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Abstract: We present a nonautonomous compartmental model that incorporates vaccination and
accounts for the seasonal transmission of typhoid fever. The dynamics of the system are governed
by the basic reproductive number R0. This demonstrates the global stability of the disease-free
solution if R0 < 1. On the contrary, if R0 > 1, the disease persists and positive periodic solutions
exist. Numerical simulations validate our theoretical findings. To accurately fit typhoid fever data
in Taiwan from 2008 to 2023, we use the model and estimate its parameters using Latin hypercube
sampling and least squares techniques. A sensitivity analysis reveals the significant influence of
parameters such as infection rates on the reproduction number. Increasing vaccination coverage,
despite challenges in developing countries, reduces typhoid cases. Accessible and highly effective
vaccines play a critical role in suppressing the epidemic, outweighing concerns about the efficacy
of the vaccine. Investigating possible parameter changes in Taiwan highlights the importance of
monitoring and managing transmission rates to prevent recurring annual epidemics.

Keywords: typhoid fever; seasonal model; partially susceptible; reproduction numbers; global
stability; periodic solutions; sensitivity analysis

MSC: 34C23; 34C25; 92D25; 92D30; 34C60; 37N25

1. Introduction

Typhoid fever, caused by the bacterium Salmonella Typhi, is a contagious disease preva-
lent in areas with limited resources and poor sanitation, significantly affecting public health
through widespread disease and mortality. Typhoid fever can spread by contaminated
food or water, poor sanitation, or close contact with infected individuals [1,2]. Symptoms
include a persistent high fever, headache, weakness, stomach pain, and gastrointestinal
problems. Patients may develop a skin rash in some cases, while critical cases can lead to
severe consequences or fatality [3]. The global impact of typhoid fever is significant, partic-
ularly in resource-limited nations struggling with limited access to clean water and poor
sanitation. The WHO (World Health Organization) estimates approximately 9 million cases
and 110,000 deaths annually worldwide. Although the disease is controlled in developed
countries, it persists as an endemic disease in numerous regions around the world. South
Asia, including India, Pakistan, and Bangladesh, experiences an exceptionally high impact
of this disease [3–5].

Although prevention programs such as improved sanitation and food hygiene are
crucial, it often takes time for these programs to show improvements in most areas affected
by typhoid fever. Furthermore, the persistence of the disease can be attributed to bacterial
resistance to antibiotics, which are commonly used for treatment, and the presence of
multiple Salmonella strains [6–8]. However, typhoid vaccination remains an indispensable
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measure of disease control, particularly during outbreaks or in endemic environments.
The World Health Organization (WHO) has recommended two types of typhoid vaccines,
the Vi Polysaccharide vaccine and the Ty21a oral vaccine, since 2008. However, obtaining
typhoid vaccines in developing countries can be limited and challenging [9].

Mathematical models have been extensively used to investigate the transmission dy-
namics of typhoid fever and evaluate the effectiveness of various prevention programs.
Previous studies have employed these models to focus on different aspects of disease trans-
mission. Some models specifically address direct human-to-human transmission [10–12],
while others incorporate the contribution of indirect transmission through contaminated
food and water [13,14]. Some comprehensive models consider both direct and indirect
modes of transmission [15–17], providing a more complete understanding of the spread
of typhoid fever. These models have been instrumental in evaluating the impact of in-
terventions such as disease treatment [14,18], sanitation measures [19,20], education cam-
paigns [21,22], and media coverage [23] on preventing typhoid outbreaks. The findings of
these mathematical models contribute to the development of effective strategies for the
control and prevention of typhoid fever.

In their study, Musa et al. [22] developed an epidemic model to examine the dynamics
of the transmission of typhoid fever and to evaluate the effectiveness of public health
education programs in reducing its pathogenesis. The model was calibrated using data from
Taiwan and China for typhoid fever. Through a mathematical analysis, they determined
the stability conditions for the disease-free and endemic equilibrium and identified crucial
parameters to control typhoid fever. Furthermore, they employed a wavelet analysis
to detect significant periodic patterns in outbreaks of typhoid fever. Pitzer et al. [24]
introduced a mathematical model to investigate the transmission dynamics of typhoid
fever and assess the effects of vaccination, including direct and indirect impacts such as
herd immunity. Their findings showed that although typhoid vaccination could provide
indirect short-term protection and reduce disease incidence, complete elimination of the
disease was unlikely to be achieved by vaccination alone. Edward et al. [19] developed a
mathematical model to evaluate the effect of direct and indirect transmissions of typhoid
fever, taking into account various interventions such as vaccination coverage, treatment,
and water sanitation. The results of their study demonstrated the crucial role of these
interventions in reducing the outbreak when promoted within the community. In addition,
minimizing contact with typhoid patients and preventing the contamination of water
sources with feces were identified as crucial measures in preventing typhoid outbreaks.
In [25], the authors established a mathematical model that studied the dynamics of the
transmission of typhoid fever. Their model incorporated a non-integer-order derivative
and considered vaccination as a control measure. The stability of equilibrium points
was analyzed, revealing that vaccination effectively reduced the spread of the disease.
The study also conducted a sensitivity analysis to identify important parameters and
validate the findings through numerical simulations. In a study by Sinan et al. [26], the
dynamical model of typhoid fever was modeled and numerically solved. Local and global
stability analyses were performed, showing that the model exhibited stability at both
endemic and disease-free equilibrium points. Numerical solutions were obtained using
the Adams–Bashforth method, and graphical representations supported the results. A
recent study by Abboubakar and Racke [27] examined an autonomous model designed to
prevent typhoid fever. The model took into account multiple control mechanisms, including
an imperfect vaccine, hygiene practices, and therapeutic measures. Using clinical data
from Mbandjock, Cameroon, the study explored the impact of these control mechanisms.
The findings indicated that effective control of typhoid fever required a combination of
measures, such as large-scale immunization campaigns, environmental sanitation, and
appropriate therapeutic interventions.

The value of mathematical models in comprehending the transmission dynamics of
typhoid fever and influencing the formulation of public health interventions aimed at
preventing and controlling the disease is underscored by these studies. In line with this,
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our study presents a nonautonomous mathematical model that explores the transmission
dynamics of typhoid fever with vaccination in periodic environmental changes. We expand
on the existing model proposed by [27] by incorporating the temporal periodicity of
the environment, mainly including seasonal fluctuations in transmission rates that are
correlated with rainfall patterns. Furthermore, we acknowledge that the previous model
neglected typhoid transmission through direct human-to-human contact. In our model, we
take this aspect into account and recognize that direct human-to-human transmission plays
a significant role in the overall spread of the disease. We formulate the basic reproduction
numberR0 for the periodic model to demonstrate its global stability, as well as the existence
of positive periodic solutions, which depend on the value of R0. Our focus is on using
our model to investigate the dynamics of the transmission of typhoid fever during the
outbreak that occurred in Taiwan from 2008 to 2023. We calibrate our model using real
data from Taiwan and estimate several parameters. Subsequently, we conduct a sensitivity
analysis to identify the model parameters that significantly contribute to the transmission
of the disease among the human community. This analysis involves computing sensitivity
indices. Specifically, our objective is to examine the effect of imperfect vaccination on the
transmission of the disease and to provide predictions for the estimated number of new
cases of typhoid. In addition, we present numerical simulations to validate and support
the analytical findings.

