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SUPPORT THEOREMS
FOR FUNK-TYPE ISODISTANT RADON TRANSFORMS
ON CONSTANT CURVATURE SPACES

ARPAD KURUSA

ABSTRACT. A connected maximal submanifold in a constant curvature space
is called isodistant if its points are in equal distances from a totally geodesic
of codimension 1. The isodistant Radon transform of a suitable real function
f on a constant curvature space is the function on the set of the isodistants
that gives the integrals of f over the isodistants using the canonical measure.
Inverting the isodistant Radon transform is severely overdetermined because
the totally geodesic Radon transform, which is a restriction of the isodistant
Radon transform, is invertible on some large classes of functions. This raises
the admissibility problem that is about finding reasonably small subsets of
the set of the isodistants such that the associated restrictions of the isodistant
Radon transform are injective on a reasonably large set of functions. One of
the main results of this paper is that the Funk-type sets of isodistants are
admissible, because the associated restrictions of the isodistant Radon trans-
form, we call them Funk-type isodistant Radon transforms, satisfy appropriate
support theorems on a large set of functions. This unifies and sharpens several
earlier results for the sphere, and brings to light new results for every constant
curvature space.

1. INTRODUCTION

Given a totally geodesic G of codimension 1 in a constant curvature space K}
of dimension n € No< and of curvature k € {1,0,—1}, a connected maximal
submanifold D whose points have a fix distance p > 0 from G, the axis, is called
an isodistant of radius p. In the constant curvature planes the isodistants are well-
known, they are the straight lines in the plane, the circles in the sphere, and the
hypercycles in the hyperbolic plane [40].

We denote the set of the isodistants by E,, and its subset, the set of the totally
geodesics of codimension 1, by G.

The isodistant Radon transform RE of a suitable function f on K? is defined as
the function REf on E, that gives the integral of f over every isodistant using the
natural measure. The totally geodesic Radon transform RC of a suitable function f
on K" is defined as the function R f on G, that gives the integral of f over every
totally geodesic using the natural measure.

The isodistant Radon transform RE is injective on a large class of functions,
because the totally geodesic Radon transform R®, which is a restriction of the

K

isodistant Radon transform, is injective by [24, Theorem 3.2]. This shows that the
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2 A. KURUSA

inversion problem of the isodistant Radon transform is severely overdetermined,
hence the admissibility problem [15,17] arises:

What are the reasonably small submanifolds of E,, for which the
restricted isodistant Radon transform is injective on a reasonably (1.1)
large space of functions?

We call such a submanifold of E, admissible’ [15,17]. For instance G, is an
admissible submanifold of E, [24, Theorem 3.2].
Let the hypersurface K € R"*! of points p = (p1,. .., Pn,Pns1) satisfying

(DT + -+ pp) + P = 1
be equipped with the Riemannian metric
Irip - TPKQ X TPIC;L > (w’y) = 21 +---+ LnYn + R Tn4+1Yn+1 (1'2)

at every point p € K. Then one gets the so-called projective model K" of the
constant curvature space K7 [10], and also the canonical correspondence

Xe: KPS E - {E,~E} € K K" (1.3)

by identifying the points of £* C R™*! that are symmetric in the origin.

It is very well known that every 1l-codimensional totally geodesic of K} is the
intersection of K" with a 1-codimensional subspace of R"*! [24]. Tt is less known
(see Lemma 3.1) that every isodistant of K corresponds to a slice, i.e. a hyperplane
section of K.

The slice transform S* of a suitable real function f on K} is defined as the func-
tion S®f on the set of slices that gives the integral of f over every slice using the
canonical measure. After giving explicit formulas for S* in Section 4, we prove in-
tertwining relations between the slice transforms and the classical Euclidean Radon
transform in Section 5.

We call a set of slices rotational if it contains all of its rotations about the
(n+1)th axis. The set of the hyperplanes of the slices in a rotational set of slices is
clearly rotation invariant, so they pass through a common point P = (0,...,0,p)
of the (n 4 1)th axis, hence they are determined by the tangent ¢ = tan« € [0, o0
of the angle « the hyperplanes closes with the (n + 1)th axis. The pairs (p, ¢) form
a subset of the upper half plane extended with ideal points. So, the admissibility
problem for the rotational slice transform can be formulated as to

determine the curves C in the (p,q) plane (equipped with ideal ele-
ments) such that the slice transform associated with the rotational set (1.4)
of slices given by C is injective on a reasonably large set of functions.

We call these curves admissible. Some curves are known to be admissible or inad-
missible. For k = —1, the straight line ¢ = 1 belongs to the horocyclic Radon
transform (8,9, 19, 22, 29|, and so it is admissible. For x = 1, the hyperbola

ywe specify the space of the applicable functions only when it is important for some reason.
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r2(1 + ¢*) = p*¢®> (r € (0,1)) belongs to the Radon transform associated to
the subspheres of radius v/1 — r2, and so, by [36], it is admissible if and only if

n

r is not a root of any Gegenbauer polynomial of the weight (1 — acQ)%S. For
i = 1, the curve 1 = p? — ¢®cosh? A (A € [0,00]) belongs to the Radon trans-
form associated to the subspheres whose hyperplanes are tangent to the spheroid
1= (2} 4+ 22)cosh’ A + 221, so, by [35], it is admissible.

If C is a ray with fixed p € RU{+£o00}, then we call the associated restrictions of
the slice transform p-shifted Funk transform? and denote it by F5. For the sphere
(k = 1) this was recently quite intensively investigated [3,4,6, 7,18, 20, 25, 26, 30,
32-34, 38|, but there are also sporadic earlier results [1,16] as well. Surprisingly
enough there seems to be no general results for k = 0, —1.

The most important examples of the p-shifted Funk transforms are the Funk
transform F} [13] and the spherical slice transforms® F; [1,18,32,34], and their
hyperbolic counterparts F L and F;%, the hyperbolic Funk transform and hyperbolic
slice transforms, that are introduced here.

We prove sharp support theorems and explicit kernel descriptions for every Fy
for each k € {0,£1} in Section 6, where the main tool is the intertwining relations,
(5.4) and (5.5), of the slice transform and the Euclidean Radon transform. It is
interesting, that, depending on p, different speeds of decay on the functions are
necessary to employ for the support theorems.

We define the Funk-type isodistant Radon transform IA?g of a suitable function

h on K}! as the shifted Funk transform of h= 7+ hoxgk, where 7 is the indicator
function of the open upper half space of R™*!. It is considered in Section 7, where
again sharp support theorems and complete kernel descriptions are proved. These
results considerably generalize the author’s earlier support theorems [24] for the
totally geodesic Radon transform.

In K}! every l-codimensional totally geodesic has exactly two isodistants for
every o0 > 0. We call the union of such a pair of isodistants a duplez isodistant, and
define the duplex Funk-type isodistant Radon transform Rj of a suitable function h

on K7 as the shifted Funk transform of h:=ho Xx- It is considered in Section 8§,
where again sharp support theorems and complete kernel descriptions are proved.
When x = 1, these results give geometric reasoning for [5,6]. For £ = 0 we do not
get too much new, but we observe a new kind of problem that is discussed and
solved in a special case in Section 9.

The presented support theorems and kernel descriptions are new for both curved
constant curvature spaces. Further, these results bring to light new problems for
all constant curvature spaces, that we discuss in the last Section 9 where some
possible generalizations, consequences and worthy details are also outlined.

2This term follows the phrasing used by [5].
3We use this term of [18] and even use the analogous phrase for the hyperbolic case although it
breaks our terminology a little bit.
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2. NOTATIONS AND PRELIMINARIES

Points of R™ are denoted as A, B,... or a,b, ..., and vectors are given as /@
or a,b,.... The straight line through A and B is AB, and the closed segment with
endpoints A and B is AB.

We denote the Euclidean scalar product by (-, ), B™ is the n-dimensional closed
unit ball centered at the origin, and its boundary is S"~! = 9B". If n = 2, then
we use the notation u, = (cosa,sin«) for the elements of S!.

We parameterize the manifold of the hyperplanes, the 1-codimensional totally
geodesics in R"*1, on 8" x R, so that P(w,r) = {x : r = (w,x)}. This is a double
covering, but it will not cause trouble. Then we have

P(w,r) = {ﬁu:ueé‘”, (w,u) >O} if r # 0, (2.1)

so the classical Euclidean Radon transform R [18,28] on the set of suitable functions
on R™ is defined [24, (2.4)], for >0, by

Rf(w.r) = REF(Plw.n) = 1 [

f<<u:u> u) (<u:u>>n du,  (22)

where w € 8", and Sjp ! = {u € 8" : (w,u) > s} (s € R). Let Coo(R™) be
the space of all continuous functions f on R™ such that f(z)|z|* is bounded for
each k > 0 (this is a special case of (6.6)). Then we have the following Support
Theorem of Helgason that is crucial for our results.

Theorem 2.1 ([18, Theorem 2.6 of Chapter I]). If f € Co(R™), and there exists
a constant A > 0 such that Rf(P) vanishes for every hyperplane farther from the
origin than A, then f(x) =0 for |z| > A.

n—1
w,0

Notice that counter examples show that the decay condition in this theorem can
not be dropped (see [18, Remark 2.9 of Chapter I] and also [28, pp. 233-235].).

