An Example On The Asymptotic Stability For Functional Differential Equations

G. Makay

Bolyai Institute, Aradi vértanúk tere 1, Szeged, H-6720, Hungary Department of Mathematics, Southern Illinois University, Carbondale, IL 62901-4408, U.S.A

Key words and phrases: Lyapunov functional, Lyapunov’s direct method, boundedness condition.

Denote by C the space of continuous functions ϕ : [−r, 0] → R^n, where r > 0 is a constant. In the function space C we use the norms ‖ϕ‖ = max{|ϕ(s)| : s ∈ [−r, 0]}, |||ϕ||| = √∫_0 −r |ϕ(s)|^2ds , where |·| denotes an arbitrary norm in R^n. If x : [t_0 − r, T ) → R^n (0 ≤ t_0 < T ≤ ∞) is continuous and t ∈ [t_0, T ), we define x_t ∈ C by x_t(s) := x(t + s) for s ∈ [−r, 0].

Consider the functional differential equation

ẋ = f(t, x_t), (1)

where f : R^+ × C → R^n is continuous and f(t, 0) = 0 for all t ≥ 0. We suppose that for each t_0 ∈ R^+ and each ϕ ∈ C there is a unique solution x(·; t_0, ϕ) defined on an interval [t_0, t_0 + α), α > 0. We assume that the function x continuously depends on the initial data t_0, ϕ.

Denote by K the set of strictly increasing continuous functions w : R^+ → R^+ with w(0) = 0. If V is a continuous functional from R^+×C into R, then V̇ denotes the derivative of the functional V with respect to equation (1) defined by V̇ (t, ϕ) = V̇_{(1)}(t, ϕ) = lim sup δ→0+ V (t + δ, x_{t+δ}(·; t, ϕ)) − V (t, ϕ) δ .

In this paper we study the asymptotic stability of the zero solution of equation (1) using Lyapunov functionals. In this topic the following two theorems are basic :

Theorem A (see [4, Theorem 4.1]). Suppose, that for every M > 0 there is an L(M) > 0 such that

[t ∈ R^+, ϕ ∈ C_M := {ϕ ∈ C : ‖ϕ‖ ≤ M}] =⇒ |f(t, ϕ)| ≤ L(M). (2)

If there are M > 0, a continuous functional V : R^+×C_M → R and functions w_1, w_2, w_3 ∈ K such that w_1(|ϕ(0)|) ≤ V (t, ϕ) ≤ w_2(‖ϕ‖) , (3) V̇ (t, ϕ) ≤ −w_3(|||ϕ|||) (4) for all t ∈ R^+, ϕ ∈ C_M , then the zero solution of equation (1) is uniformly asymptotically stable.

Theorem B ([3, Theorem 5.2.1]). Suppose that conditions (2) and (3) of Theorem A hold, and, instead of condition (4), the inequality

V̇ (t, ϕ) ≤ −w_3(|ϕ(0)|) (5)

holds. Then the zero solution of equation (1) is uniformly asymptotically stable.

A classical question (see [1, p. 252]) asks whether the boundedness condition can be dropped from Theorems A and B. The first attempt to answer this question is by the author [6]. Junji Kato answered the question, as it is stated, in one of his talks [5]. The answer is no; he gave an example satisfying conditions (3), (4) and (5), but the zero solution of his equation is not asymptotically stable. In this paper we radically simplify his equation.

Let us define the right hand side of equation (1) in the following way: Let r = 1 and g : [0, ∞) → (0, ∞) be a continuously differentiable function such that 1. g(n) = 1 +^1_2n and ġ(n) = 0;

2. g is monotone decreasing on the interval [n, n +^1_2 ] and monotone increasing on the interval [n +^1_2 , n + 1]; 3. ∫_{n+1} n g(s)ds ≤^1_2n ;

4. g(s) ≤ 2 for s ∈ [0, ∞), where n = 0, 1, 2, ... . Clearly there is such a g function. Now let α_n = g(n + 1)/g(n) and p_n = α_n/(1 − α_n) and define f on the interval [n −^1_2 , n +^1_2 ] by

f(t, ϕ) := ġ(t) g(t) ϕ(0), if 0 ≤ ϕ(0) ≤ α_n‖ϕ‖ or t ∈ [n, n + 1 2 ] −p_n ġ(t) g(t) (ϕ(0) − ‖ϕ‖), if ϕ(0) ≥ α_n‖ϕ‖ and t ∈ [n − 1 2 , n] −f(t, −ϕ), if ϕ(0) < 0 (I) First we need to verify that f is a continuous functional; in particular we need to verify the continuity when we change definitions in the definition of f. If ϕ(0) = α_n‖ϕ‖, then by the first and second part of the definition f(t, ϕ) = ġ(t) g(t) ϕ(0) = α_n ġ(t) g(t) ‖ϕ‖ = −p_n ġ(t) g(t) (α_n − 1)‖ϕ‖ = −p_n ġ(t) g(t) (ϕ(0) − ‖ϕ‖), so they give the same result. When t = n then ġ(t) = 0 so by either the first or second part of the definition f(t, ϕ) = 0. Similarly, if ϕ(0) = 0, then the first or third part gives f(t, ϕ) = 0. Thus, f is continuous.

(II) It is clear, that f satisfies a local Lipshitz condition in its second variable. This and (I) imply that there is a unique solution of the initial value problem for (1) and it depends continuously on the initial data.

