € F the condition |la + tv| < 1 for all # € A is equivalent to
la] 4+ |v] < 1 which implies «,,, = 1 — r for all m € N. We claim that in general
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the invariants 7, differ from «,,, i.e. the set A is not circular. To see this, define
for every ¢ € D the holomorphic mappings g. : A — D by

c+z
14 zc

8e(a) = =c+ (- Y (=",
m=1

where every z € C is identified with the constant function = z on K. Then for all
0<s,t <landz e A we have

” s —1)(a — z2a)
(1 +sza)(1 +tza)

llgsa(z) — gra (D =

‘ <2(1 = [z) 2 — 1.

This implies that the local uniform limit

=1 Hol(A, D
8 SI/IYI} 8sa € ( )

exists. Now consider the F-valued function f on A defined by

f(z) = Zg(Z) — L) =1 —aa) Z(_E)M—sz.

m=2
Then f is contained in .4 and hence
T =" 21— %) forallm > 2.

In particular, 7, > «; holds if 0 < r < 1. Consequently, A is not circular in
this case. Also, because of lim,_ 7" 2(1 —r2)/(1 —r) = 2 the example shows
that for every fixed m > 2 the estimate 7, < 2w, in Proposition 4.3 cannot be
improved with a universal constant < 2.

Next we consider the case F = C, that is, when L is a linear form on E. For every
pair of vectors a, v € E with |la 4 tv] > |la]| for all r € C put
8,(v) := limsup log(fla + roll = flall € [1, 4o0],
1—0 log 7|
where ¢ runs in C*. Then §,(sv) = 8,(v) holds for all s € C* and also §,(0) =
+00.

Now let L : E — C be a linear form with ||L|| = 1 in the following. Assume
that there exists a unit vector @ € E with L(a) = 1. Then every z € E can be
uniquely written as z = (4, v) withu = L(z) and v = z —ua € V := ker(L). We
would like to relate rigidity properties of L to smoothness properties of the unit
sphere of E at the pointa = (1, 0).

PROPOSITION 5.3. For every integer m > 2 and § := infy,cy 6,(v) we have

(i) L ism-extreme (i.e.a,, =0)ifm <,



HOLOMORPHIC RIGIDITY OF LINEAR OPERATORS 263

(ii) L is not m-extreme if m > § and V has the following property: To every w €
V there is a non-zero linear form A € V* such that (u, v) — (u, A(v)w)
defines a linear operator of norm 1 on E. This condition is always satisfied
if E has dimension 2.

Proof. (i) Suppose that & € A is homogeneous of degree m. For every (u, v) €
B and every t € T we have |u + th(u, v)| < ||(u, v)| and hence

lul + 1h(u, V)| < [, V).
Fix 0 < u < 1 in the following and put w := v/u. Dividing by u then gives
" h(1, w) < I, w1

for all w € V near 0 € V. Fix an arbitrary vector v € V and put p(¢) :=
u™ 'h(1, tv) for all r € C. Then p is a polynomial of degree < m in r. Choose
B > m together with a sequence (f,) in A \ {0} satisfying

log(]|(1, t,v)|| — 1)
log |7,

> for all n

and lim#, = 0. This implies
(1, t0)[ — 1 < |t,]?  and hence | p(ty)] < [tal?

for all n big enough. Since p has degree < g this implies p = 0 and hence
h(1,v) =0 forall v e V. But this means & = 0.

(ii) Because of m > § there exists » > 0 and a non-zero vector w € V with
[t < ||(1,tw)|| — 1 for all # € r A. Choose A € V* as above. We may assume
that |A(v)| < 1 holds for all («, v) € B. There exists ¢ > 0 such that

2¢<1  and  L+clt]” <A, tw)]| if0 < J7] < 2.

Consider the homogeneous polynomial z(u, v) = cA(v)™ of degree m on E. We
claim that 1 € A, i.e. [u + h(u,v)| < 1 for all (u, v) € B. Indeed, in case
[A(v)| < 2|u| we have

lul (1 + clu™ " A /w)™) < Jul(1+ clr@/u)|™)

lu+cr()™| <
< ful- 1A A@/ww) | = [[(v, A)w)]| < 1.

In case |A(v)| = 2|u| we have |u 4+ cA(v)™| < |A(v)/2] 4+ ¢ < 1, which proves
the claim.

PROPOSITION 5.4. Let V be a complex Banach space and put E == C @, V
for fixed 1 < p < +o00. Let L : E — C be the canonical projection and a =
(1,0). Then for every v € V C E with v # 0 we have §,(v) = p. In particular,
L is m-extreme if m < p. Since V satisfies the condition in 5.3.ii, the operator L
is not m-extreme if m > p. Actually, we have oy > 1/p ifm = pand oy = 1 0f
m > p.Incase V= C and p = 2 the equality ay = 1/2 holds.
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Proof. Fix a linear form A € V* with ||A|| = 1 and define the homogeneous
polynomial 7 : E — C by h(u,v) := cA(v)" for ¢ > 0 to be determined.
Then ||h]| = c is clear. By elementary calculus we see: h € Ay, if m > p and
c=1lorifm = pandc = 1/p. Incase V = C and p = 2 one shows that
As = {(u, v) — cv? || < 1/2).