The article is structured into different sections. It starts with Section 2, which com-
prehensively explains the proposed model. In Section 3, the computation of R0 and a
detailed analysis of the global dynamics in relation toR0 are presented. Section 4 includes
the model calibration, sensitivity analysis, and prediction. Finally, Section 5 includes the
findings and results obtained from numerical simulations.

2. Seasonal Typhoid Fever Model

To investigate the dynamics of typhoid fever, we categorized the human population
into six distinct compartments based on their clinical status. These compartments included
susceptible (S(t)), vaccinated (V(t)), exposed (E(t)), asymptomatic infectious or carriers
(C(t)), symptomatic infectious (I(t)), and recovered (R(t)). At any given time t, the total size
of the human population is represented by N(t), which is equal to the sum of individuals
in each compartment: N(t) = S(t) + V(t) + E(t) + C(t) + I(t) + R(t). Furthermore, we
used the compartment B(t) to represent the density of bacteria in the environment. The
model is visually represented in Figure 1.
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Figure 1. Transmission diagram of the typhoid model (1).



Mathematics 2023, 11, 3298 4 of 26

The equations for our model are as follows:

S
′
(t) = Π + ηR(t) + θV(t)−

(
λh(t) + λb(t)

)
S(t)− (ξ + µ)S(t),

V′(t) = ξS(t)− (1− α)
(
λh(t) + λb(t)

)
V(t)− (θ + µ)V(t),

E
′
(t) =

(
λh(t) + λb(t)

)(
S(t) + (1− α)V(t)

)
− (ν + µ)E(t),

C
′
(t) = qνE(t)− (γ1 + µ)C(t),

I
′
(t) = (1− q)νE(t) + pγ1 C(t)− (γ2 + µ + δ)I(t),

R
′
(t) = (1− p)γ1 C(t) + γ2 I(t)− (η + µ)R(t),

B
′
(t) = τ1 C(t) + τ2 I(t)− µbB(t),

(1)

where λh(t) = β1 C(t) + β2 I(t) and λb(t) = βb(t)B(t) are mass action incidences, following
the references [27–29]. The rate of infection from the environment to humans is denoted
by βb(t) in our model. We assumed that βb(t) was a continuous positive function with a
period of T to capture seasonal variations in disease transmission, as stated in Equation (1).

We use the symbols Π and µ to represent the recruitment rate of humans and the
natural death rate, respectively. Immunity to the vaccine is temporary, and its waning rate is
indicated by θ. Individuals who have received the vaccine and are susceptible move to the
vaccinated compartment V at a rate of ξ. When susceptible individuals are infected, they
move to the exposed class (E(t)), where they remain for a period of time 1/ν. The infection
rate for susceptible individuals is λh(t) + λb(t), which can occur through human-to-human
transmission or environment-to-human transmission. Recent research [30] suggests that
the efficacy of typhoid fever vaccines is less than 95%, indicating that the vaccine is not
completely perfect. Therefore, there exists the possibility that vaccinated individuals
become infected at a rate of (1− α)(λh(t) + λb(t)), where α represents the efficacy of the
vaccine. A value of α = 0 means that the vaccine does not provide protection, while a value
of α = 1 indicates a perfect vaccine (0 < α < 1). Individuals in the exposed E class develop
asymptomatic infection and become carriers C at a rate of qν. The value of q indicates the
probability that an individual transitions from a latent state to a carrier C or symptomatic
infection (I) with a frequency of (1− q)ν. Individuals in the carrier class C move to the
infectious symptomatic class with a frequency of pγ1 . Here, p denotes the likelihood that
an asymptomatic individual becomes symptomatic, while γ1 represents the rate at which
carriers develop natural immunity. Alternatively, carriers can recover at a rate of (1− p)γ1 .
Individuals who are symptomatic and infectious recover at a consistent rate of γ2 or may
experience disease-induced death with a rate of δ. Following the infection, individuals
who have recovered experience a gradual loss of immunity at a rate of η. To provide a
comprehensive summary of our model, we list the parameters of our model in Table 1.

Table 1. Summary of the parameters and notations of model (1).

Parameters Description

Π Human birth rate
µ Natural mortality rate

β1 , β2 Human-to-human transmission rates
βb (t) Environment to human infection rate
τ1 , τ2 Bacteria excretion (carriers, infectious)
γ1 , γ2 Recovery rates

ν Rate of progression to carriers
q Probability of exposed group E transitioning into carriers C
p Probability of carriers C to become infected I
δ Disease-induced mortality
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Table 1. Cont.

Parameters Description

η Rate of transition from recovered to susceptible classes
α Vaccine efficacy
θ Vaccination waning rate
ξ Vaccination rate

µb Bacterial decay rate

2.1. Basic Properties

Given non-negative initial values, any solution to system (1) is also non-negative.
Therefore, we first discuss the limits or bounds of the solution of (1). For ease of analysis,
we define(

S(0), V(0), E(0), C(0), I(0), R(0), B(0)
)
=
(
S0, V0, E0, C0, I0, R0, B0) ∈ R7

+,

where R+ := [0, ∞). Given a positive initial condition
(
S0, V0, E0, C0, I0, R0, B0) ∈ R7

+, the
human subsystem of system (1) yields N(t) as a solution to the differential equation

N′(t) = Π− µN(t)− δI(t) ≤ Π− µN(t). (2)

As a consequence, we have

lim sup
t→∞

N(t) ≤ Π
µ

.

Under the assumption of no disease within the population, (2) possesses a single
globally asymptotically stable equilibrium Π/µ, and N(t) remains bounded. Using the
inequality I(t) ≤ N(t) ≤ Π/µ and C(t) ≤ N(t) ≤ Π/µ derived previously, we can deduce
from the last equation in (1) the following result:

B
′
(t) ≤ (τ1 + τ2)Π

µ
− µbB(t). (3)

After solving differential Equation (3), we obtain B(t) ≤ (τ1+τ2 )Π
µ + B0e−µbt, which

implies that B is non-negative. Taking the limit as t→ ∞, we have

lim sup
t→∞

B(t) ≤ γ(τ1 + τ2)Π
µbµ

,

and thus B(t) is also bounded. Therefore, the solutions of model (1) are bounded and
non-negative within the region:

Ω :=
{
(S, V, E, C, I, R, B) ∈ R7

+ : N 6
Π
µ

, B 6
γ(τ1 + τ2)Π

µbµ

}
.

The above analysis leads to the following conclusion:

Proposition 1. If the initial values of system (1) are positive, i.e.,
(
S0, V0, E0, C0, I0, R0, B0) ∈

R7
+, then the solution of the system,

(
S(t), V(t), E(t), C(t), I(t), R(t), B(t)

)
, remains positive for

all t > 0, implying that the system is positively invariant with respect to the region Ω.

