Exercise 39. Show that (X;,Y;) = (cos Wy, sin W;) is a solution to the SDE

dXt - —%Xtdt - Ytth
dY; = —1vdt + X,dW,.

Show that /X7 + Y;? is a constant for any solution (X,Y)!
Exercise 40. Solve the SDE

dX, = dt + dw?
dy, = X, dw,?,

where WM and W® are independent SBMs.
Exercise 41. Solve the SDE

dX, = Ydt + aw"
aY, = X,dt + dw?,

where W) and W® are independent SBMs.

6 General Markov processes

This part is from Breiman [1].

6.1 Transition probabilities and Chapman—Kolmogorov

equations
The process (X;) is a Markov process, if for each Borel set B € B(R), and
t, 7R {?_h Yy
& P(X,.r € B|X,,s < t) = P(X,s, € B|X)).

Choosing natural filtration F; = o(X,, s < t), the definition is the same
as in Subsection 3.4
Since regular conditional distributions exist, we may choose the proba-
bilities
th,ﬁl(B‘EU) = P(XtQ € B‘th = 1’), t2 > tl; B e B?

such that =
AT A”’V‘
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f o for x fixed, pi,+, (-|x) is a probability measure; ,A I\QJ’V;JV*-J ton
o for B € B fixed, p, 4, (B]-) is measurable.

These probabilities are the transition probabilities of the Markov process
(Xe).

Let 7 < s < t, B € B. By the tower rule, the Markov property, and the
properties of regular conditional distribution

IPX € BIX,) =E[P(X, € BIX. X,)|X,] £— {owtr

E[P(Xt € BIX.)|X,] <~ Mooy r-w\w):a |

el i) 2 o
): / XPX edy|X)<.,(¥) — 2 +

% P(X; € BIX, = y)P (X, € dy|X)
E[E [I{V%zz , \Ti_,“ / (Bly)p.(Ay]X).
That is (y )(

pr(Blr) = [ pua(Blo)pes (dylo)

We proved the following.

Theorem 33 (Chapman—Kolmogorov equations). The transition probabili-
ties of a Markov process satisfies the equations

—-I——'j_+_ per(Blz) = /pt,s(B\y)pf,T(d_y]x), T<s<t,BeB. éS)
< A SR

3 ‘—t The expression p; . (B|z) is the probability that starting from x in time 7
we end up in B at time £. Consider any s between 7 and ¢. The distribution
of X given X, = z is p; - (+|x), that is the probability being in y is p, - (dy|z).
Therefore, the Chapman—Kolmogorov equation is the law of total probability
plus Markov property.

We are cheating again a bit. What we proved is that (23) holds for fixed
T < s < t almost surely with respect to the probability P(X, € -). Indeed,
in the proof we calculated conditional probabilities, where each equality is
only an almost sure equality. In what follows we assume that (23) holds for

every .
——
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The Markov process (X;) is stationary if the transition probabilities de-
pend only on the time increment, i.e. p; . (B|z) = p;—(Blx). Then p,(Blz) =
peo(Bl|z), and the Chapman-Kolmogorov equations simplify to

v R

pey(Blo) = [ B dylz) (24)
Assume that (X;) is stochastically continuous at 0, that is
| x5 x. t-o

If (X;) starts at x then its distribution is denoted by P@and the corre-
sponding expectation is E,, that is

P(Xi € B) = P(X, € BIXo =), Buf(X) = BI/(X)|Xo=1].
Example 17 (Poisson process). Let NV, be a standard Poisson process. Then
N; — N, ~ Poisson(t — s), so

tk
P,(Ni=x+k)=p({z+k}z) = ] e,
or, what is the same

th
p(Blz) = Z 7€ g

k:x+keB

The Chapman—Kolmogorov equation (24) become

t+sk’0 «({k}€)ps({€}]0),
p {}\ Zp {R}LP({H)

which is just a reformulation of the fact that the sum of two independent
Poisson random variables is Poisson, and the parameter is the sum of the
parameters.

