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Z, Q, R, C, Zn (n ∈ N) 6 798;:=<>:�?�@A:�B'BDC�?;EGF�HJILKNMO'PRQ
SJSJO�TUS=VWT;XZYUSJOZ[]\9M_^;`ba_c�def`bSg[*h_MGi
ebj
S�[�kZa_lnm�ebTpoqSrOgdlsa_k�[�`fefebT;trhZTsM�lsavuDw�eba n l�M\9M_u�Y;kZa
SrOUt9defxZa_kyM_u�uD`ftrzfh(^US9a_m{a_\rtR|JMD}~_��� ? � BsBDC�?;EGF�HJILK>MONT;XZYUSJONSrOgdlsa_k�X
xv��\r�_|rT
[�M-\9M_^;`ba_c�def`bS�[Dh
Mebj
S�[vkZa_lnm�ebTpo�SrOgdlsa_k
tJTUSrtJT
[D`fefebT;trhZT�M�lsavuDw�eba n l�M\9M_u�Y;kZa
SJOUt9defx�i�X
x���\r�
Q∗, R∗, C∗, Rn (n ∈ N) 6�M 0 i�tJj_e�kv��ebQ_cv�{Q_O��1\9M_^;`ba_c�def`bS�[Dh
Mebj
S�[�kZa_lnm�ebTpo�SrOgdlsa_k{[
`fefebT;trhZT�M�lsa�uDw�eba n \JTUuDw�k
deftWl�M\9M_u�Y;kZa
SrOUt9defxZa_k�l�w�eftr`fm�ef`fk
Mtrzfh'^USJa_m�a_\rtR|rM
Q+, R+ 6�M1m�a_OU`ftrzfh�\9M_^;`ba_c�def`bS�[�`fefebT;trhZT-h
Mebj
SWSrOgdlsa_k�l�w�eftr`fm�ef`fk
Mtrzfh'^USJa_m�a_\rtR|rM
E 6�MO 1 M��SrO�a_ef��t�Y;\rtJY;k��'kZa_lnm�ebTpo'SrOgdlsa_k�l�w�eftr`fm�ef`fk
Mtrzfh'^USJa_m{a_\rtR|JM
SX , Sn (n ∈ N) 6 MO X ��Mefl�MO�Q
S9SrO�TUS�[�`fefebT;trhZT�MO {1, 2, . . . , n} ��Mefl�MO�Q
SJSrO�TUS
m�T;\rl�w�t9d_^;`bj_`fc�Mk���Mefl�MOgM'M�SrO�a_k
d_SJa
S�ebT;kZY;m�T;O�YUSJSrO�a_\rOgd_SJS9Me�}Lc�T;hv��k���SrOU`flnlsT;tr\r`fk�w�S
^USJa_m�a_\rt�MO X ��Mefl�MO�a_c�[�`fefebT;trhZT n i�TUu���a_kv�'SrOU`flnlsT;tr\r`fk�w�S�^US9a_m{a_\rt
Dn (n ∈ N, n ≥ 3) 6 M�SrOgM��defxZa
S n i�SrO�Q_X�SrOU`flnlsT;tr\r`�d`fc�Mk���Mefl�MOgMyP�MOgMO�M�Srzfk
Q
SJSJO�TUS�a_efx�Mc�T;X
x���T;h_dXZj
S9dX
`�tr\9Mc�SrO;��a_\rl�d_^;`bj_`fc�Mk���Mefl�MOgMD[�lsT;efx�M'SrOgM��defxZa
S n i
SrO�Q_XZT;tNQ_c�l�MX�d��M�hv`bSrOU`�V�M�SJO�a_k_d_SJa
S�ebT;kZY;m{T;O�YUS9SrO�a_\rOgd_SJS9Me�}�c�T;hZT
� n i�TUu���a_kv�(uD`bYUu�T;\�i
^USJa_m�a_\rt
Q 6�k�h
MtJT;\rc�`bjv^USJa_m�a_\rt
GL(V ),GL(K,n) (n ∈ N, K tJTUSrt , V n i�uD`flsT;c�OU`bj
S�hZT;k�tJa_\rtJY;\ K �RT;ebT;trt=V 6 M V

hZT;k�tJa_\rtJY;\�Q
S9SrO�TUS>��` |rT;kvtrzfhnef`fc�T�d\r`bS�tr\9Mc�SrO;��a_\rl�d_^;`bj_`fc�Mk�^US9a_m{a_\rtR|JMD[�`fefebT;trhZT�MO¡Q