Proof. To demonstrate the non-negativity of the solutions of system (1), we can prove
that for

(
S0, V0, E0, C0, I0, R0, B0) ∈ R7

+, the solution of system (1), (S(t), V(t), E(t), C(t),
I(t), R(t)) remains greater than or equal to zero for all t > 0. Let us define

m(t) = min{S(t), V(t), E(t), C(t), I(t), R(t)}, ∀t > 0.



Mathematics 2023, 11, 3298 6 of 26

Since m(0) > 0, we can assume the existence of a time point t1 > 0 where m(t1) = 0 and
that m(t) > 0 for all t ∈ [0, t1). Assuming m(t1) = S(t1), the first equation of system (1)
implies the inequality

S′(t) ≥ −
(
λh(t) + λb(t) + ξ + µ

)
S(t), ∀t ∈ [0, t1].

Then,

0 = S(t1) ≥ S0e−
∫ t1

0

(
λh (t)+λb (t)+ξ+µ

)
ds > 0.

This contradiction arises from the impossibility of having negative values for S(t) for any
t > 0. Similarly, we can reach a similar conclusion with regard to V(t) using analogous
arguments.

Consider the last four compartments of the human subsystem of (1). We assume that
there exists a minimum time value of t > 0 at which one of the compartments, namely, E(t),
C(t), I(t), or R(t), becomes zero. Without loss of generality, assume that this compartment
is E(t).

If m(t1) = E(t1), then from the fourth equation of (1), we have I(t) ≥ 0, C(t) ≥ 0,
B(t) ≥ 0, V(t) ≥ 0, and S(t) ≥ 0 for all t ∈ [0, t1]. Thus, we obtain

E′(t) ≥ −(ν + µ)E(t), ∀t ∈ [0, t1].

Hence,
0 = E(t1) ≥ E0e−(ν+µ)t1 > 0,

which leads to a contradiction. Similarly, if m(t1) = C(t1), m(t1) = I(t1), or m(t1) = R(t1),
then a similar contradictory conclusion can be reached. Therefore, we conclude that
S(t) ≥ 0, V(t) ≥ 0, E(t) ≥ 0, C(t) ≥ 0, I(t) ≥ 0, and R(t) ≥ 0 for all t > 0. Furthermore,
equality is present if the initial conditions are set to zero.

Equation (2) allows us to express N(t) as N0e−µt + Π
µ (1− e−µt), where N0 = S0 +V0 +

E0 + C0 + I0 + R0. Therefore, N(t) is bounded for all t ≥ 0, and we have lim sup
t→∞

N(t) = Π
µ .

Additionally, lim sup
t→∞

B(t) ≤ (τ1+τ2 )Π
µbµ , which implies that S(t), V(t), E(t), C(t), I(t), R(t),

and B(t) are all bounded for all t > 0. Therefore, the proof is complete.

2.2. Disease-Free Solution

The disease-free solution of (1) is provided when there is no presence of disease by
solving the following system

0 = Π + θV∗ − (ξ + µ)S∗,

0 = ξS∗ − (θ + µ)V∗;

therefore, system (1) has a single disease-free solution, denoted as

P∗ =
(
S∗, V∗, E∗, C∗, I∗, R∗, B∗

)
=

(
(θ + µ)Π

µ(ξ + θ + µ)
,

ξΠ
µ(ξ + θ + µ)

, 0, 0, 0, 0, 0
)

,

and it is always feasible.

3. Threshold Dynamics

This section aims to establish the stability of the disease-free periodic solution P∗

globally and to prove that the disease dies whenR0 < 1. However, whenR0 is greater than
1, we demonstrate the existence of a positive periodic solution for (1) and the persistence
of the disease. First, we obtain the basic reproduction numberR0 utilizing the approach
outlined in the work of Wang and Zhao [31].
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3.1. Basic Reproduction Number

Let X = (E, C, I, B, S, V, R)T where E, C, I, and B represent the infected classes, and S,
V, and R are the uninfected classes with

F (t,X (t)) =


(

λh (t)+λb (t)
)(

S(t)+(1−α)V(t)
)

0
0
0
0
0
0

,

V−(t,X (t)) =



(ν+µ)E(t)
(γ1+µ)C(t)

(γ2+µ+δ)I(t)
µbB(t)(

λh (t)+λb (t)
)

S(t)+(ξ+µ)S(t)

(1−α)
(

λh (t)+λb (t)
)

V(t)+(θ+µ)V(t)
(η+µ)R(t)

, V+(t,X (t)) =


0

qνE(t)
(1−q)νE(t)+pγ1 C(t)

τ1 C(t)+τ2 I(t)
Π+ηR(t)+θV(t)

ξS(t)
(1−p)γ1 C(t)+γ2 I(t)

.

The following nonautonomous equation

X ′(t) = F (t,X (t))− V(t,X (t)), (4)

is equivalent to system (1), where V(t,X (t)) = V−(t,X (t))−V+(t,X (t)). The disease-free
solution of (4) is X ∗ = (0, 0, 0, 0, 0, 0, S∗, V∗, 0). To compute the 4× 4 matrix functions F(t)
and V(t), where F(t) is defined as

( ∂Fi(t,X ∗)
∂Xj

)
16i,j64 and V(t) is defined as

( ∂Vi(t,X ∗)
∂Xj

)
16i,j64,

we need to find the entries of F(t) and V(t), which are given by:

F(t) =


0 β1

(
S∗ + (1− α)V∗

)
β2

(
S∗ + (1− α)V∗

)
βb(t)

(
S∗ + (1− α)V∗

)
0 0 0 0
0 0 0 0
0 0 0 0

,

and

V(t) =


ν + µ 0 0 0
−qν γ1 + µ 0 0

−(1− q)ν −pγ1 γ2 + µ + δ 0
0 −τ1 −τ2 µb

.

Consider the initial value problem:

Z ′(t1, t2) = F (t1,Z(t1, t2)), Z(t2, t2) = I4, (5)

where F (t1,Z(t1, t2)) = − V(t)Z(t1, t2) is a vector function and I4 is the 4× 4 identity
matrix. Suppose Z(t1, t2) is the matrix solution of (5), where t1 > t2. We make the
assumption that CT is an ordered Banach space consisting of functions that are periodic
with a period of T and map from R to R4, equipped with the standard maximum norm
‖ · ‖∞. We also define the positive cone C+T as the set of all functions φ ∈ CT such that
φ(t) > 0 for all t ∈ R.

As described in [31], we establish the basic reproduction number of (1), denoted by
R0. It is determined by calculating the spectral radius of the linear next infection operator
K : CT → CT , which is defined in the following manner:

(Kφ)(t) =
∫ ∞

0
Z(t, t− a)F(t− a)φ(t− a) da, ∀t ∈ R, φ ∈ CT ;

therefore, R0 := ρ(K). Referring to Theorems 2.1 and 2.2 in [31], we can derive the
following result:
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Theorem 1 ([31], Theorem 2.2). Let ΦF−V(t) represent the monodromy matrix of the T-periodic
linear system x′ = (F(t)−V(t))x. The following statements are valid:

1. ρ(ΦF−V(T)) = 1 if and only ifR0 = 1;
2. ρ(ΦF−V(T)) < 1(> 1) if and only ifR0 < 1(> 1).