(III) Let us examine the behaviour of the solutions. We consider the case when ϕ(0) ≥ 0;

the case for ϕ(0) < 0 can be handled similarly. First, note that the supremum norm of a solution is monotone non-increasing because (a) if t ∈ [n, n +^1_2 ] then f(t, ϕ) = (ġ(t)/g(t))ϕ(0) ≤ 0 because g is monotone decreasing on the interval [n, n +^1_2 ], or (b) if ϕ(0) is near ‖ϕ‖ (the second case in the definition of f), then f becomes smaller and smaller as ϕ(0) goes to ‖ϕ‖ and f(t, ϕ) = 0 when ϕ(0) = ‖ϕ‖.

Next, note that if we start the solution at time t_0 with an initial function ϕ, for a time t with t_0 ≤ t < t_0 + 1 and t an integer, the solution obeys the first part of the definition of f and (by the definition of α_n) x(s) will never go over α_n‖x_s‖ as s ∈ [t, ∞). Therefore the solution of (1) obeys the first part of the definition of f on the interval [t, ∞), so x(s) = cg(s), where c is a constant (c = x(t)/g(t)). Now let us define the Lyapunov functional V (t, ϕ) = ‖ϕ‖ + ∫_∞ t |x(s)| ds + ∫_∞ t ∫_s s−1 x^2(u)duds, where x(u) = x(u; t, ϕ) is a solution of (1) with x_t(·; t, ϕ) = ϕ. We need to check that the integrals exist in the definition of V . First we use the facts that ‖x_s‖ is monotone non-increasing and x_t = ϕ to obtain ∫_∞ t |x(s)| ds ≤ ∫_{t+1} t |x(s)| ds + ∫_∞ t+1 |x(s)| ds ≤ ‖ϕ‖ + ∫_∞ t+1 |x(s)| ds. On the other hand, on the interval [t + 1, ∞) the solution is of the form x(s) = cg(s), where c < ‖ϕ‖, because ‖g_s‖ > 1 for all s ≥ 0 and ‖x_s‖ is monotone non-increasing. Since ∫_∞ t+1 g(s)ds ≤ ∫_∞ 1 g(s)ds = ∑_∞ i=1 ∫_{i+1} i g(s)ds ≤ ∑_∞ i=1 1 2i = 1 we have ∫_∞ t |x(s)| ds ≤ ‖ϕ‖ + ∫_∞ t+1 |x(s)| ds = ‖ϕ‖ + ∫_∞ t+1 cg(s)ds ≤ ‖ϕ‖ + c ≤ 2‖ϕ‖. Changing the order of integration in the double integral and using the boundedness of g, a similar argument shows that ∫_∞ t ∫_s s−1 x^2(u)duds ≤ 4‖ϕ‖^2. Hence we have proved the existence of the integrals in V and that ‖ϕ‖ ≤ V (t, ϕ) ≤ 3‖ϕ‖ + 4‖ϕ‖^2, so condition (3) of theorems A and B is satisfied. A similar argument shows that V is continuous and satisfies a local Lipshitz condition in its second variable.

To prove conditions (4) and (5) compute V̇ (t, x_t) ≤ d dt (‖x_t‖) − |x(t)| − ∫_t t−1 x^2(u)du ≤ − |x(t)| − |||x_t|||^2, because ‖x_t‖ is monotone non-increasing. Hence all the needed conditions are satisfied.

Now since V satisfies all the conditions of theorems A and B, all that is left to prove is that the zero solution is not asymptotically stable. For this we note that εg(s) is a solution of (1) starting at t_0 = 1 with initial function εg_1(s) = εg(1 + s). This solution satisfies ‖εg_1‖ = 2ε and it does not go to 0 because εg(n) = ε(1 +^1_2n ) ≥ ε.

This completes the counterexample proving that the boundedness condition (condition (2)) cannot be dropped from theorems A and B even if we want to prove only asymptotic stability.

We note that this example solves another interesting problem too. Using a similar result of the theory of ordinary differential equations one can observe the following Conjecture. Suppose that there are a continuous functional V : R × C → R which is locally Lipshitz in ϕ, functions w_i ∈ K and constant U ≥ 0 such that (i) w_1(|x(t)|) ≤ V (t, x_t) ≤ w_2(‖x_t‖), (ii) V^′_{(1)}(t, x_t) ≤ −w_3(|x(t)|) for |x(t)| ≥ U and (iii) w_1(r) → ∞ as r → ∞.

Then the solutions of (1) are uniformly bounded and uniformly ultimately bounded.

Many authors are investigating how one can get uniform boundedness and uniform ultimate boundedness using Liapunov functionals, a good reference list can be found in [2]. Our example shows that this conjecture is false, Mg(s) is a solution of (1) as before and Mg(n) ≥ M for all n = 0, 1, 2, ..., where M can be any large number. This proves that the solutions of (1) are not uniformly ultimately bounded even with U = 0 in the conjecture.

References

[1] T. A. Burton, Volterra Integral and Differential Equations, Academic Press, Orlando, Florida, (1983).

[2] T. A. Burton, Uniform Boundedness for Delay Equations, Acta Math. Hung., 56 (1990), 259-268. [3] J. Hale, Theory of functional differential equations, Springer-Verlag, New York-Heidelberg-Berlin, (1977).

[4] L. Hatvani, On the asymptotic stability of the solutions of functional differential equations, Coll.

Math. Soc. J. Bolyai, 53 (1988), 227-238.

[5] J. Kato, On the conjecture in the Lyapunov method for functional differential equations, First World Congress of Nonlinear Analysts, (August 1992).

[6] G. Makay, On the asymptotic stability of the solutions of functional differential equations with infinite delay, accepted for publication in J. Differential Equations.