S9SrO�TUS
K tJTUSJt¢��T;ebT;trtr` n × n i�TUS�c�T;lsT;e£��MG|Aw�ebj�l�dtr\r`£o�a_k�l¢w�eftr`fm�ef`fk_Mtrzfh¤^USJa_m�a_\rtR|JMD}�c�T;h���k��
deft9Me�dc�a
S�ef`fc�T�d\r`bS�^USJa_m�a_\rt
SL(V ),SL(K,n) (n ∈ N, K tJTUSrt , V n i�uD`flsT;c�OU`bj
S¢hZT;k�tJa_\rtJY;\ K ��T;ebT;trt=V¡6 M V

hZT;k�tJa_\rtJY;\�Q
SJSJO�TUS 1 u�T;tJT;\rln`fc�dc�Sr��ef`fc�T�d\r`bSLtr\9Mc�SJO;�Ra_\rl�d_^;`bj_`fc�Mk-^USJa_m�a_\rtR|JMD[g`fefebT;trhZT0MO
Q
SJSJO�TUS K tJTUSrt5�RT;ebT;trtr` n×n i�TUS 1 u�T;tJT;\rln`fc�dc�Sr��l�dtr\r`£oDa_k�l�w�eftr`fm�ef`fk
Mtrzfh�^USJa_m�a_\rtR|rMD}
c�T;h���k{�¥SJm{TU^;`�def`bS ef`fc�T�d\r`bS¡^USJa_m�a_\rt
R[x], R[x, y], R[x1, . . . , xn] (R X
xv��\r� ) 6 MO R X
xv��\r���RQ_ebQ_trtr`0T;X
xvi9[�kZY;t�i9[�`fefebT;trhZT
n i���Mt9d\Ja_OgMtre�Mc��¦m{a_ef`fc�a_lnX
x���\r�
Z[i] 6§Ms¨-Mw�SJS�i�T;XZYUSrO�T;k�X
xv��\r�_|rT�P�`fcvtJT;X
\r`ft9d_Srt9M\rtJa_l�dc�x�V
Z[ω] (ω h
Me�MlsT;efx Z[x] i���T;ef`�l�d_S9avu���a_kv�s�R�_m�a_ef`fc�a_l C i���T;ef`�X
xZQ_kZTgV%6©MO {a+ bω ∈
C : a, b ∈ Z} X
x���\r�ªP�`fc�tJT;X
\r`ft9d_SJt9M\rtJa_l�dc�x�V�M C i���T;ef`¡SrO�a_k
d_SJa
S�Q
SJSrO�T�M_u�d_Sr\9M�YUS
SrO�a_\rOgd_SJ\9M�c�Y;OUhZT
Rn×n (R X
xv��\r� ) 6�MO R X
xv��\r����Q_ebQ_trtr` n × n i�TUS tJT;e |rTUS l�dtr\r`£o�X
x���\r�
〈d〉 (d ∈ D, D `fc�tJT;X
\r`ft9d_Srt9M\rtJa_l�dcvx ) 6 M d T;ebT;l«deft9Me�XZT;c�T;\9deft¡���_`bu�T�de D i���T;c�[
MOgMO¢M d T;ebT;l¬Q
SJSrO�TUS tJQ_����SJO�Q_\JQ
SJT;`fc�T;k���Mefl�MOgM D i��{T;c
K(x),K(x, y),K(x1, . . . , xn) (K tJTUSJt ) 6 M K tJTUSJt���Q_ebQ_trtr`¥T;X
x�i9[]kZY;t�i9[{`fefebT;trhZT n i
��Mt9d\Ja_OgMtre�Mcv��\9M_^;`ba_c�def`bS�tJQ_\rtJT;k1tJTUSrtJT
[�MOgMONM K[x],K[x, y] [�`fefebT;trhZT K[x1, . . . , xn]
m�a_ef`fc�a_lnX
xv��\r���dc�x�M_u�a
SrtJTUSrtJT
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	 SJOgdlsT;eflsY;ebT;t�Me�Mm�tJY;tJT;ebT�YUS1kZQ�hZT;trkZT;OUlsY;cvxZT;`�[�l�M\9M_u�Y;kZa
S�a
SrOUt9d_SnMO'T;XZYUSrO�SrOgdGi
lsa_k¤kZQ_\JY;��T;c�[WMqef`fc�T�d\r`bS�uD`ba��McvtJa
SrOU`�T;X