3.2. Local Stability of P∗

Based on the previous discussion, the following theorem focuses on the local stability
of the unique disease-free solution P∗ of system (1):

Theorem 2. IfR0 < 1, the disease-free solution P∗ of system (1) is locally asymptotically stable
and unstable ifR0 > 1.

Proof. The matrix that represents the Jacobian of Equation (1) when evaluated at P∗ can be
expressed as:

J(t) =
[

F(t)−V(t) 0
A(t) B

]
,

where

A(t) =

0 −β1S∗ −β2S∗ −βb(t)S
∗

0 −(1− α)β1V∗ −(1− α)β2V∗ −(1− α)βb(t)V
∗

0 (1− p)γ1 γ2 0

,

and

B =

−ξ − µ θ η
ξ −θ − µ 0
0 0 −η − µ

.

The matrix B is constant and has negative eigenvalues λ1,2,3 = −ξ− µ,−θ− µ,−η− µ.
Consequently, ρ(ΦB) < 1 due to the negativity of its eigenvalues. Thus, the stability of P∗ is
based on the value of ρ(ΦF−V(T)) as stated in [32]. Accordingly, if ρ(ΦF−V(T)) < 1, then
P∗ is LAS, otherwise, it is unstable. This concludes the proof by invoking Theorem 1.

3.3. Global Stability of P∗

Theorem 3. The disease-free periodic solution P∗ of Equation (1) exhibits a global asymptotic
stability whenR0 < 1.

Proof. Starting from the first equation of system (1), we obtain:

S
′
(t) = Π + ηR(t) + θV(t)−

(
λh(t) + λb(t)

)
S(t)− (ξ + µ)S(t),

V′(t) = ξS(t)− (1− α)
(
λh(t) + λb(t)

)
V(t)− (θ + µ)V(t).

Since C(t) ≥ 0, I(t) ≥ 0, and B(t) ≥ 0, as shown in Proposition 1, we can deduce the
following inequalities:

S
′
(t) ≤ Π + ηR(t) + θV(t)− (ξ + µ)S(t),

V′(t) ≤ ξS(t)− (θ + µ)V(t).

These inequalities indicate that

lim sup
t→∞

S(t) ≤ Π + ηR∗ + θV∗

ξ + µ
=

(θ + µ)Π
µ(ξ + θ + µ)

= S∗,

lim sup
t→∞

V(t) ≤ ξS∗

θ + µ
=

ξΠ
µ(ξ + θ + µ)

= V∗.
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Therefore, for any positive value of ε, there exists a time point t1 greater than zero such
that for all t exceeding t1, both S(t) and V(t) are less than or equal to S∗ + ε and V∗ + ε,
respectively.

By considering system (1), we can derive the following expression for t > t1:

E
′
(t) ≤

(
λh(t) + λb(t)

)(
S∗ + ε + (1− α)(V∗ + ε)

)
− (ν + µ)E(t),

C
′
(t) ≤ qνE(t)− (γ1 + µ)C(t),

I
′
(t) ≤ (1− q)νE(t) + pγ1 C(t)− (γ2 + µ + δ)I(t),

B
′
(t) ≤ τ1 C(t) + τ2 I(t)− µbB(t),

and using the following comparison system

E
′
(t) =

(
λh(t) + λb(t)

)(
S∗ + ε + (1− α)(V∗ + ε)

)
− (ν + µ)E(t),

C
′
(t) = qνE(t)− (γ1 + µ)C(t),

I
′
(t) = (1− q)νE(t) + pγ1 C(t)− (γ2 + µ + δ)I(t),

B
′
(t) = τ1 C(t) + τ2 I(t)− µbB(t),

(6)

the system of Equation (6) can be given in the following alternative form:

dY(t)
dt

=
(

F(t)−V(t) + εM(t)
)
Y(t), (7)

where Y(t) =
(
E(t), C(t), I(t), B(t)

)
and the matrix function M(t) given by

M(t) =


0 β1(2− α) β2(2− α) βb(t)(2− α)
0 0 0 0
0 0 0 0
0 0 0 0

. (8)

According to Theorem 2, the stability of P∗ depends on the value ofR0. Specifically, if
R0 > 1, then P∗ is unstable. On the contrary, ifR0 < 1, P∗ is locally asymptotically stable.
Hence, it suffices to demonstrate that when R0 < 1, P∗ is globally attractive. Theorem 1
indicates thatR0 < 1 when ρ(ΦF−V(T)) < 1. As ρ(ΦF−V(T)) is a continuous function, it
is possible to select a small positive ε such that ρ(ΦF−V+εM(T)) < 1.

Based on Lemma 2.1 in [33], we can find a positive p(t) with a period of T such
that Y(t) = p(t)eζt satisfies (7) with ζ = 1

T ln ρ(ΦF−V−εM(T)) < 0 since ρ(ΦF−V(T)) < 1
when R0 < 1. Consequently, as time t approaches infinity, Y(t) tends to zero, indi-
cating that the zero solution of system (6) is stable on a global scale Thus, as t → ∞,
Y(t)→ 0, indicating that the zero solution of (6) is globally asymptotically stable. For any
(E(0), C(0), I(0), B(0))T ∈ R4

+, we can choose n∗ > 0 such that (E(0), C(0), I(0), B(0))T ≤
n∗p(0). Using the comparison principle [34] (Theorem B.1), we obtain (E(t), C(t), I(t), B(t))T

≤ n∗Y(t) for all t > 0, where n∗Y(t) also satisfies system (7). Consequently, we can de-
duce that

lim
t→∞

(
E(t), C(t), I(t), B(t)

)
= (0, 0, 0, 0).

By analyzing the derivatives of S′(t), V′(t) in system (1) and considering the behavior of
these derivatives as t tends to infinity, we can obtain

S
′
(t) = Π + θV(t)− (ξ + µ)S(t),

V′(t) = ξS(t)− (θ + µ)V(t).
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By the asymptotically periodic semiflow [35] (Theorem 3.2.1) and system (1), we have

lim
t→∞

(
S(t)− S∗, V(t)−V∗, R(t)

)
= (0, 0, 0),

and the proof is complete.

3.4. Existence of Positive Periodic Solutions

Theorem 4. If R0 > 1, it can be concluded that the disease is uniformly persistent. Moreover,
system (1) possesses at least one positive periodic solution.

Proof. Define

Y := Ω,

Y0 := {(S, V, E, C, I, R, B) ∈ Y : E > 0, C > 0, I > 0, and B > 0},
and

∂Y0 := Y \ Y0 = {(S, V, E, C, I, R, B) ∈ Y : E = 0 or C = 0 or I = 0 or B = 0}.

Let f : Ω→ Ω be the solution map associated with system (1), and let f := f (T) represent
the Poincaré map corresponding to (1). The expression of f is given by

f (u0) = u(T, u0), for u0 ∈ R7
+,

where u(t, u0) denotes the single solution of (1) with initial value u0 ∈ Y .
Next, we aim to demonstrate that f is uniformly persistent with respect to (Y0, ∂Y0).

