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ABSTRACT. This paper is a small contribution to the solution of Szendrei’s prob-
lem on three-element sets. A monoid on the set {0,1,2} is presented for which the
corresponding monoidal interval has 10 elements.

1. Introduction

Let A be a finite set with at least three elements. It is well known that the
set of all clones on A whose set of unary operations coincides with a trans-
formation monoid M on A forms an interval in the lattice of all clones on A
(see A. Szendrei [10, Chapter 3]). An interval of this form is called a monoidal
interval. The monoidal intervals partition the clone lattice into finitely many
blocks. Since the clone lattice has continuum many elements if |A| > 3, one
might expect that ‘for most M’ the monoidal interval Int(M) contains uncount-
ably many clones. We remark that this is the case on 3-element sets: there are
at least 499 transformation monoids (in 99 p<-classes) among the all 699 trans-
formation monoids (in 160 p<-classes) for which the corresponding monoidal
intervals have cardinality 2% (cf. Dormédn-Makay—Maréti-Vajda [2]). Nev-
ertheless, it turns out that for many interesting transformation monoids the
corresponding monoidal intervals are finite.

A. Szendrei in [10] posed the problem of classifying transformation monoids
according to the cardinalities of the corresponding monoidal intervals. A com-
plete classification of transformation monoids according to the sizes of the
corresponding monoidal intervals seems a very hard problem at present. How-
ever, for certain classes of monoids we can solve this problem.

In this paper we will consider a certain transformation monoid (Mgg) on
the set {0,1,2} with 10-element monoidal interval.

2. Preliminaries
For a finite set A we will denote the full transformation semigroup, and the

set of unary constant operations on A by T4, and I'4, respectively. For an
arbitrary element a of A we will use the notation =, for the unary constant
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operation on A with value a, and a tuple whose all components are a will be
denoted by a. If ais an (-tuple (¢ € N) then ap;) will refer to its i-th component
(1<i<go).

For the set of positive integers we will use the notation N, and we will refer
to them as natural numbers.

Let A be a set and £ be a natural number. The set of all finitary operations
on A will be denoted by O4. We call the operation f essentially k-ary (k €
N, k > 2) if it depends on exactly k of its variables. If f depends on at most
one of its variables, we call f essentially unary. A set C of finitary operations
on a set A is said to be a clone if it contains all the projections and is closed
under superposition of operations. It is obvious that O 4 and the set P4 of all
projections on A are clones.

For a k-ary relation o on A, a go-matriz over A is a matrix whose columns
belong to 0. An n-ary operation f on A preserves the m-ary relation ¢ on A
if for every p-matrix X = (x;;) € A"*"™ we have that

f(xl,la--~7x1,n)
fX) = : € 0.
f(xTn,lv e 7xm,n)

If R is a set of finitary relations on A then Pol(R) will denote the set of all
operations f € O4 such that f preserves each relation in R.

It is well-known that a set C of finitary operations on A forms a clone if and
only if C'= Pol(R) holds for some set R of finitary relations on A.

Since the intersection of an arbitrary family of clones on A is also a clone,
the set of all clones on A constitutes a complete lattice with respect to the
set-theoretic inclusion. Furthermore, we can define the clone generated by a
subset F' of O 4 as the intersection of all clones that contain F'. This clone will
be denoted by (F). For a natural number ¢, the set of all ¢-ary operations of
a clone C will be denoted by C().

Let M be a transformation monoid on A, and let Int(M) denote the col-
lection of all clones C on A such that the set of unary operations of C is M.
The clone (M) of essentially unary operations generated by M is a member
of Int(M), in fact, it is the least member of Int(M), so Int(M) is non-empty.
Furthermore, it is clear that every clone C in Int(M) is contained in the set

Sta(M) = {f(z1,...,2¢) € Oa | L €N, and
f(,LLl,...“U,[)GMfOI'aH/,Ll,...7’[Lg€M},

which is called the stabilizer of the monoid M. It is easy to verify that Sta(M)
is a clone on A, in fact, Sta(M) = Pol(gps), where

om = {(w(0),...,u(n—1)) : p € M}.

Therefore Sta(M) is the largest member of Int(M). So, a clone C on A belongs
to Int(M) if and only if (M) C C C Sta(M). Thus Int(M) is the interval
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[(M),Sta(M)] in the lattice O4 of all clones on A. Such an interval is called
a monotdal interval.

If FF C Sta(M) then the clone generated by F over M is (F'U M), which
will be denoted by (F'),s. It is obvious that (F'); belongs to Int(M).

3. The monoidal interval corresponding to Msg

Set M = Msgg. The transformation monoid M consists of the following
transformations: 7, (a € A), ida, €0 = Too2, €1 = T112, and T = T102. We
remark that M = Mgy U {m}. Set A = A\ {k} (k € A).