We fix the vectors b; = (6,1, ..,0in,0int1), where §; ; is the Kronecker-delta
and 4,5 = 1,...,n+1, and denote the hyperplane of equation x,, 11 = p € R by A7J.
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We define the projections II, from R"*! \ A} by

Oy(z1,. s Tny Tpt1) = {

( T ""$n+1 p,p—|—1) iprR,

Tnt1—p’

(x1,...,Zn, £00) if p = 400,

and introduce O = (0,...,0), OT =(0,...,0,1), O~ =(0,...,0,-1),

Kr=Kp{p: (p,bps1) >0}, Kp=K@\ Ky, and ﬁ:—{A

Ky if k=1,

K7 otherwise.

Restricting Il to K} essentially gives the so-called
gnomonic projection that results in the so-called
projective models, i.e. the Cayley—Klein models of
the constant curvature spaces.

The domain MZ;l of such a Cayley—Klein model,
is A} with the ideal hyperplane if k = 1,0, and
it is the interior of the unit ball centered to O%
in A} if kK = —1. The geodesics are the chords of
./\/l,/v 1, the totally geodesics are the n-dimensional
slices (hyperplanes) of B™ C A} [10], hence every
totally geodesic of K™ is the intersection of K? with
a 1-codimensional subspace of R"*! [24].

The manifold K7 is a rotational one [21], so it is determined by the size func-
tion o, giving the radius o,(r) of the Euclidean sphere that is isometric with the
geodesic sphere of radius r in KJ!. This defines the function 7,(-) = /1 — ko2 (),
while the projector function 7, [24] is defined by Ilp(rw) = 7, (r)w.

We often use the polar coordinatization of IC” and K with respect to the appro-
priate point OF: the pair (u,r) means the point Expoi(ru), where u € S"7! C
To+ K} is a unit vector, » € R, and Exp is the usual exponential mapping, hence
d.(OF, Exppe (ru)) = r for the metric d,, on K determined by (1.2). The injec-
tivity radius 1, > 0 is then the upper limit of the second parameter until which
the polar coordinatization keeps injectivity. Finally the supremum p, > 0 of the
distances a point can be from a geodesic is called the geodesic injectivity radius.

’ spaces (type)

| rlo [ re [ m [ o [0

K™, (hyperbolic) || —1 | sinh | tanh | cosh | oo | oo
K2 (Buclidean) 0| Id Id 1 0o | oo
Kt (spherical) +1 | sin | tan | cos | w/2 | 7

TABLE 1. Properties of constant curvature spaces.
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3. ISODISTANTS AND HYPERPLANES

We parameterize the manifold G, of the totally geodesics of K7 on "' x
[0, px) so that the totally geodesic G(w,g) is perpendicular to the geodesic ¢t —
Expo+ (tw) and contains the point Expg+ (gw) (this leaves out £} N .AZ), where
we S CTor IC” and g € [0, p,.@) This is a double covering at g = 0, but it will
not cause problem. The manifold E, of the isodistants in IC" is parameterized on
8" 1 x{(g,0): g €[0,p) and 0+ g € (—px,px)} so that

ﬁ(w7g; 0) is the p-isodistant of the axis C;(w,g) e G,
that passes the point Expo+ (w, g + 0).

The following lemma shows that the isodistants are plane sections of K.

Lemma 3.1. For any w = (wy,...,w,—1,0) € S" N Al we have
™ % 'k bn K
D(w,g;0) = Kt N P(FL ) “ 0 ). (3.1)
VI+729) VnE(g) +oi(9)
Proof. Formula (3.1) clearly holds for x € {0, 1} so we assume K = —1.

Firstly we determine the point D of l@jl NP (%7 r) , closest to point O,

4/1+tanh? g

where » € R. Due to the rotational invariance of K, D is in the 2-dimensional
plane spanned by w and b,,41. Let G be the point in K£?; ﬂP(% )

closest to point O". As G,D € I@’_Ll we have G = sinhgw + coshgb,+; and
D = sinh(g+ ¢)w +cosh(g + 0)b,, 11 for some g, 0 > 0. Let £ be the line passing O
in direction w, and let D+ be the orthogonal projection of D on ¢. Let O+ be the

orthogonal projection of O on P(%}Ig;’;“, r). Let X =¢NOG,Y ={NOD,
anh? g

Z =N O*D. Figure 3.1 shows what we have.

(0,1)

005w
Ficgure 3.1. Depiction of the plane spanned by w and b,+1 shows
d(D, D*) = cosh(g + o) for isodistants of positive and negative radius
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We clearly have

d(OT,X) =tanhg, d(OT,Y)=tanh(g+ o), d(OT,D"')=sinh(g+ o).

Triangles A(OXY) and A(DZY) are similar and the ratio of the similarity is

g—gi = cosh(g+0) — 1,80 d(Y,Z) = d(X,Y)(cosh(g + ¢) — 1). Thus
d(X,Z)=d(X,Y)+d(Y,Z) =d(X,Y) cosh(g + o).

Further, d(X,Y’) = sign(g)(tanh(g + g) — tanh g), hence

tanh — tanh V1 —tanh?g
= by o) Wb g o VLRI gy
\/1—tanh2(g+g)m V/1+ tanh? g

Now we determine the slice C := K" NP (¥ 2nhobnis

For any unit vector w every point of R"*! can be uniquely written in the form
rw + yw't + zb, 1, where w' is a unit vector in the orthogonal complement of
the plane spanned by w and b, 11.

In this form a point is in C := I@’_Ll if and only if

2> +y?>+1=2% and ztanhg =z —r\/1+ tanh?g

Since the stereographic projection II_; into the subspace Ay is

II_: 2w + wa + 2bpy1 Lw + Lwl

=: t l,
142 142 swtw
we get
14+ 2z=1+s(1+2z)cothg—ry/1+coth’g if g#0,
2=14+7r24+92=1+72+t3(1+ 2)? if g=0.
for the points of C. So we can express 1 + z as
r4/1+coth? g—1 r4/1+tanh? g—tanh g .
thg—1 —tanh if g #0,
14 2= scothg s—tanh g
2 12
1+ 11+—Tt?(1 12) if g0,
hence II_1(C) is the solution of the equation
r4/1+tanh? g+tanh g 2s .
- if g # 07
9 9 z—1 7’\/1+tanh2 g—tanh g r\/1+tanh2 g—tanh g
T4+t = =

z+1 262 (1—/T4r2(1—£2))
144/14+7r2(1—12)
Thus the equation of II_1(C) is

ifg=0.

(s+ 12 )2—|—t2: r2(1+tanh2gi—tanh2g+1.
r4/1 + tanh® g — tanh g (rv/1+ tanh® g — tanh g)?2

Annali di Matematica Pura ed Applicata, 7(2021), -7 © A. Kurusa http:/ /www.math.u-szeged.hu/tagok/kurusa


http://www.math.u-szeged.hu/tagok/kurusa

8 A. KURUSA

This means that II_;(C) is a sphere, hence, because H,l(leﬁl) is the Poincaré
model, C belongs to an isodistant, so the Lemma is proved. O

Let p € R be such that pb,,; € P(w\_/Tl'jr(lezg;rl, \/nz‘;;)(i)lz (g)) if g > 0, and let

p be 0o if g = 0. Then (3.1) and (3.2) immediately give that

r=

_ {@(9)/%(9) ifg>0. EAG)] (3.3)
—sign(p)oo ifg=0, nz(9) +07(g)

It is worth noting that ¢ > 0 if and only if p € R, g = 0 if and only if p = +o0,
and p=0if p=0and g > 0.

4. THE SLICE TRANSFORM

Lemma 3.1 gives rise to consider the slice transform S*. We call the intersections
of K with hyperplanes slices. The slice transform S* sends every suitable (not
necessarily even) function h on K7 to the function S*h on the set of slices so that
S*h gives for every slice the integral of h over that slice.

To determine S*, firstly we define some special slice transforms S%, for which
we need the “inverses” II5* of the mappings II,, from IT,(K7) into K.

Define the embedding I': R — A7 C R*"*! by T'(z1,...,2,) = (z1,...,2x,0).
Then it is easy to see that

My = TL(K2) = (p+ Dbyt + T(ML,), (4.1)

where

\/117?3”, if k=-1and |p| <1,

R™, if k=—1and |p| >1or p==oo,

Mr, = R™, if kx=0and p € R or p=*oo, (4.2)
R™, ifk=1and |p| <1,

\/I%B", ifk=1and |p| > 1,

B", if k=1 and p = +oc0.

From now on

’ we do not differentiate between the vectors corresponding through I'. ‘

n

Fix a unit vector u € S"NAj. Then every point of /\;l,{;ple can be uniquely (pb,,+1
is an exception) written in the form pb, 1 + eu, where e € [0,00). So there are
functions v: Ry — R such that the point pb,11 + v(e) (bn41 + eu) is in K. (See
Figure 4.1.)

