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We introduce a notion of almost factorizability within the class of all locally inverse
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izable locally inverse semigroups are just the homomorphic images of Pastijn products
of normal bands by completely simple semigroups.
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1. Introduction

A factorizable inverse monoid can be identified, up to isomorphism, with an inverse
submonoid M of a symmetric inverse monoid I(X) where each element of M is a
restriction of a permutation of X belonging to M. So factorizable inverse monoids
are natural objects, and appear in a number of branches of mathematics, cf. [12],
[4].

The notion of an almost factorizable inverse semigroup was introduced by Law-
son [11] (see also [12]) as the semigroup analogue of a factorizable inverse monoid.
Among others, he established (see also McAlister [13] where the main ideas and
some of the results were implicit) that the almost factorizable inverse semigroups
are just the homomorphic images [or, equivalently, the idempotent separating ho-
momorphic images| of semidirect products of semilattices by groups. Recall that
the E-unitary inverse semigroups are just the inverse subsemigroups of semidirect
products of semilattices by groups. Thus in the structure theory of inverse semi-
groups, almost factorizable inverse semigroups have a role dual to that of E-unitary
inverse semigroups.

The notion of almost factorizability and the basic results mentioned for the in-
verse case have been generalized in several directions: for straight locally inverse
semigroups by Dombi [2], for orthodox semigroups by Hartmann [7] and for right
adequate and for weakly ample semigroups by El Qallali [3], and by Gomes and
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the author [5], respectively. In all of these classes, the definition of almost factor-
izability followed, in some sense, the way having been known in the inverse case:
given a member S of the class considered, the property required for S to be al-
most factorizable is formulated within the semigroup of all permissible sets of S, or
within the translational hull of S. Furthermore, in most of these classes, the almost
factorizable members turned out to have a role dual to the E-unitary-like members
introduced and studied much earlier.

In the class of all locally inverse semigroups, the role of semidirect products of
semilattices by groups is taken over by Pastijn products of normal bands by com-
pletely simple semigroups, and the role of E-unitary inverse semigroups is taken over
by weakly E-unitary locally inverse semigroups, see Billhardt and the author [1].
The aim of this paper is to introduce a notion of an almost factorizable locally in-
verse semigroup so that these semigroups turn out to form a natural class containing
all Pastijn products of normal bands by completely simple semigroups and being
closed under forming homomorphic images. Recently, Pastijn and Oliveira [15] have
provided an analogue of the monoid of permissible subsets of an inverse semigroup
for any locally inverse semigroup. However, this does not lead to a notion of almost
factorizability we are seeking for. So we find another way to define the appropriate
notion. Therefore we consider a much wider oversemigroup, the semigroup of all
order ideals, and we formulate the defining property of almost factorizability within
this oversemigroup.

The main result of the paper is to establish that this notion fits well into the
structure theory of locally inverse semigroups in the sense that a locally inverse
semigroup is almost factorizable if and only if it is a homomorphic image of a
Pastijn product of a normal band by a completely simple semigroup.

2. Preliminaries

The natural partial order < is introduced on any regular semigroup S as follows: for
any a,b € S, we say that b < aif b € R, and there exists an idempotent e in Ry such
that b = ea. An important equivalent description is that b < a if and only if there
exist idempotents e, f € S such that b = ea = af. It is clear that homomorphisms
preserve the natural partial order, that is, if ¢: S — T is a homomorphism between
regular semigroups and b < a in S then b¢ < a¢ holds in T'.

A regular semigroup S is called locally inverse if eSe is an inverse subsemigroup
in S for every idempotent e in S. A fundamental result is that the natural partial
order on a regular semigroup S is compatible with the multiplication if and only if
S is locally inverse.

An orthodox semigroup S is a regular semigroup where Eg, the set of the idem-
potents of S, forms a subsemigroup (and so a subband) in S. The least inverse
semigroup congruence on an orthodox semigroup S is

v =1{(a,;0) : V(a) NV (b) # 0} = {(a,b) : V(a) = V(b)}.
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Furthermore, for any a € S, we have ay = DygraDgyrq where o' € V(a) and D, (e €
Es) denotes the D-class of the band Eg containing e.

A normal band is defined to be a band satisfying the identity azya = ayxa. An
orthodox semigroup S is locally inverse if and only if Eg is a normal band.

Further important properties of the natural partial order and of locally inverse
semigroups are found in [8] and (under the name pseudoinverse semigroups) in
[6]. For the undefined notions and notation the reader is referred also to these
monographs.

Let S be a locally inverse semigroup. We say that a subset H C S is an order
ideal in S if the following holds: for every a € H and b € S, if b < a then b € H.
Denote by O(S) the set of all order ideals of S. Moreover, for any a € S we define

(a] ={be S:b<a}
Clearly, (a] is an order ideal, therefore we call it the principal order ideal generated
by a. Define the mapping
7: 8= 0(5), a~ (a].

The following results are proved in [15].

Result 1. For any reqular semigroup S, the set O(S) forms a semigroup with
respect to the usual set product.