6. Tangent spaces

We start with an example that motivates the following definitions.

EXAMPLE 6.1. Let E be a complex Hilbert space with open unit ball B and
let F := E & E with norm

[z, w)ll = sup [[((cos )z + (sint)w)].
teR
Denote by P the projection on F defined by P(z, w) = (z, 0) and identify E with
P (F) in the obvious way. The projection P is bicontractive but not almost neutral.
Indeed, Re(z|w) = 0 and |[w| < ||z|| implies ||(z, w)|| = [|z]|. Our methods so
far do not guarantee that £ C F is rigid. To get this, suppose that f : E — E'is
a homogeneous polynomial of degree m > 2 satisfying

Iz, f)] <1 for all z € B.

This is easily seen to be equivalent to Re(f(z)|z) = O for all unit vectors z € E
and hence for all z € E since f is homogeneous. Geometrically this means that
every vector f(z) is tangent at z to the sphere with radius ||z|| about the origin.
The same holds for i f in place of f, i.e.

(f@lz) =0 forallz € E.

But then polarization gives (f(z)lw) = 0 for all z, w € E,ie. f = 0 and
therefore E is rigid in F' by Proposition 4.4. It can be shown that F is isometri-
cally isomorphic to the complex Banach space of all R-linear operators X — E,
where X is a real Hilbert space of real dimension 2.

Let F be a an arbitrary complex Banach space with open unit ball D. For every
a € F denote by S, the set of all L € F* with A(a) = ||A| - |la| and ||A|| = |||
Then S, is a non-void convex subset of F* with S;, = 7S, for all + € C and hence
also S, (v) := {A(v) : A € S,} is convex in C for every v € F. Put

TR :={ve F:8,(v) CiR} and T,:={veF:S8,®) ={0}}.

Then the R-linear subspace THR for a # 0 may be considered as the real tangent
space at a to the sphere {v € F : ||v|| = |la||}* and T, = TaR N iTaR is called
the complex tangent space at a. We call a € F a smooth point if S, consists of a
single functional or equivalently if ¥ = C, 4 T,. For every smooth @ € F denote
by s, the unique functional in S,. For instance, if F is a complex Hilbert space,
then every a € F is smooth and s, (v) = (v|a) holds forall a, v € F.
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Our definition of tangent space implies in particular Ty = F for the origin. This
simplifies later notations and also means that for 7, only the case a # 0 counts.
The following characterization of tangent spaces in terms of differentiability con-
ditions seems to be known.

REMARK 6.2. For every 0 # a € F the vector v € F is in Ta]R (in T, respec-
tively) if and only if
lim 1@+ 2ol = lla]
im— =
t—0 t

0

holds where 7 runs in R (in C respectively).

Simple examples show that {(a, v) € F? : v € T,} is not closed in F? in gen-
eral. Therefore, denote by C, the set of all v € F such that there exist sequences
(an), (vy) in F witha = lima,, v = limv, and v, € T,, for all n. Then C, is a
closed complex cone in F with T, C C,. For every subset A C F we put

Ty = ﬂ T, and Cj := m C,.
acA acA
To indicate the dependence on F we also write T, (F), To(F) and C 4 (F) instead
of T,, T4 and C 4. For arbitrary complex Banach spaces E C F C R the identity
Tg(F) = FNTEg(R) is clear by the Hahn—Banach theorem. For every contractive
projection P from F onto E and every a € E we have P(T,(F)) = T,(E). Also,
for every a € F and every skew-hermitian operator § € L(F), i.e. || exp(t3)| = 1
for all t € R, the vector §(a) belongs to the tangent space TaR.

LEMMA 6.3. For every closed linear subspace E C F the space Tg is a
closed linear subspace of F with E N Tg = 0. Furthermore, R := E + Tg is
closed in F and the projection R — E along Tk is contractive.

Proof. For every a € E and v € T, we have ||la + v|| > |la]. In particular,
a=0ifa+v =0,ie. ENTg = 0. The projection P : R — E along Tg
is contractive. This implies for every Cauchy sequence (z;) in R that also (Pz,)
and (z, — Pz,) are Cauchy sequences in E and Tg, respectively. Therefore (z,)
converges in R and thus R is closed in F.

We call the linear subspace E C F smoothin Fif F = E + Tk.

EXAMPLE 6.4. Let K be alocally compact Hausdorff space and F' := Co(K).
For every unit vector a € F put

Yo:i={s €K :la(s)| =1}.

Then S, is the space of all linear forms

fr— L f(s)a(s) du(s)
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where © > 0 is a regular Borel measure on X, with u(X,) = 1. In particular, if
E C F is aclosed linear subspace and

Q:={seK:la@s) =1 for some unit vector a € E}

then Tg(F) = {f € F : f|Q2 = 0}. Therefore, Tg(F) = 0 if and only if Q is
dense in K. Also, a € F is smooth if and only if 7, = C, holds. The subspace E
is smooth in F if and only if the restriction operator E — C¢(S2) is surjective and
then in particular E has to separate the points of Q.

DEFINITION 6.5. The complex Banach space E is called a JB*-triple if the
group Aut(B) acts transitively on the unit ball B C E. More generally, for an
arbitrary complex Banach space F with open unit ball D a closed linear subspace
E C F is called a JB*-subtriple of F if the group {g € Aut(D) : g(B) = B} acts
transitively on B. Then clearly E is a JB*-triple by itself.

