Finite monoidal intervals
MikLOS DORMAN AND MIKLOS MAROTI

ABSTRACT. An interval of cardinality (2141 — 1) of the lattice of all transformation
monoids on a finite set A is studied in the paper. We will show that finite monoidal
intervals correspond to the transformation monoids in this interval.

1. Introduction

Let A be a finite set with at least three elements. It is well known that the
set of all clones on A whose set of unary operations coincides with a trans-
formation monoid M on A forms an interval in the lattice of all clones on A
(see A. Szendrei [8, Chapter 3]). An interval of this form is called a monoidal
interval. The monoidal intervals partition the clone lattice into finitely many
blocks. Since the clone lattice has continuum many elements if |A| > 3, one
might expect that ‘for most M’ the monoidal interval Int(M) contains uncount-
ably many clones. We remark that this is the case on 3-element sets: there are
at least 499 transformation monoids (in 99 p<-classes) among the all 699 trans-
formation monoids (in 160 p<-classes) for which the corresponding monoidal
intervals have cardinality 2% (cf. Dorman-Makay—Maréti-Vajda [2]). Nev-
ertheless, it turns out that for many interesting transformation monoids the
corresponding monoidal intervals are finite.

A. Szendrei in [8] posed the problem of classifying transformation monoids
according to the cardinalities of the corresponding monoidal intervals. A com-
plete classification of transformation monoids according to the sizes of the
corresponding monoidal intervals seems a very hard problem at present. How-
ever, for certain classes of monoids we can solve this problem.

On a 3-element set there are 156 monoids (in 42 p<-classes) for which the
corresponding monoidal intervals wrere unknown, according to [2].

In this paper we will consider a certain class of transformation monoids that
constitute an interval in the lattice of all submonoids of the full transformation
semigroup with cardinality of 2141 — 1.
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2. Preliminaries

For a finite set A we will denote the full transformation semigroup, and the
set of unary constant operations on A by T4, and I'4, respectively. For an
arbitrary element a of A we will use the notation =y, for the unary constant
operation on A with value a, and a tuple whose all components are a will be
denoted by a. If a is an /-tuple (£ € N) then aj;) will refer to its i-th component
(1<i<).

For the set of positive integers we will use the notation N, and we will refer
to them as natural numbers.

Let A be a set and £ be a natural number. The set of all finitary operations
on A will be denoted by O4. We call the operation f essentially k-ary (k €
N, k > 2) if it depends on exactly k of its variables. If f depends on at most
one of its variables, we call f essentially unary. A set C of finitary operations
on a set A is said to be a clone if it contains all the projections and is closed
under superposition of operations. It is obvious that O 4 and the set Py4 of all
projections on A are clones.

For a k-ary relation o on A, a g-matriz over A is a matrix whose columns
belong to . An n-ary operation f on A preserves the m-ary relation ¢ on A
if for every p-matrix X = (z; ;) € A™*™ we have that

f(l'l,la e 71‘17”)
[(X) = : €.

f(xm,la cee 7xm,n)

If R is a set of finitary relations on A then Pol(R) will denote the set of all
operations f € O4 such that f preserves each relation in R.

It is well-known that a set C of finitary operations on A forms a clone if and
only if C'= Pol(R) holds for some set R of finitary relations on A.

Since the intersection of an arbitrary family of clones on A is also a clone,
the set of all clones on A constitutes a complete lattice with respect to the
set-theoretic inclusion. Furthermore, we can define the clone generated by a
subset F' of O 4 as the intersection of all clones that contain F'. This clone will
be denoted by (F). For a natural number ¢, the set of all ¢-ary operations of
a clone C will be denoted by C().

Let M be a transformation monoid on A, and let Int(M) denote the col-
lection of all clones C on A such that the set of unary operations of C is M.
The clone (M) of essentially unary operations generated by M is a member
of Int(M), in fact, it is the least member of Int(M), so Int(M) is non-empty.
Furthermore, it is clear that every clone C in Int(M) is contained in the set

Sta(M) = {f(z1,...,z¢) € O4 | L €N, and
f(/.tl,...,/.l()EMfOrallllLl,...7ﬂg€M},
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which is called the stabilizer of the monoid M. It is easy to verify that Sta(M)
is a clone on A, in fact, Sta(M) = Pol(onr), where

ov = {(w(0),...,u(n—1)) : p € M}.

Therefore Sta(M) is the largest member of Int(M). So, a clone C on A belongs
to Int(M) if and only if (M) C C C Sta(M). Thus Int(M) is the interval
[(M),Sta(M)] in the lattice O4 of all clones on A. Such an interval is called
a monoidal interval.

Define the relation > on the set of all submonoids of T4 in the following
way: the transformation monoids M and M’ on A are t<-related if there
is a permutation m € S4 such that M’ = 7o M on~!. The t<relation is
an equivalence relation, moreover, if M < M’ then the monoidal intervals
Int(M) and Int(M’) are isomorphic (as lattices), in particular, they have the
same cardinalities.

If F C Sta(M) then the clone generated by F over M is (F'U M), which
will be denoted by (F) . It is obvious that (F); belongs to Int(M).

The monoid M will be called collapsing if the monoidal interval correspond-
ing to it contains only one element, that is, there is no essentially at least binary
operation in the stabilizer of M (cf. Grabowski [4]).

We close this section by a well-known result that will be a useful tool in the
sequel. Let L = {a, b} be a 2-element set and (L; A, V) be a lattice with lattice
order a < b.

Theorem 1 (Complete Disjunctive Normal Form). Let f be an £-ary operation
(£ eN) on L.
(a) Then

Fe) =y, Adx,

where Hy = f_l(b), Adx = d[l]x[l] JANCEIAN d[g]X[g],
dpgxgg = 4 Fda=b ey,
n(xp), if dy =a,

and ™= (a b).
(b) If f is monotone with respect to the lattice order < then

fx) = ack, N 9%

where Ky = min f~!(b) and Adx = /\z‘e{j:d[.]:b} XJi] -

3. The transformation monoids and the main result

Let n > 2 be a natural number, A = {0,1,...,n — 1}, I = {n — 1}, and
O = A\ L For k € O define transformations o} and 7, on A in the following
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way:

k, ifx e,

n — 1, otherwise,

op: A— A, Uk(x):{

T A — A, Tk(w):{nl’ itze0,

k, otherwise.

It is straightforward to check that 7 o7, = o is an idempotent transformation
for every k in Q. For subsets & and ¥ of O let

Mgz =TaU{ida}U{ox:ke &} U{mn :keT}.
Then
Myg=TaU{ida}
and
Moo = MyyU{or:kcO}u{rn :kecO}.

are transformation monoids. In the article we will study those monoidal in-
tervals that correspond to the transformation monoids in the interval I,, =
[Mp,9, Mo o]-
If n =2 then A = {0,1} and the interval I consists of two transformation
monoids:
M@y@ =IT'4U {idA} and M@,@ =T}y.