We call O(S) the semigroup of order ideals of S.

Result 2. Let S be a locally inverse semigroup. Then

(1) (a]b = a(b] = (a](b] = (ab] for every a,b € S,
(2) aH = (a]H and Ha = H(a] for every a € S and H € O(S),
(8) the mapping T is an injective homomorphism from S into O(S).

Now we deduce several easy properties of the images of order ideals under
homomorphisms. For any subset A in S, and for any mapping ¢: S — S’, put
Ap ={ap:ac A}

Lemma 3. Let S, S be locally inverse semigroups, and let ¢: S — S be a surjective
homomorphism. Then, for every a € S and b € S with b < a¢, there exists b € S
such that bgp = bandb < a.

Proof. Let by € S such that by = b, and let by = aa’bya’a for some a’ € V(a).
Then

bi <r a and b <, a. (1)

Since b < ag, we have bi¢p = (aa’)¢ - bo¢ - (a'a)p = (aa’)p - b (d’a)p = b, and
there exists € € Eg N Lj such that b = ap-e Let u € S with up = e

let b € V(by). Then (ubjbi)d = ué - (Vb1)é = - (Vyb1)¢ where (bib1)d € Eg
and (bjb1)¢p Lb1¢ = bLe. Therefore we obtain that (ubjb1)¢ = e. Lallement’s
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lemma implies that there exists e € Eg such that epp =€ and e <, ub}b;. Hence
e <¢ by <, a follows by (1), and so e € Sa. This implies ae < a. Since we have

(ae)p = ap - e¢p = a¢ - € = b, we see that the element b = ae has the required
properties. O

Lemma 4. Let S, S be locally inverse semigroups, and let ¢: S — S be a surjective
homomorphism. Then we have

(1) (a]¢ = (ad] for every a € S,

(2) Hp € O(S) for every H € O(S).
Moreover, the mapping ®: O(S) — O(S), H — H¢ is a homomorphism.

Proof. If a € S then the inclusion (a]¢ C (ag¢] follows since ¢ preserves <. The
reverse inclusion is implied by Lemma 3. The second statement follows easily from
the first one, and the last statement is obvoius by the former statement and by
Result 1. D

Now we recall the notion of a weakly E-unitary locally inverse semigroup, the
definition of a Pastijn product, and we formulate several results needed later.

The notion of a weakly F-unitary locally inverse semigroup was introduced by
Veeramony [16] and by Kadourek [9] as follows. A locally inverse semigroup S is
called weakly E-unitary if e < a implies a € E for every e € E and a € S. It is
clear from the definition that a regular subsemigroup in a weakly F-unitary locally
inverse semigroup is weakly E-unitary. It is proved in [9] that a locally inverse
semigroup is weakly E-unitary if and only if its least completely simple semigroup
congruence is idempotent pure.

Let K be any semigroup and let T" be a completely simple semigroup. Let us
choose a Rees matrix representation for T, say T = M|[G; 1, A; P]. Suppose that
G acts on K by automorphisms on the left — briefly, G acts on K —, that is, for
each g € G, an automorphism a + 9a of K is given such that *(%a) = "9a for every
a € K and g, h € G. Define a multiplication on K x T by

(@, (4,9, 7)) (b; (4, by 1)) = (@ - 7P23b, (i, gpa;h, 1)) -

It is straightforward to check that in this way a semigroup is obtained. We call it a
Pastign product of K by T and denote it by K ®T. This construction was introduced
by Pastijn [14] and was applied also by Kadourek [9], [10]. It was noticed in [9] that
K ©T does not essentially depend on the Rees matrix representation of T' chosen.

Result 5. Given a normal band B and a completely simple semigroup T, the
Pastign product B ® T is a weakly E-unitary locally inverse semigroup and

Epor ={(a,e) e BOT :a€ B, e€ Er}.

Moreover, the second projection m: BOT — T, (a,t) — t is an idempotent pure
and surjective homomorphism.
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The analogue of O’Carroll’s embedding thoerem for locally inverse semigroups
was proved in [1]:

Result 6. Fach weakly E-unitary locally inverse semigroup is embeddable into a
Pastijn product of a normal band by a completely simple semigroup.

Finally, we recall several further notions needed later. Let S be a locally inverse
semigroup and let p be a congruence on S. The congruence p is called perfect if,
for any a,b € S, the set product of the p-classes ap and bp is equal to the p-class
(ab)p. Recall that, by Lallement’s lemma, a p-class is idempotent (in S/p) if and
only if it contains an idempotent element of S. We say that p is idempotent pure
if each idempotent p-class consists of idempotent elements only. Given a class C of
semigroups, p is termed a congruence over C if every idempotent p-class, as a sub-
semigroup of S, belongs to C. The classes of semigroups we need later in this respect
are those of completely simple semigroups and rectangular bands, denoted by CS
and RB, respectively. Note that the concept of a congruence of a locally inverse
semigroup over CS is a natural generalization of that of an idempotent separating
congruence of an inverse semigroup. For, a congruence on an inverse semigroup is
over CS if and only if it is idempotent separating. Given locally inverse semigroups
S, T and a homomorphism ¢: S — T, we say that ¢ is perfect, idempotent pure, or
a homomorphism over C if the congruence induced by ¢ on S has the respective
property.