The name JB*-triple comes from the fact that for every JB*-subtriple E C F
there is a natural triple product mapping {} : F x E x F — F such that {zaw}
is symmetric bilinear in (z, w) € F 2 antilinear in @ € E and such that for every
a € E the polynomial a — {zaz} € P>(F, F) is a complete holomorphic vector
field on D tangent to the subspace E C F, compare [3] and [15].

EXAMPLE 6.6. Let F be a C*-algebra or more generally a JB*-algebra with
unit e, compare [11]. Then F is also a JB*-triple. Furthermore, the self-adjoint
part J := {z € F : z*¥ = z} is a JB-algebra and Te]R(F) =iJ ={z € F:
z* = —z} (compare 7.8). In particular, Tg (F) = 0 holds for every closed linear

subspace E C F withe € E.

DEFINITION 6.7. We say that the pair E C F of complex Banach spaces
satisfies

(i) Property P if f(E) C Tg(F) holds for every holomorphic mapping f :
E — F satisfying f(z) € T;(F) forall z € E.

(ii) Property Q if there exists a complex Banach space R O F such that E is a
JB*-subtriple of R.

The assumptions in 6.7 may be weakened in several ways: From the power series
expansion of holomorphic functions it is clear that in 6.7.i instead of arbitrary
holomorphic mappings f only homogeneous polynomials f have to be checked.
Also, the condition f(z) € T only has to be assumed for all z € A where A is
some set of determinacy in E. Clearly, E is a JB*-triple if Property Q holds.

PROPOSITION 6.8. Suppose that E C F are complex Banach spaces and
denote by L : E < F the canonical injection. Suppose furthermore that
f : B — D is aholomorphic mapping withdf (0) = L. Then f(0) € Tg(F) and
g(z) € T,(F) holds for all z € B and g := f — L. In particular, if TE(F) =0
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and E C F satisfies Property P, we have f = L|B and hence E is strictly rigid
inF.

Proof. For every a € 9B and A € S, consider the function 2 € HoOI(A, A)
defined by h(t) = A o f(ta). Then h'(0) = 1 implies h(t) = ¢ and hence
A(g(t;)) = O for all . This means g(z) € T, for all z € B and in particular
f(©0) = g(0) € TE(F). Now suppose that Tg(F) = 0 holds and that E is not
rigid in F. Then we may assume that g # 0 is a homogeneous polynomial of
degree m > 2 by Proposition 4.3. Clearly, g(z) € 7; holds for all z € E by
homogeneity and hence Property P cannot be satisfied.

Obviously every linear subspace E C F of dimension 1 satisfies Property P.
Further examples are obtained in the following way.

LEMMA 6.9. Suppose that P is a contractive projection from F onto E. Let
f € HOI(E, F) satisfy f(z) € T;(F) forall z € E. Then f(E) C ker P.

Proof. g := P o f satisfies g(z) € T,(E) for all z € E which implies g = 0
by the special case E = F of the following proposition.

PROPOSITION 6.10. The pair E C F satisfies Property P if E is smoothin F .

Proof. Because of 6.3 and 6.9 we only have to consider the special case £ =
F. Fix a holomorphic map f : E — E with f(a) € T, forall a € dB. Then f
is a complete holomorphic vector field on the unit ball B C E by [19], compare
also [20], p. 28. But i f has the same property and hence is also complete on B,
ie. f=0.

COROLLARY 6.11. Let E, W be arbitrary complex Banach spaces and F =
E @, W the £P-sum for 1 < p < 00. Then the pair E C F satisfies Property P.

Proof. Let f € Hol(E, F) satisfy f(z) € T;(F) for all z € E and denote
by P : F — E the canonical projection along W. In case p = 1 we have
T,(F) = T,(E) for all z € E and the statement follows by 6.10. In case p > 1
the subspace E is smooth in F.

For every measure space (X, i) and every p with 2 < p < oo proposition 6.10
applied to E = F = LP(X, u) gives f = 0 for every holomorphic function
f : E — E satisfying

/ F@zlzIP 2 dpu =0
X

forall z € E. In case p = 2 this is trivial (compare the reasoning in 6.1) and for
p > 2 adirect proof also can be obtained by taking real derivatives with respect
to z and then considering their complex linear as well as their complex antilinear
parts. Notice that every a € E is smooth and that for a # 0 the corresponding
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supporting functional s, is given by
sa(v) = flal*~” / valal”? dp.
X

All these considerations remain valid for 1 < p < 2 if for every a € E the
function @|a|”~2 on X is interpreted in an appropriate way.

Property P does not always hold.

EXAMPLE 6.12. Let E, W be complex Banach spaces and let A € L(E) with
lA]l = 1 be an operator such that Ey := {z € E : ||Az|| = |lz||} is a linear
subspace with 0 # E; # E. Let F be the Banach space E @ W with norm given
by

Iz, w)II = max(llz|| - | Azl + [[w]])
forallz € E and w € W. Then forall z € E C F we have

| 1(E) z€ E1\ {0}
L(F) = { Ti (EYow otherwise.