The corresponding monoidal intervals are finite, more precisely,
Int(Mo,p) = {(Mp,0), (N)Mo.00 (V)Mo 05 (A V)0 1
Int(Mop,0) = {{Mo,0), (+) Mo 5, Oa},

where A and V are the lattice operations with respect to the lattice order 0 < 1
on A ={0,1}, furthermore, + is the addition modulo 2. (cf., Post [7]).

In the rest of the paper, we will always assume that n > 3. First, we
describe the transformation monoids in the interval I,,.

Proposition 2. Let G and ¥ be subsets of Q. Then
Mgxz=MygU{oy:keSIU{r:keT}

is a transformation monoid if and only if either T = () or & = X. Furthermore,
the interval I, contains 2™ — 1 transformation monoids and it is isomorphic
to the lattice ordered set ({0,1} x P(O))\ {(1,0)};C), where (a, H) C (a’, H')
if and only if a < a' and H C H' (a,d’ € {0,1}, H,H' CO).

Proof. The first statement of the proposition follows from the following equal-
ities:

Ok! OO0k = Ok, Tk © Tk = Ok,

Uk/OTk:Tk/7 Tk’OUk:Tk’;

where k and k' are arbitrary elements in O.
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To prove the second statement, we remark that the mapping

I — ({0,1} x P(0)) \{(1,0)},
0,8), fT=40,
(1,6), f6=%#0

is an order preserving bijection for which its inverse is also order preserving. [

M@,@U{UkikGG}U{TkaG‘I}’—){

The aim of the paper is to proof the following statement.

Theorem 3. Let n > 3 be a positive integer. Then for each transformation
monoid M in the interval I,, the monoidal interval Int(M) is finite.

Detailed information about the monoidal intervals can be found in Theo-
rems 13, 17, 24, and 25.

If & = T = ) then the transformation monoid Myy = I'y U {ida} is
collapsing (cf., P. P. Pélfy [6]). Therefore, in the sequel, we will assume that
|&] > 1. Without loss of generality, we may also assume that

& =10,...,p—1},

where 1 < p < n — 1 is an integer.

Let M = Mg <, where 6,% C O and either T = or & =T # (. Let a be
the equivalence relation Q2 UI? on A. Then « is a congruence of (4; Sta(M)),
since « is a congruence of (A; M). The factor transformation monoid M =
M/aon A= Ajais

N = Cyu{idz}, ifT=0,
Ty, otherwise,

and
— M), (A sp, (W) s, (A, V) if € =
Int(M): {<7>’<7>Ma< >M7< ; >M}7 1 @,
(M), (+) a1, Oats otherwise,
where A and V are the lattice operations with respect to the lattice order
o<

4. The fine structure of operations in Sta(M)

Let M = Mg <, where 6,T C O and either T = () or & = T. Let f be
an f-ary operation in Sta(M) (¢ € N). For an (-tuple a € A’ with property
fa) € Olet W, = {z tap) € @}. For an arbitrary (-tuple e € A’ let e}, be
the ¢-tuple whose i-th component (1 < i < ¢) is

(ela)i] = o HIE W
! n — 1, otherwise.
Define the operation f, in the following way:

fa: A" = A e f(eja)
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Then f, € Sta(M) and fo(0f) = f(a/a) C O, hence, the operation (fa)|o is in
Sta(Mg), where Mgy = {p|o : p € M, p(0Q) C O} is a transformation monoid
on O and

</\,\/>M07 if n =3,

(Mg), ifn >4, M)

Sta(Mg) = {

(cf., E. L. Post [7] for n = 3 and P. P. Pélfy [6] for n > 4).

Proposition 4. Let f be an L-ary operation in Sta(M) (¢ € N). Then for
arbitrary (-tuples b,c € A if f(b), f(c) € O then (fu)|lo = (fe)lo-

Corollary 5. Let f and g be {-ary operations in Sta(M) (¢ € N). If
=1 =g""(n-1)
and there is an £-tuple b such that (fv)lo = (9b)|o then f =g.

Proof. Suppose that f and g satisfy the requirements of the statement. Let a
be an (-tuple in A*. By the assumption

fla)=n—-1<=g(a)=n—1,
hence, we may assume that f(a),g(a) € Q. Let a’ be the following ¢-tuple:

, {a[i], if 1 € W,

A = :
0, otherwise.

Then a’ € O and, by Proposition 4,
f(a) = fa(@’) = fo(a') = go(a’) = ga(a’) = g(a),
which completes the proof. O

In the proof of Proposition 4 we will use several simple statements that will
be summarized in the next two lemmas.
Let f be an f-ary operation in Sta(M) (¢ € N). For an {-tuple a and j € A

define transformations w%a’j ). ,wéa’j ) € M as follows:
(ag) _ Jida, ifap =j
w; = .
Cajy» otherwise,

and set w®9) = f(wga’j), . ,wga’j)). Then w®9) € M.

Lemma 6. Let f be an £-ary operation in Sta(M) \ (M).
(a) If either f(0) = 0 and f is not surjective or f(0) € O\ {0} then f(OQf) =

{f(0)} and the range of f is {f(0),n —1}.
(b) If f(0) = n — 1 and either f is not surjective or T = O then f is the
constant operation with value n — 1.
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Proof. (a) Suppose that either f(0) = 0 and f is not surjective or f(0) €
O\ {0}. We will prove that for every integer k (0 < k < n — 1) equality
f({0,...,k}*) = {f(0)} holds. We proceed by induction on k. For k = 0 the
statement is true. Suppose that f({0,...,5}%) = {f(0)} holds for 0 < j < k.
Let b be an arbitrary ¢-tuple in {0,...,k}*. Then

b,k b,k
@ PR(0),...,wPF(0) € {0,... .k —1}".

Hence, by the induction hypothesis, w®*)(0) = f(wib’k) (0),... ,wéb’k)(O)) =
f(0). If £(0) = 0 then because of the non-surjectivity of f, w®*) can not be
id/}. Therefore, w®*) ¢ {740 7@} which implies that f(b) = w®F) (k) =
7(0). A

To prove that the range of f is {f(0),n — 1}, choose an arbitrary ¢-tuple a
in A\ Of. Then w®m=1(0) = f(w*" (0),...,w*" " V(0)) = £(0) implies
that w@n=1 ¢ {740y, 910} hence f(a) = w@n=D(n —1) € {f(0),n — 1}.
We note that 0 ¢(o) must belong to M since otherwise f would be a constant
operation.

