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Funk-type Radon transformations 1. Raising the problem

Given a totally geodesic G of codimension 1 in a constant
curvature space K! of dimension n € N,. and of curvature
e {1,0,-1}, a connected submanifold D whose points have
a fix distance ¢ > 0 from G, the axis, is called equidistant of ra-
dius 0. We denote the set of 1-codimensional equidistants by E,,
and its subset of the totally geodesics of codimension 1 by G,.

The equidistant Radon transform RE integrates suitable func-
tions by the natural measure over equidistants in E,. It is in-
jective on a large class of functions, because its restriction
RE:=REg, is injective by [19, Theorem 3.2].

Thus, if k # 0, the inversion problem of the equidistant Radon
transform is severely overdetermined, hence the admissibility
problem [12,14] arises:

What are the submanifolds D of E, for which the re-
(1.1)  stricted equidistant Radon transform RE |, is injective
on a reasonable space of functions?

We call these submanifolds D admissible with respect to the . o o

) . . Equidistants of a geodesic in the
chosen space of functions [12, 14], and notice that for instance  poincaré models of K2 for x =
Gy is an admissible submanifold of E,. 1,0, -1, respectively.

Kurusa A. (SZTE TTIK Bolyai Intézet) 1/28 2020. 02. 28.



Funk-type Radon transformations 1. Raising the problem () Rotational hypersurfaces of constant curvature

Letby,...,b,.; be an ONB of R**!. The points p = p\b; + - - - + p,b,, + pp+1b,.1 satisfying

(1.2) Kpi+-+p)+ph, =1

form the hypersurface K" c R"*! that models the con-
stant curvature space K [8] if it is equipped with the
Riemannian metric

(1.3) gep: LK XT, K, > (x,y) r—)inyi+Kx,,+1yn+1.
i=1

The projective surface model ‘7_(;’ arises by using the

canonical correspondence

(1.4) x:K'>E— (E,~E) e K =K".

We introduce

(1.5) K =KINp : (1= 0p.bun) 20},

K =K'\ K", and O = (0,...,0), 0" = (0,...,0,1)

and O =(0,...,0,-1). )

Bijection (1.4) canonically identifies every function & on K} with the even function 2 = h o

on K, so one can consider (1.1) by investigating the even functions on K. It is very

well known that every totally geodesic of K} belongs to the intersection of K with a 1-

codimensional subspace of R™*! [19]. It is almost unknown (see Lemma 5) that every

equidistant of codimension 1 belongs to the intersection of K with a hyperplane of R**!.

Thus (1.1) means considering integration of functions over hyperplane sections of K.
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Funk-type Radon transformations 1. Raising the problem O Known results

We call the intersections of K with hyperplanes slices. The slice transform S, sends every
suitable (not necessarily even) function f on K] to the function S,f on the set of slices such
that it gives for every slice the integral of f over that slice.

We call a set of hyperplane sections in K concurrent if the hyper-
planes pass through a fixed point P of the rotational axis of K.

The shifted Funk transform F£ is the restriction of the slice trans- Po
form S, onto such a concurrent set with fixed point P. There are
numerous results about F{ on the sphere K} = S":

1> Ifd(0,P) < 1, then ker F¥ consists “odd” functions; [23, 25,

27,28];

2> Ifd(O,P) = 1, then F’l) is invertible; (Helgason’s spherical slice
transform [15, Corollary 1.26 in Chapter Ill], see also [1,7,23, Po
25,28));

43> Ifd(0,P) > 1, thenker F} consists “odd” functions; [3, 4];
«f4> If P is the ideal point of the rotational axis, then ker Ff consists
the functions that are odd in the third component; ([13, 16,
33)). Pe
Further a different result built on the previous ones:
«f5> If the line of the “unharmonic” points P and Q intersects S",
then ker F” N ker F]Q = (). (Agranovsky & Rubin [5, 6]).

(o)
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Funk-type Radon transformations

2. Preliminaries and preparations (O Rotational hypersurfaces of constant curvature

The gnomonic projection T1° of K through O to the hy-
perplane A} of equation x,.; = 1, equipped with the
ideal hyperplane, gives the Cayley—Klein models of the
constant curvature spaces.

The domain M, of such a Cayley—Klein model, is A}
with the ideal hyperplane if k = +1, A} if k = 0, and the
interior of the unit ball B} centered to O* in A if k = —1.
The geodesics are the chords (or lines) of M'Z,p the to-
tally geodesics are the n-dimensional slices (or hyper-
planes) of B or A}, respectively [8].

Since K is a rotational manifold, it is determined by the
size function o, [17] (the geodesic sphere of radius r isometric
to the Euclidean sphere of radius o (r)).

The projector function 7, defined by TI°(rw) = 7.(r)w [19], the injectivity radius is 1, the

geodesic injectivity radius is p,, and we introduce 7,(-) := /1 — k 52(").

K (type)

| «| o

Ay

|

123
K", = H (hyperbolic) | —1 | sinh | tanh | cosh | oo | o
K = A" (Euclidean) | 0| Id | Id 1 | o | o
7%{1 = §" (elliptic) +1 | sin | tan | cos | @/2 | &

The metric d, on K is determined by the Riemannian metric (1.3).
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Funk-type Radon transformations 2. Preliminaries and preparations O Equidistants are slices

We parameterize the manifold G, of the totally geodesics in K on 8" x [0, p,) so that
the totally geodesic Q(w,g) is perpendicular to the geodesic ¢ — Exp,-(tw) and contains
Expy:(gw). Thus P(w, g) = {x : g = (w,x)} are the hyperplanes in R"*!, where g € [0, c0).
We parameterize on 8" x {(g,0) : g € [0,p,) and ¢ + g € (—px, p.)} the manifold &, of the
equidistants in K" so that

Dw, g; 0) is the o-equidistant of the axis G(w, g) € G, that passes the point Exp, (w, g+0).
o w

o
& G =Expy(gw) = Expy((g +0w)

Gw. g)

Lemma. Foranyw = (wi,...,w,1,0) € Si™' we have
w— Tx(g)bnﬂ O—K(Q) )
VI+729)  +ni(g) +o2(g)

2.1) Dw. g:0) = K nP(
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Funk-type Radon transformations 2. Preliminaries and preparations O Equidistants are slices
Proof. Formula (2.1) clearly holds for « € {0, 1}, so we assume « = —1 from now on.
Firstly we determine the point D of K", N P(X2u 1) closest to point O*, where r € R.