Annali di Matematica Pura ed Applicata, 7(2021), 7-? © A. Kurusa http:/ /www.math.u-szeged.hu/tagok/kurusa

(24)
(9, 12, 13)
(14, 16, 17,


http://www.math.u-szeged.hu/tagok/kurusa

SUPPORT THEOREMS FOR FUNK-TYPE ISODISTANT RADON TRANSFORMS 9
O+ [sin(d (0T, E;)), 1) 1
L 2 & |
(0,1) zfox : :
N |
/Bl ‘
E, o+ i
J(OR—" O %
(0,0) £
1 Bn Bn BN
Ja_1 - p+] rtl L e J . 0
,,,pz ! € . (0,p+1) P (E; 57) :5
(0,p+1) 1P (BLF) o) P 3
. (0,0) u t
1;— 5
E, L
+
(0,p)d =
(0,p) ¢ )
F1Gure 4.1. Depiction of the plane spanned by v and b, 41 shows the
case g > 0, i.e. p= —0x(0)/0x(g), for spaces of k =1 and K = —1
Thus kv?(e)e? + (p + v(e))? = 1, hence we obtain
ek —pt+/1—ke2(p
; 4.3
(o) = LEV I (4.3)
This and (4.1) allow us to define the mapping
Hg;i: M, au+ (p+ )by = pbuya + V;;i(x)(anrl +zu) € KL (4.4)

Observe that v vanishes, so II5F (2v 4 (£1 4 1)b,41) = +b,y1. Further, the
mapping H;1;+ is the inverse of II,, [,@nl if p <0, the mapping Hg%+ is the inverse
of I, [,@8 if p € R\ {1}, but the mapping H});i is the inverse of IT, [k if and only
if p=F1.

We define the special slice transforms S% for suitable functions h in C(K?) by

Sth(p;w,q) = /Sni1 h(HZ?jE (eq(<w,u>)u +(p+ 1)bn+1)> p;t('w u)du, (4.5)

where p € R, ¢ > 0, w € S" !,
Sﬁ,:ll = {u € S”_1 :
sure of S 1, and wp,

K m/P<w\/(113_71;:1’ \/q%) with metric g,.

Theorem 4.1. With e = ¢,({(w, u)) we have

eq(z) = g/x for x € (0,1] (recall (2.1)),
eq((w,w))u € M2}, du is the standard surface mea-
is the density pulled back by II, from the hypersurface

1+ rg2(1—p2) |yy=(e)|" e
q 1—re2(p? — 1)

n:i:
pq

(w,u) =
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Proof. Firstly assume n = 2 and let u, = (cos,sinp,0). Then the isodistant’s
point in the direction uy, is Ef*(eg(cos p)u,) = 5% (eq(cos o)y, + (p+1)bpi),
o (4.4) gives

Eg;i(eq(cos ©)uy,) = pbpi1 + V;”*i(eq(cos ®)) (bn+1 + e4(cos cp)ugo), (4.7) (15)
where V;”?i is given by (4.3). Since u, = (m, (1= 83(37;@,0), this gives
B (e (cos )u)
= (5% (e (c05 9))a, 1 (eq (05 9))y [eR(cos 9) — 42, p + U (eqco5 ).

This shows that Eg?i depends only on e,4, hence we can take

dEn* ‘ e .
T (@0 OVE P A e (@), (48) ()
e ez _gq
so we obtain
dEn :t d
= ‘ (w,u))) M(arccos((w,u»)’.
K dg@
Here d(e‘f;;cos) = gj:;g, and, from (4.8) with respect to (1.2), we get
dBy=e B )t ee)”
‘ > :(ygvi(e))2q2+( 7 ) +r(UFEE)? (4.9) (0)
K q
From (4.3) we obtain
L re’1) N
k(o) = Vel (—p+ /1 —re2(p? —1))2ke  Fre(vy™(e))?
P 1+ ke? (14 Kke2)? T /1-re2(p? 1)

_ —re(pT(e)?
Cp+ (L4 Re)(e)
which, by substitution into (4.9), leads to
‘dE'}’;?i 2
de

)k
(p+ (1 + re2)vp = (e)?

X (/@(1 + quQ)(V;;i(e))2 +

62 I/m;i e 2
— —( p (2 ) (n(l + I{qz)(V;;i(e)F +

1—kre2(p?—1)

X

(p+ (L + ke (e) — w(e® — @Ps*(e >)2)

eZ _ o2

(p+ (1 + K (e))” )

62—q2
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So letting e = e, ((w, u)), we conclude that

R+ R ()2(e2 — ) + (p+ (1 + kg2 (e))?

g1 —ke2(p? = 1) '

where the expression (1) under the square root sign can be simplified as follows:

== — =
Wy (w) = vy (e)le

P=rl+ “q2)(V§;i<e)>2(€2 )+ (p+ 1+ Iﬂ;q2>V;;i e))2
= (1+ rg*) (75 (e)* (1 + we®) + p* + 2p(1 + ka® )= (e)

1+ kg? o .
15 re? (1+ Hez)up”i(e)(up’i(e)(l + l€62) + 2p)

:‘{2
P Lt (—p+ V1 —re2(p?> = 1))(p£ V1 — ke2(p? - 1))

1+ ke?
1+ kg?
=p°+ 1+ﬁ62(1—/f€2(p2—1)—p2) =p* + (1 +xg*) (1 —p?)

=1+ rg*(1 - p?).

:p2+

To get w;f;t for higher dimension n, we only have to multiply its 2-dimensional
version with o772 (d,. (O™, Eg;i(eq«w, u))))), because K7 is the rotational mani-
fold with size function 0. As 0 (d. (O, EFE(eq))) =|(ug, E5*(eq))| =15 (eq)leq,
we arrive at (4.6). O

Fix a unit vector u € 8™ N Aj. Then every point of II(K?) in the plane
spanned by w and b, 41 can be uniquely written in the form oob, 41 + eu, where
e € R. So there are functions v: Ry — R such that the point v(e)b, 41 + v(e)u is
in K. (See Figure 4.2.)

o+ (sin(d1 (O, ELT)), 1) X 1
= . A e =1+
(0,1) J(OX : « X 1@0@ EOO
. + 4
%’X : O tbd 2
Y o EL+ (0,1) 5
O, §
L 0o : 3
" . [0) DJF
. .
/ il - ;
\\\ // EOO (070)' w 8tq‘
Bl om0 e JITX(ELH) Ao 0.-0c) e JIT(ELN)

F1cUre 4.2. Depiction of the plane spanned by uw and b, shows the
case g =0, i.e. p = —sign(p)oo, for the spaces of Kk =1 and k = —1

Annali di Matematica Pura ed Applicata, 7(2021), 7-? © A. Kurusa http://www.math.u-szeged.hu/tagok /kurusa


http://www.math.u-szeged.hu/tagok/kurusa

12 A. KURUSA

Thus k%(e) + v2(e) = 1, hence we obtain 1% (e) = +v/1 — re?. This and (4.1)
allow us to define the mapping
et M, 3 2V + 00bpyy — £V 1 — ka?bygy +av € K. (4.10) (12, 13)
We define the special slice transforms S% for suitable functions h in C(K?) by

St h(oco;w,q) = /

h(l‘[’o‘éjE (eq({w, u))u + oobnﬂ))w';ﬁl(w, u)du, (4.11) (13, 14)
Sy ’
where ¢ > 0, w € 8", eq(x) = g/x for x € (0,1] (recall (2.1)), Spt = {u €
S"NAG : eq((u,w))u € M2}, du is the standard surface measure on 8™ N A,
and wg;j; is the density pulled back by Il from the hypersurface K} .. NP (w, q).

Theorem 4.2. We have

kit eg(<wa u>) V 1- FGQQ
oW, u) = :
q4/1 — ke2((w, u))

Proof. Firstly assume n = 2 and let u, = (cos,sin¢,0). Then the isodistant’s
point in the direction u,, is E5* (eq(cos p)uy,) = I5EF (eq(cos @), 4+ 0obyi1), 50
(4.10) gives

w (4.12) (13, 14)

E5E (e4(cos p)uy) = eq(cos p)uy, £ 4/1 — re2(cos )b 1. (4.13) (12, 15)

1— 2 0), we get from (4.13) that

Since u, = Z(cos )

(s

E%E (eq(cos p)uy) = (g, \/eg(cos ) — ¢3, :I:\/l — ke2(cosp)).

This shows that E%* depends only on eq, hence we can take

dESE (0 e Fre )
de Ve =@ V1 —re?)
and obtain
) = [ 25 e, )| 2922 s a0, )
oo ™ T (e EARI " dp ’ '
Here d(e“éc;fos) = 25;25, and, by (1.2), we get
’dE(’;”O?i 2 e? n e? e2(1 — kq?)
= K = .
de I e2—¢g? 1—re? (€2 —¢?)(1 — ke?)

So letting e = e, ((w, u)), we conclude that

2 V11— kg
g1 — keZ’

Kyt

weeg(u) =e
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To get ngfq for higher dimension n, we only have to multiply the 2-dimensional
version with 0772 (d,. (0", E5* (eq((w, u))))), because K is a rotational manifold.

Since o, (d. (0T, E5%)) = [(uy, EXE (e4(cos )| = eq(cos ), we arrive at (4.12).
O

To make their later use easier, we extend definitions (4.5) and (4.11) of the
special slice transforms S by setting S5 h(p; w, q) := 0 for p € R and ¢ > 0 if the
hyperplane

(w —qbny1  qlp| )
Vite Vi+e (4.14)

= span [pan i (p+ Dbpyr + {ﬁu cu € S" (u,w) > OH

does not intersect K7, and by setting S h(oo; w, ¢) := 0 for ¢ > 0 if the hyperplane
P(w, q) does not intersect K?. With this understanding, the slice transform is

Sth(pyw,q) +SZh(psw,q)  if [p| # 1,

S_T_lh(p; w,q) + S h(p;w,q) ifp==+1and k= —1,
SS h(p;w, q) + SLh(—p;w,0) if p=+1and k=0,
Slij(p; w,q) if p=+1and x =1,

S"h(p;w,q) = (4.15)

where p € RU {£oc}, w € S" 1, and ¢ > 0.