(b) Suppose that f(0) =n — 1. Then f(O) =1 Letaec A\ QL If T =10
then w®@"=D(0) = ... = w@"=V(n —2) =n — 1 imply that w@" 1) =~,
hence, f(a) = w®" ) (n —1) =n — 1, that is, f is a constant operation with
value n — 1. Suppose that f is not surjective and it is not constant. Then
there is an /-tuple a € A’ such that f(a) € Q. Then (fa)|o is essentially unary
operation, and so, there is a transformation y € Mg and an index ¢ for which
fa(b) = p(bp) holds for all /-tuples b € Qf. If y = idg then f would be
surjective, hence, y is a constant transformation, say p = 7, and so, 7, € M.
Therefore, ¥ is not empty.

The statements are proved. O

Lemma 7. Let k be an arbitrary element in Q.

(a) Ifa € {0,n —1}* then there is a transformation p € M such that j1(0) =
£(0) and p(n — 1) = f(a).

(b) If k € & and a € {k,n — 1}* then there is a transformation p € M such
that 1u(0) = f(k) and p(n —1) = f(a).

(c) If k € T and a,a’ € {k,n — 1}’ then there is a transformation p € M
such that u(0) = f(a’) and p(n —1) = f(a).

Proof. (a) Let a be an arbitrary /-tuple in {0,n — 1}%. For every index i (1 <
1 < {) define transformation p; in the following way:

. Y0, ifi e Wa,
’ ids, otherwise.

Then for the transformation = f(u1, ..., u) € M, we have that u(0) = £(0)
and p(n —1) = f(a).
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(b) Suppose that k& € &. Let a be an arbitrary /-tuple in {k,n — 1}¢. For
every index i (1 <4 < ¢) define transformation pu; in the following way:

Ve i i € Wa,
Hi = .
o, otherwise.

Then for the transformation p = f(uy,...,u) € M, we have that u(0) = f(k)
and p(n —1) = f(a).
(c) Suppose that k € . Then & = %, hence, k € & also holds. Let a and

a’ be arbitrary /-tuples in {k,n — 1}¢. For every index i (1 < i < ) define
transformation p; in the following way:

ey ifi € Wan W,

op,  ifi € Wa\ Wa,

e, ifi € Wa \ Wa,

Yn—1, otherwise.

Hi =

Then for the transformation g = f(u1, ..., ne) € M, we have that (0) = f(a’)
and p(n —1) = f(a). O

Now we are in a position to prove Proposition 4. The proof will fall naturally
into two parts.

Proof of Proposition 4. Suppose for a contradiction that there are ¢-tuples
b,c € A’ such that f(b), f(c) € O and (fu)lo # (fc)lo- Then there is an
{-tuple d € Q° for which fi,(d) # f.(d) holds.

We will distinguish two cases according to n = 3 or n > 4 hold.

Case 1: n = 3.

Case 1.1: T = (). We may assume that fp(d) = 0 and fo(d) = 1. Let d’
and d” be the following ¢-tuples:

d[i], if i € Wy N Wy, dﬁ]’ if i € W N W,
dj =40, ifieW,\ W, m=1A1 ifie We\ W,
2, ifid Wy, 2,  ifigWe,

(1 <i<¥). Then d’ ¢°dp and d . o* d”, where

o =m2(onm) ={(0,0),(0,1),(1,1),(2,2)}.
Hence f(d’) ¢ f(d}p) =0and 1 = f(dyc) ¢ f(d”), which imply that f(d’') =0
and f(d”) = 1. For the ¢-tuple df, where
g, if i€ Wy We,
o ifie Wy \ W,
L ifi e W\ W,

2, otherwise,

)

(@ =

—_
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we have that df = (u(1),...

’Yd[L] i
[ = 705
") ida,
V2,
Hence f(d') = 0 since f(d’)
follows:
Vdm )
ida,
Vv; =
1,
V2,
and set v = f(vy,...,
1, we get a contradiction.

v). Then v € M, v(0) = f(d') = 0 and v(2) = f(d")

Finite monoidal intervals 9

7,“'2(1))7 moreover, d = (,ul(2)7 ce 7,“2(2))3 where

ifi e Wy, N We,
ifiGWb\Wc,
if i € We \ Wh,

otherwise,

(1<i<o).

= 0. Define transformations v4,...,v; € M as

if i € Wy N W,
if i € Wy \ W,
if i € We \ Wh,

otherwise,

(1<i<

£)

Case 1.2: ¥ # (. Then 0 € T since 0 € & = T. If the operation f is not
surjective then the statement of the proposition follows from Lemma 6, hence
we may suppose that f is surjective.

If f(0) =n—1 then f(O°) =1, and s0, 8 =% =0 and M = Mp o

transformations pq,...,ue €
’Ydm )
Ud[i] ;
i =
Td[i] y
V2,

and set u = f(pu1,...
1, we get a contradiction.

s#e). Then p € M, p(0) = fp(d) = 0and p(2) = fe(d)

. Define
M as follows:

if i € W N W,
if i € Wy \ W,
if i € We \ Wh,

otherwise,

N
N

Suppose that f(0) € O. Then we may also assume that 0 € {b,c} since
fo(d) = f(d) and fu(d) # fe(d). Set {0,x} = {b,c}. Let d’ be the following

{-tuple:
dyi),

d.
[i] 0’

{

if i € Wy OI“Z'QVVx7 d[i] =0,
if i & Wy, dpy) = 1.

Then for every index ¢ (1 < ¢ < £) we have that

(dfy: dpaps (dyx)) =

hence,

(d[i] R d[i], d[i])7 if i € W,
(0,0,2), if i ¢ Wy and dy;) = 0,
(0,1,2), if 1 € Wy and dm =1,
dpy dy
dp dpg
(dyx)p (dyx)g
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Fa)
is a gp-matrix. However, f(X) = | f(d) | does not belong to gps since
fdyx)
f(d) = f(d5) and f(dx) are distinct elements in @, which is a contradiction.
Case 2: n > 4. Then the operations (fp)|o and (fc)|o are essentially unary
operations, hence, there are indexes ig,j0 € {1,...,¢} and transformations
w, v € Mg such that

fo(a) = p(ag,)),
fe(a) = v(ay,))

hold for every /-tuple a € OF.

Case 2.1: u =, and v = v,. Then y and z are distinct elements in O,
furthermore, we may assume that d = 0. Therefore, dyp,djc € {0,n — 1}4
Define transformations &1, ..., &, &1,...,§, in the following way:

Yo, ifi € Wh, .
fi - . . (1 g 2 < Z),
id4, otherwise,
, ifie W, .
g=1" © o <i<o,
ids, otherwise,

anii set § = f('fl; ce 352)7 § = f(gllv - ’52) Then §,&" € M, E(O)A: gl(o) =
f0)and E(n—1) = f(dp) =y, &'(n—1) = f(d,c) = z. Hence, f(0) =n—1.
Thus, 7, and 7, belong to M, and so, T is not empty. We get a contradiction
as follows. Let ¢ = f(p1,...,pe), where

idy, ifiEWb\Wc,
T0, ifiGWc\Wb,

i = . (1
Y0, if i € Wy N Wy,

Yn—1, otherwise,

N
N
S

Then ¢ € M, ¢(0) = f(djp) =y, and p(n — 1) = f(djc) = 2, which is a
contradiction.