Y, 1+tanh? g

Figures below show the section with the plane containing O, O*, G and D.

0.1 ] =
S
+
%)
b=t
=
0 - A
—w 0,0) O (0, ())Ob—w)
Both figures show that triangles A(OXY) and A(DZY) are similar and the ratio of the similarity
ia DDt _ o _ tanh(g+0)—tanh g o /1-tanh? g
is == = cosh(g + 0) — 1. This gives r = = sinhp—=.
00 g+0) 9 g Vi-tanh?(g+) \/1+tanh? ¢ e Vi+tanh? g
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Funk-type Radon transformations 2. Preliminaries and preparations O Equidistants are slices

Now we determine the slice C = K, N P(2imhsbu )

V1+tanh? g ’

For any unit vector w every point of R™! can be uniquely written in the form xw +yw* +zb,..,
where w is a unit vector in the orthogonal complement of the plane spanned by w and b,,,;.
In this form a point is in slice C if and only if z

K +y*+1=7 and ztanhg = x — r4/1 + tanh’ g,

hence the expression for C is

¥+ +1=(xcothg —r4/l +coth’g)> ifg#0,

Py +1=2 ifg=0.
To find the representation of C in the Poincaré model, Y
we need the stereographic projection P
-1 1 X y L 1
O xw+yw +zb, . > —w+ —w" = sw+iw

1+z 1+z
into the subspace Aj of equation x,.; = 0.

Thus the image IT"!(C) is the solution of the equation

1 2 2(1 + tanh® g) — tanh®> g + 1
2.2) (s + )+z2=r( anh’g) — tanh’g + 1

r+1 +tanh® g — tanh g (r+/1 + tanh? g — tanh g)?
which is a sphere, hence, because H‘l(‘IA(fl) is the Poincaré model, C is an equidistant, so
the Lemma is proved.

]
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Funk-type Radon transformations 2. Preliminaries and preparations O Equidistants are slices

A hyperplane, if rotations around the rotational axis are disregarded, is determined by its
distance r from the origin O and by its intersection pb,., with the (n + 1)th axis. So an
equidistant D(w, g; 0) belongs to the hyperplane given by the pair (p, r), where

if
_[r@in@. itgx0. o el

p=1. . a ,
sign(o)eo,  ifg =0, Vi (g) + o3(g)

Note that g > Oifand onlyifp e R, g =0ifand only if p = —c0, and p =0 if o = 0 and g > 0.
Notice, that every slice belongs to equidistant if x = 0 or k = 1, but
if x = —1, then the slices with r > |p|/ V2 are not equidistant.

For every p € R U {+oo} let A be the hyperplane of equation x,.1 = p, and define the

(23)

projection TP’ : R"*' \ Ay — A" | by
., =2 p+1) ifpeR,
P Qxpy ey Xy Xpgr) = § 4177 ERNRA . P
(X1, .+ ., X, £00) if p = +oo.
Define E: R* — A7 c R™' by L
E(xi.....%) = (x1.....%,,0). Then it =8 ifk=-landp|<l,
is easy to see that R", ifk=—1and|p|>1o0rp = +oo,
\ (7! TP n

(2.4) Moy =T () M R", ifk=0andp eRorp = +oo,

=(p+ Db, + EIM.). kp )

P+ Dbyt + EOM,) " R, ifk=1landp<1,

The new models M;,, of K} repre- L@ ifk=1and 1
sent the equidistants given by (2.3) 21 itk = Tand|p> 1,
with straight lines or chords. B, if k=1andp = +oo.
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Funk-type Radon transformations 3. The slice transform O Specialties for p

Fix a unit vector u € S"NA;. Then every point of M,'j;,, = II’(K}) in the subspace generated
by u and b,,; can be written uniquely in the form pb,,, + eu, where e € R. So there are
coefficients v € R such that the point EY = pb,.; + v(b,.1 + eu) is in K.

o+ ] Gin(@d (0%, 7)), 1) EY
° ‘e !
@D 7 ‘ 1
Jé}ofx : :
VAN | |
Ell’+ :
[0 o* !
10,0 o1 &
" =]
,/plz_] B]HI @Qn %
_\ e/ /. B p+1 e / o
©O,p+1) H"(E’l’;i) O,p+1) H”(Ef;li) 6+
D, — 0 'S t
E| 0,07 u i
(0,p)4 (0,p) -

Thus kv?e? + (p + v)* = 1 follows that gives two solutions

4+ 1l —x2(2 — 1 . . '
s 07D it define E7#(e) = phyar + () (Brer + ().

(3.1) VW (e) := o
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Funk-type Radon transformations 3. The slice transform O Specialties for p
(3.5) and (2.4) allow us to define the mapping
(32) I:If:;i: Mz;p Sxu+ ([7 + l)bVH-l = prH—l + Vz;i(x)(bn-v»l +Xll) € 7(:
Observe that by (2.1) we have
—gb, _
m qlpl )DM”_ _

q
Vit T+ & {<",W>

so we define the special slice transforms S; of a suitable function 7 on C(K') by

(8.3) SEh(p;w,q) = f h(ﬁfj‘*(eq((w, uYu + (p + 1)b,,+1))wff;"(u) du,
Sn—l

W.q

2( wiueST 0 M,

Kp°

where ¢,(x) = g/x for every x € (0,1], Siy)} = {u € S;™' : e,(w,u)u € M.}, du is the
standard surface measure of S;™', and «; is the density pulled back by TI;™ from the
hypersurface K N P(2=Lut 4ol )y,

Vi+g? \/ 1+¢2

- d(e, o cos)
If n = 2, then we clearly have w};(u) = "—

(arccos({w, u)))‘.

d; e(w.w)| |

For higher dimensions this only has to be multiplied by o2 (d, (0+ EVE (e ((w,u))))) =
o (d (0%, EF (€)= [, BT (e)) =10 (e )ley, because K., is a rotational manifold.
A long and not straightforward calculation then results in