Therefore, if 0 # A € E™* satisfies A(E1) = 0and 0 £ v € W is a given vector,
then f(z) := A(z)v € T,(F) defines a holomorphic map f : E — F with
f(E) ¢ TE(F) = {0}, but clearly f(E) C Cg(F) holds.

PROPOSITION 6.13. Suppose that E C F satisfies Property Q and that f :
B — F is a holomorphic mapping with

limAo f(z) =0
Z—a

for everya € B, A € S, and z running over the open unit ball B of E. Then
f(B) C Te(F).

Proof. Because of Tg(F) = F N Tg(R) for every JB*-triple R O F we may
assume without loss of generality that F is a JB*-triple containing E as a sub-
triple. Fix a € 9B and A € S,. Then we also have lim,_,, A o f(tz) = 0O for
all # € T. Therefore, if we put g(s) := A o f(sa) for s € A, the holomorphic
function g : A — C satisfies limjg—1 g(s) =0, i.e. g = 0 and hence f(sa) € T,
for all s € A. This shows f(0) € Tg := Tg(F). Fix an arbitrary point ¢ € B.
Then there exists a complete holomorphic vector field X* := (o — {zaz}) on the
open unit ball D of F with g(0) = ¢, g(B) = B,dg(0) =exp(L)and L(E) C E
for g := exp(X%*) € Aut(D) and a certain hermitian operator L € £(F), com-
pare [17] Proposition 2.6. For every real ¢ the isometry exp(izL) € GL(F) leaves
the subspaces E and Tr invariant. This implies that also L and consequently also
dg(0) leaves Tg invariant. Define the holomorphic mapping f : B — F by
f(g(w)) := dg(w) f (w) for all w € B. Because of f(c) = dg(0)f(0) we only
have to show that also f satisfies the assumptions of the proposition since then
f (0) € Tg by the above reasoning. For this fix b € 9B and i € Sp,. By [16] g ex-
tends to a biholomorphic mapping g : U — V for suitable open neighbourhoods
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U,V of D in F. Consider a := g(b) € 9B and A := p odgb)™' e F*.
Then S := {g(z) : z € U, u(z) = 1} is a complex-analytic hypersurface
of V with § N D = {. Therefore also the corresponding tangent hyperplane
{z € F: Xz = A(a)}ata € S does not intersect D, i.e. A € CS, and thus

lim po f(w) = lim podg(w)™' o f(g(w)) = lim Ao f(z) =0.
w—b w—>b z—a
COROLLARY 6.14. Property Q implies Property P.

THEOREM 6.15. Suppose that E C F are complex Banach spaces satisfying
Property P and Tg (F) = 0. For B, the open unit ball of E, let F be the space of
all holomorphic mappings f : B — F with f(a) € TaR(F) for every a € 9B.
Then F C Hol(B, F) is an R-linear subspace with F NiF = 0 and every f € F
is a polynomial of degree at most 2. Every f is uniquely determined in F by f(0)
and df (0).

Proof. Fix f € F and expand it on B into the uniformly convergent series
f=> fuwith f, € P,(E, F) forevery n € N. Fixa € 9B, » € S, and define
¢n := Ao fy(a) € C for all n. Then we also have Re(fA o f(ta)) = 0 for every
t € T and hence

> (@ ey +1'7",) = 2Re(r o f(ta)) =0
n=0

for all + € T. Since the coefficients of a Fourier series are uniquely determined
we get

(%) co+cr=c1+c1 =0 and ¢, =0 foralln > 3.

On the other hand, for every f € Hol(B, F), condition (x) for every a € 0B,
A € S, and ¢ = A o fix(a) is also sufficient for f to be in F, i.e. f, = O for
all n > 3 as a consequence of Property P and hence f = fo + f1 + f2 is a

polynomial of degree at most 2. In particular 7 NiF = 0 follows. In case fy =0
the quadratic function f> is in F NiF, i.e. every f € F is uniquely determined

by fo and fi.

Suppose that E C F is a JB*-subtriple. For every a € E the polynomial
h : F — F defined by h(z) = a — {zaz} is a complete holomorphic vector
field on D and therefore the restriction f = h|B is in the space F. The proof of
Proposition 6.15 therefore gives the decomposition F = K @& P where
K={feF:f0)=0=FNL(E, F)and
P={feF:df(0)=0}={z+> a—{zaz}:a € E}.

7. The JB*-triple case

Property P together with Tg (F) = 0 is sufficient but by no means necessary for
the rigidity of E C F'. For instance, if F is a complex Hilbert space and E # F is



270 J. ARAZY AND W. KAUP

an arbitrary closed linear subspace, then E is rigid in F' as a consequence of 3.3
or of 3.10. On the other hand, E C F satisfies Property P as a consequence
of 6.14 and Tg (F) # 0 is the orthogonal complement of E in the Hilbert space F'.
Therefore, the tangent spaces T, (F) and Tg (F) still seem to big for some rigidity

questions.
For every a € F denote by ®, = O,(F) C F the smallest closed linear
subspace containing every v € F with |la + tv]| = |a| for all t+ € C with

[t] < |la|l. Then ®, is a linear subspace of 7, with ®y = F and O, = ©, for
all s € C*. Clearly, a € aD is a complex extreme boundary point of D if and
only ®, =0.Incase E C F also ®,(E) = O,(F) N E holds for alla € E. The
following result is well known, compare also Théoréme 3.1 in [18].