Applying [36] (Theorem 3.1.1), we can then conclude that the solution of (1) is uniformly
persistent with respect to (Y0, ∂Y0). Initially, we demonstrate that both Y0 and ∂Y0 are pos-
itively invariant with respect to system (1). For

(
S0, V0, E0, C0, I0, R0, B0) ∈ Y0, solving (1)

for all t > 0, we have

S(t) = e
∫ t

0 −a(s) ds
[

S0 +
∫ t

0
(Π + ηR(s) + θV(s))e

∫ s
0 a(r) dr ds

]
> 0, (9)

V(t) = e
∫ t

0 −b(s) ds
[

V0 +
∫ t

0
ξS(s)e

∫ s
0 b(r) dr ds

]
> 0, (10)

E(t) = e−(ν+µ)t
[

E0 +
∫ t

0

(
S(s) + (1− α)V(s)

)(
λh(s) + λb(s)

)
e(ν+µ)s ds

]
> 0, (11)

C(t) = e−(γ1+µ)t
[

C0 + qν
∫ t

0
E(s)e(γ1+µ)s ds

]
> 0, (12)

I(t) = e−(γ2+µ+δ)t
[

I0 +
∫ t

0

(
(1− q)νE(s) + pγ1 C(s)

)
e(γ2+µ+δ)s ds

]
> 0, (13)

R(t) = e−(η+µ)t
[

R0 +
∫ t

0

(
(1− p)γ1 C(s) + γ2 I(s)

)
e(η+µ)s ds

]
> 0, (14)

B(t) = e−µbt
[

B0 +
∫ t

0

(
τ1 C(s) + τ2 I(s)

)
eµbs ds

]
> 0, (15)

where a(t) =
(
λh(s)+λb(s)+ ξ +µ

)
, b(t) =

(
λh(t)+λb(t)+ θ +µ

)
. Thus, Y0 is a positively

invariant set. As Y is also positively invariant and ∂Y0 is a closed subset contained within
Y , it follows that ∂Y0 is positively invariant.

Given the principle of continuous dependence of the solutions on the initial conditions,
we obtain

lim
u0→P∗

‖u(t, u0)− P∗‖ = 0,



Mathematics 2023, 11, 3298 11 of 26

uniformly on ∈ [0, T]. Therefore, for any κ > 0, there exists a σ = σ(κ) > 0, only dependent
on κ, such that

‖u(t, u0)− P∗‖ < κ, ∀t ∈ [0, T],

whenever ‖u0 − P∗‖ < σ.

Claim 1. lim sup
m→∞

‖ f m(u0)− P∗‖ > σ for each u0 ∈ Y0.

By contradiction suppose the claim is not true. Then, there is a ū0 ∈ Y0 such that

lim sup
m→∞

‖ f m(ū0)− P∗‖ < σ,

and there exists a m0 ∈ N such that ‖ f m(ū0)− P∗‖ < σ for all m ≥ m0. Therefore,

‖u(t, f m(ū0)− P∗‖ < κ, ∀m ≥ m0, t ∈ [0, T].

Let t > n0T, and we can decompose t as t = mT + t1, where t1 ∈ [0, T), and m =
[ t

T
]

denotes the largest integer that does not exceed t
T . Then, we obtain

‖u
(
t, ū0)− P∗‖ = ‖u

(
t1, f m(ū0)

)
− P∗‖ < κ, ∀t > n0T,

and S∗ − κ < S(t) < S∗ + κ, V∗ − κ < V(t) < V∗ + κ, 0 < E(t) < κ, 0 < C(t) < κ,
0 < I(t) < κ, and 0 < B(t) < κ. Then, from system (1), we obtain

E
′
(t) ≥

(
λh(t) + λb(t)

)(
S∗ − κ + (1− α)(V∗ − κ)

)
− (ν + µ)E(t),

C
′
(t) ≥ qνE(t)− (γ1 + µ)C(t),

I
′
(t) ≥ (1− q)νE(t) + pγ1 C(t)− (γ2 + µ + δ)I(t),

B
′
(t) ≥ τ1 C(t) + τ2 I(t)− µbB(t).

Consider the auxiliary linear system

E
′
(t) =

(
λh(t) + λb(t)

)(
S∗ − κ + (1− α)(V∗ − κ)

)
− (ν + µ)E(t),

C
′
(t) = qνE(t)− (γ1 + µ)C(t),

I
′
(t) = (1− q)νE(t) + pγ1 C(t)− (γ2 + µ + δ)I(t),

B
′
(t) = τ1 C(t) + τ2 I(t)− µbB(t).

(16)

Since R0 > 1, we know from Theorem 1 that ρ(ΦF−V(T)) > 1. Therefore, it is
possible to choose κ > 0 small enough so that we have ρ(ΦF−V−κM(T)) > 1, where M(t)
is defined in (8). By [33] (Lemma 2.1) it is possible to find a positive function q(t) with
a period of T such that g(t) = (E(t), C(t), I(t), B(t)) = q(t)eχt is a solution of (16) and
χ = 1

T ln ρ(ΦF−V−κM(T)) > 0. AsR0 > 1 and ρ(ΦF−V−κM(T)) > 1, if g(0) > 0, g(t)→ ∞
as t → ∞. Utilizing the comparison principle [34] (Theorem B.1), we obtain E(0) > 0,
C(0) > 0, I(0) > 0, B(0) > 0, limt→∞ E(t) = ∞, limt→∞ C(t) = ∞, limt→∞ I(t) = ∞, and
limt→∞ B(t) = ∞. This statement contradicts conditions E(t) < κ, C(t) < κ, I(t) < κ,
B(t) < κ. Therefore, this claim is valid.

Let us introduce

M∂ =
{

u0 ∈ ∂Y0 : f m(u0) ∈ ∂Y0, ∀m ∈ N
}

.

Claim 2. M∂ =
{(

S(0), V(0), E(0), C(0), I(0), R(0), B(0)
)

: S > 0, V > 0
}

.
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Let us note that M∂ ⊇
{(

S(0), V(0), E(0), C(0), I(0), R(0), B(0)
)

: S > 0, V > 0
}

. It
suffices to prove that M∂ ⊂

{(
S, V, 0, 0, 0, 0, 0

)
: S > 0, V > 0

}
for arbitrary initial condition

u0 ∈ ∂Y0, E(nT) = 0, C(nT) = 0, I(nT) = 0, or B(nT) = 0, for all n > 0.
Let us consider a scenario where, for the purpose of contradiction, there exists an

integer n1 > 0 such that E(n1T) > 0, C(n1T) > 0, I(n1T) = 0, and B(n1T) = 0. Then,
placing t = n1T in place of the initial time t = 0 in (9)–(15), we obtain S(t) > 0, V(t) > 0,
E(t) > 0, C(t) > 0, I(t) > 0, R(t) > 0, and B(t) > 0. This contradicts the positive
invariance of ∂Y0. This provides proof for Claim 2 stated earlier.