Case 2.2: ;1 = ¢, and v = idg with y € Q. Since 03, € {0,n — 1}* for the
transformations

0 € W, ,
5@‘:{%} ! B 1<i<d)

id4, otherwise,

we have that (£;(0),...,&(0)) =0 and (& (n—1),...,&(n —1)) = 0;,. Then
for the transformation £ = f(&1,...,&) € M we obtain that

En—1)= f(0p) =y €0,

which implies that f(0) = £(0) € {y,n — 1}.
Suppose that f(@) =y € 0. Then f can be restricted to O, hence,
flo € (Mg). Fix an element y' € O\ {y}. Let o, ¥1,..., e be the following
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transformations:

Yy’ 1fl:JOa
¥i = § Y0, leGWCa 7;7&]’0’ (1<7’<€)7

id4, otherwise,

—~~
and ¢ = f(¢1,...,9¢). Then for the {-tuple e = (0,...,0, ¢ 0,...,0)
we get that

p(n —1) = flee) = fe(e) = vley,) =¥/,

from which f(e) = ¢(0) € {¢/,n — 1} follows, thus, f(e) =y since f(e) € O.
As a consequence of this result, we obtain that flo(ai,...,as) = a;, holds for
each (-tuple (ay,...,a;) € O°. Thus, y = 0. Let a be the /-tuple such that
ap=n—2if ke Wy and ay)=n—1if k ¢ Wy,. Then

fa) = flaw) = f(n — 2.p) = fo(n — 2) = 0.

Choose transformations vy, ...,y in the following way:

o, if k€ W,
wk:{” 2! B a<k<o),

id4, otherwise,

and set ¥ = f(¢1,...,%). Then ¢(n — 1) = f(a) and ¢(n - 2) = fn=2).
This leads to a contradiction, since f(n —2) = n — 2 and f(a) = 0. Hence,
f(0) =n —1. Let k be an arbitrary element in @, and let x1,...,x¢ be the

following transformations in M:

;e We, .
Xi{’% SeE e 1<i<),

idy, otherwise,

and set x = f(x1,--.,x¢). Then y € M and x(n — 1) = fe(k) = k € O,
x(0) = n — 1, hence, x = 7. Therefore, T = O. Let z € O\ {y}. Then
fo(2) =y and fo(2) = z and Zp, 2c € {z,n — 1}%. By Lemma 7 (c), there is
a transformation w € M such that w(0) = f(Z;p) = fo(2) =y and w(n —1) =
f(21c) = fo(2) = z, we get a contradiction.

Case 2.3: Finally, suppose that ¢ = v = idg. Then ig € Wy, jo € We
and 7o # jo. Since 0 and (A)ib belong to {0,n — 1}, by Lemma 7 (a), there is
a transformation ¢ € M such that £(0) = f(0) and £(n — 1) = f(Oyp) = 0.
Thus, we have that f(0) € {0,n — 1}. Suppose that f(0) = 0. Then either
fo(d) # fu(d) or fz(d) # fe(d). We may assume that the latter inequality
holds, that is, f3(d) # fe(d). Under the above assumption, We & A = W,

If ig ¢ W, then let a be the ¢-tuple with components aj,) = 0 if k € We
and ay; = n—1if k € A\ We. Then f(a) = f(0jc) = fo(0) = 0. Let



12 M. Dormén and M. Maréti Finite monoidal intervals

Y= f(801>-~~,80£)a where

{’yO, if k € W,
Yk =

_
/N
o~
N
N

idy, otherwise,

Then ¢ € M,

p(2) = f(p1(2), - 00(2) = fo(pr(2), -, 00(2)) = @ig(2) = 2 (2 € O)

and p(n — 1) = f(e1(n —1),...,0¢(n — 1)) = f(a) = 0, which is impossible.
If ig € We then let a be the {-tuple with components af;,) = 1, aj) = 0 if
ke W\ {io}, and apy =n —1if k€ A\ We. Let ¢ = f(¢1,...,%), where

Y1, lfk:’to,
=197, ifkeWe\{io}, (1<k<O).

ids, otherwise,

Then ¢ € M,
P(2) = f(W1(2), - e(2) = fo(1(2), -, ¥e(2)) = Yo (2) = 1 (2 € O)
and wn ) = Fr (=)l =) = Sla) = fula) = 0, whero oy =

and a =0 (k # ip). But this is a contradiction.

Then f(0) = n — 1 holds, which implies that f(Q) =1I. For z € O let z be
the ¢-tuple
i0-th comp.

0., 7 L0
Let x = f(x1,---,Xx¢), where
’Yz, lfk:’éo,
Xk =947, ifEeWe\{i}, (A<k<O).

idy, otherwise,
Then x € M, x(0) = f(z) = n—1and x(n — 1) = f(z;b) = 2. Thus,

7, = x € M, hence © = ¥ = 0. Let a and b be distinct elements in O,
furthermore, let €’ and e” be the following (-tuples in Q*:

a, if k= io,

(e’)[k] =40, ifke Wy \ {io},
n — 1, otherwise,
b, if k= jo,

(e”)[k] =40, if ke We \ {jo},

otherwise.
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Define the transformations w, w1, ...,wy in the following way:
Y0, if e, = e, =0,
09, if em =0 and e’[;cl =n-—1,
0, if e; =n —1 and ef}; =0,
Y Y /S
v = 4D ifey) =ep=n—1 1<k<D)
Ya if em = eﬁc] =a,
Ca, if e{k] = a and eﬁﬂ =n-1,
Vb, if e{k] = eﬁc] =,
Ta, if e{k] =n—1and eﬁg] =b,

and set w = f(wi,...,we). Then w € M, w(0) = f(e}},) = a and w(n — 1) =
f(e/.) = b, which is a contradiction.
This finishes the proof of Proposition 4. O

5. Non-surjective operations in the stabilizer

For an arbitrary transformation monoid M, let Sta,s(M) be the collection
of all operations in Sta(M) that are either essentially unary or non-surjective.
It is straightforward to check that Sta,s(M) is a clone, in particular,

Stans(M) = Sla NSta(M) = ({f € Sta(M) : f is not surjective})s,

where Sly is the Stupecki clone on A. Furthermore, if C € Int(M) is a clone
such that C\ (M) contains only non-surjective operations then C C Sta,s(M).
A clone in Int(M) is said to be non-surjective if C \ (M) contains only
non-surjective operations.
The above can be summarized in the following way.

Proposition 8. Let M be a transformation monoid on a finite set A. Then
the set of all non-surjective clones in Int(M) forms an interval with least and
largest elements (M) and Stans(M), respectively.