5. INTERTWINING RELATIONS BETWEEN THE SLICE TRANSFORMS
Following (4.1), we define the mappings \I/gi: M., — K by

Uy (x) = {HS;*(ZC +(p+Dbut) fpeER,

5.1
Hggji(:chooan) if p = o0, (5:1)

where Hg?i and II%* are given by (4.4) and (4.10), respectively. Further, let \i/;i
be the inverse of \Ilg‘i, and define the spaces
KpE i=ImU5*, and KZF :=Im UEE. (5.2)
Define also the operators Ng’?i: CMp,) > fr Ng‘if so that
= n—1
f(@) vy (=) if p e R,

K; n K; —kx2(p2—
NEEfr M2, 5 e NEE f(a) = f;) S (5.3)
2 if p = o0,

11—k

where u;?i is given by (4.3), and let Ng;i be the inverse of Ng?i.
We use the classical Euclidean Radon transform R (recall (2.2)) to formulate the
following intertwining relations that are generalizations of [24, Theorem 2.1].
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Theorem 5.1. Let k € {0,%1}, p € R, and f € C(M};,) be such that Rf exists.
Define h*: IC”i —R byhio\ll"i N"“if Then, forq;éO we have

SEh* (p;w,q) = 1+ re?(1 - p?) Rf (w,q). (5-4)
Proof. By (4.5) we have

\/1—1'66 (w)(p?—-1) ..

Sph o) = [, J(e(uu) W) “pa

where e(u) = e¢;({(w, u)) =

(w,u)du,

and wy, * is given by (4.6). Substitution of (4.6)

, )
results in
v1
St hE (p;w, q) Rl / u)e" (u) du,
Sﬂ l
which proves the theorem by (2.2). O

Theorem 5.2. Let x € {0,£1} and f € C(M]. ) be such that Rf exists. Define
h*: IC]’?i — R by h* o U%E = NEEf. Then for ¢ # 0 we have

Si (c0;w, q) = /1 — k@RS (w,q). (5.5)
Proof. By (4.11) we have

S5 h* (00w, q) = /S"—l fle(u)u)y/1 - neQ(u)w;‘g;ﬂfI(u) du,

q
(w,u)?

where e(u) = e,((w,u)) = and w5 is given by (4.12). Substitution of

(4.12) results in
/1 —
St hE (00w, q) = V1= ke / u)e™ (u) du,
S'n. 1

which proves the theorem by (2.2). O

6. SHIFTED FUNK TRANSFORMS: SUPPORT THEOREMS AND KERNELS
The p-shifted Funk transform (p € RU{zxoo0}) of a suitable function h on K is
Firh: 8" x Ryg 3 (w,q) = S*h(p;w, q). (6.1)

The proofs of the following support theorems in this section follow the method used
in the proof of [24, Theorem 3.2]: we pull the Support Theorem 2.1 back to K”
through the adequate intertwining relation of (5.4) and (5.5).

Following (4.2), let

if kp? < 1 ifk=1
zp{ if wp® <, (peR)andzoo:{ nEmS

1/y/Ip? — 1| if kp? > K, oo if k <0.
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Then, since K} is a rotational manifold, we can define the non-negative functions
5% 1 [0,4,) = Ry such that &7 (||) = de(OF, U= (x)). (6.2)
Since o, is the size function of K}, and so we have

vy (lz))|z|  ifpeRby (4.7),

r (de iquﬁ;i =
7 (de(OF, V5 () {|m if p= oo by (4.13),

(6.3)
== if R n
0 (de(OF, 05t (z)) = P T2 (le) ifpeRby (4.7),
V1—klz?  ifp=ocoby (4.13),
we deduce that
= T roiE _ ik
O'm((sp (6)) =V (6)8, nm((sp (6)) =p+ Yy (8)7 (64)

for p € R, and
Tu(857 () = €, m, (055 (e)) = V1 — ke, (6.5)
Substituting V;?i from (4.3) into (6.4), it is easy to see that 6;?i is strictly
monotone increasing for k > 0, and if kK = —1, then it is strictly monotone increas-
ing in [0,1) and decreasing in (1,00). It is clear from (6.5) that 0%%* is strictly
monotone increasing.

Let £ C K be a non-empty, open domain, and define the set Cy,, (K, £) (m € N)
of all continuous functions h on K} that satisfy

h(E) = {0(1)0;’”(d,@(E,P)) if d.(E, P) = 1,

O(1) o™ (dy(E, L)) it E — 0L, (6.6)

where P € K} is any fixed point, and the usual big-O notation is in use. We use the
abbreviations Cy, (K7) := Cpr (K2, 0), and Cp, (K22, p) := Cr (K12, K55E) (see (5.2)).

6.1. SUPPORT THEOREMS. We start with the elliptic case.

Theorem 6.1. Support theorems for shifted Funk transform on the sphere K7 .

sel> If he Coo (KR, £1) and FL h(w,q) = 0 for every ¢>s>0 and w e S"~ Y,
then h(Expgo+ (ew)) vanishes for every e > 2arctan(s) and ueS" 1.

<se2y If |p| < 1, h € Coo (K, p) vanishes on IC;,F, and Fyh(w,q) = 0 for every
q>5>0 and weS"L, then h(Expgyz: (ew)) vanishes for every e > (%i(s)
and ueS" 1.

<se3> If [p| > 1, h € C(K}) vanishes on KJF, and F h(w,q) = 0 for every
q>s>0 and weS" ", then h(Expo«(ew)) vanishes for every e > 047 (s)

and ueS"1.

<sed> If h € C(KY) vanishes on KLF, and FL h(w,q) = 0 for every ¢ > s> 0
and w € 8", then h(Expox(eu)) vanishes for every e > arcsin(s) and
uesS" 1.
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Proof. We prove the statements one after the other.

<sel> As [p| = 1, (4.2) gives that M7, =R". By symmetry, it is enough to prove
for p = —1. So, according to (6.1) and (4.15), we have FL  h(w, q) = SLh(—1;w, ).
Let f = N (ho®F). Then f € Co(R™) as he Coo (K, —1). Further, by (5.4),
[ satisfies S} h(—1;w, q) = Rf(w, q), hence Rf vanishes for ¢ > s > 0. So, by the
Support Theorem 2.1, f vanishes for || > s > 0. Thus h vanishes for ¥ (x) if
|z| > s, so the statement follows from (6.3) and (6.4).

se2> As |p| < 1, (4.2) gives that M7, = R". By symmetry, it is enough to

prove in the case when h vanishes on K)~. So, by (6.1) and (4.15), we have
Foh(w,q) = SLh(p;w,q). Let f = Nyt (ho \I/1'+). Then f € Cy ( ”), as h €
Coo (KT, p). Further, by (5.4), f satisfies SLh(p;w, q) = /1 + ¢( RS (w, q),

hence Rf vanishes for ¢ > s > 0. So, by the Support Theorem 2. 1 f vamshes for
|¢| > s > 0. Thus h vanishes for Wit (x) if || > s, hence the statement follows
from (6.3) and (6.4).

sed> As |p| > 1, (4.2) gives that M7, = L_B". By symmetry, it is enough

Vp?-1

to prove under the assumption that A vanishes on K}J~. So, according to (6.1) and
(4.15), we have F h(w,q) = SLh(p;w,q). Let f = Nyt (ho \Ill'+). Then f has
compact support. Further, f satisfies SLh(p; w,q) = /1 + ¢*( 2)Rf(w, q) by
(5.4), hence Rf vanishes for ¢ > s > 0. So by the Support Theorem 2.1, f vanishes
for || > s > 0. Thus h vanishes for \Ilzlj‘*‘(a:) if || > s, hence the statement follows
from (6.3) and (6.4).

<sed> As p = Fo0, (4.2) gives that M7, = B". By symmetry, it is enough to

prove under the assumption that h vanishes on Kj'~. So, according to (6.1) and
(4.15), we have F h(w,q) = Si_h(oo;'w,q) Let f = NLiF(ho WlF). Then f has
compact support. Further, f satisfies 51 (c0;w, q) = /1 —¢*Rf(w,q) by (5.5),
hence Rf vanishes for ¢ > s > 0. So, by the Support Theorem 2.1, f vanishes for
|z| > s > 0. Thus h vanishes for W1t (z) if |z| > s, hence the statement follows
from (6.3) and (6.4). O

Statement <sel> is a slight sharpening of [18, Corollary 1.27 in Chapter II]]
about the spherical slice transform.
We continue with the Euclidean case.

Theorem 6.2. Support theorems for shifted Funk transforms on the hyperplane Kf .

<spl> If h€ Coo (K, £1) and FO h(w,q) = 0 for every ¢>s>0 and we S,
then h(eu) vanishes for every e > 2s and ueS" 1.