There are 18 essentially binary operations in Sta(M):

g(a), ifaec B2

2, otherwise,

G: A2 > A, {

where g is an arbitrary binary on B,

2, fe=y=2
Opr: A2 = A, (z,y) =< v=s
0, otherwise,
and mo Oprnr.
The aim of this paper is to prove the following statement.

Theorem 1. The monoidal interval Int(Mgg) consists of exactly ten clones.
We first study the the operations in the stabilizer of Mgsg.

Proposition 2. Let 7 € M be an arbitrary unary operation and a € As. Then
(a) if 7(2) = a then T = 7,,
(b) if 7(a) # w(7(a)) then 7(2) = 2.

Proposition 3. (a) ¢ = A3 U {2}? € Con(4; M), hence, o is a congruence
of (4;Sta(M)),;

(b) for every operation f € Sta(M), the operation f/« is a monotone opera-
tion with respect to the lattice order 0 < 2, where 0 = Ag and 2 = {2}.

(c) if f € Sta(M) is not a constant operation then f(AY) C Ag, furthermore,
if f(0) =0 then f(A}) C Ay,

(d) if f € Sta(M) is not a constant operation and f(0) = 0 then f|a, is a

monotone operation with respect to the lattice order 0 < 2.

Lemma 4. Let N be a transformation monoid on a finite set A and let ¢ €
N be an idempotent transformation. Then for every operation f € Sta(N)
we have that (¢ o f)|-(a) € Sta(N.), where N. = {(eo7)|cay: T €N} is a
transformation monoid on €(A).

Proof. Let f be an arbitrary n-ary operation in Sta(N) and set f. = (e o
Dlecay- Let 1i,...,7, be arbitrary transformations in N.. Then there are
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transformations fi1,...,p, in N such that 7, = (£ 0 ug)lcay (1 < k < n),
furthermore,
Je(ty, oo tn) = fe((€ 0 p1)lecay, - - - (€0 tin)|e(a))
=(eof)eopr, .., €0 tn)le(a)
= (eo(fleopr,....e0um)))le(a)
€ N,

which proves the statement of the lemma. O

Proof of Proposition 3. (a) It is straightforward to check that ¢ is a congruence
of (A; M).

(b) Let f be an arbitrary operation in Sta(M), say m-ary. Then f/o €
Sta(M/o) = Sta(T'1g,2y U {id{o,2}}) is @ monotone operation.

(¢) Suppose that f € Sta(M) is an n-ary operation for which f(A%) ¢ Ay
holds. Then (f/0)(0) = 2, which implies that f/p is a constant operation with
value 2. Hence, f is a constant operation with value 2.

(d) Let f € Sta(M) be a non-constant operation with f(0) = 0. Let a be
an arbitrary n-tuple in A%. Then X = (GT 07 aT) € A" is a pp-matrix,

hence, (0,0, f(a))" = (£(0). f(0), f(a))" = f(X) € ¢ shows that f(a) € A;.
The monotonicity of f|4, follows from Lemma 4 with € = €. O

Proposition 5. Let f € Sta(M) be a non-constant operation with f(0) = 0.
Then f(2) =2 and f is determined by its values on the set A7 U A,

Proof. Let f and g be n-ary operations in Sta(M) such that f(a) = g(a) holds
for every n-tuple a € AT UAYS. Let b be an arbitrary n-tuple in A™\ (AT UAZ).
Then b o™ ¢¢(b) € A}, and so,

9(b) ¢ g(e0(b)) = f(e0(b)) 2 f(b),
which implies that
f(b) 0 g(b). (1)
If f(b) = 2 then g(b) = 2 by (1). If f(b) € A2 then g(b) € Az by (1). Set
p=f(u1,. ., pn), where
_ Yok if b[k] € A2a
Hk €0, otherwise.

Then p € M, (u1(2),...,un(2)) = b, and so, 1(2) = f(b) and

(11(0), ..., 1 (0)) = (1 (1), - .., un(1)) € A3.

Therefore,

g(p1(0), ..., 11 (0)) = f(p1(0), ..., 1 (0))
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hence, g(b) = g(11(2), ..., n(2)) = f(p1(2),.. ., un(2)) = f(b).
This completes the proof of the statement. O

Let f € Sta(M) be a non-constant n-ary operation. We may assume that
f(0) = 0, since otherwise we may take 7 o f for which (7 o £)(0) = 0 and
(mo fym = (fym hold. Let gy: Ay — Ay and hy: A} — A; be the operations
fla, and f|a,, respectively. Then h; is a monotone operation with respect to
the partial order 0 < 2 by Proposition 3 (b).