Claim 1 implies that f is weakly uniformly persistent with respect to (Y0, ∂Y0). Propo-
sition 1 ensures the existence of a global attractor of f . Consequently, P∗ represents an
isolated invariant set in Y and Ws(P∗) ∩ Y0 = ∅. By Claim 2, each solution in M∂ tends
to P∗, and P∗ is clearly acyclic in M∂. By [36] (Theorem 1.3.1 and Remark 1.3.1), we can
deduce that f is uniformly (strongly) persistent with respect to (Y0, ∂Y0). Therefore, there
is an ε > 0 such that lim inft→∞

(
E(t), C(t), I(t), R(t), B(t)

)
> (ε, ε, ε, ε, ε), for all u0 ∈ Y0.

By [35] (Theorem 1.3.10), f has a fixed point φ̄ ∈ Y0, and therefore system (1) has at least
one periodic solution u(t, φ̄) with φ̄ = (S̄(0), V̄(0), Ē(0), C̄(0), Ī(0), R̄(0), B̄(0)) ∈ Y0. We
now demonstrate that S̄(0) is positive. Suppose that S̄(0) = 0, then we obtain S̄(0) > 0 for
all t > 0. However, considering the periodicity of the solution, we find S̄(0) = S̄(nT) = 0,
which leads to a contradiction.

4. Model Calibration, Sensitivity Analysis, and Prediction

Based on the work by [29], we make the assumption that the time-varying transmission
rate, denoted as βb(t), follows the equation: Here, β̄b represents the baseline long-cycle
transmission rate, Λ represents the amplitude of seasonal forcing, and ϕ represents the
seasonal offset parameter.

4.1. Model Fitting to Typhoid Fever Data from Taiwan

According to the source cited [37], the average population in Taiwan in 2023 was
reported to be 23,257,434 with a corresponding life expectancy of 80.09 years. Consequently,
the human death rate (µ) can be calculated per day and its inverse (µ−1) can be determined
as 80.09 × 365. Subsequently, the recruitment rate of humans (Π) can be obtained by
multiplying 23,257,434 by µ, resulting in a value of 795.592. Our study used model (1)
to fit the cumulative number of annual cases and newly infected cases per year of the
documented outbreak of typhoid fever in Taiwan that ranged from 2008 to 2023. Time
series data for cases of typhoid fever were obtained from the Taiwan National Infectious
Diseases Statistics System [38]. To estimate the parameters of the typhoid fever model, we
utilized Latin hypercube sampling and least squares techniques [39], which provided us
with parameter estimates for the typhoid model (1).

Figure 2 illustrates the fit of the model with the typhoid fever data from Taiwan,
demonstrating a satisfactory agreement between the model and the observed cumulative
cases of infection (left panel) as well as newly infected cases (right panel). This indicates
that the model effectively captures the essential patterns of incidence of typhoid fever
between 2008 and 2023. The parameter values, ranges, and units that yield the best fit
in Figure 2 are presented in Table 2. Using these parameter values and the methodology
established in Mitchell and Kribs [40], we numerically estimated Taiwan’s current basic re-
production number,R0, to be approximately 0.995393. This value suggests that the disease
is expected to fade away within the population asR0 < 1, indicating that transmission is
not sustainable in the long term.
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Figure 2. Fitting model results for cumulative infected cases (left) and newly infected cases (right) in
Taiwan from 2009 to 2023. The fitting was based on the parameter values provided in Table 2 and the
initial conditions were set as S0 = 2000, V0 = 20, E0 = 100, I0 = 33, C0 = 20, R0 = 5, and B0 = 2000.

Table 2. Parameters values, ranges, and units for model (1).

Parameters Baseline Values Range Units Source

Π 795.592 - Persons per day [37]
µ 3.42081× 10−5 - Per day [37]
β1 10−8, 10−8 0–0.1 Per day [22,29]
β2 10−8, 10−8 0–0.1 Per day [22,29]

τ1 , τ2 0.81, 0.75 0–1 Per day [24,29]
β̄b 10−9 0–0.1 Per day [24,29]
Λ 0.797 0–1 - [24,29]
ϕ 4.37 1–10 - [24,29]
p 0.5 0–1 Per day [22,27]
q 0.1 0–1 Per day [22,27]

γ1 , γ2 0.127, 0.357 0–1 Per day [22,27]
ν 0.378 0–1 Per day [41,42]
δ 0.079 0–0.5 Per day [41]
α 0.75 0.5–0.956 Per day [27,30]

η, θ 0.054, 0.0292 0.00833–0.6 Per day [41,43]
ξ 0.054 0.05–0.5 Per day [27,29]

µb 0.217 0.001–0.5 Per day [29,44]

4.2. Sensitivity Analysis

Sensitivity analysis is a method used to assess how uncertainty in a model’s parameters
contributes to the overall uncertainty in its predictions [45]. By identifying influential
parameters and evaluating their impact on output variability, sensitivity analysis helps us
understand the relationships between the system’s parameters and its outcomes.

An approach commonly used in sensitivity analysis is the calculation of sensitivity
indices [46]. These indices quantify the proportional impact of parameter variations on a
specific output or state variable. In particular, the normalized forward sensitivity index is
used when analyzing the influence of differentiable variables (x) with respect to a parameter
(p). It compares the relative changes in x and p and can be mathematically expressed as

Ψx
p =

∂x
∂p
× p

x
.
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To determine the basic reproduction numberRA
0 for the autonomous version of the

model (1), we relied on the findings of the study conducted by [47]. In this scenario, we
assumed that βb(t) was a constant β̄b for all t ≥ 0. This allowed us to apply the results of
the aforementioned study to estimateRA

0 as follows

RA
0 =(S∗ + (1− α)V∗)

[
qβ1 ν

(γ1 + µ)(µ + ν)
+

β2ν(pγ1 q + (1− q)(γ1 + µ))

(γ1 + µ)(γ2 + δ + µ)(µ + ν)

+ νβ̄b

( qτ1

µb(γ1 + µ)(µ + ν)
+

τ2(pγ1 q + (1− q)(γ1 + µ))

µb(γ1 + µ)(γ2 + δ + µ)(µ + ν)

)]
.

(17)

To assess the sensitivity of RA
0 given by (17), a sensitivity analysis was performed.

Specific parameter values were selected for the analysis, which is presented in Table 2.
The sensitivity indices for RA

0 are provided in Table 3. According to the data provided
in Table 3, reducing the values of parameters such as β2 , β̄b, τ2 , q, β1 , θ, τ1 , and p by 10%
results in an approximate decrease in RA

0 by approximately 4.49%, 3.88%, 2.79%, 2.32%,
1.62%, 1.1%, 1.08%, and 0.383%, respectively. On the other hand, increasing the values of
parameters such as µ, γ2 , µb, γ1 , α, δ, and ξ by 10% leads to an approximate decrease inRA

0
by 9%, 5.96%, 3.88%, 2.71%, 1.32%, 1.32%, and 1.17%, respectively.

Table 3. Sensitivity indices of RA
0 to parameters in model (1), assessed by employing the baseline

parameter values provided in Table 2.