<sp2> If |p| # 1, h € Coo(Ky, p) vanishes on KSF, and th(w,q) = 0 for every
q>5>0 and weS" Y, then h(eu) vanishes for every e > | — p & 1|q and
ueS" L

<spd> If h € Coo(KB) wanishes on K%F, and FO h(w,q) = 0 for every ¢ >s>0
and weS" Y, then h(ew) vanishes for every e > s and u€S"~!
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Theorem 6.2 is a direct application of the Support Theorem 2.1, so we only
notice that in statement <spl> we can also deduce that S9 h(£1;w,0) = 0.

Finally, we deal with the hyperbolic case. Observe that for p = £1 there can
not exist support theorem in the usual sense. The reason behind this is that if,
say, p = —1, then W'~ maps the lower sheet IC”1 of the hyperboloid K", onto
the complement of the unit ball in Af in such a way that the points of “infinity” i
IC’_Ll are sent to the unit sphere in Aj. In the same way, if p = 1, then \ill_f' maps
the upper sheet I@ﬁl of the hyperboloid K™, onto the complement of the unit ball
in A% in such a way that the points of “infinity” in I@ll are sent to the unit sphere

in A7.
Theorem 6.3. Support theorems for shifted Funk transforms on the hyperboloid K™ ;.

<shl> If h€ Coo(K™y,%1) and Fi1h(w,q) = 0 for every ¢>s>1 and we S",
then h(Expgox+ (ew)) vanishes for every e < 2artanh(1/s) and weS™~ 1.

sh2> If he C,(K™,,0) vanishes either on K™, or on K™, and F3 h(w,q) = 0
for every ¢>s€(0,1) and weS"™ Y, then h(Expo= (ew)) vanishes for every
e > 2artanh(s) and ucS" 1.

<sh3> If |p| # 0, and h € C,_1(K",,p) vanishes on K™, or on K", according
top <0 orp >0, respectively, and F- h(w,q) = 0 for every ¢ > s >0
angw € S”_pl then h(p]j:Xpoi (%au)) vasishis fg7)" everyfe > (5_!/151(5) and

’ P

uesS 1.

<shd> If h e Coo(K™,) vanishes either on K™, or on K™, and F'h(w,q) = 0,
for every ¢ >s>0 and w € 8", then h(Expp+ (ew)) vanishes for every
e > arsinh(s) and ueS"~ 1.

Proof. We prove the statements one after the other.

<shl> From (4.2) we have M”; ,; =R". By symmetry, it is enough to prove
for p = —1. So, according to (6.1) and (4.15), for ¢ > 1 we have F_{h(w,q) =
S~ h(—1;w,q). Let f = N1 (ho®_177). Then f € Coo(R™) as he Coo (K", —1).
Further, by (5.4), f satisfies S"*h(—1;w,q) = Rf(w,q), hence Rf vanishes for
q > s (s > 1). So, by the Support Theorem 2.1, f vanishes for || > s > 1. Thus h
vanishes for W1~ () if || > s, hence the statement follows from (6.3) and (6.4).

<sh2> Firstly, we observe that M7, =B" by (4.2). We assume that i vanishes on
K™,. So, according to (6.1) and (4.15), we have Fy'h(w, q) = S;'h(0;w, q). Let
f =Ny " (hoWy "), Then f(x) = Wh(\lf‘l *(x)), hence f € Cy(B™) be-
cause h € C,, (K" ,0). Further, by (5.4), f satisfies S| Lh(0;w, q) = /1 — ¢?Rf(w,q),
hence Rf vanishes for ¢ > s € (0,1). So, by the Support Theorem 2.1, f vanishes
for |x| > s. Thus h vanishes for \Ilal;+(a:) if |x| > s, hence the statement follows
from (6.3) and (6.4).

The case when h vanishes on I@’jl can be proved the same way by symmetry.
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<sh3> Assume p < 0 and that h vanishes on K™;. So, according to (6.1) and
(4.15), we have Fy'h(w,q) = S{'h(p;w,q). Let f = Nj%F(ho W 1F). Then
f € Co(B™) because he Cp,_1 (K™, p). Further, by (5.4), f satisfies ST'h(p;w, q) =
V1= ¢*Rf(w,q), hence Rf vanishes for ¢ > s € (0,1). So, by the Support Theo-
rem 2.1, f vanishes for |&| > s. Thus h vanishes for W1 (x) if || > s, hence the
statement follows from (6.3) and (6.4).

The case when p > 0 can be proved the same way by symmetry.

<sh4> Firstly, we observe that M7, ., =R" by (4.2). We assume that h vanishes on
K™ .. So, according to (6.1) and (4.15), we have Flh(w, q) = ST 'h(oo;w, q). Let
f=NF(ho U b)), Then f € Coo(R™) because h € Coo (K™, 00). Further, by
(5.5), f satisfies Sjrlh(p; w,q) = /14 ¢®>Rf(w, q), hence Rf vanishes for ¢ > s > 0.
So, by the Support Theorem 2.1, f vanishes for |x| > s. Thus h vanishes for
U Lt (z) if |z| > s, hence the statement follows from (6.3) and (6.4).

The case when h vanishes on 1@11 can be proved the same way by symmetry. [

Statement <shl>, the first result about the hyperbolic slice transform, is not
valid for s < 1, but «sh3»> gives appropriate support theorem on a sheet of £”;.

Statement <sh2> is just a reformulation of [24, (i~) in Theorem 3.2].

Important to know that the decay conditions can not be dropped from any of
these theorems as counter examples show (see [18, Remark 2.9 of Chapter IJ).

6.2. KERNEL DESCRIPTIONS. Let h be a continuous function on Kj.. Using
(5.2) we define the functions

0 if B¢ K,
hE) if E€Kr*,
for p € (R\ {£1}) U {zxoc}. If h € Cx(KZ,p) for k € N, then, obviously, both
functions h;,t are in Cy (K2, p).

We start considering the kernels in the elliptic case. This makes a direct gen-

eralization of Funk’s result [13], and leads to kernel descriptions different than the
ones in [7,15,16,20,26,27,30,31,33,34]. Figure 6.1 shows what is at stake.

1
1 B™
Vi-p? R™

p+1
0,000

hf: Ky o Ew h;f(E)—{ (6.7)

1 (0,090 q

R™

\
FIGURE 6.1. Mappings ¥, if [p| < 1, [p| > 1, and p = 0o
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Theorem 6.4. Kernels of some shifted Funk transform on the sphere KY'.

<ksl> If h € Coo (K7, £1), then FY h vanishes if and only if h = 0.

<ks2> If |p| <1 and h € Coo(KT, p), then FLh vanishes if and only if there is a
function f € Co(M?Y,,) such that :I:h;t o \1/113§i = N},?if.

ks3> If [p| > 1 and h € C(K},p), then le,h vanishes if and only if there is a
function f € C(MT.,) such that £h o Wli* = NLEf.

<ksd> If h € C(K},00), then FL h wvanishes if and only if there is a function
f € C(M3.) such that £h¥, o WL = f.

Proof. Statement <ksl> comes immediately from <sel>.
<ks2>: As |p| < 1, we have M7, = R™ by (4.2). Let f € Cx(M7,) and
h* o Wp# = NIE f. Define the function

WH(E) if EeKst,

6.8
~h(E) if EeKy™. (6.8)

h: K 32 E— {
Then h € Coo(KT,p) by (5.1) and (5.3), and Fyh = 0 by (5.4), (6.8), (6.1) and
(4.15). Further, +hf o WLi* = £h% o WLF = NLEf,

If h € Cx(K},p) and lejh vanishes, then h;t € C (K7, p), and Flljh; = —F}Jh;
because 0 = Fll)h = Fll,h;‘ + le)h;. So, by Theorem 5.1, we have 0 = Rl + R¢_ for
the functions (. = NL# (kX oWl#+). As the functions £+ are in C(R™), the Support
Theorem 2.1 implies /_ = —¢,. Then for f = ¢, we have £f* = h;t o \Ilrlji, hence

the statement.

<ks3> and <ks4>: By (4.2) we have M7 = \/%18" for |p| > 1, and M7, =B".
; o ;

Since these are compact sets, the reasoning given for <ks2> works very well for these
statements too, without the condition of infinite decay, so we leave the details to
the interested reader. O

Notice that <ksl> states the injectivity of the spherical slice transform under
a mild condition, while the next statements describes the kernels of the spherical
shifted Funk transform by a kind of parity condition in accordance with the results
of [3,4,6,7,20,26,30,33,34,38]. Since <ks2> served as a prototype for the next
statements of the theorem, it is certainly not the sharpest possible version, so we
return to it in Section 9, where the sharp version <ks2’> is proved by applying our
intertwining relations (5.4) and Funk’s theorem about the Funk transform [13].

Although the result does not add very much new to the theory, we continue with
the parabolic case for the sake of completeness.

Theorem 6.5. Kernels of some shifted Funk transforms on K{:

&kpl> If h € Coo(K2), then F,h vanishes if and only if h vanishes on K§T, and
the integrals of h over hyperplanes through O* in IC%F vanish.
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<kp2> If |p| # 1 and h € Co(K}), then th vanishes if and only if there is a
function f € Coo(M§,,) such that £hE o UYF = NJ=f.

<kp3> If h € Coo(KR), then FO h vanishes if and only if there is a function f €
C(M@.o) such that £h¥ o W9 = f.

Proof.
<kpl>: It is clear that th vanishes if i vanishes on ICg;I, and the integrals of h

over hyperplanes through O in ’C(i;i vanish.