Suppose that gs depends on its i-th variable. Then there are elements
ai,...,an,a; € Ag such that gr(a) # gr(a’), where a = (a1,...,a,) and
a’' = (a1,...,a;-1,a},Git+1,...,a,). Moreover, f(a) = gs(a) # gs(a’) = f(a’).
Since (aj,a;,a;)T € opr (1< j < n, j#i)and (a;,a},2)T € onr, we get that

(f(a), f(&), fla1,...,a;-1,2,ai11,-..,0n)) € OM,

and so f(a1,...,ai-1,2,Gi41,-..,an) = 2. Then for arbitrary elements b € A"
with by;; = 2 and by;; € {0,1}" (j # i), the matrix

aj ce a;—1 2 Ai+1 ce (079
bm ‘e b[ifl] 2 b[i+1] ‘e b[n]
2 2 2 2

is a ops-matrix, which yields that f(b) = 2. Let d be an n-tuple in A™ such
that dj;; = 2. For an element x € A let

o 1, ifz=1,
T =
0, otherwise.

Then
dy iy 2 dhy . dy,
df .dj_y 2 di,y - dp,
d[l] . d[ifl] 2 d[i+1] R d[n]
is a gp/-matrix and f(dfl]7 e 7d<[271}727dfi+1]’ . ,dfn]) = 2 by the previous

argument, hence, f(d) = 2.
The previous argument yields the following statement.

Proposition 6. Let f € Sta(M) be a non-constant n-ary operation with
f(0) = 0. If g5 depends on its i-th variable then f(a) = 2 holds for every
n-tuple a € A™ with aj;; = 2.
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To describe the clones in Int(M) we will use the following binary operations:

Oy |0 1 2 =y |0 1 2
0 0 2 0 0 0 2

110 0 27 1 11 27
2 2 2 2 2 2 2
v |0 1 2 Vyr |01 2
0 |0 1 2 0 |0 1 2

1 10 27 1 11 2°
2 12 2 2 2 12 2 2

Proposition 7. The stabilizer of M is (Vv , 0y )r.

Proof. Let f be an n-ary operation in Sta(M) \ (M) such that f(0) = 0. We
may assume that gy depends exactly on its first k variables. Let

Pr={aec Ay :gr(a) = f(a) =1},

Qf =min{b € AT : hy(b) = f(b) =2} = {by,...,bg}.

Then
= V A Al
o) = v, nax  (xeA)
and
h(x) = b\e/gf A bx (x € A}),
where

Aax = 720l (X[l]) Ao A\ i (X[k]),
AN"bx = N"{x}; : 1 <i<nand b =2},

and 70 = id4 and 7' = 7. By Proposition 6, the n-tuples {0}~ x {1} x
{0}"=* (1 < i < k) belong to the set Qf. We will assume that b; = {0}~ x
{1} x {0} (1 <i<k). Let

flx) = (Vv” (Avr ax)> v (Zf\/” (Oar bjx)> (x € A"),
acPy j=k+1

where Ay ax = 7201 (X[l]) Vyrr ooV il (X[n]) Then equalities ]?‘Az = gf

and f|a, = hy proves that f = f. Since a Ay b = m(m(a) Vy» (b)) holds for

arbitrary elements a,b € A, we get that Sta(M) is generated by Vy» and Oar

over M. g

Let f be a non-surjective operation in Sta(M) \ (M) with f(0) = 0. Then
the range of f is A; and g is the constant operation with value 0, furthermore,
the clone generated by hy over Ma, = {(ep o p)|a, : p € M} = M., is one of
the following clones on A;:

7" — <MA1>7 g — </\”>1\/[A17 V' = <\/”>MA17 M = </\//’ V//>MA1 )
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Thus, (f)a € {{M),(Or)ar, (Ovrr)ar, (Oar, 0y ) s}, in fact,
Intns (M) = {(M), (Oa7)ar, Ovr)ars (Oar, Ovr)ar}

Let f be a surjective n-ary operation in Sta(M) \ (M) with f(0) = 0.
Then f is idempotent and gy is not a constant operation, hence, <gf>MA2 €

{N, L,BF}, where

N =(Ma,), L=(+)Ms,, BF=0a,.
We may assume that gy depends on its first variable. The operation Ay is a
monotone operation that belongs to (A", V"), . By Proposition 6,

hi(x)= V" AN'b-x=xp V" v AN'b-x (xe A"),
beH), beHy \{(2.0,...,0)}

where Hj,, = min {b € A} : hy(b) = f(b) = 2}, hence,
he(x,y,...,y) =2V"y and f(z,y,...,y) ==y y.