Parameter µ γ2 β2 β̄b µb τ2

Sensitivity index −0.901 −0.596 0.449 0.388 −0.388 0.279

Parameter γ1 q β1 α δ ξ
Sensitivity index −0.271 0.232 0.162 −0.132 −0.132 −0.117

Parameter θ τ1 p ν
Sensitivity index 0.1116 0.1089 0.0383 0.000087

The results shown in Figure 3 indicate that the basic reproduction number RA
0 is

highly sensitive to several parameters. The most influential factors that impactRA
0 include

the natural mortality rate (µ), recovery rates (γ1 and γ2), human-to-human infection rates
(β1 and β2), bacterial decay rate (µb), and relative infectiousness (τ2 and τ1). Additionally,
vaccine efficiency (α), vaccine coverage (ξ), and disease-induced mortality (δ) also exhibit
significant sensitivity in relation toRA

0 . These findings highlight the importance of accu-
rately estimating and considering these parameters in analyzing the transmission dynamics
and control measures of the disease.
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Figure 3. Sensitivity analysis for RA
0 , using the parameter values specified in Table 2. Sensitivity

indices are presented in descending order of magnitude.

4.3. Prediction of New Typhoid Infections in Taiwan

Based on the findings presented in Figure 4, it can be concluded that the estimated
number of newly infected cases will gradually approach zero over the course of a few
years. As a result, the cumulative number of new typhoid cases will reach a steady state
(approximately 400 cases) and will remain constant.
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Figure 4. Prediction of new typhoid infections in Taiwan with the parameter values provided in
Table 2.

One of the primary objectives of this study was to investigate the potential parameter
changes that could contribute to an increase in the number of infected cases and potentially
lead to a future typhoid epidemic in Taiwan over the next few years. Due to the extensive
number of parameters involved, conducting a rigorous assessment to determine the most
influential parameters in the variation of the dynamics is challenging. Therefore, in this
study, we focused on demonstrating potential alterations through three specific examples
as shown in Figure 5.
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Figure 5. Prediction of new typhoid infections with respect to (a) β̄b, (b) β1 , and (c) β2 in Taiwan and
the rest of the parameter values provided in Table 2.

In Figure 5, we provide an estimate of the possible impact of changes in key param-
eters, including human-to-human transmission rates (β1 and β2) and bacteria-to-human
transmission rate (β̄b), on the progression of typhoid epidemics in Taiwan. The simulations
carried out reveal that an increase in any of these three parameters, whether through direct
transmission (see Figure 5b,c) or indirect transmission (see Figure 5a), can result in a sub-
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stantial increase in the number of typhoid infections. Moreover, such parameter changes
can lead to the emergence of periodic annual epidemics, characterized by the reappearance
of typhoid cases on a recurring basis. These findings underscore the importance of closely
monitoring and effectively managing these parameters to prevent and control possible
outbreaks of typhoid in Taiwan.

5. Numerical Simulations

In this section, we present numerical simulations aimed at illustrating and validat-
ing the theoretical findings discussed earlier. These simulations serve as visual evidence
to demonstrate the agreement between our time-periodic model and the observed sea-
sonal fluctuations.

5.1. Extinction and Persistence

The significance of the basic reproduction number (R0) as a threshold parameter for
determining the persistence or extinction of the disease within the population is highlighted
in Section 3. The numerical results presented in Figures 6 and 7 provide compelling
evidence that the solutions obtained from our model (1) are consistent with the analytical
findings. These results demonstrate that the disease-free periodic solution P∗ maintains
a global asymptotic stability when condition R0 ≈ 0.995393 < 1 is satisfied, leading to
disease extinction within the population.
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Figure 6. Extinction of the disease with the parameter values provided in Table 2 when
R0 ≈ 0.995393 < 1.
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Figure 7. Global stability of P∗ with the parameter values provided in Table 2 whenR0 ≈ 0.995393 < 1.

To demonstrate the persistence of the disease, we conducted simulations using various
parameter sets. Here, we present two examples showing how the disease persists with a
high number of infections due to the elevated value ofR0.

Example 1. Figure 8 displays the simulation results using the parameter set given in Table 4.
With aR0 ≈ 2.04735 value exceeding the threshold of 1, the disease exhibits persistent dynamics.
The graph illustrates a high number of infections sustained over time, indicating the continued
transmission and presence of the disease within the population.

Example 2. Figure 9 presents the simulation results using the parameter set given in Table 5.
Similarly, the elevated value R0 ≈ 14.8345 leads to the persistence of the disease, as depicted by
the high sustained number of infections shown in the graph. This example further illustrates the
continued transmission and enduring presence of the disease within the population.
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By running simulations with different parameter sets, these examples provide clear
evidence of the persistence of the disease, highlighting the direct correlation between the
high R0 value and the sustained number of infections and confirming the existence of a
positive periodic solution, as shown in Figure 10.
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Figure 8. Persistence of the disease with the parameter values provided in Table 4 when
R0 ≈ 2.04735 > 1.
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Table 4. Parameters and values for model (1) (persistence Example 1).

Parameters Π µ β1 β2 τ1 τ2 β̄b

Values 795.592 0.0235 10−6 10−6 0.81 0.75 1.4× 10−6

Parameters Λ ϕ p q γ1 γ2 ν
Values 0.763 2.88 0.152 0.7402 0.233 0.04 0.082

Parameters δ α η ξ θ µb R0
Values 0.144 0.95 0.0043 0.0054 0.0604 0.111 2.04735
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Figure 9. Persistence of the disease with the parameter values provided in Table 5 when R0 ≈
14.8345 > 1.
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Table 5. Parameters and values for model (1) (persistence Example 2).

Parameters Π µ β1 β2 τ1 τ2 β̄b

Values 795.592 0.00235 10−6 10−6 0.81 0.75 10−6

Parameters Λ ϕ p q γ1 γ2 ν
Values 0.763 2.88 0.312 0.702 0.233 0.304 0.1082

Parameters δ α η ξ θ µb R0
Values 0.44 0.95 0.0043 0.0054 0.0604 0.111 14.8345
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Figure 10. Positive periodic solutions with the parameter values provided in Table 5 when R0 ≈
14.8345 > 1.

5.2. Vaccine Coverage and Efficiency

As demonstrated in Figure 11a, it becomes evident that an increase in the vaccination
coverage rate (ξ) leads to a significant reduction in the number of typhoid cases. Achieving
this result poses a challenge in developing countries of South Asia such as India, Pakistan,
and Bangladesh. Although the specific situation in Taiwan is unknown to us, it appears
that Taiwan demonstrates the feasibility of high vaccination coverage, considering the
relatively low number of typhoid infections. To tackle this problem, it is imperative that
the government implements a highly effective vaccine (α), as illustrated in Figure 11b.
Simultaneously, it is essential to ensure the accessibility of the vaccine, particularly for
people living in poverty.