For the “only if” part of the statement we only need to prove for p = —1 by the
Symmetry.

Let H,, be the 1-co-dimensional subspace of A™; orthogonal to u € S™ N A" ;.
Let g(u) be the integral of h over H,,. Then Rh*(u,r)+g(u) = 0 by (2.2). However,
by (2.2), Rht(u,r) — 0 if r — oo, so we deduce g(u) = 0. Then RhT(u,r) =0
follows from which the Support Theorem 2.1 implies the statement.

We do not give the proof of <kp2> and <kp3> here, because the procedures are
very much analogous to the proof given for the elliptic case. O

We finish this section with the hyperbolic case. There seems to be no previous
results in the literature about the shifted Funk transform for the hyperbolic case.
However, for the hyperbolic Funk transform and for the hyperbolic slice transforms,
the results seems greatly analogues to the spherical case. Figure 6.2 shows what
the next theorem is about.

L 2
1 1 1
1 n
Bn 71)2 B
p+1
0,000 (0,010 (0,0)¢0
g n
p+1
D _

1e -1

1
p R®
\

FIGURE 6.2. Mappings ¥, "* if [p| < 1, [p| > 1, and p = 0o

Theorem 6.6. Kernels of some shifted Funk transform on the hyperboloid K" ;.

<khl> If h € Coo(K"y, £1), then Fi1h vanishes if and only if h = 0.

kh2> If h € C,(K™,), then Fy'h wvanishes if and only if there is a function
feC(M™2y) such that +hEo \I/(;l;i =N, Y=y

<kh3> If |p| € (0,1) and h € C,,—1 (K™, p), then F ' h vanishes if and only if there
is a function f € Co(M™ ., )NCo(M™ ) such that £hFoW 1% = NJLEf,
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<khd> If |p| > 1 and h € Co (K™, p), then Fljlh vanishes if and only if there is
a function f € C(M™,,) such that £h¥ o ¥ 1% = NJLEf.
<khb> If h € Coo(K™y), then Fh vanishes if and only if there is a function

fe C’(M’ll;oo) such that +hE o W L+ = f.

Proof. We prove the statements one after the other.
<kh1>: From <shl> we get that h(Expo+ (ew)) vanishes for every e < 2 artanh(1) =
oo and w€S™ 1, i.e. h vanishes on I@ﬁl. From <sh3> we obtain that A vanishes on
K, if FT!is under consideration, or on K™, if FZ1 is under consideration.
<kh2>: We have M", = B" by (4.2). Let f € Co(M™ ) and define the
function
hWH(E)  if EeWg it (Mn )
~h=(BE) i BE€¥y " (M" )

where h® o U HE = Ny f, ie. hE (¥ " *(x)) = f(z)V/I—22 . Then h €
Cn(K™,,0), and Fg'h = 0 by (6.1), (4.15), and Theorem 5.1. Further, +hF o
\I/al;:l: —hto \I/al;:t _ Ngl;if.

If h € C,(K";,0) and Fy'h vanishes, then hF € C,(K",,0), and Fylhy =
—F;'h$ because 0 = Fy'h = Fy'hd + Fy'hy. So, by Theorem 5.1, we have
0 = Rg++Rg- for the functions g+ = Ngl;iha[olllal;i which are in C(B™), because

g+ (x) = ﬁh?(@gl;i(x)). So the Support Theorem 2.1 implies g_ = —g;.

Let f = g1. Then we get iNg;if =hio \I'(;lgi, hence the statement.
<kh3>: Equation (4.2) gives M”; = \/%B” for |p| € (0,1). Since this is a
’ 4

compact set, the reasoning given for <kh2> works very well for this statements too,
but needs only a decay of order n — 1, so we leave the details to the reader.

<kh4> and <kh5>: Equation (4.2) gives M", =R" for |p| > 1 and M",  =R".
It is clear that the reasoning given for <kh2> works very well in these cases too, but
with infinite decay condition, so we leave the details to the interested reader. [

h:lC’_llaEH{ (6.9)

According to <khl> the hyperbolic slice transform is injective on Coo (K™, 1),
while the kernel of the hyperbolic Funk transform is the set of odd functions in
Crn(K™;) by <kh2>. These results are totally analogous to the case of the sphere.

7. FUNK-TYPE ISODISTANT RADON TRANSFORMS

The double covering of K7 given by (1.3) can be reduced by considering the
identifying mapping X : /@Z > E— (BE,—F) € K* 2 K" Then ¥, is bijective for
k < 0 as well as for k = 1 if the totally geodesic corresponding to K" N Ay is left
out. If h € C(K”), then the corresponding function on K7 is

h(x«(E)) if E € KL,

0 otherwise.

fz:lCQaE—HAz(E):{
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We define the Funk-type isodistant Radon transform IA?Z of a suitable function h €
C(KR) by

Ryh(w, g) = Foh(w, 74(g)) if p e R,
RS h(w, 0) = F& h(w, 0,.(0)) if p = oo,

where w € 8”71, g,0 € [0, p.). So the Funk-type isodistant Radon transform IA?;
is essentially the restriction of the shifted Funk transform to the set of hyperplanes
intersecting ICQ in isodistants.

For our considerations we will need decay conditions, so we introduce the func-
tion space Cp, (K, Xx(£)) so that h € Cp(K?, %u(L)) if ho xe € Cn(K2, L)
(m € N), where L C I@Z is a non-empty, open domain. Further, we define C,, (K?)
so that h € Cp(K?) if ho %, € Cp(K?) (m € N). Additionally, analogously to
the notations after (6.6), we use the notation C,, (K2, p) := Cy, (K7, )QN(IC;?i)) too
(see (5.2)). We also need to define the functions

it K s B zag(E):{O o HERUTME,),
h(%e(B)) if BEWs*(Mr,)
for every h € K, where p € RU {£o00}, and W= is given by (5.1). Observe that
if h € Cx (K2, p), then both functions ﬁ;t are in Cy, (I@Q,p) for every k € N.
In the elliptic case, every slice of K7 is a part of an isodistant in KXY, so the
properties of FA{:, are essentially similar to that of le,. We give these properties

without proof, because they follow directly from theorems 6.1 and 6.4 with the use
of the functions 05** defined in (6.2).

Theorem 7.1. The Funk-type isodistant Radon transform in the elliptic space have
the following properties:

<eel> Ifp <0, d € [0,arctan(1/p)), he C(KY) and Ii;,h(w,g) =0 for every g>d
and we 8", then h(Expo+ (eu)) vanishes for every e > 6" (tan(d)) and
uesS" 1.

ee2> If d € [0,7/2), h € Coo(K},0) and Rih(w,g) = 0 for every g > d and
weS" L then h(Expgo+ (ew)) vanishes for every e > d and ueS"1.

<ee3> Let p € (0,1), and h € Cx(KY,p) is such that h(Expp+ (ew)) vanishes
for every e > arccosp and w € S"~'. Ifd € [0,7/2), and IA?Zl,h('w,g) =0
for every g > d and w € S"L, then h(Expo+(eu)) = 0 for every e >
6y T (tan(d)) and ueS™ .

<eed> Ifp € (0,1), d € [arccos(1/p),7/2), and h€ Cs (KT, p), then IA?Il,h(w,g) =0
for every g>d and w € S" L if and only if there is a function f € Cuo( Tp)
such that j:ﬁf o \I/}D?i = Nlljif outside of %B”.
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eeby If d € [0,7/2), h € Coo(K},1) and R'h(w,g) = 0 for every g > d and
weS" Y, then h(Expo- (ew)) vanishes for every e < 6, (tan(d)) = m —2d
and ueS" 1.

<ee6> Let p > 1 and h € C(KY) is such that h(Expp+ (ew)) vanishes for every
e > arccos(1/p) and we S"~1. If d € [0,arccos(1/p)), and ﬁéh(w,g) =0
for every g > d and w € S"1, then h(Expp+(eu)) = 0 for every e >
65" (tan(d)) and ueS™ .

ee?> If p> 1, d € [6)7F(1/p),arccos(1/p)), and he C(K}), then Ii;,h(w,g) =0
for every g>d and we S~ if and only if there is a function f € C(MY.,)
such that :I:iﬂz;,t o WhiE = NIE f outside of %B".

e8> Ifd e [0,7/2), he C(K}) and RL h(w, 0) = 0 for every o>d and weS™,
then h(Expo+ (ew)) vanishes for every e > d and we S" 1.

In the parabolic case, every slice of /€g is an isodistant, so the properties of §2
are exactly the same as the properties of Fg (i.e. essentially a reparameterization
the classical Euclidean Radon transform). These properties are given in theorems
6.2, and 6.5.

The hyperbolic case differs significantly. If a normal vector n of a hyperplane P
fulfills (n, b,11) > 1/4/2, then the intersection PNK™, is not an isodistant, because
there does not exist a totally geodesic of co-dimension 1 whose hyperplane’s normal
vector is parallel with n. These slices of /@11 and the corresponding submanifolds
in K", that are not isodistant, are called virtual isodistants.*

FIGURE 7.1. Virtual and real isodistants (dashed circles vs. continuous arcs) in
the Poincare disc-model of the hyperbolic plane for p € (0,1), p=1, p > 1.

Thus the properties of ﬁ; ! have significant differences from that of Fo I while
they easily follow from the statements of theorems 6.3 and 6.6.