Let S be a locally inverse semigroup and p be a congruence [perfect congruence]
on S such that S/p is a rectangular band. If ¢: S/p — I x A is an isomorphism,
where [ is a left zero and A is a right zero semigroup, then put

Six={a€S:(ap)=(i,A\)} ((i,A) €I xA).

Clearly, each S;) is a subsemigroup in S. In this case, we say that S is a rectangular
band [perfect rectangular band] of the subsemigroups Six ((i,A) € I x A).

3. A notion of almost factorizability

In this section we introduce a notion of almost factorizability for locally inverse
semigroups, and we compare this notion to those introduced earier for inverse semi-
groups, for straight locally inverse semigroups and for orthodox locally inverse semi-
groups, that is, for generalized inverse semigroups.

Let S be a locally inverse semigroup. Consider the semigroup O(S) of all order
ideals of S. We say that S is almost factorizable if there exists a completely simple
subsemigroup U in O(S) such that the following conditions are satisfied:

(AF1) U&Ey = Es,
(AF2) UuU 2 S.

Notice that the reverse inclusion also holds in condition (AF2) by the definition of
Uu.
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Let S be an almost factorizable locally inverse semigroup, and suppose that U is
a completely simple subsemigroup of O(S) satisfying conditions (AF1) and (AF2).
We formulate several basic properties of i.

Lemma 7. For any H € U, the following are equivalent:

(1) H e Ey,
(2) H is a subband in Eg,
(3) H is a normal subband in Eg.

Proof. Suppose first that H € Ey. Then H? = H and, by (AF1), H C Es.
Therefore H is a subsemigroup, and so a subband in Eg. Since S is locally inverse,
each subband of S is also locally inverse, that is, a normal subband. Conversely,
if H is a (normal) subband in Eg then we clearly have H? = H whence H € Ey
follows. O

Lemma 8. For any H,H' € U with H' € V(H) and for any a € H, there erists
a e€Via)NH'.

Proof. We use the main idea of the proof of [15, Lemma 3.11]. Let H, H' € U with
H' € V(H) and let a € H. Since HH'H = H, there exist elements ay,ay € H
and af € H' such that a = ajatay, and, applying the same idea for a;, there exist
clements by, by € H and bt € H' such that a; = b;b7bs. Then we have

aa'a = alaTagaTalaTag = blebgaTagaTalaTag

where biby, atas, afay € H'H. Since H'H € Ey, Lemma 7 implies that H'H is a
normal band. Hence we see that

bibtbsatasataratas = bibTbsaaratasatas = bibTbaataiatas = ajataiatas.
Here aja’ € HH' which also belongs to Ey, and so HH' C Eg by property (AF1).
Therefore aiafaia’ = aia’, and we deduce that

CLCLTCL = alaTalaTag = alaTag = a.

Hence it follows that a’ = afaa’ € V(a) and o’ € H'HH' = H'. O

Now we establish that, for inverse semigroups, almost factorizability in our sense
coincides with the usual notion of almost factorizability (see [11], [12]).

Proposition 9. An inverse semigroup is almost factorizable in the usual sense if
and only if it is almost factorizable as a locally inverse semigroup.

Proof. If S is an inverse semigroup then, by definition, ¥(5) is a subgroup in O(S)
with identity element Fg. Moreover, if S is almost factorizable in the usual sense
then UX(S) D S. Thus U = X(S) satisfies conditions (AF1) and (AF2).
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Conversely, assume that S is an inverse semigroup and U/ is a completely simple
subsemigroup in O(S) within properties (AF1) and (AF2). Let Hy, Hy € Ey. By
Lemma 7, H; and H, are subsemilattices in the semilattice Fg, whence HyHy =
Hy H, follows. Thus the idempotents commute in U/, and so U is necessarily a group.
Now property (AF1) ensures that the identity of U is Eg. This implies that, for
every H € U and for its group inverse H~! in U, we have HH~ ! = H 'H = Es.
Thus U is a subgroup in %(.5), and we deduce by property (AF2) that S is almost
factorizable in the usual sense. O

A notion of almost factorizability was defined for straight locally inverse semi-
groups in [2]. For the precise definition that involves the notion of permissible sets
of straight locally inverse semigroups, the reader is referred to [2]. By definition,
one can easily see that, for straight locally inverse semigroups, our notion relates to
that in [2] as follows.

Proposition 10. A straight locally inverse semigroup which is almost factorizable
in the sense of [2], is almost factorizable as a locally inverse semigroup.