The interval of non-surjective clones in Int(M) will be denoted by Int,s(M).
By Proposition 8, Int,s(M) = [(M), Stay,s(M)].

For an operation h € Sta(M), say h is f-ary, define the operation h® as
follows:

-1, ifglas,...,ap) =1
he: AL — A, (al,...,aZ)H{n o 1fg(a,....ar) ’

0, otherwise.

If C C Sta(M) then C° will denote the set {h®: h € C}.

Proposition 9. Let f € Sta(M) be a non-surjective operation and h € Sta(M)
be an arbitrary operation.

(a) The operation h® belongs to Sta(M).

(b) If the range of f is {0,n — 1} then f = (f)°.
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(c) The operation f depends on its i-th variable iff f does.

Proof. (a) Let h € Sta(M), say f-ary. Let p1,. .., pe be arbitrary transforma-
tions in M, and set p = h®(u1, ..., pe). Since for every element i € {1,...,¢}
we have that either {u;(0),...,u;(n —2)} C O or {w;(0),...,ui(n—2)} =1,
hence, the ¢-tuples (u1(b)/c, ..., pe(b)/a) (b € O) coincide and p(n — 1) €
{0,n — 1}. Thus, p € {70, Vn-1,00,70}- If u € {Y0,Yn-1,00} then p € M.
Suppose that © = 79 and 79 € M. Then ¥ = () and

n —1=19(0) = p(0) = h°(u1(0),. .., 1e(0)),
0= ro(n— 1) = puln — 1) = ¥ (ua(n— 1), el — 1),

which imply that A is not monotone: uq(0)/a < pi1(n—1)/a,..., 1 (0)/a <
pe(n —1)/a and h(p1(0) /e, ..., pwe(0)/a) € h(pa(n — 1)/, ..., pe(n — 1) /a).
We got a contradiction, which proves that u € M. Hence, h® € Sta(M).

(b) Let f € Sta(M) be an operation with range {0,n — 1}, say f is f-ary.
Then for arbitrary /-tuple a € A* we have that

f@)=n—1 «— f@a=1 < Pa=n-1

therefore, f = f°.

(¢) Suppose that f depends on its i-th variable. Then there is an ¢-tuple
(a,...,a7) € A’ such that v = f(ay,...,a;_1,ida, @it1,...,a¢) € M is not
constant, and so, v € {0k, 7 }. Thus,

V= f(a17'"7ai—1aidAaai+17"'aa€)

= f(ar,....ai1,idg, @11, - .-, G7)

is not a constant transformation on A, which implies that f depends on its
i-th variable. d

For an /(-tuple b € {Q,1}¢ define the /-tuples b® as follows:
n — 17 if b il = H,
(b)) = i
0, otherwise.

Now we can describe the interval Int,s(M).

Proposition 10. Let n = 3 be a natural number and let M = Mg s be a
transformation monoid in the interval [My g, Moo]. Then

{<M>’</\0>M7<_0>M7</_\0’\70>M}a if‘S:(Z),
{(M), (+°) 21, ((O2)°) s}, f&=3#0.
Proof. Let f be an f-ary (¢ > 2) non-surjective operation in Sta(M) \ (M).

Then the range of f is {k,n — 1} for an element k¥ € O by Lemma 6 (a).
Hence, there is an (-tuple (ay, ..., as) € A® and there is an index i € {1,...,¢}

Int,s(M) = {
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such that p = f(a1,...,a;-1,ida,ai41,...,a¢) € M is not constant, and so,
w € {ok, T }. Since 72 = o, 0, € M. Then o 0 (09 o f) = f, hence,
(f)ne = (000 fHm. (2)

Let ® and ¥ be the following mappings:

®: Intye(M) — Int(M), C+ C,

U: Int(M) — Intps (M), H = (H)ur,

where C = {g:g€C} and H® = {h®°: h€H}. Let C and H be clones in
Int,s(M) and Int(M), respectively. Then

(C°Ypr = ({f € C: the range of f is {0,n —1}})n = C,

where, in the second equality, we used (2). Furthermore,

s = () = M,
where, in the second equality, we used Proposition 9 (b). Therefore, ® and
¥ are mutually inverse bijections. It is obvious that ® and ¥ are monotone
mappings with respect to (set theoretic) inclusion. Hence, ® is an isomorphism
between the intervals Int,s(M) and Int(M). Then

Tntou (M) 2 Int i) = {{%x (A (V)i 4R, V) i}, I T =0,

{(M), (+) 51,04} if &=%#0,
and so,
Intya (M) = {{<M>7<§O>M,< s (A% VD) T =0,
{(M), ("), ((O2)°) e} if & =T #0.
This finishes the proof of the proposition. O

6. When the base set A has more than three elements

In this section we will make the assumption that n = |A| > 4. Then |Q] > 3,
and so, by (1), the monoid

Mo = {ulo:p € M and p(0) CO} =To U {ido}

is collapsing.
Our main tool in the investigation of operations in Sta(M) is the following
simple observation, besides Proposition 4.

Proposition 11. Let f be an {-ary operation in Sta(M). If f(O°) C O and
flo depends on its i-th variable then f(a) = n—1 holds for every {-tuple a € A*
with a=n—1
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Proof. Suppose that f(0f) C Q and f|o depends on its i-th variable. We may
assume that ¢ = 1. Since f|p € Sta(Mp) is an essentially unary operation, we
have that f(b) = by holds for every ¢-tuple b € 0*. Let a be an arbitrary
element in A’ with ap) = n — 1, furthermore, let u1,...,u¢ € M be the
following transformations:

L = RETE if alk) €0, (1 <k< g)
idy, otherwise,
and set p = f(p1,...,pe) € M. Then p(k) = k (k € O) imply that f(a) =
un—1)=n-1. O
Let a be an arbitrary element in A* and let p1,...,u be the following
transformations in M:

Ly = rya[k]’ if a[k] € ©’ (1 < k < g)
id4, otherwise,
Then the transformation f(u1,...,p¢) € M will be denoted by x(®. Then
p@®(n —1) = f(a) and (u1(k),..., (k) € O (k € Q).
Proposition 12. Let n > 4 be a natural number. If & # O then Sta(Ms <)\
(Mg <) does not contain surjective operations. Hence,
Int(Mevy) = Intns(MG,ry).

The interval Int,s(Meg <) of non-surjective clones can be seen in Figure 1.

(A, V) mr

FIGURE 1. The interval Int,s(M) of non-surjective clones

Proof. Let M = Mg <, where & is a nonempty subset of O that does not
contain n—2. Suppose that there is an f-ary surjective operation f in Sta(M).
If f(0) =n — 1 then f(O') = 1. Let a € A’ such that f(a) = n — 2. Then
p® € M and u(a)(O) = n — 1. Therefore, 7,_y = p(® € M, hence, n — 2 €
T = G holds, contradicting to our assumptions.