Lo VU)W

(3.4) Wg () = ,
q V1 —keX(p? -1

where e = ¢,((w,u)). Ke(p )
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Funk-type Radon transformations 3. The slice transform O Specialties for

Fix a unit vector u € S" N A;. Then every point of H”(??;’) in the subspace generated
by u and b, can be written uniquely in the form cob,,; + eu, where ¢ € R. So there are

coefficients v € R such that the point E;° = vb,,; + eu is in K.

o+ Gin(d (0" EF). 1)
° . 00;+
o0 T D E
> : o+ d,\ko
79N .
SE ©. DT (sinh(d_1 (0%, E5"), 1)
0 u
(0,0)
[ ]
003 — 0]
SR
Ei 0,0)] u
B 0w e JITET) Al (0.-c0) e ITV(ET”
Thus ke? + v? = 1 follows that gives two solutions
(8.5) V¥ (e) := £ V1 — ke? that define E;"*(e) := vy (e)b,.1 + eu.
This and (2.4) allow us to directly define the mapping
(3.6) 5% ML, 3 xu + 0ob,,y > £ V1 — kx2b,,; +xu € K.
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Funk-type Radon transformations 3. The slice transform O Specialties for

Observe that by (2.1) we have

P(w,q)ﬂ/\_/(ﬁ;mz{ u:ueS; '}OM”

K300

q
(u,w)

so we define the special slice transform S;** of a suitable function 4 in C(K!") by
(3.7) Seteoiw.) = [ BT e w. i + b)) i
Sid

where e,(x) = g/x for every x € (0,11, Si)} = {u € S§7' : e,((w.u)u € M.}, du is the
standard surface measure of S¢™!, and wf’q* is the density pulled back by IT;** from the
hypersurface 7(;’ NPw,q).

d(e, S)
eq(w,u))| \—
For higher dimensions this only has to be muItlplled by o2 (d, (0+ EZ*(e,((w,u))))) =
o (d (O, EZ*(e,))) =u, E*(e,)) =e,, because K is a rotational manifold.

If n = 2, then we clearly have w;;*(u) =

(arccos({w, u)))|.

This time a straightforward calculation results in

omu)\T= kg
q+J1 = ke2((w,u))

(3.8) Wey W) = —/————
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Funk-type Radon transformations 3. The slice transform (O Definition

We define the slice transform S, of a suitable (not necessarily even) function i on K so that
the function S,/ on the set of hyperplanes takes the integral of 4 by the the natural measure
over the slice PN K, if PN K, #, and it takes 0 if PN K = 0.

To make the later use easier, we extend definitions (3.3) and (3.7). If p e R and ¢ > 0 and
the hyperplane

Ew) - gbur1  4lpl q
Vitg i+ (u,w)

does not intersect K, then we set Sth(p;w, q) := 0. Further, if g > 0 and the hyperplane

P(E(w), g) does not intersect K, then we set S h(co;w, q) := 0. /

(3.9) 7)( ) = span [an+l 5 (P + Dby +{ uue 3371}]

With these extended definitions we can determine the slice
transform as 1

Sch(p;w, q)

Sih(p;w,q) + Sch(psw,q),  ifpl # 1,

St h(p;w,q) +S” h(p;w,q), ifp==+landk=-1,
S{hpsw,q) + S§h(—-p;w,0), ifp=xlandk =0,
STh(p;w, q), ifp==+landk=1, p+l

where p e RU {+oo}, w € 8" and ¢ > 0. p/
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Funk-type Radon transformations 3. The slice transform O Intertwining relations

Following (2.4) we define the mappings T/ : M, — K by i
it
! *(E@)+ (p + Db,y1), ifpeR,
(31 0) Tﬁ’i(x) - ~ DOAi( (x) (p ) 1) . p
HK ’ (E(x) + ooerl)v |fP = 0,
where IT2* and I17* are given by (3.2) and (3.6), respectively. . K e
Further, let T2 be the inverse of T;*, and define the spaces Ko
K = ImT0%, and K. = Im T, P
The operators Ni™: C(My,,) 3 f + NZ*f are defined by
fObEERr
LA S
(3.11) NZf: M2, 3 x> N‘K’;*f(x)z{ Vi
Vi ifp = co,

where v/* is given by (3.5). The inverse of NJ'™ is NZ™*,
The following intertwining relations with the classical Radon
transformation R generalize the presenter’s [19, Theorem 2.1].

Theorem. If f € C(M;,) is such that Rf exists, then the func-
tions h*: K:,. — R defined by h* o T = N satisfy for
every q # 0 that

(3.12) SEhE(psw, q) = V1 + k> (1 — p2) RF(w, ). K
(3.13) SEh*(co;w,q) = V1 — kg*Rf (w, g). i
-1ipi—
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Funk-type Radon transformations 4. Shifted Funk-transforms O Preliminaries and definition

If £L c K is a bounded open convex domain, then C,,(K, L) (m € N) is the set of all
continuous functions & € C(K}) that satisfy the decay conditions h(E) = O(1) o (d«(E, O))
as d(E,0) — 1, and h(E) = O(1) o ;"(d(E,0L)) as E — 0L, where O € K is any fixed
point, and the usual big-O notation is in use. We use the abbreviation C,,(K") = C,.,(K!, 0),
and the notations C,, (K2, p) := C,(K?, K2,..) = Cu(KIL K2, ) (p € R U {£o0}).

Support Theorem of Helgason [15, Theorem 2.6 of Chapter I].

Iff € Co(R"), and there exists a constant A > 0 such that Rf(#) vanishes for every hyper-
plane farther from the origin than A, then f(x) = O for |x| > A.

(Counter examples show that the decay condition can not be dropped [15, Remark 2.9 of Chapter I].)

As K is a rotational manifold, we can define the non-negative functions @

oo, if |p| < co and kp? < &, %/;W )
& 10,6,) - R, where £ 1/\IPP=1], iflpl<candsp®>«k, 1 S ve
8 (el) = d(0*, TEF (), SRS itpl=coandk=1, |

0, if |p| = co and k < 0. il

We have o(6;*(¢)) = Vi (e)e and 1,5, (¢) = p + () if p € R,

. 00+ 00+ . p
while o(6; 7 (e)) = e and (67 " (e)) = VI —ke? if p = co.

We define for every p € R U {+o0} the p-shifted Funk transform (This term follows the phrasing in
[5].) of a suitable function & on K" by Fih: S™' X R.o > (W, q) — Sh(p;w, q).
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Funk-type Radon transformations 4. Shifted Funk-transforms O Support theorems

As in [19, Theorem 3.2], pulling the Support Theorem of Helgason back to K through the
adequate intertwining relation of (3.12) and (3.13) is again efficient.

<sel> If he Co(K, 1) and FE'h(w, q) = 0, for every g >s>0 and w € 8", then h(Exp,: (ew)) vanishes for
every e < 2arctans andueS"'.

«se2> If|p| < 1, h € Co(K},p) vanishes on 7?;1%1, and Flh(w,q) = 0, for every g > s >0 and w € "™, then
h(Exp,- (ew)) vanishes for every e > 6*(s) and ue S"".

«sed If p| > 1, h € C(K}) vanishes on ‘f(ﬁp;i, and F’{h(w, q) = 0, for every g > s >0 and w € 8™, then
h(Exp,- (ew)) vanishes for every e > 6*(s) andue S"".

«sed> If he C(K}) vanishes on 'f(l";m;;, and F°h(w, q) = 0, for every g>s>0 andw € S, then h(Exp,- (eu))
vanishes for every e > arcsin(s) and u € S™!.

«spl> Ifhe Co(KT, +1) and Fg‘h(w, q) = 0, for every g>s>0 and w e 8", then W(EXp,-(en)) vanishes for
everye>2s andueS".

«sp2> If|p| # 1, he Co(KG, p) vanishes on (k&p;x: and th(w,q) = 0, for every g>s>0 and w € S*"\, then
h(Exp, (ew)) vanishes for every e > | —p + 1|g andueS"".

«sp3>  If he Coo (K7 vanishes on 7?6‘:00;;, and Fyh(w, q) = 0, for every g>s>0 and w €8, then h(Exp,)- (eu))
vanishes for every e > s andueS"".

«sh1> If h € C,(K",,0) vanishes either on 7v(f] or on ‘f(fl, and F?lh(w,q) = 0, for every g > s € (0,1) and
weS", then h(Exp,: (en)) vanishes for every e > 2 artanh(s) and ueS"".

«sh2> If|p| # 0, and he C,_1(K",, p) vanishes on 'f(j] oron ‘f(f] according top < 0 orp > 0, respectively, and
F? lh(w], q) = 0, for every g > s >0 and w € 8"\, then h(Exp,,. (eu)) vanishes for every e > & ‘1* (s) and
ueS" .

«sh3> If he C(K™,) vanishes either on '7v<fl oron 'f(fl, and F* h(w,q) = 0, for every g>s>0 andw € Szaly
then h(Exp,: (ew)) vanishes for every e > arsinh(s) and ue S*~'.

Kurusa A. (SZTE TTIK Bolyai Intézet) 16/28 2020. 02. 28.



Funk-type Radon transformations 4. Shifted Funk-transforms O Kernel descriptions

l” y 1
~ I ~
(Kil;p;Jr i Kipir
RVL
p+1
0,020 ¢ (0, 0) 0] ¢
p
e e & Zn
K
=lq = i 2
n p—
7(I P R”
!

Theorem.

ks1> If |p| < 1 and h € Cu(K],p), then F\h vanishes if and only if there is a function
[ € CaMy,) such that +hy o T/ = N{™f.

<ks2> If|p| > 1 and h € C(K},p), then F’fh vanishes if and only if there is a function f €
C(M;,) such that +hy o TV = Ny*f.

ks3> Ifh € C(KT, c0), then F°h vanishes if and only if there is a function f € C(M.,) such
that h% o T = f.

v

Kurusa A. (SZTE TTIK Bolyai Intézet) 17/28 2020. 02. 28.



Funk-type Radon transformations 4. Shifted Funk-transforms O Kernel descriptions

~ 1 [ 1 L 1 ‘
Kopss , / Ko / Kopse |
/ / |
o ./ g o 0 :
P+ 10.0) (0,0)¢ — (0,000 |
p+1 / |
/ / !
~ P Y n |
Kope 1) S Kope -1 .
» *
p’ 17!'/ -0 | R"
Theorem. .
<kp1> Ifp = £1 and h € C(K7), then Fih vanishes if and only if h vanishes on K, ., and

the integrals of h over the lines through O* in 7?6’;_[,;i vanish.

<kp2> If|p| # 1 and h € C(Kj), then F‘l’h vanishes if and only if there is a function f €
Co(M;,) such that hy o T¢* = NG™f.

kp3> Ifh € Co(K7), then Fh vanishes if and only if there is a function f € C(M,) such
that £h%, o T3™ = f.

v
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Funk-type Radon transformations 4. Shifted Funk-transforms O Kernel descriptions

| |
| o J
. | 7(—1:17;+ |
1 | |
I 1 I
| |
l l
| |
| |
. (0,000 P | (0,090 |
1 n I |
- p+1] 77 | |
| |
-1y i -1 i
% : K D : R”
i \ |

Theorem.

<kh1> Ifh € C,(K")), then F‘jlh vanishes if and only if there is a function f € C(M, ) such
that +h o T%* = N%'f.

<kh2> If|p| € (0,1) and h € C,_ (K" |, p), then F? h vanisl_1es if and only if there is a function
f € CoM,,) N Co(M”, ) such that +h;, o T = N

<«kh3> If|p| > 1 and h € C(K",,p), then F \h vanishes if and only if there is a function
feCMm”,,) such that iy, o T = NP

<khd> Ifh € C(K")), then F= h vanishes if and only if there is a function f € C(M",. ) such
that +h% o T/ = f.

v
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Funk-type Radon transformations 5. Funk-type Radon transforms O Equidistants
The double covering of K! given by (1.4) can be re-
duced by taking the spaces 7?;’ :7?;’;,00;+\ﬂg, and the
identifying mapping

$e: K" 5 E - (E,—E) € K" = K.
Then g, is bijective for k < 0, but it is only injective for
k =1, because y,(S" N AY) is not in its image.
The equidistant Radon transform of Funk-type I-E{’K’ the
restriction of the shifted Fynk transform to the set of
hyperplanes intersecting K in equidistants, sends a
suitable function 4 € C(K}) to
(5.1) Rihw,g) = Flhw,7,(g)), ifpeR, whereweS™", g.0€[0.p,), and
hG(E)), ifE ek,
0, otherwise.

(5.2) RCh(w.0) = FPhw,o(0). 1tp=c0, . K" 5 E - I(E) = {
In the elliptic case, every non-degenerate slice of (f({’ is a part of an equidistant in K7, so

the properties of ﬁf are essentially similar to that of F’l’.

In the parabolic case, every slice of ‘kg is an equidistant, so the properties of ﬁﬁ are exactly
the same as the properties of Fﬁ (i.e. essentially a reparameterization the classic Radon transform).

The hyperbolic case differs significantly, because a slice is not necessarily an equidistant.
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Funk-type Radon transformations 5. Funk-type Radon transforms O Equidistants

In the hyperbolic case, if a normal vector n of a hyperplane P fulfills (n,b,.,) > 1/ V2, then
the intersection PNK" | is not an equidistant, because there does not exist a totally geodesic
of co-dimension 1 whose hyperplane’s normal vector is parallel with n. These hyperplane
sections of 7A(ﬁ'1 and the corresponding hypersurfaces in K" , that are not equidistant, are
called virtual equidistants. (Virtual equidistants are the horocycles (paracycles) and circles in the hyper-
bolic plane. Equidistants are the hypercycles. See [36].)

NI

Equidistants (continuous magenta arcs) and virtual equidistants (dashed pink circles) in the
Poincaré model of the hyperbolic plane for p € (0, 1), p = 1, p > 1, respectively.

As figures clearly show one can not have support theorems if p = 1, but support theorems
do exist for functions having support in the ball of radius |In p| with center at O ifp # 1.

For properly formulated theorems in all three cases « € {1,0, -1} see [20].
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5. Funk-type Radon transforms Q) Isodistants

Funk-type Radon transformations

Other way to overcome the double covering of K is to restrict the
function space under investigation to the even functions on K.
The isodistant Radon transform of Funk-type R., the restriction of

the shifted Funk transform of even functions on K’ to the set of hy- 0
perplanes intersecting K in equidistants, sends a suitable function

h e C(K}) to
(5.3) RCh(w,g) = Flh(w,7.(g)) ifpeR,weS"", gel0,p0), SO IONN
(5.4) RZh(w,p) = FTE(W,O’K(‘Q)) if p=oco,weS" 1, 0el0,p0), 1‘///’/ - ‘o
where ii: K7 3 E — I(E) = h(x,(E)). i S
This means integration over the isodistants of K. 1

o (o}

) C

o o
(Isodistants of a geodesic in the Poincaré models of K2 for « = 1,0, -1, respectively.)
22/28 2020. 02. 28.

Kurusa A. (SZTE TTIK Bolyai Intézet)



Funk-type Radon transformations 5. Funk-type Radon transforms O Isodistants

Observe that from any pointy, = T4 (xo) € 7?;’ (p € R U {£o0}) the recursion

(5.5) Yaira = T07(00), Yoz = —Yaias Xiv1 1= Tg+(y2i+3) € M:;p

generates points for every i = 1,2, .... This sequence of points y; is finite if [p| = 1 or p = +oo.
Otherwise we get an infinite sequence, and it is easy to see that the open segment of xy;
and x,;;; contains 0 for every i € N, and we have x,; —» 0 and xp;,; — 0 asi — co.

Vi

Lo
Ve Y1 Vs V755
y
\ | i 3
\ l 1 »
s)3 Yie \ ! 1 ,/
i ] \ h : ,
I I \ h y
1® ! /
I I Y
| .0 | \\ o (‘ // ]/ //
: : \ | / 0se, / _eY
\ I / : -
| l \ | / 1// -7
() . \ I / e
0)4 Vs o . e
1 1 * o 12 ///IP
I I y4\ Yo / .// y
! 1 \ / /
| | \ " // Y ‘.’
| | Y4¥s
| |
| |

The first points generated by (5.5) if p = oo, |p| > 1 and |p| < 1.
This means that the sequences y,;,,; and y,; tend to the intersections O* = K N OP, re-

spectively, where P = pb,,, as usual.

2020. 02. 28.
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Funk-type Radon transformations 5. Funk-type Radon transforms O Isodistants

Theorem. The isodistant Radon transform of Funk-type on the elliptic space.

del> Ifh € C(KY), then R*h vanishes if and only if there is an odd function f € C(M{._)
such that +h%, o T = NU“f, where h = h o x,.

<ie2> If|p| > 1, then R is injective on C(KY, p).

e3> If|p| < 1, then R is injective on Co (K%, p).

Sketch of the proof. <ie2>: By the symmetry of " = K| we can

assume p < —1. o
Vi Vi 1Y

Assume that i € C(K},p) is in the kernel of R}. This means that '\ 7 ! 5

F"h vanishes for the even function i € C(K", p). Thus there exists a | [

function f € C(M, ) such that +ht o TV = NI'f.

Since £ is even, we have h(y,;,,) = h(y,;) for every i € N, so

M) B0y B0x)  -NEf) AT

(5.6) —2ix2) = 2 _ _ N W |
M) hs) ) N (D
However (3.5) gives ¢, := lim, j @l _ lime_,0| -p+ \/1 pz((,p,z : |
—I’— —e~(p=
2t > 1, and therefore lim;_., 922 = ¢2) > 1. Thus h(y,) # 0

h(ya;) 4
implies that [2(0*)| = o, a contradiction, hence &(y,) vanishes that
as y, was chosen arbitrarily, proves <e2>.
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Funk-type Radon transformations

5. Funk-type Radon transforms Q) Isodistants

Theorem. The isodistant Radon transform of Funk- | 3 Y7 “y 3 Rad
type on the parabolic space. | ! /
dp1> If h € Co(KY), then RFh vanishes if and only if h ! Os i //
is an odd function. \ f J
<p2> Ifp € R, then R} is injective on Co(K7). Lo K
\ | /
Observe that ol
Ya' ‘0’6 Y2
1 //
(5.7)  Rbh(w, 1) = Rh(w, (1 — p)) + Rh(w, t(1 + p)) v Yie
Py y: J’7. Y5 /)
Theorem. The isodistant Radon transform of Funk- o /
type on the hyperbolic space. Vo )/
dh1> Ifh € Co(K")), then R™ h vanishes if and only if ' “ /
there is an odd function f € C(M,. ) such that P'J /
£ o T = NP5°f, where h = h o . ‘] A
«ih2> Let|p| > 0, |p| # 1, and let h € C(K" , p) is such vy K
that h(Exp,+(ew)) vanishes for every e > |In|p|| y4‘by "yﬁl"y2
andu € 8*'. If R” h vanishes, then h vanishes 0o
too. /
h3> IfR°, is injective on C,(K" ).
2020. 02. 28.
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Funk-type Radon transformations 6. Discussion

Pulling and applying other, already known results, perhaps most importantly the range de-
scriptions, through our intertwining relations will give numerous new results about the shifted
Funk transforms.
Following the method of the presenter’s [19, Theorem 3.1] will extend and sharpen the
support theorems to shifted Funk transforms of lower dimensional equidistants.
Observation (5.7) raises the question

For what kind of transforms M,N on the Grassmann manifold of hyper-
(6.1) planes does R™Nf = (Rf) o M+ (Rf) o N determine the function f taken from

a reasonable big function space?
For an instant answer we can generalize (5.7) by considering the transformation
f e Rfw, ) = Rf(w,vit) + Rf (w, v,21), where v = (v, v,) and 0 < v < v,.

Theorem. Let f € C(R") be such that for every k € N the function x — f(x)x|* is bounded.
If R’f(w, t) vanishes for every t > 1, then the support of f is in the unit ball 8".

Proof. Since Rf(w,ct) = ¢"'Rf.(w,1), where f.: x — f(cx), we have R’f = R("'f,, +
vi~'f,,). So the Support Theorem of Helgason gives that v/~'f,, + v4~'f,, vanishes outside

-l . pi-l
the unit ball. Thus, f(x) = —2<f(x%2) if [x| > 1, hence f(x) = (— 15)F(x(2)") for every
vy V2 vy V2

k € N. As f satisfies the infinite decay condition, we have ( —

vnfl .
L () - 0tk — oo,
2

hence f(x) = 0 follows.

[ |

Kurusa A. (SZTE TTIK Bolyai Intézet) 26/28 2020. 02. 28.



Funk-type Radon transformations 6. Discussion

It seems also interesting to consider the manifold of equidis-

tants whose hyperplanes have constant distance r € (0, 1) '\

from the origin of R"*!. Schneider proved the following ‘\\

“freaky” (this term is from Ungar [32]) result in [30]: ) /

The manifold of hyperplanes touching rS" (r € [0, 1)) is

«s1> admissible if r is not a root of any Gegenbauer
polynomial of weight (1 — x2)'%";

«82> inadmissible if r is a root of an even Gegenbauer
polynomial of weight (1 — x2)"%". \ T
Considering the Euclidean with respect to the family of \ \
isodistants given by the manifold of hyperplanes that are ! O
tangentto rS” (r € [0, 1)) leads again to problem (6.1) about \
the Radon transform VT

F o ROFow.0) = Rfw. 1 — r VI + 2) + Rfow, 1 + r VI + ). =l

One could also ask for determining the surface to which the \

hyperplanes of an admissible family are tangent:

1> The restriction of RE onto the slices the hyperplanes of
which are tangent to a fixed spheroid in the interior of
B" that touches exactly one pair of antipodal points is
invertible. (Salman [29]);

-
=
\‘1
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Funk-type Radon transformations 6. Discussion

The inverse T¢'™ of the map T¢: M;., — K given in (3.10) embeds a model of K into R".
These models are mostly unknown, but

> itis the Cayley—Klein disc model [34] with the gnomonic mapping T° [35] if p = 0,

«i> it is the Poincaré disc model [36] with the stereographic mapping T=! [37] if p = 1,
dii> it is the Gans model [11] with T is the orthogonal projection if p = +oo.
Finally we show how to calculate directly the equidistant Radon transform on K. Let D be
the point in D(w, g; ) closest to O, and let E € D(w, g;0). Let G and H be the orthogonal
projections of D and E into G(w, g), respectively.

(0]

A qualitative depiction of an equidistant with its geodesic axis
Then G is the point of G(w, g) closest to O, ¢ = d.(0,G), 0 = d(G,D), j = d(G,H),
h = d(0,H) and ¢ = d,(O,E). Further the angle of the geodesics OH and OG at O is
a € (—m,m), and let € be the length of the shortest arc in D(w, g; 0) that connects E to D.
It is well known for the curvatures k = +1,0, but also proved for «k = —1 in [31, p. 68], that
= n0).
Kurusa A. (SZTE TTIK Bolyai Intézet) 28/28 2020. 02. 28.



Kurusa Arpad http://www.math.u-szeged.hu/tagok/kurusa
SZTE TTIK Bolyai Intézet kurusa@math.u-szeged.hu



http://www.math.u-szeged.hu/tagok/kurusa
kurusa@math.u-szeged.hu

Funk-type Radon transformations

Bibliography ordered by authors |

(1]

2

[3

(4]

Kurusa A. (SZTE TTIK Bolyai Intézet)

A. Abouelaz and R. Daher, Sur la transfor-
mation de Radon de la sphére $¢, Bull. Soc.
Math. France 121 (1993), no. 3, 353-382,
https://doi.org/10.24033/bsmf.2212
(French, with English and French sum-
maries).

D. V. Alekseevskij, E. B. Vinberg, and A. S.
Solodovnikov, Geometry of spaces of con-
stant curvature, Geometry, Il, Encyclopae-
dia Math. Sci., vol. 29, Springer, Berlin,
1993, pp. 1-138, https://doi.org/10.
1007/978-3-662-02901-5_1.

M. Agranovsky, Injectivity of pairs of non-
central Funk transforms, arXiv 12 (2019),
no. 05485, available at https://arxiv.
org/abs/1912.05485.

M. Agranovsky and B. Rubin, Non-geodesic
spherical Funk transforms with one and two
centers, arXiv 4 (2019), no. 11457, available
athttps://arxiv.org/abs/1904.11457.

[3]

6

(7]

8]

1. References

M. Agranovsky and B. Rubin, On single and
paired shifted Funk transform, Cormack
Conference (2019), available at https:
//math.tufts.edu/faculty/equinto/
Cormack2019/AbstractBook.pdf.

M. Agranovsky and B. Rubin, On two fami-
lies of Funk type transforms, arXiv 8 (2019),
no. 06794, available at https://arxiv.
org/abs/1908.06794.

Y. A. Antipov, R. Estrada, and B. Rubin,
Method of analytic continuation for the in-
verse spherical mean transform in con-
stant curvature spaces, J. Anal. Math. 118
(2012), no. 2, 623—656, https://doi.org/
10.1007/s11854-012-0046-y.

J. W. Cannon, W. J. Floyd, R. Kenyon, and
W. R. Parry, Hyperbolic geometry, Flavors of
geometry, 1997, pp. 59-115.

2020. 02. 28.


https://doi.org/10.24033/bsmf.2212
https://doi.org/10.1007/978-3-662-02901-5_1
https://doi.org/10.1007/978-3-662-02901-5_1
https://arxiv.org/abs/1912.05485
https://arxiv.org/abs/1912.05485
https://arxiv.org/abs/1904.11457
https://math.tufts.edu/faculty/equinto/Cormack2019/AbstractBook.pdf
https://math.tufts.edu/faculty/equinto/Cormack2019/AbstractBook.pdf
https://math.tufts.edu/faculty/equinto/Cormack2019/AbstractBook.pdf
https://arxiv.org/abs/1908.06794
https://arxiv.org/abs/1908.06794
https://doi.org/10.1007/s11854-012-0046-y
https://doi.org/10.1007/s11854-012-0046-y

Funk-type Radon transformations

1. References

Bibliography ordered by authors II

(9]

[10]

(1]

[12]

[13]

Kurusa A. (SZTE TTIK Bolyai Intézet)

H. S. M. Coxeter, Non-Euclidean geometry,
6th ed., MAA Spectrum, Mathematical Asso-
ciation of America, Washington, DC, 1998.
P. Funk, Uber Fliachen mit lauter geschlosse-
nen geodétischen Linien, Math. Ann. 74
(1913), no. 2, 278-300, https://doi.org/
10.1007/BF01456044.

D. Gans, Classroom Notes: A New Model of
the Hyperbolic Plane, Amer. Math. Monthly
73 (1966), no. 3, 291-295, https://doi.
org/10.2307/2315350.

I. M. Gel'fand and M. I. Graev, Integral trans-
formations connected with line complexes in
a complex affine space, Dokl. Akad. Nauk
SSSR 138 (1961), 1266—1269 (Russian).

S. Gindikin, J. Reeds, and L. Shepp, Spheri-
cal tomography and spherical integral geom-
etry, Tomography, impedance imaging, and
integral geometry (South Hadley, MA, 1993),
Lectures in Appl. Math., vol. 30, Amer. Math.
Soc., Providence, RI, 1994, pp. 83-92.

[14] E. L. Grinberg,

[15

[16

[17

]

]

The admissibility theo-
rem for the spatial X-ray transform over
the two-element field, The mathematical
legacy of Leon Ehrenpreis, Springer Proc.
Math., vol. 16, Springer, Milan, 2012,
pp. 111-123, https://doi.org/10.1007/
978-88-470-1947-8_8.

S. Helgason, Integral geometry and Radon
transforms, Springer, New York, 2011.

R. Hielscher and M. Quellmalz, Reconstruct-
ing a function on the sphere from its means
along vertical slices, Inverse Probl. Imaging
10 (2016), no. 3, 711-739, https://doi.
org/10.3934/ipi.2016018.

Wu-Yi Hsiang, On the laws of trigonometries
of two-point homogeneous spaces, Ann.
Global Anal. Geom. 7 (1989), no. 1, 29-45,
https://doi.org/10.1007/BF00137400.

2020. 02. 28.


https://doi.org/10.1007/BF01456044
https://doi.org/10.1007/BF01456044
https://doi.org/10.2307/2315350
https://doi.org/10.2307/2315350
https://doi.org/10.1007/978-88-470-1947-8_8
https://doi.org/10.1007/978-88-470-1947-8_8
https://doi.org/10.3934/ipi.2016018
https://doi.org/10.3934/ipi.2016018
https://doi.org/10.1007/BF00137400

Funk-type Radon transformations

1. References

Bibliography ordered by authors Ili

[18] A. Kurusa, New unified Radon inversion for-
mulas, Acta Math. Hungar. 60 (1992), no. 3-
4, 283-290, https://doi.org/10.1007/
BFO0051646

[19] A. Kurusa, Support theorems for totally
geodesic Radon transforms on constant cur-
vature spaces, Proc. Amer. Math. Soc. 122
(1994), no. 2, 429-435, https://doi.org/
10.2307/2161033

[20] A. Kurusa, Funk-type Radon transforms
on constant curvature spaces, manuscript
(2020), pp. 37.

[21] G. E. Martin, The foundations of geometry
and the non-Euclidean plane, Undergradu-
ate Texts in Mathematics, Springer-Verlag,
New York, 1996. Corrected third printing of
the 1975 original.

[22] V. Palamodov, Reconstruction from Integral
Data, Chapman & Hall/CRC Monographs
and Research Notes in Mathematics, Chap-
man and Hall/CRC, New York, 2016.

Kurusa A. (SZTE TTIK Bolyai Intézet) 3/5

[23] M. Quellmalz, A generalization of the Funk-
Radon transform, Inverse Problems 33
(2017), no. 3, 035016, 26, https://doi.
org/10.1088/1361-6420/33/3/035016.

M. Quellmalz, The Funk-Radon transform
for hyperplane sections through a common
point, arXiv 10 (2018), no. 08105, avail-
able at https://arxiv.org/abs/1810.
08105v1.

[24

[25

B. Rubin, Reconstruction of functions on
the sphere from their integrals over hyper-
plane sections, Anal. Math. Phys., posted
on 2019, https://doi.org/10.1007/
s13324-019-00290-1.

[26

B. Rubin, The vertical slice transform on the
unit sphere, Fractional Calculus and Applied
Analysis 22 (2019), no. 4, 899-917, https:
//doi.org/10.1515/fca-2019-0049.

2020. 02. 28.


https://doi.org/10.1007/BF00051646
https://doi.org/10.1007/BF00051646
https://doi.org/10.2307/2161033
https://doi.org/10.2307/2161033
https://doi.org/10.1088/1361-6420/33/3/035016
https://doi.org/10.1088/1361-6420/33/3/035016
https://arxiv.org/abs/1810.08105v1
https://arxiv.org/abs/1810.08105v1
https://doi.org/10.1007/s13324-019-00290-1
https://doi.org/10.1007/s13324-019-00290-1
https://doi.org/10.1515/fca-2019-0049
https://doi.org/10.1515/fca-2019-0049

Funk-type Radon transformations

1. References

Bibliography ordered by authors IV

[27]

[28]

[29]

[30]

Kurusa A. (SZTE TTIK Bolyai Intézet)

Y. Salman, An inversion formula for the
spherical transform in S? for a special fam-
ily of circles of integration, Anal. Math. Phys.
6 (2016), no. 1, 43-58, https://doi.org/
10.1007/s13324-015-0105-5.

Y. Salman, Recovering functions defined on
the unit sphere by integration on a special
family of sub-spheres, Anal. Math. Phys. 7
(2017), no. 2, 165-185, https://doi.org/
10.1007/s13324-016-0135-7.

Y. Salman, Recovering Functions Defined on
s"~1 by Integration on Subspheres Obtained
from Hyperplanes Tangent to a Spheroid,
arXiv 4 (2017), no. 00349, available at
https://arxiv.org/abs/1704.00349v1.
R. Schneider, Functions on a sphere
with vanishing integrals over certain sub-
spheres, J. Math. Anal. Appl. 26 (1969),
381-384, https://doi.org/10.1016/
0022-247X(69)90160-7.

[31] A. S. Smogorzhevsky, Lobachevskian geom-

[32

133

etry, translated by V. Kisin, Little Mathemat-
ics Library, Mir Publishers, Moscow, 1976
and 1982. p. 68.

P. Ungar, Freak theorem about functions
on a sphere, J. London Math. Soc. 29
(1954), 100-103, https://doi.org/10.
1112/j1lms/s1-29.1.100.

G. Zangerl and O. Scherzer, Exact recon-
struction in photoacoustic tomography with
circular integrating detectors Il: spherical ge-
ometry, Math. Methods Appl. Sci. 33 (2010),
no. 15, 1771-1782, https://doi.org/10.
1002 /mma. 1266.

2020. 02. 28.


https://doi.org/10.1007/s13324-015-0105-5
https://doi.org/10.1007/s13324-015-0105-5
https://doi.org/10.1007/s13324-016-0135-7
https://doi.org/10.1007/s13324-016-0135-7
https://arxiv.org/abs/1704.00349v1
https://doi.org/10.1016/0022-247X(69)90160-7
https://doi.org/10.1016/0022-247X(69)90160-7
https://doi.org/10.1112/jlms/s1-29.1.100
https://doi.org/10.1112/jlms/s1-29.1.100
https://doi.org/10.1002/mma.1266
https://doi.org/10.1002/mma.1266

Funk-type Radon transformations 1. References

Bibliography ordered by authors V

[34] Wikipedia, Beltrami—Klein model, https: [36] Wikipedia, Poincaré disk model, https:

//en.wikipedia.org/wiki/Beltrami% //en.wikipedia.org/wiki/Poincar%C3%
E2%80%93K1lein_model. A9_disk_model.

[35] Wikipedia, Gnomonic projection, https: [37] Wikipedia, Stereographic projection,
//en.wikipedia.org/wiki/Gnomonic_ https://en.wikipedia.org/wiki/
projection. Stereographic_projection.

Kurusa A. (SZTE TTIK Bolyai Intézet) 5/5 2020. 02. 28.


https://en.wikipedia.org/wiki/Beltrami%E2%80%93Klein_model
https://en.wikipedia.org/wiki/Beltrami%E2%80%93Klein_model
https://en.wikipedia.org/wiki/Beltrami%E2%80%93Klein_model
https://en.wikipedia.org/wiki/Gnomonic_projection
https://en.wikipedia.org/wiki/Gnomonic_projection
https://en.wikipedia.org/wiki/Gnomonic_projection
https://en.wikipedia.org/wiki/Poincar%C3%A9_disk_model
https://en.wikipedia.org/wiki/Poincar%C3%A9_disk_model
https://en.wikipedia.org/wiki/Poincar%C3%A9_disk_model
https://en.wikipedia.org/wiki/Stereographic_projection
https://en.wikipedia.org/wiki/Stereographic_projection

Funk-tipustii Radon transzformaciok konstans gorbiiletii tereken : Abstract

A connected submanifold in a constant curvature space is called equidistant if its points are
in equal distances from a totally geodesic. The equidistant Radon transform on a constant
curvature space integrates suitable real functions by the canonical measure over equidis-
tants. Inverting the equidistant Radon transform is severely overdetermined, because the
totally geodesic Radon transform is a restriction of the equidistant Radon transform, and
it is known to be invertible on some large classes of functions. The admissible problem
[12,14] is about finding a set equidistants such that the restriction of the equidistant Radon
transform on this set is injective and is not overdetermined. One of the main results of this
paper is that the Funk-type sets of equidistants are admissible. To reach this we estab-
lish that every equidistant is the intersection of the quadratic hypersurface K, modeling the
space of constant curvature « = 0, 1. Then after introducing the slice transform, which is
the integration over the intersections of hyperplanes with the quadratic hypersurface %, we
prove intertwining relations between the slice transform and the classical Euclidean Radon
transform. Having a fix point P on the rotational axis of X, the shifted Funk transform F?
is the integration over the hyperplane slices of K, that pass P. We prove numerous sharp
support theorems and several descriptions of the kernels for shifted Funk transforms that
for the case of x = 1 not only summarize and often sharpen several other recent results in
[3,4,6,7,13,15,16,283,25,27,28,33] and not so recent results in [1,13,15], but also bring to
light new results for the cases x = 0, —1. Applying these to the Riemannian spaces of con-
stant curvature Funk-type equidistant and Funk-type isodistant Radon transforms appear
for which we prove sharp support theorems and also describe kernels. These considerably
generalize the presenter’s earlier results in [19].
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