Finally, let us consider orthodox locally inverse semigroups, that is, generalized
inverse semigroups. A notion of almost factorizability for orthodox semigroup was
introduced in [7]. Almost factorizability in the latter sense and that as a locally
inverse semigroup are different. It is shown in [7] that if S is a generalized inverse
semigroup then it is almost factorizable as an orthodox semigroup if and only if it is
an idempotent separating homomorphic image of a semidirect product of a normal
band by a group, and its greatest inverse semigroup homomorphic image is almost
factorizable if and only if it is a homomorphic image of a semidirect product of a
normal band by a group. Thus we will be able to deduce by Theorem 22 the following
characterization of generalized inverse semigroups which are almost factorizable in
our sense.

Proposition 11. A generalized inverse semigroup is almost factorizable as a locally
inverse semigroup if and only if its greatest inverse semigroup homomorphic image
s almost factorizable.

4. Characterization of almost factorizable locally inverse
semigroups

In this section we prove that the almost factorizable locally inverse semigroups are
just the homomorphic images of Pastijn products of normal bands by completely
simple semigroups.

First we show that Pastijn products of normal bands by completely simple semi-
groups belong to the class of almost factorizable locally inverse semigroups.

Proposition 12. Each Pastijn product of a normal band by a completely simple
semigroup is an almost factorizable locally inverse semigroup.
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Proof. Let B be a normal band, T'= M|G; I, A; P] a completely simple semigroup,
and suppose that G acts on B. We show that the Pastijn product B ® T is an
almost factorizable locally inverse semigroup. By Result 5, BOT is a locally inverse
semigroup. If (a,t), (b,u) € B® T with (a,t) < (b,u) then t = (a,t)7 < (byu)T =u
in T whence t = u follows. This implies that the subsets

H ={(a,t) e BOT:ae B} (teT)

form order ideals in B ® T'. Furthermore, we obviously have H;H, C Hy, for every
t,u € T. In order to verify the reverse inclusion, suppose that ¢t = (i,g9,\), u =
(4, h, 1) and (a, (¢, gpash, 1)) is an arbitrary element in Hy,. It is straightforward to
check that

(a, (i gpashs 1) = (@ (35 9. V) (™ a, (o)

where (a, (i,9,\)) € H; and (p;jlg_la, (4, hy ,u)) € H,, and so the equality H;H, =
Hy,, holds. This implies that

U:{HttGT}

is a subsemigroup in O(B ® T') which is isomorphic to T, and so U is completely
simple. Result 5 implies that ¢/ possesses property (AF1). Since BO T = J,cp Hy
by definition, condition (AF2) is also satisfied. O

Now we verify that the class of all almost factorizable locally inverse semigroups
is closed under taking homomorphic images.

Proposition 13. Fach homomorphic image of an almost factorizable locally in-
verse semigroup is almost factorizable.

Proof. Let S, S be locally inverse semigroups, and let ¢: S — S be a surjective
homomorphism. Suppose that S is almost factorizable. We verify that S is also
almost factorizable. Let U be a completely simple subsemigroup of O(5) satisfying
conditions (AF1) and (AF2). Consider the homomorphism ®: O(S) — O(S), H
H¢ from Lemma 4. Put U = U®. Obviously, I is a completely simple subsemigroup
in O(S). Let H € Ej. By Lallement’s lemma, there exists H € Ey such that
H = H® = H¢. Since (AF1) holds for S and U, we have H C Eg, and this implies
H¢ C Es¢ C Eg. Thus |J Ey; € Eg. Furthermore, if € € Eg then, again applying
Lallement’s lemma, we obtain e € Fg such that € = e¢. Property (AF1) of S and U
ensures that e € H for some H € Ey, and so € = ep € Hp = HP where H® € F;.
This shows that S and U fulfil condition (AF1). Property (AF2) of S and U and
surjectivity of ¢ imply that S = S¢ C (JU) ¢ € JU¢ = JU. Therefore property
(AF2) is valid also for S and U. |

The main part of this section is devoted to proving that any almost factorizable
locally inverse semigroup can be obtained as a homomorphic image over CS of a
Pastijn product of a normal band by a completely simple semigroup.
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First we apply a construction well known in the inverse case. Let .S be an almost
factorizable locally inverse semigroup, and let U be a completely simple subsemi-
group of O(S) satisfying conditions (AF1) and (AF2). Consider the following subset
of the direct product S x U:

St ={(a,H)e SxU:a€ H}.
Lemma 14.

(1) The set S >l forms a locally inverse subsemigroup in the direct product S xU,
and

ESMM:{(B,H)ESNU:HGEM}
={(e,H)eSxU:e€ H, HE Ey}.

(2) The first projection w1: S><tUd — S, (a, H) — a is a surjective homomorphism
over CS.

(8) The second projection mo: S><tU — U, (a,H) — H is a surjective, idempotent
pure and perfect homomorphism.

Proof. (1) It is straightforward that S b/ is a subsemigroup in S x . Lemma 8
implies that it is regular, and so it is locally inverse. Since (e, H) € Egxy, if and only
if e € Es and H € Ey, the equality Esuqs = {(e, H) € SxU :e € H, H € Ey}
follows by property (AF1).