Then f(0Q%) C O, and so, f|p is an essentially unary operation, hence, there
is an index g in {1,...,¢} such that f|o(b) = by;,) (b € Q), since otherwise
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f would be non-surjective. Then f(a) = n—1 holds if a € A* and aj, =n—1
by Proposition 11.

Let b € A? such that b;; =n — 2. Then for the transformation u®) we get
that u(®(0) = --- = uP)(n—2) = n—2, and so, n—2 ¢ & implies that f(b) =
n—2. Let a be an arbitrary element in A* such that aj;;) € A\ {n—1,n—2}.
Let ¢1,...,¢¢ and 91, ..., be the following transformations in M:

idy, if ap =n-—1,
Pr = .
Yay,, Otherwise,

ida, if k=1,
Yy = .
Yay,» Otherwise,

£). Set o = f(p1,...,00) and ¢ = f(¢1,...,1¢). Then for every
< n —2) we have that (01(5),...,(j)) € OF, which implies that

©io(j) = ay;,]. Hence,
f(a) =¢(n—1) € {aj,,n - 1}. (3)

Furthermore, ¢p(n —1) =n —1 and ¢¥(n — 2) =n — 2 since ¢;,(n —1) =n—1
and 1;,(n — 2) = n — 2, respectively, which implies that ¢ € {ida,¥n—2}-
Therefore,

f(a) € {aj,,n — 2} (4)

since a = (Y1(ay)), - - -, Ye(ay,))). From (3) and (4) we get that f(a) = aj),
hence, f is in (M). This contradicts to our assumption.
This completes the proof of Proposition 12. O

Define the following binary operations:

n—1, ifn—1¢{z,y},

T

U: A2 5 A, zlUy =
, otherwise,

1, fr=y=n—1
M: A2 5 A, 2Ny = nTh REmyEnTL
0, otherwise.
Then M € Sta(Me,x) for every nonempty subset & of O, moreover L €
Sta(Me <) if and only if & = Q. (We remark that M= A°.)

Theorem 13. Let n > 4 be a natural number. If & = O, then Int(Mg <) is
the lattice that can be seen in Figure 2 if € = 0 and in Figure 3 if T = Q.

Proof of Theorem 13. Let f € Sta(M) \ (M) be an f-ary surjective operation
(¢ € N, £ > 2) that depends on all of its variables. Let a be an arbitrary but
fixed ¢-tuple in A® such that f(a) € Q. Then (fa)|o is an essentially unary
operation by (1). Proposition 4 and the surjectivity of f imply that (fa)|o



18 M. Dormén and M. Maréti Finite monoidal intervals

<m7 U>M@,w

(Mo,g)

FIGURE 2. The monoidal interval Int(Mg g)

Sta(M@,@)

(Mo, 0)

FIGURE 3. The monoidal interval Int(Mo o)

is not a constant operation. We may assume that (fa)|o depends on its first
variable. Hence, 1 € W, and

fa(b) = (fa)lo(b) = bm (b e @Z).
Let ¢ € A’ be an (-tuple such that f(c) € Q. Then 1 € W, and for the /-tuple
¢’ € 0O with

(1<i<?)

Cii1, leGWC,
() = { ’

0, otherwise,

we have that

f(e) = fe(c) = falc') = (c')) = epy (5)
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where in the second equality we used Proposition 4. As a consequence of (5),
the operation f determines f in the following way, for every /-tuple x € A*:

Fo) = {n 1, if fi(f() =1
xp, if f(x)=0.
It follows that
fx)=n—-1lifxy=n—1 (xeA"). (6)
By Theorem 1 (a),

Abx (x € AY),

where H; = f~1(I). Moreover, by (6),

€H"

f(x) = X[ Vv (b vV (b[2]x[2] A... /\b[g]X[g])) (X S AE)’
f

where H} = {b €Hp:bpy = (O)}. Then

Fx) =xp U ( L, (b M- 11 bfaxm)> (x € 4%,

7. When the base set A has three elements

In this section we will make the assumption that n = |A] = 3. Then
|O] = 2, and so, the stabilizer of Mg consists of the monotone operations on
O and the monoidal interval Int(Mg) has four elements: (M), (A)rg, (V) My»
and (A, \/>M@ .

The interval I5 consists of seven monoids (see Figure 4, where ‘?” indicates
monoids for which the corresponding monoidal intervals have been unknown
so far, the numbering of the monoids is according to the article [2]):

My = My g,

M3s = Moy 0, Mg = M1y,
Mgy = Mg g,

Mes = Moy {0} Mgs = M1y 1y,
Mio9 = Mo,0,

moreover, Msg <1 Mis and Mgs 1 M{s; the monoid May is collapsing and
Int(Ms3s) is a 6-element interval (cf., Dormén [3]).
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M09
@
Mes @ @ Mgs
Q)
Msg (©) © Msig
@
Moy

FIGURE 4. The interval [M24, Mlog]

7.1. The transformation monoid Mg4. Set M = Mgy = Mg y. The sets
{0,1} and {0, 2} will be denoted by O and D, respectively.

Proposition 14. Let f be an arbitrary £-ary operation (£ € N) in Sta(M).

(a) If £(0) = 0 then for every element b (b € {1,2}) £({0,b}") C {0,b} and
the operation flyop) is monotone with respect to the lattice order 0 < b.

(b) If £(0) = 1 then f(A") C {1,2}.

() 1f F(0) =2 then £(A%) = {2}.

Proof. (a) Suppose that f(0) = 0 then f(Q) = Q. Then f(Qf) C O, hence, f
preserves the relation m 2(oa) \ {(2,2)} = {(0,0), (0,1),(1,1)}. Thus, flo is
monotone with respect to the lattice order 0 < 1.
Let a be an arbitrary element in Df. Then (00a)” is a gy-matrix and
0 0
flo] = 0 |, which imply that f(a) € {0,2}. Then f preserves the
a)  \f@)
relation 7 3(onr) \ {(1,1)} = {(0,0),(0,2),(2,2)}. Thus, f|{,2} is monotone
with respect to the lattice order 0 < 2.
(b) Suppose that f(0) = 1. Then f(0) C O and f|o is monotone with
respect to 0 < 1, hence, f(O°) = {1}. Let a € A’ and for every index
1 (1<i<l) set

i = Yaps if aj) € 0O,
’ ids, otherwise.

Then p = f(ur,...,pe) € M and (u1(0),..., pe(0)), (1 (1), - .., pe(1)) € O
Therefore, u(0) = (1) =1, and so, f(a) = u(2) € {1, 2}.