Theorem 7.2. The Funk-type isodistant Radon transforms in the hyperbolic space
have the following properties:

4The virtual isodistants are the horocycles and the circles.
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<ehl> If p< 0, d€[0,00), heCp_1(K™q,p), and ﬁ;lh(w,g) =0 for every g>d
and w e 8", then h(Expo+ (ew)) vanishes for every e > 6,1 (tanh(d))
and ueS" 1.

<eh2> If d € [0,00), h € C,(K"1,0), and IA?O_lh(w,g) = 0 for every g > d and
weS" L then h(Expo+(ew)) vanishes for every e > d and ue S"1.

<eh3> Let p € (0,1) and h e C(K™,,p) is such that h(Exppo+ (ew)) vanishes for
every e >1n(1/p) and w € S"~t. If d € [0,In(1/p)), and fi;lh(w,g) van-
ishes for every g > d and w € S, then h(Expp+(eu)) = 0 for every
e > 0, V" (tanh(d)) and ueS"'.

<ehd> Let p > 1 and he C(K™,,p) is such that h(Expo+ (ew)) vanishes for every
e>Inp and ue 8" L. Ifd € [0,lnp), and ﬁ;lh(w,g) vanishes for every
g>d and we 8™, then h(Expo+ (ew)) = 0 for every e > 6,5 (tanh(d))
and ueS"1.

eh5> If d € [0,00), h € Coo(K™,), and R h(w, ) = 0 for every o > d and
weS" L then h(Expgy+ (ew)) vanishes for every e > d and ue€S"1.

Notice that no statement in this theorem is analogous to statements <ee4», <eeb»,
and <ee7> of Theorem 7.1. This is due to the fact that no virtual isodistants exist
on the elliptic space.

8. DUPLEX FUNK-TYPE ISODISTANT RADON TRANSFORMS

Instead of reducing the double covering of K} so as we did in the previous
section, we can restrict the function space to the space of even functions on K.
Then the isodistants of K correspond to some of the slices of KJ.

We define the duplex Funk-type isodistant Radon transforms Ry for suitable
functions h € C(K}) by

Ryh(w, g) = Fyh(w, 7.(g)) ifpeR, (8.1)
R h(w, o) = F5 h(w, o, (0)) if p = o0, (8.2)

where w € S 1, g,0 € [0, px), and h: K 3 E — h(x«(E)) with x, given in (1.3).
Recall our formula (3.3). It shows that p and g determine the isodistant to integrate
on, more exactly ¢ = 7,(g). The same formula shows that ¢ = 0,,(g) if p = oo (or,
which is the same, g = 0).

Starting from any point y, = W5t (xg) € K™ (p € RU{+00}), the recursion

Yoit2 = \I!;;_(:vi), Y2i+3 = ~Y2i425 LTitl = ‘I’;;+(?Jzi+3) € M:;p (8.3)

generates points for every ¢ = 1,2, .... This sequence of points y; is finite if [p| = 1
or p = +oo. Otherwise we get an infinite sequence, and it is easy to see that the
sequences ¥o; 1 and y,; tend to the points O%, respectively. (Figure 8.1 depicts
the first points if k = 1.)
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FicUure 8.1. The first points of (8.3) if k =1: p =00, |p| > 1, and |p| < 1.

Theorem 8.1. The duplex Funk-type isodistant Radon transforms in the elliptic
space have the following properties:
del> If h € C(KY}), then RL h vanishes if and only if there is an odd function
[ € C(M7.) such that +hE o Wl = NUEf where h = ho .
<de2y If [p| = 1, then R} is injective on Cso (KT, p).
e3> If |p| > 1, then R} is injective on C(KT,p).
ded> If [p| < 1, then R} is injective on Coo (KT, p).

Proof. <el>: Let f € C(M7F.,) be an odd function. Construct the functions hE =
+NLEf o UL+, and then define h by (6.8). (See the first diagram on Figure 8.1.)
Then h is even, and FCIXJL vanishes by <ks4> of Theorem 6.4.

For the reverse direction, if h is an even function and F(lsz vanishes, then <ks4»

of Theorem 6.4 implies that hX = +NL* f o WL+, hence

NZS" /() :flio(‘l’l?(w)) = hoo (-9 ()
NI AU (-0 () = N (=),

so f is odd, hence <iel» is proved.
<ie2» This statement follows directly from <ksl> of Theorem 6.4.

To prove <ie3> and «<ie4>, we chose an arbitrary point y; = \II;,H‘(:BO) €
we have the sequence of points y, given by recursion (8.3), hence the sequences
Yoi1 and y,; tend to points OF, respectively. (See Figure 8.1.)

<ie3>: We can assume p < —1 by the symmetry of S™ = K7.

Assume that h € C(K7,p) is in the kernel of R;. This means that the even
function h € C(K}, p) is such that FliL vanishes. As |p| > 1, <ks3> of Theorem 6.4

gives a function f € C(M7T,,) such that j:hi o WpE = NLE S,

T, so
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Since h is even, we have ﬁ(y2i+1) = h(y,,;) for every i € N. So, by (6.7) and
(5.3), we get
Maisa) _ hlyaina) _ Dy Waina) _ Ny "(@o) _ ("
h(ys;) h(y2i+1) Iy (Yaipn) Ny f(a) vp' ™ (||
()
b (e)

Let ¢, = lime_o | | Then (4.3) gives

1—e?( - 1
I e e [
6*)0_ 1_62 ‘_p_1|
and therefore B
hua.
o )

i
=0 h(ysy)
Thus h(y,) # 0 implies that |[A(O~)| = oo, a contradiction, hence h(y,) vanishes
which, as y, was chosen arbitrarily, proves <ie3>.
<ied>: We only need to prove for p € (—1,0] by the symmetry of S = K}.
Assume that h € Coo(KY,p) is in the kernel of R. This means that the even
function i € Coo (K7, p) is such that F1l~z vanishes. As |p| < 1, <ks2> of Theorem 6.4
gives a function f € C(MT,,) such that :i:hi oWy * = N1 it

If p =0, then ihi \Ill + = N1 i+ f shows that h is odd so, being also even, h
vanishes which proves <1e4>

Therefore we can assume p € (—1,0) from now on.

For any point y; = \Il;,;+(w0) € I@?, we can apply recursion (8.3) again to get
the sequence of points. (See Figure 8.1.) This again leads to (8.4), which implies
h(y,) = 0 in the same way as in the proof of <ie3>. Since y, was chosen arbitrarily,
<ied» follows.

The proof is complete. O

Observe that Theorem 8.1 can be understood also as a result about pairs of
shifted Funk transforms on the sphere [3—6], and <ie4> can be considered as a
generalization of [24, (it) of Theorem 3.2].

We put here the parabolic case only for the sake of a kind of completeness.

Theorem 8.2. The duplex Funk-type isodistant Radon transforms in the parabolic
space have the following properties:
dpl> If h € Coo(KY), then RY h vanishes if and only if h is an odd function.
<ip2» If p € R, then Rg is injective on Coo(KJ).

We omit the proof because the reasoning behind <ipl> and <ip2> is very much
similar to that of <iel> and <ie3», respectively. In the other hand, in Section 9 we
prove Theorem 9.3 that generalizes <ip2>, which otherwise can be considered as a
generalization of [24, (it) of Theorem 3.2].

We turn to the hyperbolic case.
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Theorem 8.3. The duplex Funk-type isodistant Radon transforms in the hyper-
bolic space have the following properties:
dhl> Ry* is injective on Cy(K™;).
dh2> R} is injective on Cog (K™, 41).
<ih3> Ifh € Co(K™,), then R h vanishes if and only if there is an odd function
fe M. ) such that +hE o O L% = NZVEf, where h = h o x,.
<ihd> Let |p| > 0, Ip| # 1, and let h € C(K™,,p) be such that h(Expgy+ (eu))
vanishes for every e >s=|In|p|| and we S"~.If R 'h vanishes, then h
vanishes too.

Proof. «ihl> Let h € C,(K",) be in the kernel of R;*. This means that the even
function h € C,(K™,) is such that Fy'h vanishes. Then <kh2> of Theorem 6.6
gives a function f € C(M™, ) such that +hE oWy = Ny ¥ f. This shows that
h is odd, so, being also even, h vanishes that proves <ihl».

<ih2> This statement follows directly from <kh1l> of Theorem 6.6.

The proof of <ih3> is so much similar to the proof of <iel> that we leave it to
the readers’ consideration.

<ih4>: Since |p| > 0, the symmetry of K™, allows us to assume p < 0. With
this assumption we also have p # —1, and s =|In(—p)|. Then the even function
h e Cp_1(K™,) is such that FljliL vanishes, hence <kh3> and <kh4> of Theorem 6.6
gives a function f € C'(M”, ) such that :tiL;t o \I/;hi = N;l‘if.

Choose an arbitrary point y, = W1t (xg) € K™, such that d_,(OT,y,) <
[In(—p)|. Then the sequence of points y, given by recursion (8.3), is such that
sequences ¥,;,; and y,; tend to points O and O, respectively.