(2) Tt is clear by (AF2) that m is a surjective homomorphism. The idempo-
tent classes of the congruence induced by m are C. = {(e,H) € SxU : H €
U and e € H} (e € Eg), and, for any e € Eg, the semigroup C. is isomorphic to
the subsemigroup U, = {H € U : e € H} of the completely simple semigroup U.
We show that U, is regular for any e € Eg. Let e € Fg and H € U,. Consider
the group inverse H~! of H in U. Then we have HH~! = H-'H € Ej,; whence
it follows by Lemma 7 that HH ! is a subband in Es. By Lemma 8, there exists
e € Ve)N H™! and so ee/,e’'e € HH™!, and ¢/ = eee’ = e'e-ec/ € HH™ L.
Thus ¢ € FEg, and, similarly, we see that ¢ = ee’e = ee’ - ee € HH L
This implies that ee’ = ee’ - ¢/ € HH ' - H ! = H-'HH' = H~!, and so
e=ce-ec H' - HH ' = H'. Therefore H~! € U,, and we have established
that U, is regular. Hence it follows that U, is completely simple whence the same
holds for C,. (e € Eg).

(3) Obviously, 72 is a surjective homomorphism, and the classes of the congru-
ence k induced by mo are Ky = {(a,H) € S xU : a € H} (H € U). In particular,
the idempotent classes are just those where H € Ey. Lemma 7 and statement (1)
imply that in this case, we have Ky C Fguq, and so k is idempotent pure. In order
to check that k is perfect, we have to show that Ky ; C KyK for every H,J € U.
However, this is obvious, since, for any (¢, HJ) € Ky, we have ¢ € HJ whence
there exist a € H and b € J with ¢ = ab, and so (a, H) € Ky, (b,J) € K; with
(¢, HJ) = (a, H)(b, J). |
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Lemma 15. Let T be a locally inverse semigroup which possesses an idempotent
pure and perfect congruence T such that T /T is completely simple. Then T is weakly
FE-unitary and almost factorizable.

Proof. Since T has an idempotent pure completely simple semigroup congruence,
it is weakly E-unitary. Notice that the 7-classes form order ideals in T'. For, if b < a
in T then b7 < a7 in T/7. However, T/7 is completely simple where the natural
partial order is trivial. Thus b7 = ar follows, that is, we deduce that b € at. Since 7
is perfect, the 7-classes form a subsemigroup with respect to the set product, and so
we obtain that T'/7 is a subsemigroup in O(T'). Clearly, condition (AF2) is fulfilled.
Finally, property (AF1) follows since 7 is idempotent pure. 0

We proceed by showing that each T' described in the previous lemma can be
obtained as a homomorphic image over CS of a Pastijn product of a normal band
by a completely simple semigroup.

From now on, let 7" be a locally inverse semigroup, and let 7 be an idempotent
pure and perfect congruence on T such that 7'/7 is completely simple. Suppose that
T/ = MI|G; I, A; P]. Denote by Gix (i € I, A € A) the H-class {(i,9,)) : g € G}
of M[G; I, A; P]. Put

Toa={aeT:ar G} (el NeA).
Lemma 16.

(1) Foranyi€ I, A € A, the set T;x forms a generalized inverse subsemigroup in T,
and T is a perfect rectangular band of these subsemigroups T;x ((i, ) € I x A).

(2) For anyi € I, the set T; = |Jycp Tin forms a generalized inverse subsemigroup
mn T.

Proof. (1) It is obvious that T;y is a subsemigroup for any ¢ € I, A € A, and
T is a rectangular band of these subsemigroups. Perfectness follows from the facts
that 7 is a perfect congruence on T' and H is a perfect congruence on T'/7. Let
1 € I, A € A. Recall from Lemma 15 and its proof that T is almost factorizable
and T'/7 is a completely simple subsemigroup of O(T) satisfying (AF1) and (AF2).
Hence it follows by Lemma 7 that

Er, ={a€T:ar= (i,p;ila)\)} (2)

is a normal subband in T;). Moreover, applying Lemma 8 for any a € T;,, for its
7-class and its group inverse within 7'/7, we obtain an inverse a’ of a within T;,.
Thus T;) is regular, and so it is a generalized inverse semigroup.

(2) Since T is a rectangular band of T;x ((i,A) € I x A), it is immediate that
T; (i € I) is a subsemigroup in 7. Moreover, it is also regular since each T;y is
regular. Finally, (2) implies that Er, is a subband in E7 whence it follows that T;
is a generalized inverse semigroup. O
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Denote by ;) the least inverse semigroup congruence on T;y, and consider the
equivalence relation v on T" whose classes are just the v;)-classes of the pairwise
disjoint subsemigroups T;y. Recall that two elements a,b € T;) are 7;)-related if
and only if V(a) NV (b) # 0, or, equivalently, if and only if V(a) = V(b) in T;,.

Lemma 17.