xZT;c�ebT;tJT;k lsT;XZa_ebu�d_S9MD}�Mqlsa�u n (n ∈ N)
kZa_c�X
\rw�T;c�^;`�M���a_X�Mefl�M�YUS�trw�e�MG|�u�a_c�S=dX�M`�[�Myef`fc�T�d\r`bS�kZa_c�X
\rw�T;c�^;`�dk lsT;XZa_ebu�d_S=MD[¡M
k�zfc�M`>l�M\9M_u�Y;k�tJY;tJT;e�}>MO�
¥w�ebT;\�i���Y;ebT ϕ ����X
X
hZY;cvx(�Ra_X�Mefl�MYUS�trw�e�MG|�u�a_c�S=dX�M`�[�
>w�ebT;\
YUS��T;\rl�Mt�tJY;tJT;ebT���
¥XZYUSrO(SrOgdl \JT;c�u|rT'lsa�u p (p m�\rzflsSrOgdl�V�� 	 m�\r`fln`ftrzfh¤X
xZQ_k
��a_X�Mefl�M1YUS0trw�e�MG|�u�a_c�S=dX�M`����LT;tJSrO��_ebT;XZTUS p m�\rzflsSrOgdl TUSJT;tJY;c�ebY;tJT;OU`fk�m�\r`fln`ftrzfh�X
xZQ_k
lsa�u p �	 ef`fc�T�d\r`bS�MefXZT;��\9M�Me�MmD�Ra_X�Mefl�M`1P�hZT;kvtJa_\rtJY;\�[0ef`fc�T�d\r`bSs����X
XZ�
SJY;X�YUSn�R��X
XZT;trebT;c�SJY;X�[
��dOU`bS�[�uD`flsT;c�OU`bj�[�T;ebT;ln`*dt9Me�Mkvzft9d_S�[v\9Mc�X�[�l�dtr\r`£o�[Du�T;tJT;\rln`fc�dc�S�[DSrtr��� V�YUS�Q
SJSrO�Tp�R��X_i
XZYUSJT;`�[]M�ef`fc�T�d\r`bS�tr\9Mc�SrO;��a_\rl�d_^;`bjn��a_X�Mefl�MD[�ef`fc�T�d\r`bS¡tr\9Mc�SrO;��a_\rl�d_^;`bjsl�dtr\r`£o�MsM_u�a_trt
��dOU`bSr��Mc�[]ef`fc�T�d\r`bSNtr\9Mc�SrO;��a_\rl�d_^;`bj�\9Mc�XG|rM�YUS¡u�T;tJT;\rln`fc�dc�S=MD}]c�T;lsT;e£��MG|�w�ebj�l�dtr\r`£o*[
l�dtr\r`£o�SrO�a_\rOgd_S�YUS>l�dtr\r`£os`fc�hZT;\rO�T
}�l¢��hZT;ebT;tJT;ksef`fc�T�d\r`bS5tr\9Mc�SJO;�Ra_\rl�d_^;`bj_kZa_c�[Dk
Mm�^USJai
e�Mtrw�k�M1l�dtr\r`£oDl���hZT;ebT;tJT;k�kZT;e��	 O�`fcvtJT;X
\r`ft9d_Srt9M\rtJa_l�dc�x(��a_X�Mefl�M����NSJOUtr��MtJj
S9dX�[{ebT;X
c�MX
xZa_���qkZQ_O�Q
SNa
SJOUtJj�YUS¡ebT;X_i
k�`bSJT;��� kZQ_O�Q
S¢tJQ_����SJO�Q_\JQ
S�[%`f\r\JTUuDw�^;`f��`fef`bSnYUS�m�\rzflsT;ebT;l `fcvtJT;X
\r`ft9d_Srt9M\rtJa_l�dc�xZa_k���Mc��
�NSrOUtr��MtJj
S=dX�YUS>�R��u�T�de���
¥X
xZY;\rtJT;efl���`f\r\JTUuDw�^;`f��`fef`bS���MkvtJa_\r`fOgd_^;`bj¢`fc�tJT;X
\r`ft9d_Srt9M\rtJa_l�dGi
cvxZa_kv��Mc���
¥w�k�ef`bu�TUSrOU`�X
x���\r��[]�R�_`bu�T�defX
x���\r������cvtJT;X
\r`ft9d_Srt9M\rtJa_l�dc�x(��dc�x�M_u�a
SrtJTUSJtJT��	 O�PRT;X
xv��Mt9d\Ja_OgMtre�Mcv�]V�m{a_ef`fc�a_l'[�`fefebT;trhZT'm�a_ef`fc�a_lnX
x���\r�¤�Ra_X�Mefl�M����¦`fc�u�T;c tJTUSrt
��Q_ebQ_trtr`�m�a_ef`fc�a_lnX