(c¢) Suppose that f(0) = 2. Then f(Qf) = {2}. Let a be an arbitrary /-tuple
in A¢. Using the transformations g, pi1, ..., ie that were defined in part (b),
we get that (0) = 2, hence, f(a) = u(2) = 2 since p = 7s. O
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The following statement is a consequence of Proposition 4.

Corollary 15. Let f € Sta(M) be an -ary non-constant operation for which
f(0) = 0 holds. Then f(2) = 2 and f is determined by its values on the set
0f uD*~.

Let f be an f-ary (¢ > 2) surjective operation in Sta(M) that depends on all
of its variables. Then f(0) = 0 by Proposition 14, furthermore, the operation
fo = fl{o,py is monotone with respect to the partial order 0 < b (b € {1,2}).
For b € {1,2} let Ny = {id{o},7%, M} < T{o,s}- The lattice operations with
respect to the lattice order 0 < 2 on D will be denoted by A and Y.

Proposition 16. If fi; depends on its i-th variable then f(a) = 2 holds for
every (-tuple a € A® with the property ap) = 2.

Proof. Suppose that f; depends on its i-th variable. We may assume, without
loss of generality, that ¢+ = 1. Then there are elements bo,...,b; € O such
that the transformation v: @ — O, z — fi(x,bs,...,b) is not constant and
belongs to Ny, hence, v = idg. Set &€ = f(ida, Vpy,---,Yb,)- Then & € M and

&(b) = f(byba, ... be) = f1(b,ba,...,by) =v(b)=b (be0),

which imply that & = ida, hence, f(2,bs,...,bs) = £(2) = 2. Moreover,
f(I x O~1) =T holds since a = 02 UT? is a congruence of (A;Sta(M)). Let
a be an arbitrary element in A’ with apy) = 2. Then for the transformation

o= f(p1,-..,00), where for k € {1,...,£}

Y if k=1oray €0,
Pe =19, .
id4, otherwise,

we get that ¢(0) = ¢(1) = 2 and ¢(2) = f(a). Since p € M and ¥ = 0, it
follows that ¢ = 74, hence, f(a) = 2. This completes the proof. O

To describe the clones in the interval Int(M) we will need the following
binary operations in Sta(M):

0,]0 1 2 0,]0 1 2

00 0 0 00 0 2

11000 1100 2

210 0 2 212 2 2
Svlo1 2 AylO 1T 2 Ay]lO 12
0 /0 0 2 00 0 2 00 1 2
1 /1 1 2 1]0 1 2 1|11 2°
2 12 2 2 2 12 2 2 2 12 2 2

Theorem 17. The monoidal interval that corresponds to the transformation
monoid Mgy consists of twelve clones that can be seen in Figure 5.
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(Mea)

FIGURE 5. The monoidal interval Int(Mg4)

Proof. Let f € Sta(M) \ (M) be an f-ary surjective operation that depends
on all of its variables. By Corollary 15, f is determined by the restrictions
fi = flo and fa = f|p. The surjectivity of f implies that f; is not a constant
operation. We may assume that f; depends on its first k variables (k €
N). By Proposition 16, for every /-tuple a € A’ with the property that 2 €
{ap),...,ap} we have that f(a) = 2. Let H, = min £yt (b) (b€ {1,2}). Then
Hy #0,

70770)1<Z<k}gH23

bi) =0 (b € Hy,k+1<;j <), and

A= v AbWx,

bMecH;

= ¥ AbPx=xpyY...Y Y( Y Ab® )
f2(x) b(® e H, * T k] beH), x

where

Hy = Hy\ {(0,...,0, 2 ,0,...,0):1<i<k}

i-th comp.

Claim 18. If H) = () then

_ 85
fl(x) b(l)\éHl/\b X,

fg(X) = X[ Y.o.. YX[k],
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and
(=v)m f (f1)mp = (Mo),
(Far = (AY>M7 f (Fioams = (M) o
(Vv)u, if (fr)mp = (V)ros
Ay, V), i (f) s = (A V)

The statement of Claim 18 follows from the fact that

fx)= Vv Ay(bY)°x
bMeH,

by Corollary 5.
Let f” and f! be the f-ary operations

A s A (x4, x0) = flx1,. .., 2k,0,...,0),

fiAl 5 A, (1, ,2e) = f(O,...,0,Zp41,.-.,Tp).
Since (Av)ar N (Vv )ar = (=~ )ar, we get that f = f> —+ f%, and so,

(Fyar = (L5 1 =) = () Vv () (7)

Claim 19. If H) # 0 then
(0x) if (Ybery AbPxX)p, = (L) sy
(Ov) s if (Ybeny AbPx)ap, = (V)agy,
(0,,0¥) a0, if (Yoery A b X)ar, = (X, V),
where Mp = {plp : p € M, p(D) €D} = {y1,72,idp}.

Then, by Claim 18, Claim 19, and (7), the 1-generated surjective clones in
Int(M) are

(fym =

(=), (Av)ar, (Vv)a, (A, V)
<—>y>M \/C, </\\(>M \/C7 <\/y>M\/C, </\y,\/y>M\/C,

where C is an arbitrary non-surjective clone in Int(M). Therefore, the lattice
of clones in Int(M) coincides with the lattice in Figure 5. O

7.2. The transformation monoid Mgs. Set M = Mgs = Moy (0}-

The equivalence relation 8 = {0,2}?U{1}? is a congruence of (A; M), hence,
of the algebra (A;Sta(M)), as well. Let 0=0/8,1=1/3, A= A/3, and
M = M/B = C(A)Uid ;. Then Sta(M) coincides with the set of all monotone
operations with respect to the lattice order 0<1and Int(]\jl ) consists of the
following four clones:

(MY, () i (V) s (A V) g (8)
Let f be an f-ary operation in Sta(M). Then

° f is a monotone operation, ~
e if f is not the constant operation with value 1 then f(0,...,0) = 0, which
means that if f is not the constant operation with value 1 then f(D) CD.
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In the sequel we will assume that f & (M).

The clone (f)a/B = (f);; coincides with one of the clones in (8). Since,
there is no operation g € Sta(M) such that g = Vv, we have that (f)/8
coincides with either (M) or (A) 57+ Moreover, it is straightforward to check

that if f = A then f is the following operation:

Ny
1 /10 1 2
2 12 2 2

Proposition 20. If f is not surjective and it is not a constant operation then
the range of is D.

Proof. Let f be a non-surjective operation that is not a constant operation.
By Lemma 6, the range of f is either D = {0,2} or {1,2}. It is obvious that
the latter case is impossible. O

Proposition 21. If f depends on at least two of its variables and it is surjec-
tive then

(F)r = (Av)nr
Proof. Assume f to be an (-ary surjective operation in Sta(M)\ (M). Suppose
that f is an essentially unary operation. Then there is an index i € {1,...,¢}

such that equality f(a) = ay;) holds for every (-tuple a € A since f is surjective.
Therefore, f(c) = 1 if and only if cj; = 1 (c € AY). Let d be an arbitrary
(-tuple in A with the property that dj; € {0,2}. Let u= f(u1,. .., ), where

ida, ifk=4,
Mk = .
Ydy,, Otherwise.