(1) For any a € T and (i,\) € I X A, there exists an inverse o’ of a in T;x, and the
set of all inverses of a belonging to T;y is just the v;x-class of a’ in T;y.

(2) For any a,b € T, we have ayb if and only if a and b have a common inverse
i T.

(8) The relation v is a congruence on T over RB, and it is contained in .

Proof. (1) By Lemma 15 and its proof, T' is almost factorizable, and conditions
(AF1), (AF2) are satisfied by the completely simple subsemigroup U = T'/7 of O(T).
Applying Lemma 8 for this U, we obtain that, for each a € T and (i, A) € T x A,
there exists an inverse a’ of a in T}).

In order to verify the second statement, let a € T}, and a’,a” € V(a) N T;y.
Since T;y is regular by Lemma 16(1), there is an inverse (a”)’ of a” in T;). Thus
a' =d'a-a"(a")-a"-(a")a"-aa’ where a’a € Er,, C Ep, and o’ (a")" € Er,, C Er,.
Furthermore, we have a’a L a”aR o’ (a”) in E7T,, and so, by Lemma 16(2), we obtain
that a”(a”)" and a’a - o’ (a")" are D-related elements in Er,, . Similarly, one can see
that (a)'a” and (a”)'a” - aa’ are also D-related elements in Er,, . This implies that
a’ vixa” in T;y.

Conversely, let a € Tj,, o/ € V(a) NT;y, and consider an element b € T;y
which is v;5-related to a’. Then b = ea’ f for some e, f € Er,, where eDa'(a’)’ and
fD(d)d in Er,, for any (a') € V(a') NT;5. Then we have

aba = aea' fa =a-d'aed’a-a’ - ad fad' -a

where a’aR a'(a’)'De in Er, and aa’ R (¢')'a/Df in Er,. Hence a’aea’a = a’a and
ad’ faa’ = aa’ follows, and so we deduce that aba = a-a’a-a’-ad’ - a = a. Similarly,
we also see that bab = ed’ faed' f = ed-ad’ faad'-a-d'aed’a-d' f = ea’-ad’-a-d'a-a’ f =
ea’ f = b. Thus we have verified that b is an inverse of a.

(2) This statement is a direct consequence of (1) and of the description of the
least inverse semigroup congruence on a generalized inverse semigroup, mentioned
above.

(3) We verify left compatibility of 7, the proof of right compatibility being
dual. Let a,b € T; with a0 b, and let ¢ € Tj,. We have to show that caycb.
Suppose that x € T;x NV (a) NV (b). Moreover, by (1), let ¢/ € T;5 N V(c). Notice
that ¢’c € Er,, C Bz, and axDbx in Er,, C Er,. Since Er, is a (normal) band
by Lemma 16(2) where D is a congruence, and ¢’cax, c’cbx € Er,,, we obtain that
c'cax D c'cbx in Er,, and so also in Er,,. Hence it follows that z(c'cax)d’ € V(cb).
For, we have ¢b - z(c'caz)c’ - ¢b = ¢(ccbx)(c cax)(c'cbx)b = c¢(cd'cbx)b = cb and
x(dcax)c - b - x(dcax)d = x(ccax)(ccbx)(ccax)d = x(cax)c’. A similar but
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easier calculation shows that x(c’cax)c’ € V(ca) also holds. This shows by (2) that
caych.

Finally, observe that, for any (i, \) € I x A, the congruence ;) is over R, and
so the same holds for . Moreover, the restriction 7,5 = 7 N (T;\ x T;x) of 7 to T;x
is a group congruence. Since ;) is the least inverse semigroup congruence on Ty,
we clearly have ~;x C 7;, which implies v C 7. O

Remark 18. Let T be, as above, a locally inverse semigroup which possesses an
idempotent pure and perfect congruence 7 such that T'/7 is completely simple.

(1) The previous lemma implies that 7'/~ is a rectangular band I x A of the inverse
semigroups T;x/7vix ((¢, ) € IxA). Notice that v is the smallest congruence p on
T such that T'/p is a rectangular band of the inverse semigroups T;5/pix ((¢, A) €
I x A), where p;x = p N (Tin X Tpy).

(2) In particular, if T = B® M|G; I, A; P] where B is a normal band then we have
(a,(i,g9,A) v (b,(j, h,wn)) if and only if aD b and (i,g,A) = (j, h, u). Since D is
the least semilattice congruence on B, the action of G on B induces an action
of G on the semilattice B/D by the rule 9D, = Dy, (g € G, a € B). The Pastijn
product (B/D) ® M|G; I, A; P] defined by this action is isomorphic to T'/~.

We have seen that T'/v is a rectangular band I x A of the inverse semigroups
Tix/7vix ((3,A) € I xA). Furthermore, 7/7 is an idempotent pure and perfect congru-
ence on T/~ such that (T'/~)/(7/7) is a completely simple semigroup isomorphic
to T/7. By Lemma 15, T'/v is weakly E-unitary, and so each inverse semigroup
Tix/7vix ((i,A) € I x A) is E-unitary. The same lemma and its proof implies that
the completely simple semigroup U = (T'/7)/(7/7) satisfies conditions (AF1) and
(AF2). Hence it follows that, for any (i,A) € I x A, the 7;5/v:a-classes form a
subgroup in ¢ with identity element E7,, ., . It is easy to deduce (see the proof
of Proposition 9) that the 7;5/7;1-classes form permissible sets, whence we deduce
that the inverse semigroup T;x/7:x is almost factorizable. These two properties im-
ply that the inverse semigroup T;/7ix is isomorphic to a semidirect product of a
semilattice by a group for any (i, \) € I xA. Thus [14, Theorem 4.6] implies that 7'/~
is isomorphic to a Pastijn product Y © M|[G; I, A; P] where M[G;I,A; P| = T/t
and, moreover, Y is isomorphic to Er,, /-,, and G to (Tix/vir)/(oin/7ir), and so to
T;n/oix for any (i, A) € I x A. Notice that the Pastijn product Y © M[G; 1, A; P]
involves an action of G on Y.

Let us fix an isomorphism ¢: Y © M[G;I,A; P] — T /v, and put

A ={eeT: (ey)™! = (a, (i,p;i17)\))} (€Y, (i,\) €I xA).

Notice that

—1

o o « p;\ila PXia p;ila
EiAEi,ugEi,u and  E;y Ej)\ CENT, (3)
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since
(o, (6, P s M) (v, (i 1yt 1) = (v, (i,p,7 ),
—1 . _ —1 3 _ —1 . _
(Pxia, (i, 3 A)) (Prae, (7,05, A) = (Pria, (i,p3) 5 A).-

Moreover, Er,, , or briefly E;y, is a semilattice Y of the rectangular bands Ef} (a €
Y'). For our later convenience, denote by v; the surjective homomorphism E;y — Y
which assigns « to every element in Ef}, and put E; = (Jycp Einy Ex = U Ein
Here E; = E7, is a normal band by Lemma 16(2), and it can be seen by (3) to
be a semilattice Y of the rectangular bands Eff = (Jyc) By (o € Y). Dually,

-1
E\ = Er, is a normal band, and a semilattice Y of the rectangular bands Ei* o=
1

Uier B3 (€ Y).
We shall need the following property.

Lemma 19. For everyi € I, A\,u € A and for every a € E;y, there exists b € E;,
such that a R b.

Proof. Since 7 is a perfect congruence on 1', we have E;, F;\ = E;5, and so a = zy
for some z € E;, and y € E;y. The band E; is normal, therefore a = axaya follows
where aDaxDaya in F;, ar € E;, and aya € E;y. This implies a = ba where
b=ax € E;, and a = aya € E;,. Hence we obtain a R b. O

Given T as above, we find a normal band B, which is a semilattice Y of rectan-
gular bands B* (« € Y'), and we define a homomorphism v: BOM|[G;I,A; P] - T
with certain properties. If ¢ is such a homomorphism, then, by Lemma 17 and Re-
mark 18, there is a unique homomorphism ¢': Y @ M[G; I, A; P] — T/~ such that,
for any b € B%, we have ((b, (1,9, A)) ¥)y = (o, (4,9, X)) ¢'. In this case, we say that
Y’ is induced by .

Lemma 20. Let T be a locally inverse semigroup which possesses an idempotent
pure and perfect congruence T such that T /T is completely simple. Put an isomor-
phism 12 Y @ M[G;I,A; P] — T/v as above. Then there exists a normal band B
acted upon by G and a surjective homomorphism ¢¥: B @ M[G;1,A; P] — T with
the following properties:

(a) B is a semilattice Y of rectangular bands B* (a € Y),
(b) the homomorphism'Y @ M|G; I, A; Pl — T/~ induced by 1 is just ¢.

Consequently, ¥ is a surjective homomorphism over RB.

Proof. The main idea of the construction is similar to that in the proof of [7,
Theorem 11].

—1
Let U be a set such that |U| > |E¥/R], ‘E;A O‘/E‘ for every « € Y, i € I and
A€ A Consider aset X ={z%:a €V, uec U} where Y xU — X, (o, u) — 2%
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is a bijection. Based on the action of G on Y, let us define an action of G on X by
putting 9z&) = xff’, and extend it in the unique possible way to an action of G on
the free normal band Bx. Furthermore, consider the mapping 7: X — Y, =% — a.
For any o € Y, i € I and A € A, define surjective mappings r&: U — E&/R

and EZ;\;IO‘: U :> E:Xlo‘/ﬁ. By Lemma 19 and its dual, the mapping d,: Ef —
E¢/R x E;ZﬁA */L, e (Re, Le) is a bijection. Define ;5: X — E;\ by a%¢;) =
(uria, wl M a) (d%)~1. Hence it is clear that

zeixRxey, forevery xz€ X andforevery i€l, \,u€A, (4)
and

xzein Lxejy forevery xz € X andforevery i,5€I, A€A. (5)