LEMMA 7.1. Let U be a domain in a complex Banach space and suppose that
f : U — F is a holomorphic mapping with f(U) C D. Then f(U) is contained
in the affine subspace (a + ®,) for everya € f(U)NaD.

Proof. We may assume that U = A and a = f(0) € dD. Fix an arbitrary
¢ € A\ {0} and consider

1]

3le (f(c) —a) eF.

Then [9], p. 68, implies a + Av C D and hencea + Av C 3D, i.e. (f(c)—a) e
Q.

PROPOSITION 7.2. Let E C F be arbitrary complex Banach spaces and sup-
pose that the balanced set

A:={a € E:Qu(FE) =04(E) =04(F)ora =0}
is a set of determinacy in E. Then E is rigidin F.

Proof. Let f : B — D be a holomorphic mapping with f(0) =0 and df (0) :
E — F the canonical injection. Fix an arbitrary unit vector a € A and consider
h(t) = f(ta)/t € D forallt € A. Then h(t) € (a + ©4(F)) C E forall t # 0
by 7.1,ie. f(z) € E forall z € AN B. Since A is balanced in E we derive
f(B) C B by 2.3 and 2.2. But then Cartan’s uniqueness theorem implies that f
is linear.

Proposition 7.2 for the special case of finite dimensions and A dense in E essen-
tially already occurs in [22], compare Théoreme 5.2. The proof is different from
ours and does not extend to infinite dimensions. In the following we want to get
rigidity also in cases where the set A in Proposition 7.2 is not a set of determinacy
(even where A = {0}, compare the discussion at the end of this section).

As before in the case of the tangent spaces we put

Op 1= Op(F) := ] ©a(F)

ack
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for every closed linear subspace E C F. Then ®f(F) C Tg(F) is a closed
linear subspace and the following analogue of Proposition 6.13 holds. The proof
is similar to the one of 6.13.

PROPOSITION 7.3. Suppose that E C F satisfy Property Q. Let f : B — F
be a holomorphic mapping with

limAo f(z) =0
Z—a
for every a € B and every A € F* with A(®,) = 0. Then f(B) C Og(F).

COROLLARY 7.4. Let f : E — F be a holomorphic mapping with f(a) €
O, foralla € E.Then f(E) C Op(F) if E C F satisfy Property Q.

For the rest of the section let F' be a JB*-triple with triple product {abc}. By the
symmetry in the outer variables the triple product is uniquely determined by all
triple products of the form {aba}. For every a, b € F denote by alb € £(F) the
operator z — {abz}. Then O can be understood as an operator-valued positive-
definite hermitian product on F', compare [15] for details. In particular, we write
a L bif aDb = 0 or—equivalently—if hOa = 0. For every subset A C F call
Al :={z € F:z L A} the annihilator of A in F.

Examples of JB*-triples are for instance all Hilbert spaces with triple product
given by {zaz} = (z|a)z or more generally all spaces L(H, K) with triple product
{zaz} = za*z where H, K are arbitrary complex Hilbert spaces and * is the usual
adjoint of operators. The class of subtriples of all £(H, K) includes in particular
the class of all C*-algebras.

For every JB*-triple F and every a € F the smallest closed subtriple of F
containing a is isometrically isomorphic to a space Co(K) with K C (0,00) C R
and K U {0} compact. For the study of rigidity and tangent spaces in JB*-triples
therefore the following example is helpful.

EXAMPLE 7.5. Let F = Co(K), the linear subspace E C F and Q2 C K
be as in Example 6.4. Then F is a JB*-triple and it is seen easily that @ (F) is
the closure of {f € F : Q N support(f) = ¥} in F, ie. Op(F) = Tg(F) by
Stone—Weierstraf.

PROPOSITION 7.6. For every closed linear subspace E C F and every unit
vector a € F we have

(i) (u —{aua} + {vwa} — {wva}) € TaR(F)for allu,v,weF,
(ii) EX C O(F).

Proof. (i) The polynomial f(z) = u — {zuz} + {vwz} — {wvz} is a complete
holomorphic vector field on the open unit ball D of F, compare [15]. Therefore
the solution g : R — F of the initial value problem g’'(¢r) = f(g(¢)), g(0) = a
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satisfies g(R) C 9D and hence Re(Xog) has a critical value in O for every A € S,
ie. g(0) = f(a) e TX.
(i1) Follows from the fact that v L w implies |[v + w|| = max(||v]|, [|w]]).

COROLLARY 7.7. Ker(E) := {z € F : Q(E)z = 0} C Tg(F) for every
linear subspace E C F.

The element e € F is called a tripotent if {eee} = e holds. Every tripotent e
induces a direct sum decomposition Fy ® Fi2 ® Fy (the Peirce decomposition
with respect to e), where F; = Fj(e) is the k-eigenspace of the operator eCle in F.
Every Peirce space Fy is a JB*-subtriple and the canonical projection F — Fy is
contractive. For k = 1/2 the Peirce projection is even bicontractive.