xv��\r��T;w�kvef`bu�TUSJOU`�� ��a_ef`fc�a_l1����X
X
hZY;cvxZ[�m{a_ef`fc�a_l O�Y;\rw�Sr��T;efxZT��!� Q_���Di
SrO�Q_\JQ
S�O�Y;\rw�Sr��T;efx"� 	 k�e�M_SJSrOU`fk�w�S¢MefXZT;��\9M(Me�Mm�tJY;tJT;ebT��#��\r\JTUuDw�^;`f��`fef`bS�m�a_ef`fc�a_lsa_k C [
`fefebT;trhZT R �RQ_ebQ_trt�[�X
xZQ_kvtJY;cvxZT;O��
S�[{`fefebT;trhZT-`f\r\JTUuDw�^;`f��`fef`bSN��Mtrh
dc�x�tJY;c�xZT;O��
S-Me�Mk$�&%NM_^;`£i
a_c�def`bS�[L`fefebT;trhZTsT;XZYUSrO�T;X
x���trtr��MtJj
S-m�a_ef`fc�a_lsa_k�\9M_^;`ba_c�def`bS�X
xZQ_kZT;`�[%M#'�^J��Q_c�T;l�Mc�c)(

¥`bS9T;c�SrtJT;`fcDi�tJY;tJT;e�� 	 tJQ_������Mt9d\Ja_OgMtre�Mc��qm�a_ef`fc�a_lnX
xv��\r��� 	 O�T;X
xvi9[�`fefebT;trhZT¢tJQ_������MGi
t9d\Ja_OgMtre�Mcv�\9M_^;`ba_c�def`bS¡tJQ_\rtJT;k�tJTUSrtJT��
��* � ! , /n�¢���;��/ 4 � , / �
+ ��'vO�T;c�uD\JT;`��(d\r`�MD[-,�O�YUuDef`�¨�d��a_\�[-'vO�T;c�uD\JT;`�.¡X
c�TUS�� 	 ��SrOUtr\9Mk�t�MefXZT;��\9M`%��T;e�M_u�MGi
tJa_k�[/��a_efx�XZa_c�[10�2�2�3��
,�S9dk
dc�x + Y;e�MD� 	 efXZT;��\9M'P54 	 �6
�|�T;X
x�O�T;t=Vp[/��Mc�kZQ_cvxvh�kv`�M_u�j�[�798�:�2��
�MX
xZTA|rT;h�[ ;<�>=?�f[&'vO�a_ln`fc�SJOUkv` |U[ ���@'vO"�f���T;ebSJ���a_k�� MefXZT;��\9M` �RT;e�M_u�MtJa_k�[&�>x�m{a_tJTpo*[
0�2�2�2��
�\JT;w�uA%�j_��T;\rt��>B*`fc�T�d\r`bSNMefXZT;��\9MD[C
�BD�6
�
>Q_trhZQ
S�=�`�M_u�j�[�798�8�:��
�\JT;w�uA%�j_��T;\rt�[�¨Nx�M\rl�Mtr`E
>uD`ft��&'vOgdlsT;eflsY;ebT;t�[CFNT;lnO�T;tr`-��Mc�kZQ_cvxvh�kv`�M_u�j�[$0�2�2�2��
¨Nx�M\rl�Mtr`D
>uD`ft�[G�Lw�\9dcH�%de���'vOgdlsT;eflsY;ebT;t0P5
�BD�6
�|rT;X
xvO�T;t=Vp[I��Mc�kZQ_cvxvh�kv`�M_u�j�[�798"JK3��
=�`bSJSL
¥ln`fe�� + T;hZT;O�T;tJYUS¡MO�MefXZT;��\9d��MD[1�>x�m{a_tJTpo*[C0�2�2"J)�
�(T;X
xZTUSr`�BLd_SrOUebj�� + T;hZT;O�T;tJYUSNMnSrOgdlsT;eflsY;ebT;tr��T
[M��a_efxvXZa_c�[E798�8"J)�
'Dd\rkZQ_OUx 	 c�uD\9d_S�[N'vw�\9dcvxv`�4�dc�a
S��O'vOgdlsT;eflsY;ebT;t¡�RT;e�M_u�MtrX
x��_|AtJT;lsY;cvx�P5
�B)�6
 |�T;X
xvi
O�T;t=Vp[M��Mc�kZQ_c�x�hvk�`�M_u�j�[-798"J�J)�
'vOgM��j?BLd_SrOUebj�� + T;hZT;O�T;tJYUSNM�ef`fc�T�d\r`bS¡MefXZT;��\9d��MD[1��a_efx�XZa_c�[10�2�2�P��


