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Symmetry group (invariance group)

f:{0,1}" - {0,1}, 0 € S,
7 is defined by f7(x1,...,%p) = f(Xo1,-- - Xon)

o is called a symmetry of f, if f7 = f
we denote this by o - f

Definition

Let f:{0,1,...,k—1}"—{0,1,... k — 1}. We say that f is invariant
under the permutation o € S, and write o - f, if for all

(X1y...yxn) €40,1, ...,k =1} f(x1,. .., %n) = F(Xo1, -+, Xon)-
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Representability

All subgroup G < S, is representable as the invariance group of a n-ary
function on a k-element set if and only if kK > n.
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Threshold functions

A Boolean function is called a threshold function if there exist real
numbers wy, ..., wp, t such that

n
f(x1,..,x,) =1 iff Z wix; > t.
i=1

Theorem (E. K. Horvath, 1994.) The invariance group of threshold
functions is isomorphic to a direct product of symmetric groups.
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Results on symmetry groups
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Galois connection

The correspondence |- induces a Galois connection between permutations
and Boolean functions.

For F C O,S") and G C S, let
Fr={oceS,|VfeF:olf}
G'_::{fGO,((n)|Va€G:al—f}

F:=(F")"

G :=(G")"
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Galois closed groups

Lemma

The permutation group G is the symmetry group of a (single) k-valued
Boolean function for some natural number k if and only if it is Galois
closed.

Sketch of Proof
Let fi(a) =1 if and only if f(a) =i for i € {1,...,k} and a € {0,1}".
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Characterization of the closures

Theorem [K. Kearnes| Let G < S,,. Then

) _ ﬂ (Sn)a- G,
a{0,1,....k—1}"

where (Sp), := {0 € S, | a” = a} is the stabilizer for
a=(a,...,ap) €4{0,1,... . k—1}".
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k=n-1

Proposition For k = n — 1 each subgroup of S, except A, is k-closed.
Proof

Let a(jjy = (a1,...,an) be an n-tuple from {0,1,..., k — 1}" such that
a,=as < {r,s}={i,j}orr=s.

—=(k)
By ¢ =Nseq01,. k—132(Sn)a - G
—(K) — ey g
we have G C G C {id, (i)} - G.
Now, let G < S,, be a subgroup which is not k-closed.

Then G*) contains at least one element of the form (ij)-owitho € G,

and therefore G contains (ij)-o-0t =(ij). (Forall i and j.)
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Since i, j were chosen arbitrarily, G( ) contains all transpositions, i.e.

G —s,.

Thus we have G < G C {id, (ij)} - 6 € Sp = G, ie.,
Sp=Aid,(ij)} - G, in particular G is of index 2 in S,.

The alternating subgroup A, is the only subgroup of S, satisfying this.
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If G has a common fixed point, say i € {1,...,n}, i.e. i =i for each

g € G, then G can be considered as a subgroup G* of the full symmetric
group Sg1.. a1\ (i} on base set {1,... n}\ {i}.

Conversely, each H < S¢; . n1\{j} can be embedded canonically into

Sn = S{1,...np, yielding H' := {h" | h € H} with

i =iand jh = jhforje {1,... n}\ {i}.

Clearly, this is one-to-one: (GV)' = G, (HT)i = H (for each fixed i).

In particular, we consider the alternating group A in S¢; . o1 ;3 and shall
use the notation A,_; (;y for the subgroup AT of S,
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k=n-2

Lemma
For G = H' < S, and the corresponding G = H < 5(1,...,n)\{i} We have

— —(k)\T
RO

Corollary

Let k= n—2and let G < S, be a subgroup with a common fixed point
i,ie., G = H' for some H < Sq1,....m\{i}- Then G is not k-closed if and
only if G = A,_1 ;). In this case we have

(k)
Ay =S i
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k=n-2

Theorem
Let 2 < k = n— 2. Then the only non-k-closed subgroup of S, are A,
and An_17(1), ce e :An—l,(n)-

Proof

Let i,j,s,t be distinct elements of {1,..., n} and let aj;.s; be an n-tuple
(at,...,an) €{0,1,...,k —1}" such a; = a; # a5 = a; and all other
components have different values.

Analogously, let ajs denote an n-tuple such that a; = a; = a5 and all
other components are different.

Thus in both cases {a1,...,a,} ={1,...,n—2}.
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The stabilizers are the following 4- and 6-element groups:

rlj;st = (Sn)aij;st = {e, (if), (st), (if)(st)}

rijs = (Sn)a,’js = {e, (U)’ (is)7 (jS), (Us)v (’5./)} = S{i,j,s}'

Note that both groups are generated by any two of its elements # e.
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k=n-2

ifre 69\ 6,
then from E(k) C lNj.st - G we have that thereisa y €T, and o € G

with m = vo,
thusy 't € Gand y =m0 € ¢t \ G,

more concretely we have
(i) € 6™\ G and (ij)r € G
(st) € [6% \ G and (st)r € G

(iH)(st) € ¥\ G and (ij)(st)r € G.

19 /21
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Analogously, one gets from E(k) Crlis- G:

(i) € 6™\ G and (ij)r € G
or (is) € E(k) \ G and (is)T € G
) €

or (Js \G and (js)m € G
or (ijs) € \G and (ijs)Tr € G
or (isf) € \G and (isj)m € G.
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Claim 1: G contains no transpositions.

Claim 2: Vij; st : (ij)(st) & G\ G (where {i,j} N {s,t} = 0 is assumed).

Claim 3: G = A,.
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