A special role is played by the conjugate linear operators Q(a) on F defined by
z > {aza}. These satisfy the fundamental formula Q(Q(a)b) = Q(a)Q(b)Q(b).
For every tripotent e € F the operator Q(e) splits F into real subspaces F =
F'@® F~! @ FO where F* is the k-eigenspace of Q(e). Then F; = Fle F 1,
Fl'=iFland F' = Fy, ® Fp.

LEMMA 7.8. TR(F) = F~' @ FO, T,(F) = F° and ©,(F) = Fy for every
tripotente € F.

Proof. Proposition 7.6 implies Fy C @,, F~' @ Fi2 = {{eve} — {vee} 1 v €
F} C T, and hence also F~ '@ F* ¢ TR. Now consider a vector v € TXNF! and
denote by V C F the closed (complex) subtriple generated by v and e. Then V
coincides in the JB*-algebra F (e¢) with the closed complex subalgebra generated
by the unit e and the self-adjoint element v. In particular, V is a unital associative
JB*-algebra and hence isometrically isomorphic to C(K) for some compact subset
K C R in such a way that e(s) = 1 and v(s) = s > 0 for all s € K. But then
f x V(s)du(s) = 0 for every Borel measure u > 0 implies K = {0} and hence
TL,R =F 1@ Flaswellas®, C T, = FO. The proof will be finished if we show
that w € Fy forall w € ©,. For this we may assume that w € Fy2 and e+ Aw C
d D holds. Consider the complete holomorphic vector field f(z) = {zez} —eon D
and denote by t — g;(z) for every z € D the solution of 0g:(2)/0t = f(g:(2)
to the initial value go(z) = z. Then g; € Hol(D, D) for all r € R. Furthermore,
f(e) =0and df (e) = 2eUe imply g;(e) = e and dg;(e) = exp(teOe) for all ¢,
compare [17] p. 210. For every ¢ define h; € HOI(A, F) by h;(s) = gi(e+sw) €
dD. Then {h; : t € R} is a bounded family of holomorphic mappings. Therefore
also the set of all derivatives {4,(0) = ¢’w : t € R} must be bounded in F, i.e.
w =0.

LEMMA 7.9. For every tripotent e € F and every closed linear subspace E C
F1(e) we have (i) Fo(e) C Te(F), (ii) Fo(e) C Op(F).

Proof. For every unit vector « € E and every u € F(e) we have u = u —
{aua} € F Oe) by 7.6.i, proving (i). The second statement follows from E L Fjp.
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LEMMA 7.10. Suppose that E C F is a JB*-subtriple with the following prop-
erty: To every v # 0 in F there exists a tripotent e € E with {eve} # 0 (i.e. the
Peirce-1-component of v with respect to the tripotent e does not vanish). Then
Tg(F) = 0 and hence E is rigidin F.

Proof. Suppose that v # 0 for a vector v € Tg(F). Choose a tripotent ¢ € E
with {eve} # 0. Then v € FO(e) by 7.8, a contradiction.

As an application of 7.10 we see for instance that for F = £(H, K) the sub-
space JC(H, K) of all compact operators is a rigid subspace of F for every pair of
complex Hilbert spaces H, K.

PROPOSITION 7.11. Let e be a tripotent in the JB*-triple F and denote by
P = Q(e)? the Peirce projection from F onto E := F(e). Then the following
conditions are equivalent.

(i) Fo(e) =0,
(ii) P is almost neutral,
(iii) E isrigidin F.

Proof. (i) = (ii) E is a JB*-algebra with unit e in the product a o b = {aeb}
and the involution a* = {eae}. The selfadjoint part V := F!(e) is a JB-algebra
and @2 := exp(V) is an open convex cone in V. The generalized unit circle
A = exp(iV) is a set of determinacy in E. This follows from the fact that
the real analytic mapping ¢ : V — E defined by v +— exp(iv) has real dif-
ferential dp(0) : V — E given by v — iv. Every a € A is a tripotent with
Fipp(a) = W := Fyp2(e). Indeed, a = exp(2iv) holds for some v € V and
A := exp(i(vOe + eOv)) € GL(F) is a triple automorphism with A(c) = a and
A(W) = W. Therefore it is enough to show that ||e + w| = 1 for w € W implies
w = 0. Suppose on the contrary that w # 0 holds. Then ¢ := {eww} € Q and
¢ # 0, compare [16] p. 183. But this is not possible—the closed real subalgebra
of V generated by e and ¢ can be realized as C(K, R) in such a way that e is the
function = 1 on the compact space K and ¢ > 0.

(il) = (iii) Follows from Proposition 3.10.

(iii) = (i) Is trivial because of e = Fy(e).

For every tripotent ¢ € F the Peirce spaces Fj(e) and Fy(e) are inner ideals
of F—by definition, a closed linear subspace J C F is called an inner ideal if
{JFJ} C J holds. Every inner ideal J C F is a subtriple of F' and with every
tripotent e € J also the whole Peirce space Fj(e) is contained in J. By [7] the
inner ideals of F' can be uniquely characterized in the class of all closed subtriples
E C F by the unique norm preserving extension property of linear functionals:
To every A € E* there exists a unique o € F* with |A|| = ||o|| and o|E = A.The
following proposition is a characterization of inner ideals within the bigger class
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of all closed linear subspaces of F in terms of holomorphic automorphisms of the
open unit ball D of F.