If A" € (g) M4, then Onr € (f) -
Suppose that (g)a,, = £. Then + € (g)um,,, and so, +v~ is a member of

(Frna
Let C be a clone in Int(M). Set

Car = {fla,: f e €, F(AD) C A,

Ca, = {(800f)|141 o f GC}
Then C4, and C4, are clones, moreover, C4, € Sta(My,) and C4, € Sta(Ma, ),
where Ma, = {m|a, : m € M, m(As) C A} =Ty4, and My, = M., =Cxy, U
{idAl}'
Proposition 8. If C4, = (Ma,) then C = (M).

Proof. Let f € Sta(M) be an n-ary operation that depends on its variables.
If n > 2 then by a theorem of A. Salomaa (see Lemma 4.1. in Hobby—
McKenzie [5]) there are distinct indexes ¢ and j (1 <4 < j < n) and elements
ar (1 <k <n, k+#1,j) such that the binary operation

f/: A2 — A7 (%y) = f(a/la-"aai—hxaa/i-‘rh"'aaj—lay7aj+17"'7an)

depends on both of its variables. Then f’ belongs to (f)y and (eg o f)| 4,
depends on its variables.
The statement of the proposition follows. O

Proposition 9. Let f be a surjective operation in Sta(M)\ (Oar, Ovr)ar, and
set C = (f)rm. Then =v» € C, furthermore (=yn)ar is the unique upper cover
of (Ovr)ar and (Opr, =y ) pr is the unique upper cover of (Oam, Oyr)ar.

Proof. We may assume that f depends on all of its variables. By Proposi-
tion 2 (c), f(A5) C Ay and gy = f|a, is not a constant operation.
If g7 depends on at least two of its variables then, by Salomaa’s theorem,

there is a binary operation in (gs) that depends on its variables, hence,

Ta,
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there is a binary surjective operation in (f)r, that depends on its variables.
Therefore, in this case the statement follows.

Suppose that gy is an essentially unary operation. We may assume that it
depends on its first variable. Then the (n — 1)-ary operation

fl2,1]: A"V 5 A (29, .., 20) = F(2,20,...,20)
is a constant operation with value 2 by Proposition 6. As f depends on its

variables, there is an n-tuple a € A™ such that aj;) € Ay and f(a) = 2. Define
the binary operation w on A as follows:

w(aab) = f(aaMQ(b)’ s aun(b)) (a"b € A))

where for every index i (2 < i< n)

i = ’}/am, if am € AQ,
' idA7 if am =2.
Then w(2,b) = 2 (b € A) and w(apy,2) = f(a) = 2, which imply that w =
jv//,
This completes the proof. O

Proposition 10. Let f be a surjective operation in Sta(M) \ (Onr, =y ),
and set C = (f)ar. Then +y» € C, furthermore (+y )y is the unique upper
cover of (S ) and (Oar, vy ) ar is the unique upper cover of (Opnr, =y )ar.

Proof. Suppose that Ca, = (Ma,). We may assume that f(0) = 0. Then
g5 = f|a, belongs to C4,, and so, it is an essentially unary operation that is
not constant since f is surjective. Reordering the variables of f if necessary,
we may assume that g(x) = xy1) holds for every n-tuple x € A".

The clone generated by the operation hy = f|a, over M, is either (V")ar,,
or (A", V"), since =y € C, furthermore, in the latter case 0,» € C also
holds. Thus, there is an operation f in (O, =y ) ar such that g7 = g5 and
h = h¢, which proves that f = f. This contradicts to our assumption on f.

Then (Ma,) € Ca,, and so, + € Cy4,. Since +y» € Sta(M) is the unique
operation whose restriction to As is +, we get that +y» € C. O

Proposition 11. Let f be a surjective operation in Sta(M) \ (Oar, +vr)ar.
Then Vy» € C,

Proof. Set C = (f)as. We may assume that f(0) = 0. Then + ¢ Cy,, and so,
Cp = (V)M,,  Since Vyr» € Sta(M) is the unique operation whose restriction
to Ay is V, we get that Vy» € C. g

Proof of Theorem 1. Combining Propositions 7-11, we get that Int(M) con-

sists of the clones

(M), (Ovrr)ar, (Zvrm, (v, (Vv
<O/\">Ma <0/\”70\/”>M7 <O/\”7j\/”>M) <0/\”3 +V”>M7 <0/\”)\/\/”>?

and the monoidal interval can be seen in Figure 1 on page 9. d
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Sta(M) = <0/\N7 \/v/I>M

(Vyr ) (UNTEVAYY.
<+V”>J\/[ <0/\”7:i\/”>M
<:;V”>M Stans(M) = <0/\//, 0\///>M
<0\/”>M <0/\//>M
(M)

FIGURE 1. The interval Int(M)
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