Example 18 (Wiener process). Let W, be SBM. Then

1 de
e 2t
B—zx \/27T Y
/ y;) dy.
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That is p;(B|z) is absolutely continuous with transition density pi(dy|x) =

pe(ylx)dy
1 _ (y—=)2

pt(y|x) = \/_te 2

2m
The Chapman—Kolmogorov equation (24) become

mﬁwuwiémwwmwum%

or for the densities
mﬁmwz/mvmm@w@.
R

This is a reformulation of the fact that the sum of independent normals is

normal. Recall the convolution formula for densities. -
Mo 4}( o cﬂ/\a A

6.2 Infinitesimal generator
%.) ) \/4 ) yU o
The infinitesimal generator of X an operator defined by \ T

fi S5 S() = Jim TBL[7(X) ~ f(x)], (25) brownt o

whenever the limit exists. Its domain is denoted by D(S). \
We determine the infinitesimal generator of the Poisson process and the W U-MJ .
Wiener process.

Example 19 (Poisson process). Let (N;) be a Poisson process with intensity yo ) Yt ).
1, and let f be a bounded measurable function. By definition N; — Ny ~ \UT

Poisson(t), thus
< ik
E:Ef(Nt). = %etf(l€ + ). {,— J O

k=0
Since f is bounded the sum is finite, and as ¢ | 0

E.f(N,) = f(x)e™! z+ Dte™t + O(t?).
Ny = f(@)e™ + flz + 1)t +L_(i_)_J

Thus
1
Sf(x) = lim B, [f(N,) — f(2) 4?
— iy (1) fa D) fiw. CZQ\)
tg% T ; x e 4 >0 ZL\

~ [+ 1) = f(@). [— )

6{&) - {(wﬂ (&)
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The limit exists for any bounded measurable function.

Example 20 (Wiener process). Let (W) be SBM and f € C? twice continu-
ously differentiable function with compact support. Using Taylor expansion

Fla+h) = F@) + B (o) + o () + ol1), b~ O
and since EgW; = 0, EgW? = t, we have
E,f(W;) = Eof(x + W) I/\.& (/Z[-
= B [ 1(0) + Wes (o) + 2o ) + o7
. TS0
= 1)+ L@ o) Lo
Thus ) () Vg /
st =t b, 1wy — 5oy = 70 g
We see that C? C D(9). X

’ 6.3 Kolmogorov equations

Backward. Let t > 0 fix, B € B(R), 7 > 0 small. By the tower rule and
~ > =
the Markov property

‘?{ﬂ(-”) T P(X,. € B|Xo=1) = E EP(XHT c B|X72|X0 —1].

! -

With the notation ¢(x) = p(B|z) lK

Prir(7) = Egoi(X7),

which reads as % ﬂ/!_
1 1

~ e (@) = pul@)] = —B [ou(X7) — @u(2)]

| ¢

o

L} v

Letting 7 tend to 0, we obtz[in o0

'—[((/0 \5 {'l‘?

&%(x) = (S¢r) (2).
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Substituting back the definition of ¢, we obtain Kolmogorov’s backward equa-

tion
[ O p(Bl) = (Sn(BI) (@) (26)

Forward. Let t > 0 fix, f € D(S). By the tower rule and the Markov
property
E. [(Xiir) = Ep [Eo[f (Xeir) | X

which can be rewritten as

/ F(es-(dle) = / £(2)pr (d=ly)pr (dylr) = / £ pe(dylo).

Subtracting
B.(X) = [ fwpddyia)

and dividing by 7

[ A= im0 — ) ().

-
Letting 7 | 0 $ -‘:(40
! [ trgiasio) = [0l 27)
\—=
The adjoint of the operator S is an operator S* on the space of measures
such that e

/ (S ()uldy) = / )5 ) )

bk

If this holds for sufficiently many f and g, then it is unique. 5 K > }e

Using the definition of adjoint in (27)

/f L,pfi'i' /f )’ <5M\’U'>:“1q¥u>

from which we get K olm;gom’u s forward equatzon e é K
5Pt(Blz) = (5"pi(|2)) (B). (28)
-— g L W/ &VJM cmv‘d‘“‘l ﬂ“'\‘(
70 3l Lu Loy
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Remark 2. The derivation of the forward equation is rather intuitive. What
kind of space is the domain D(S), and how the adjoint operator defined?
Furthermore, in (27)) we differentiated a family of measures with respect to
t. If the measure are absolutely continuous, i.e.

pt(dy|1’) = pt(y|x)dy,

then

. Y|z T 8

T—0 T

In general, both for the backward and for the forward equations extra
conditions are needed. As it can be guessed from the derivation, for the
forward equation more restrictive conditions are needed.