PROPOSITION 7.12. Let E with open unit ball B be a closed linear subspace
of the JB*-triple F with open unit ball D. Then E is an inner ideal of F if and
only if g(B) is convex in F for every g € Aut(D).

Proof. Fix an arbitrary ¢ € D. Then ||zOc|| < 1 holds for all z € D and there
exists an automorphism g € Aut(D) such that

() g@)=c+rl+z00)7"z

for . = dg(0) € GL(F) and all z € D, compare [15] p. 132. Therefore, if E
is an inner ideal in F, the function f(z) := (I + zOc)~'z maps B into E and
hence g(B) C (A N D) fo rthe affine subspace A := ¢ + A(E). By the implicit
function theorem g(B) is a neighbourhood of ¢ in A, therefore g~! maps the
domain (AN D) C Ainto E, i.e. g(B) = AN D. In particular, g(B) is convex
in F. Any other automorphism g € Aut(D) with g(0) = c is of the form g = gk
for some k € Aut(D) N GL(F). Then k respects the triple product and hence
E := k(E) is also an inner ideal of F, i.e. also g(B) is convex. On the contrary,
suppose that g(B) is convex in F for all g € Aut(D). Fix an arbitrary ¢ € D
and choose g as in (x). Then f(z) = A‘l(g(z) —c¢) = z — {zez} + o(||z||2)
defines a holomorphic mapping f : D — F with f(0) = 0, df(0) = id and
f(B) convex. By the implicit function theorem f(B) must be contained in E.
This implies {zcz} = —lim; ot~ 2(f(tz) —tz)) € E forallz € Band all ¢ € D.
Therefore E is an inner ideal in F'.

A JB*-triple F is called a JBW*-triple if F as a Banach space is the dual of
another Banach space, compare [14] and [10]. This predual is uniquely deter-
mined by F and is denoted by F. It is known [2] that the triple product on every
JBW*-triple is separately w*-continuous. For every JB*-triple E the bidual E**
is a JBW*-triple with triple product extending the one of E C E**, compare [5].
The advantage of JBW*-triples is that they contain many tripotents. By [8] a linear
subspace E of the JBW*-triple F is a w*-closed inner ideal if and only if E is the
range of a structural projection P in F' (structural means Q(P(a)) = PoQ(a)o P
for all a € F —such a projection is automatically contractive and w*-continuous).

EXAMPLE 7.13. Let F := L£(H, K) for complex Hilbert spaces H, K1, K3
and K := K| @, K. Then every z € F can be realized as a pair z = (z1, z2) with
Zx € L(H, Ky) fork = 1,2 and P(z1, z2) = (21, 0) defines a structural projection
onto a w*-closed inner ideal E with E+ = 0. In general, the projection P is not
almost neutral and also E is not the Peirce-1-space of a tripotent, compare the
matrix example at the end.

THEOREM 7.14. Let E be a w*-closed ideal in the JBW*-triple F and let P
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be the corresponding structural projection from F onto E. Then

Tg(F)=ker(P)={z€ F: Q(E)z =0} and
Op(F)=E*={z€ F:(EDOE)z =0}.

Furthermore, E is rigid in F if and only if g (F) = 0.

Proof. Fix v € Tg(F) and a € E. Then there is a tripotent ¢ € E with
a € Fi(e). This implies Q(a)v = 0 because of v € F%(e) and hence T (F) C
Ker(E). The opposite inclusion follows with 7.7. But Ker(E) = ker(P), com-
pare [8]. The statement concerning ® g (F') follows by a similar argument. Finally,
E = 0 is necessary for E being rigid in F. Let us therefore assume conversely,
that E+ = 0 holds. Consider a homogeneous polynomial f : E — F of degree
m > 2 with z 4+ f(z) € D for all z € B and fix ¢ € B. We have to show that
f(c) = 0. Because of 7.4 it is enough to show that f(c) € ©.(F). Choose a
tripotent e € E with ¢ € U := F|(e) and put Z := Fy(e). Then |le + tf(e)] < 1
for all t € A implies f(e) € Z by 7.1. Now let the selfadjoint part V of the
JB*-algebra U and A = exp(iV) be as in the proof of Proposition 7.11. Every
a € A has the same Peirce spaces as e and therefore also f(a) € Z by the above
reasoning. Since A is a set of determinacy in U this implies f(c) € Z C O.(F)
as a consequence of 2.2 and 7.9.

As an example consider the case of an arbitrary W*-algebra F. Then F is also
a JBW*-triple and a w*-closed linear subspace £ C F is an inner ideal if and
only if E = eFc for (Hermitian) projections e, ¢ € F having the same central
support, compare [8] p. 59. Then Tg(F) = (1 —e)F + F(1 — ¢) and O (F) =
(1—e)F(1—c).