Then p € M, p(1) = 1 and f(d) € {u(0),(2)} implies that p = id4, and
so, f(d) = df;. Thus, f is the f-ary i-th projection that contradicts to our
assumption. Then (A)y = (f) ;. From which, it follows that equality f(x) =
X[iy] A - .. AX[;,] holds for a suitable natural number k > 2 and indexes 1 <
i1 < -+ <ip <L We may assume that i; = j (1 < j < k). Then

fla) =1 f@ =1

<:>a[1]:...:

Moreover, f(b) = 0 if b € Q°\ ({1}¥ x O°~F) since « is a congruence of
(A; Sta(M)).

Claim 22. Ifac {1}* x A*F then f(a) = 1.
Let vq, ..., be the following transformations:

i Yayys  if a € O,
‘ idA, if a[l—] = 2,
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and set v = f(vy,...,vp) € M. Then (v1(0),...,v0(0)), (v1(1),...,ve(1
{1}* x O°~* implies that v(0) = v(1) = 1, hence, v = ;. Thus, f(a) = v/(
1.

Claim 23. Ifac (OF\ {1}*) x A*"* then f(a) = 0.

Since a af (1,..., L, ap41, - - -, a)), we have that f(a) € O by Claim 22.
Suppose that f(a) = 1. Let &, ..., & be the following transformations in M:

¢ = {'ya[i], if ap) € O,

70, if a[z] :2,
and set £ = f(&1,...,&) € M. Then £(0) =¢£(1) = f(a) =1 and

(€1(2),--,&(2)) € (OF\ {1}7) x OF,
which yields a contradiction since £(2) = 0 implies that £ ¢ M.

Suppose that we have an ¢-tuple a € (A*\ Q%) x A*~* such that f(a) € D.
Let a’ be the {-tuple with the following components (1 < i < ¥):

, ag, if ay) € Q,
ap = :
0, otherwise.

Then a’ € Of, 0 occurs among its first k& components and a’ 3¢ a, which
imply that f(a) = 0. Let a” be the {-tuple with the following components
(1<i<go):

a/{ _ ), if a) S {172}7
[l 1, otherwise.

Then a” € {1,2}*, 2 occurs among its first k¥ components and a” of a, which

imply that f(a”) = 0, since f(a”) = 1 is not possible. Let ¢1,...¢; be the
following transformations in M:
71 if aﬁ] = 1a
Pi =
idA, if a[l] = 2,
and set ¢ = f(¢1,...,¢r). Then g € M, (2) = f(a) = 0 and p(1) = f(1) =
1, which yields the contradiction ¢ & M.
Therefore, f(x1,...,2¢) = 1Ay ...Ayxx € (Ay)p. Since k > 2, the
inclusion Ay € {f)as also holds. This completes the proof of the proposition.
O

Theorem 24. The monoidal interval that corresponds to the transformation
monoid Mgs consists of the following clones

<M65> c <O+>M65 c <OA70Y>M65 c </\Y>M65’

where
04/0 1 2 0,0 1 2 0y/0 1 2
0o 0 2 0o 0 o0 0o 0 2
11002 1/000° 1]00 2°
212 20 20 0 2 2 |2 2 2
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Proof. Let f be an n-ary operation in Sta(M) \ (M). If f is not surjective
then f(A") C D and f is determined by f. If f is surjective then (f)p =
</\y>M. O

7.3. The transformation monoid Migg. Set M = M;o9 = Mo 0.
Since T # (), the interval Int,s(M) is the 3-element chain

(M) € {04)m S ((04)%)nr- (9)

Let f be a surjective f-ary operation (¢ > 2) in Sta(M). Choose and fix an
(-tuple a € A’ such that f(a) € Q. Then f, is defined, moreover, fa|o is a
monotone operation on @. Without loss of generality we may assume that f,
depends on its first k variables. Let d be an ¢-tuple with the property that 2

appears among its first & components, say dj; = 2 for an index i € {1,...,k}.
Suppose that f(d) € Q. Then the operation fq is defined and by Proposition 4
fd |(D> = fa ‘(D)'

But this is impossible because fq does not depend on its i-th variable if df;; = 2.
Therefore, f(dy,...,ds) = 2 if 2 € {dy,...,dy}, and so, f(dy,...,d;) = I if
I€{dy,...,d}. Then

fT(X) = be\_/Hf Abx = (X[l] V...V X[k]) % be\/H}(b[k—‘rl}X[k—’_l] A b[g]X[g]),

where Hy = f~(I) and
H;;: {(b[kJrl],...,b[g]) :b e Hf and b[l] =--- Zb[k] :@}.
Let H = Hy,, = min(falo) (1), then

(falo)(x) = b;/H/\bx (x € (O)Z)7

moreover, if b € H then bj;; =0 (k+ 1 <7 < ¢). The operations f and falo
completely determine the operation f, by Corollary 5, in the following way:

f(x) =(Vy Aubx)Vy( 0y (0abx)") (x€ A9, (10)
beH beH/,
where
0A |0 1 2 0g][0 1 2 Ag[0 1 2  vyg|0 1 2
010 0 O 010 0 2 010 0 2 0]0 1 2
i1/000” 1]/]002" 1|01 2 1|11 2°
210 0 2 212 2 2 2 12 2 2 2 12 2 2
Then by (10)
F) = P (xps - o X)) Vo P Xy - - - Xpg))s
where

f(x) = Vg Aybx and f%(x) = 0y (0xbx).
beH beH}
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Furthermore,
£(x) = FXpps - Xy @bt 1, - - @e),
FAx) = £(0,.. .0, Xpeq1)s - - - X[g)
for elements agy1,...,as € A with the property that

£50,...,0,ap41, -, a0) = 0.
Hence, (f)ar = (f*)n and the 1-generated surjective clones in Int(M) are
(=9)m, (A (Vo)ms AV, Vo). (11)

Theorem 25. The monoidal interval that corresponds to the transformation
monoid Migg consists of seven clones that can be seen in Figure 6.

</\\7’ \/\7>M109

</\\7>M109 <\/\7>M109
<*>\7>M109
‘ StaIIS(M) = <(OA)O>M109

‘ <0+>M109

L
(Mog)

FIGURE 6. The monoidal interval Int(Mgg)

Proof. Let f be an arbitrary operation in Sta(M). If f is a non-surjective
operation then (f)s coincides with of the following clones:

(M), ((04)%)ar, ((O1) ),

by (9). Assume C to be a surjective clone in Int(M). Since C = Vyee(f)m, C
is one of the clones in (11), hence, Int(M) is the lattice that can be seen in
Figure 6. 0
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