Since h is even, we have h(leH) = h(ys,) for every i € N. So (5.3) and (4.3)
lead to

B(?J2i+2) _ B(?J2i+2) _ h (Y2iy2) —N;l;_f(wi) vy B (Jaei )1

p
h(ys;) MYsii1)  hi (Yaign) N, Y f (i) vy 1 (| )t

poLit
Let ¢, = lim,_,0 |V€17,(Z)’ Then (4.3) gives

and therefore ~
lim h£92i+4)
im0 h(yay)
Thus h(y,) # 0 implies that |[A(O~)| = oo, a contradiction, hence h(y,) vanishes
that, as y, was chosen arbitrarily, proves <ih4>. O

= 2D > 1.

Notice that <ih1> is exactly [24, (i”) of Theorem 3.2].
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9. NOTICES AND DISCUSSIONS

Pulling and applying other already known results perhaps most importantly the
range descriptions through our intertwining relations (5.4) and (5.5) will lead to
numerous new results about the shifted Funk transforms and, more importantly
from our point of view, about the Funk-type isodistant Radon transforms.

The k-dimensional isodistants k < n—1 can be defined through the cross-sections
of K with the k-dimensional affine planes (¢ < n — 1). Then our intertwining
relations extend to these k-dimensional isodistants, so the method of [24, Theorem
3.1] extends our support theorems to these k-dimensional isodistants, which would
improve the decay conditions. This time we leave this for the future, but pay
attention to [32], where this is done on the sphere for the 1-shifted Funk transform,
i.e. for the spherical slice transform of Abouelaz—Daher—Helgason-type.

The isodistant of a totally geodesic G* of co-dimension n—k > 1 is like a tube of
co-dimension 1 around G¥. The associated Radon transform REF gives the integral
of every suitable function over every isodistant using the natural measure. This
is quite a different kind of transformation, so our method seems to be unusable,
hence its investigation remains to the future.

Combining the intertwining relations (5.4) for different values of p but with the
same curvature k leads to intertwining relations similar in spirit to those that are
in [3,4,6,7,20,26,30,33, 34, 38] for the sphere, but also for the hyperbolic case.
For instance, we show here two relevant applications of this idea for the sphere
S™ = K. Firstly we improve <ks2> of Theorem 6.4 considerably.

Theorem 9.1.

<ks2» If [p|<1 and he C(S™), then F h vanishes if and only if
NG (0 W) = =Ny~ (b 0 957).

Proof. Since |p| < 1, we have M7, =R" by (4.2). So, by (5.1), we have the
mapping W% : R" — KL+ for every p € (—1,1), where KJ# = Im U1* by (5.2).

Let h € C(S™), and define hff: K;*i — R by (6.7). Using Nzl,;i, given in (5.3),
let f¥ = Np#E (B o WL,

Let ht = (N},;if;t) o ULiE and define the function i: 8" — R by (6.8). Then
h € C(S™) is clear, because lim;_, o [ (tu + P) = h(u + pby1) for every point
PeR"and u e S" 1.

SLhf(pw,q) SLAE (rw,q)

. . :l: _
Since Theorem 5.1 gives T Ry (w,q) = N

(4.15), we obtain the intertwining relation
F;h(w, OV 1+¢2(1-r2) = (Sih;(p; w,q)+51_h; (p; w, q)) 1+¢?(1—r2?)
= (SL At (r;w,q)+St Ay (r;w, q))VI+¢2(1-p%) (9.1)
=Fh(w, q)/T+¢?(1—p?).

Thus F)h vanishes if and only if FLh vanishes.

, by (6.1) and
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Lettlng r = 0, we can use Funk’s result [13] saying that Flh vanishes if and only
if b is an odd function, i.e. b o Wht = —h~ o WL~ By the definition of hE this

is equivalent to N%i +fp+ N}« “fy e ff =1
By the definition of f;t this completes the proof. a

Secondly we prove as an example that only the zero is a common element of the
kernels of two special shifted Funk transforms. This result can be easily extended
to all pairs of the shifted Funk transforms, but, for the sphere, it is done in a more
general manner in [3]. For the other spaces it is left to the future. Notice though,
that if p - r = 1, then there are non-vanishing continuous functions A for which
le,h =Flh=0.

Theorem 9.2. If [p|<1, |r|<1, and he C(S™), then Fyh = Flh = 0 if and only
if h=0.

Proof. Statement <ks2’> says that if [p| < 1, then F)h vanishes if and only if

14+x2(1—p?)
pt++/1+x2(1—p?)

Assume —1 < p < 7 < 1. Starting from any point y; = ¥yt (zo) € I@;jﬂ the
recursion

» (0,7 ().

—hy, (WL (2))=NJ"NEF (R (U7 (x))) =

p p

Y2it2 ‘= ‘I’Z;i(mm)» L2i4+1 = ‘I’f:’i(yzi-u):
Y2i43 = ‘I’?;+(w2i+1)a L2422 = \I}g;+(y2i+3)
generates points for every ¢ = 1,2,.... This sequence of points y,, as it is easy to

see on the rightmost illustration of Figure 8.1, is infinite and the sequences ;|
and y,; tend to the points OF, respectively. Since we have

}~l . — 1 n—1 —p|n—1
lim Ey21+2):‘r+1p ! :‘r—&—ll i > 1,
i—o0 h(ys;) p+11—r
h(yy) # 0 implies that |h(O~)| = oo, a contradiction, hence h(y,) vanishes which,
as Yy, was chosen arbitrarily, completes the proof. O

The kernel descriptions for duplex Funk-type isodistant Radon transforms in
Section 8 could be easily extend for functions in the L' space. For instance in The-
orem 8.1 one should consider a “small” compact spherical cap ); in K} with center
at y;, and show that the sequence of compact neighborhoods Y; of y, generated

% = pp 2 where p denotes the

by the recursion (8.3) is such that lim;
canonical surface measure on the sphere K7.

In the Euclidean space every duplex Funk-type isodistant Radon transform of a
suitable function f is a sum of the Euclidean Radon transforms of f at two different

hyperplanes, i.e. RO f(w,t) = Rf(w, (1 — p)t) + Rf(w, (1 + p)t), where p € R is a
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constant. Recalling the curves of the (p, ¢)-plane mentioned in (1.4), we obtain the
freaky® Radon-type transform

e RO f(w,t) := Rf (w,t — rv/1+2) + Rf (w,t + 71+ t2) (9.2)

if the curve is 72(1+¢?) = p%¢® (r > 0), and the horocyclic® Radon-type transform

f = R f(w, t) :== Rf(w, cot oo — t) + Rf (w, cot o + t) (9.3)

if the curve is ¢ = tana (a € (0,7/2)). The problem of the injectivity of these
Radon-type transforms raises the question of

what kind of transforms M,N of the Grassmann manifold of hyperplanes

make the Radon-type transform RMN: F 5 f s RMNF — (Rf)oM+(Rf)oN (9.4)

to an injectivity on a reasonably large function space F ?

For an instant partial answer, which also generalizes Theorem 8.2, we define
the Radon-type transform R”: f — R” f(w,t) = Rf(w,v_t) + Rf(w, v4t) for the
non-zero vectors v=(v_,v;)€R2

Theorem 9.3. Let f € Coo(R™) and v = (v—_,vy) # (0,0). Assume that R? f(w,t)
vanishes for every t > 1 and w € S~ 1.
(i) If either 0 < |v_| < |vy| or vy =0 or v— = vy, then the support of f is in
the ball [v_|B™.
(ii) If v— = —vg, then f is an odd or even function outside the ball |v_|B™ if
n is even or odd, respectively.

Proof. Recall that Rf(w, ct) = ¢" !Rf.(w,t), where f,.: & f(c:l:), hence R f =
R(v" 'f,_ + vi_lfu), so Support Theorem 2.1 gives that v 'f, + vff__lf}ur
vanishes outside the unit ball. .

If 0 < |u_| < |vy|, then we get that f(y) = ——=

v

-1
*1f(1vfy) for |y| > |v—|. Since

o™

|vy/v—| > 1, we deduce that f(y) = (— ﬁ:)kf(("—*)ky) for every k € N and

v v_

|y| > |v—|. This proves f(y) = 0, because ]: satisfies the infinite decay condition
n—1
that implies ( — zj,l)kf((v—*)ky) — 0 as k — oo.

v

If v =0, then v_ # 0 and we get that f(v_x) vanishes for |x| > 1.
If v_ = vy, then v_ # 0 and we get that f(v_x) vanishes for |z| > 1.

If v_ = —vy, then vy # 0 and we get that f, + (—1)""!f_, vanishes outside
the unit ball. This implies that f,_ is an odd or even function outside the unit ball
if n is even or odd, respectively. O

Notice that (i) is a generalization of [24, (i*) of Theorem 3.2].
The investigation of problem (9.4) remains to a later paper.

5This term was used by Ungar for a very similar problem on the sphere in [37].
6This term comes from the case of a = /4 in the hyperbolic space.
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It is worth paying attention to the relations both the spherical and the hyperbolic
slice transforms have to the weighted versions of the so-called boomerang transform
[11,23], which is in fact the dual of the Radon transform. These relations can be
shown through the stereographic projections I1+; of K.

Finally we note that the inverses ﬁ/gi of the maps given in (5.1) create models
of K in R™. These models are mostly unknown, but the projective Cayley—Klein
models [39] are created by p = 0, essentially the conform Poincare models [2,12]
are created by p = £1, and the Gans models [14] are created by p = +oco. The
corresponding projections \I/’;?i are called gnomonic [41] if p = 0, stereographic [42]
if p = 41, and orthogonal if p = +00, respectively.
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