We close with a finite dimensional illustration of Theorem 7.14: For fixed
integers 1 < p < mand 1 < ¢ < m with n < m the matrix space
F :=C"™" = L(C",C™) is a JBW*-triple of dimension nm and rank n. Write
every matrix z € F in block form z = (i’ d)’ where a, b, c, d are rectangular ma-
trices of sizes p x g, p X (m —¢q), (n — p) X q and (n — p) x (m — q) respectively.
P(z) = (88) defines a structural projection onto an inner ideal E of F. Then
E =~ CP*1 is the Peirce-1-space of a tripotent ¢ € F if and only if E has square
size, i.e. p = q. Under the assumption E # F the projection P is neutral if and
only if n = 1, that is, if F' is a Hilbert space. Furthermore, P is neutral if and only
if ¢ > p = n holds, that is, if E and F have the same rank. FE is rigid in F' if and
only if p = n or ¢ = m. Finally, for the set A of Proposition 7.2 the following
conditions are equivalent: (i) A # {0}, (ii) A is a set of determinacy in E, (iii) E
and F have the same rank. Also, A isdense in E ifand only if E = F or F isa
complex Hilbert space. In particular, E may be rigid in F in the case A = {0}.



276 J. ARAZY AND W. KAUP

Acknowledgements

1. The authors wish to thank D. Zaitsev for helpful suggestions.

2. This research was supported by a grant from the German-Israel Foundation

(GIF), 1-0415-023.06/95.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21

REFERENCES

. H. Alexander, ‘Holomorphic mappings from the ball and polydisc’, Math. Ann., 209 (1974),

249-256.

. T. J. Barton, and R. W. Timoney, ‘Weak* continuity of Jordan triple products and applications’,

Math. Scand., 59 (1986), 177-191.

. R. Braun, W. Kaup, and H. Upmeier: ‘On the automorphisms of circular and Reinhardt domains

in complex Banach spaces’, manuscripta math., 25 (1978), 97-133.

. H. Cartan, ‘Les fonctions de deux variables complexes et le probleme de la représentation analy-

tique’, J. de math. pures et appl., 10 (1931), 1-114.

. S. Dineen, ‘Complete holomorphic vector fields on the second dual of a Banach space’, Math.

Scand., 59 (1986), 131-142.

. S. Dineen, and R. W. Timoney, ‘Extremal mappings for the Schwarz lemma’, Arkiv for Math.,

30 (1992), 61-81.

. C. M. Edwards, and G. T. Riittimann: ‘A characterization of inner ideals in JB*-triples’, Proc.

Amer. Math. Soc., 116 (1992), 1049-1056.

. C. M. Edwards, and G. T. Riittimann, ‘Peirce Inner Ideals in Jordan*-Triples’, Journal of Alge-

bra, 180 (1996), 41-66.

. T. Franzoni, and E. Vesentini, Holomorphic Maps and Invariant Distances. North Holland, Am-

sterdam 1980.

Y. Friedman, and B. Russo, ‘Structure of the predual of a JBW*-triple’, J. Reine Angew. Math.,
356 (1985), 67-89.

H. Hanche-Olsen, and E. Stgrmer, Jordan operator algebras, Monographs Stud. Math. 21 Pit-
man, Boston-London-Melbourne 1984.

L. A. Harris, Schwarz’s lemma and the maximum principle in infinite dimensional spaces. Ph.D.
thesis, Cornell University 1969.

L. A. Harris, Schwarz’s lemma in normed linear spaces. Proc. Nath. Acad. Sci. USA 62 (1969),
1014-1017.

G. Horn, ‘Characterization of the predual and ideal structure of a JBW*-triple’, Math. Scand., 61
(1987), 117-133.

W. Kaup, ‘A Riemann mapping theorem for bounded symmetric domains in complex Banach
spaces’, Math. Z., 183 (1983), 503-529.

W. Kaup, and H. Upmeier, ‘Jordan Algebras and Symmetric Siegel Domains in Banach Spaces’,
Math. Z.,157 (1977), 179-200.

W. Kaup, Hermitian Jordan Triple Systems and the Automorphisms of Bounded Symmetric Do-
mains. In: Non-Associative Algebra and Its Applications. 204-214 Gonziélez, S. ed. Mathematics
and Its Applications. Dordrecht-Boston-London. Kluwer 1994.

P. Mazet, ‘Principe du maximum et lemme de Schwarz a valeurs vectorielles’, Canad. Math.
Bull., 40 (1997), 356-363.

L. L. Stachd, ‘A projection principle concerning biholomorphic automorphisms’, Acta Sci. Math.,
44 (1982), 99-124.

H. Upmeier, Jordan algebras in analysis, operator theory and quantum mechanics. Regional con-
ference series in mathematics. Vol. 67 AMS 1987.

. E. Vesentini, ‘Complex geodesics’, Compositio Math., 44 (1981), 375-394.



HOLOMORPHIC RIGIDITY OF LINEAR OPERATORS 277

22. J. P. Vigué, ‘Un lemme de Schwarz pour les boules-unités ouvertes’, Canad. Math. Bull., 40
(1997), 117-128.

23. D. Zaitsev, Germs of local automorphisms of real-analytic CR structures and analytic dependence
on k-jets. Math. Res. Letters. to appear.

Department of Mathematics,

University of Haifa

Haifa 31905,

Israel

E-mail: jarazy@mathcs2.haifa.ac.il

Mathematisches Institut,

Universitdt Tiibingen

Auf der Morgenstelle 10

D-72076 Tiibingen,

Germany

E-mail: kaup@Quni-tuebingen.de