Furthermore, {2%¢;) : u € U} generates Ef,, and so Xe;y generates E;y for any
(i,A\) € I x A. Therefore, since Y and E;) are normal bands, the mappings
and €;, can be uniquely extended to surjective homomorphisms 7: Bx — Y and
gix: Bx — E;x. One can easily see that properties (4) and (5) remain valid now for
any z € Bx. For, the R[L]-class of ze; is uniquely determined by zm and by the
R[L]-class of xe;» where x is the first [last] letter in the word z. Moreover, we have
€iaViy = T since x5 e;y € EX by definition. This implies that, for any ¢ € I and A €
A, the congruence p;) on By induced by &; is contained in the congruence induced
by 7, and if a,b € Bx are such that ar = br then ap;) and bp;) belong to the same
D-class in By /p;x. Consider the smallest congruence p on Bx such that apD bp in
Bx /p for any a,b € Bx with am = br, and denote it by J. [It is routine to see that
d is the congruence on Bx generated by {(aba,a) : a,b € Bx with ar = brr}.]

Put B = Bx/¢. By definition, § is contained in the congruence induced by T,
and also § C p;) for any i € I, A € A. Therefore there is a unique homomorphism
7: B — Y with 7 = 6%7. Similarly, for any i € I and A € A, there is a unique ho-
momorphism g5 : B — E;, with g;5 = §%;x. These homomorphisms are surjective,
the congruence on B induced by 7 is D, and we have T = g; 1;. It is routine to
check that the analogues of properties (4) and (5) hold in B: for any a € B and for
any i,j € I, A, u € A, we have

agizxRag;, and ag;\ Lagjy. (6)

Consider the restriction ¢;x: Y X Gi;x — Tix/vix of . Here Y x G,y is the
subsemigroup of Y ® M[G; I, A; P] with underlying set Y x G;,, and it is, indeed,
a semidirect product of Y by G;x. This allows us to define the mapping ¥: B ®
MIG; I, A; P] — T such that (a, (i,9,))t is the unique element ¢ € T such that
ty = (am, (i,9,A))t [or, equivalently, ¢ € T;y such that ¢y;x = (a, (i, 9, A))tir; see
Lemma 17] and ag;x Rt L (p;ilg_la) Zix- Such a t exists and is unique since T}, is a
generalized inverse semigroup, ¢;) is an isomorphism, and a7 R ty;5 £ (p;ilg_la) .

Thus the mapping v is well defined. It is straightforward that 1 is surjective. All
that remains to be checked is that v is a homomorphism over RB.
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Let (a, (¢,9,A)), (b, (4, h,p)) € B® M|G;1, A; P], and assume that
<a7 (@797)\)>¢ =s and (ba (jvhau>)w =t.

By definition, we have
(st)y = sv-ty = ((a-"b) 7, (i, gpajh, 1)) - (7)
Furthermore, we have a - 9P*ib < a in B, and the relation
(a . gpij) Eip <R Qg R ag;x (8)

is implied by (6) in the normal band F;. Applying Lemma 17(1), consider inverses
s’ of s and (st)" of st belonging to T;y and Tj,, respectively. Then we have

st(st) <r ss' Rag;. (9)

By (7), we have st(st)’D (a-9P%b)E,;,, and so we obtain by (8) and
(9) that stRst(st) R (a-97%b)&;,. This property and its dual imply that
((a, (2,9, M)(b; (5, b, 1)) ¥ = ((a - 9P2b) , (4, gpajh, p)) ¥ = st, completing the proof
that 1) is a homomorphism.

It is clear from the construction that the idempotent classes of the congruence
induced by 1" are rectangular bands, and so the same holds for the idempotent
classes of the congruence induced by 1. This implies the last statement. O

Thus we can prove the following statement.

Proposition 21. FEach almost factorizable locally inverse semigroup is a homomor-
phic image over CS of a Pastijn product of a normal band by a completely simple
semigroup.

Proof. Let S be an almost factorizable locally inverse semigroup and I/ a com-
pletely simple subsemigroup in O(S) such that conditions (AF1) and (AF2) are
fulfilled. Lemma 14 implies that 7' = S > U is a locally inverse semigroup such
that the congruence 7 induced by the second projection is an idempotent pure and
perfect congruence, and T'/7 is a completely simple semigroup (isomorphic to U).
Moreover, the first projection 71: T — S is a surjective homomorphism over CS.
Applying Lemma 20, we obtain a homomorphism over RB from a Pastijn product
P onto T. Thus ¢m: P — S is also a surjective homomorphism over CS. O

Combining Propositions 12, 13 and 21, we can deduce the main result of the
paper.

Theorem 22. For any locally inverse semigroup S, the following statements are
equivalent:

(1) S is almost factorizable,
(2) S is a homomorphic image of a Pastijn product of a normal band by a completely
sitmple semigroup,
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(3) S is a homomorphic image over CS of a Pastijn product of a normal band by a
completely simple semigroup.
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