The importance of the Kolmogorov equations (26) and (28) is that from
infinitesimal conditions (from the generator S) one can determine the evolu-
tion of the whole process, that is the transition probabilities. In most of the
cases the solution cannot be determined explicitly, only by simulation.

Example 21 (Poisson process). Let (N;) be a Poisson process with intensity
1. We proved that

(Sh) (@) = flz+1) = f(=).
Therefore, the backward equation reads as (% [ ) (¢
- (57,

] 0
atpt (Blx) = pe(Bl|z + 1) — py(B|x).

For the forward equation we determine the adjoint of S. We need an S*u
such that

= [+ ) = f@ulde) = [ (S ().
S SO@) / / ;

From this form we can guess that

S*u(A) = p(A = 1) — p(A),

should work, where A —1 = {a —1 : a € A}. This indeed holds, therefore
the forward equation reads as

9 p(Bla) = pu(B ~ 1]2) ~ p(Bla).
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The initial condition in both cases is

1, ifzxeB,

0, otherwise.

po(Blz) = 0.(B) = {

In this special case we can solve the equation (29). Let@’;_())
B = {0}. Since the process have only upwards jumps p;({0}|1) = 0,

and

—Pt({0}|0) = _pt({0}|0)a

which together with the initial condition py = 1 gives

[pt<{0}|o> - )

Now B = {1} gives —{;é 4? ‘ 4) ?~L <0}

Cp({10) = —pt<{1}|o>

Multiplying by e’ e
e i(efpx{l}\oi rPJCL@( ”F{)D/

dt
which with the initial condition py({1}|0) = 0 gives

)jpt({l}\o) =te™". 5 _5 ((P.(:J

In general, induction gives that l
J

[ 0=

Example 22 (Wiener process). Let (W;) be SBM. Since (Sf)(z) = f"(z)/2,

the backward equation is v
0
0 1 o DN
[ 521 Ble) = 555 pi(Blo). g:‘:—

For the density p;(dy|z) = pi(y|z)dy we get (

5 1 o? - AA

Z VIR X AN VA

5Pt W12) = 555 (yl). 51 9
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This is the heat equation. 3 | ( é é

For the forward equation we need again the adjoint of S. Let pu be ab-
solutely continuous with respect to the Lebesgue measure, p(dy) = g(y)dy (/0

and let f € C%. Integration by parts twice gives K/——“J
oo

Jr / f"(y)9(y)dy = / fy)g" (y)dy. S (((‘,1 3(«.\04( -_['j [(ulafql;

y)dy. The forward equation is

) 1 o - S‘f((")ar'/‘ ol

3tpt(y’ r)dy = 23 th(y|x)

. "
which for the densities gives P S g( s&s (7 ( « 'JX
L [ 2ot = s oo
? atpt y|r ayQPt Ylx),

That is (S*u 19

again the heat equation.
Recall that the fundamental solution to the heat equation

0 1 92

is L e K - ‘Z;L‘\
F(t,z) = \/%e 2, 6

(27 4 o

™™

which is exactly the transition density of the SBM.

6.4 Diffusion processes

Diffusions can be handled as solution to SDEs. We showed that under gen-
eral conditions unique strong solution to SDEs exists, implying the existence
of diffusion processes. This is the probabilistic approach due to Lévy and
[t6. Another more analytical approach to such processes was applied by
Kolmogorov and Feller. They treated diffusions as general Markov processes
and using tools from the theory of partial differential equations, they showed
that under suitable conditions the Kolmogorov backward and forward equa-
tions have a unique solution. Then the existence of a desired Markov process
follows from Kolmogorov’s consistency theorem, and the continuity property
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