In our model, similar to other compartment models that consider imperfect vaccines,
we made the assumption that the immunity acquired through vaccination is temporary.
This means that vaccinated individuals can experience a decrease in immunity over time,
leading to a possible loss of protection against the disease. This assumption is supported by
Figure 11c, which shows that the rate at which vaccinated individuals lose their immunity
(θ) also has an impact on the infectious population. A higher value of θ indicates a faster
loss of immunity, leading to an increase in the number of infected individuals over time.
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Figure 11. Infectious population under varying values of (a) vaccine coverage rate (ξ), (b) vaccine
efficacy (α), and (c) vaccinated losing immunity rate (θ), using the parameter values provided in
Table 4.
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It is important to note that a low efficacy rate (α) is comparatively less problematic
than a low vaccine coverage rate (ξ), as indicated in Figure 11. A higher vaccine coverage
rate plays a crucial role in suppressing the epidemic and thus underscores its significance
in alleviating the burden associated with this disease. Ideally, the administration of the
typhoid vaccine should occur at least one month prior to travel. However, if circumstances
require it, the vaccine can be administered closer to the travel date. In the United States,
routine typhoid vaccination is not recommended. However, if there is an ongoing risk of
bacterial infection by typhoid, it is recommended to receive booster vaccinations every
three years, as recommended by the CDC [48].

6. Discussion and Conclusions

We developed a nonautonomous compartmental model that described the transmis-
sion of typhoid fever in a seasonal environment. This model incorporated vaccination
and accounted for the periodic indirect transmission of the disease. The behavior of the
system described by Equation (1) was influenced by the basic reproduction number, R0.
If R0 < 1, the disease-free solution was globally asymptotically stable, indicating the
successful elimination of typhoid fever within the population. In contrast, ifR0 > 1, we
showed that there was at least one periodic solution, which confirmed the persistence
of typhoid fever within the population. To validate these theoretical findings, numerical
simulations were conducted, and their results shown in Figures 6–10.

To accurately fit the cumulative number of annual and newly infected cases during
the reported typhoid fever outbreak in Taiwan from 2008 to 2023, we applied model (1) in
our study. Parameter estimation was performed using Latin hypercube sampling and least
squares techniques. Through a numerical analysis, we discovered that the current basic
reproduction number in Taiwan was below the threshold of one, implying the successful
elimination of typhoid fever within the population. Furthermore, we conducted a sensitivity
analysis to assess the impact of various parameters on the basic reproduction number
RA

0 of the autonomous version of the model (1). The findings indicated that RA
0 was

significantly influenced by several factors, including the natural mortality rate (µ), recovery
rates (γ1 and γ2), human-to-human infection rates (β1 and β2), bacterial decay rate (µb),
and relative infectiousness (τ2 and τ1). This analysis provided crucial information on the
key determinants that affect the potential spread and control of typhoid fever within the
population. Our investigation of the possible changes in parameters that affect typhoid
cases and the likelihood of a future epidemic in Taiwan revealed important information.
By examining key parameters such as human-to-human transmission rates (β1 and β2 ) and
the bacteria-to-human transmission rate (β̄b), we evaluated their impact on the progression
of typhoid epidemics. The findings, as depicted in Figure 5, indicated that variations
in these parameters could lead to the occurrence of recurring annual epidemics, with
typhoid cases periodically reappearing. This underscores the need for vigilant monitoring
and effective management of these parameters to mitigate the risk of possible typhoid
outbreaks in Taiwan. By closely understanding the factors driving the transmission of
typhoid, appropriate measures can be implemented to prevent and control future epidemics
in the region.

Our findings indicated that increasing the rate of vaccination coverage (ξ) had a posi-
tive effect on reducing the number of typhoid cases, as evidenced in Figure 11a. This poses
a significant challenge for developing countries in South Asia. To address this problem, it
becomes crucial to introduce a highly effective vaccine (α), as illustrated in Figure 11b, and
ensure its accessibility to individuals in impoverished communities. This emphasizes the
critical role of achieving a higher vaccination coverage rate (ξ) in suppressing the epidemic
and alleviating its associated burden, surpassing the implications of a low efficacy rate (α).

Karunditu et al. [12] established a model to study the transmission of typhoid fever,
focusing on human-to-human transmission. In our study, we built and studied a nonau-
tonomous model that considered vaccination and addressed both direct and indirect
(periodic) transmission of the disease. Furthermore, our model was based on autonomous
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models explored by the authors in [21,27] incorporating temporal periodicity, vaccination,
and accounting for seasonal fluctuations in transmission rates correlated with rainfall pat-
terns. Unlike the work of Irena and Gakkhar [49], who focused on the coinfection dynamics
of HIV and typhoid, our study explored a distinct aspect of the dynamics of typhoid fever
without addressing coinfections. Furthermore, our model differed from that constructed by
Musa et al. [22], which examined the effectiveness of public health education programs.
Instead, our focus was on developing and analyzing a periodic model that incorporated
vaccination and accounted for the periodic indirect transmission of the disease, as well as
predicting future epidemics in Taiwan. Although Syed et al. [30] provides an overview of
licensed typhoid vaccines and vaccine candidates, our main focus lay in developing and
analyzing our nonautonomous system in a seasonal environment, specifically studying the
impact of coverage and efficacy of vaccination on suppressing future typhoid epidemics.
The study by [26] found that increasing interaction rates between susceptible and infected
populations led to higher basic reproduction numbers, indicating increased disease spread.
Controlling transmission could be achieved by reducing interaction rates.

In general, our study confirmed that our periodic model effectively captured seasonal
variations in disease transmission. We calibrated the model using real data from Taiwan
and identified key parameters that contributed to disease spread through a sensitivity
analysis. Specifically, we evaluated the impact of imperfect vaccination and generated
predictions for new typhoid cases. To validate our findings, we conducted numerical
simulations. However, the present study offers insights and applications to help public
health departments combat typhoid fever transmission:

• Identifying key parameters: Through a sensitivity analysis, our study identified
crucial factors that influence typhoid spread. Public health departments can priori-
tize interventions and allocate resources accordingly. Taking steps to reduce human-
to-human transmission rates and improve hygiene and sanitation practices helps
control transmission.

• Predicting future epidemics: Our periodic model and simulations allow the predic-
tion of future typhoid epidemics. Public health departments can anticipate and prepare
for outbreaks by implementing preventive measures such as a better surveillance,
public awareness campaigns, and improved response strategies.

• Vaccination: The study emphasized the importance of vaccination in reducing cases of
typhoid. Public health departments can use this information to develop targeted vac-
cination campaigns, focusing on areas with low coverage. Increasing vaccination rates
and ensuring access to effective vaccines can mitigate the risk of typhoid outbreaks.

In summary, to mitigate the risk of typhoid fever outbreaks and improve public health,
it is crucial to strengthen vaccination efforts by increasing coverage rates and ensuring
access to effective vaccines. For optimal protection, the typhoid vaccine should ideally
be administered at least one month before travel, but it can be administered closer to the
travel date if necessary. Routine vaccination against typhoid is not recommended in the
US, for example, but booster vaccinations are recommended every three years for those
at ongoing risk by the CDC [48]. Furthermore, continuous monitoring of transmission
parameters, improving surveillance systems, promoting hygiene and sanitation practices,
enhancing public awareness, and fostering collaboration among stakeholders are essential
steps. By implementing these measures, we can proactively prevent and control outbreaks
of typhoid fever, safeguarding the health and well-being of communities at risk.
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