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Can you recognize the shape
of a �gure from its shadows?

J�anos Kincses and �Arp �ad Kurusa

Abstract. In connection with the Hammer’s X-ray picture problem we discuss
the following question: Given two convex compact sets inside a circle such that
the sets subtend equal angles at each point of the circle, is it then true that
the sets must coincide?

1. Introduction

In 1961 P.C. Hammer proposed the following question: How many X-ray
pictures of a convex body must be taken to permit its exact reconstruction? There
are, in fact, two di�erent problems here, according as the pictures are taken from
in�nity, or from �nite points. An X-ray picture of a convex body from a direction
(from a point) is de�ned as a function which for any line parallel to the given
direction (passing through the given point) gives the length of the segment in
which the line intersects the body.

Both cases of Hammer’s X-ray problem have nice solutions. In the parallel
beam case R.J. Gardner and P. McMullen [3] proved that there are four universal
directions such that if any two convex bodies have the same X-ray pictures from
these directions then the bodies must coincide. The point source case was handled
by K.J. Falconer [2] who proved that, except in certain awkward cases, if the line
through the points P 1 and P 2 is known to intersect the interior of the body then
the body is uniquely determined by the X-ray pictures taken from the two points.

These results show that the X-ray pictures contain a lot of information about
the bodies. From this point of view it is natural to ask what we can say if we
take simpler pictures of the body. The �rst named author proposed considering
the shadow pictures. For a plane convex set the shadow picture from a direction
(from a point) is de�ned as the length of the orthogonal projection of the set to
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Figure 1.

M , being unique, must also be the corresponding point onC 1 for the segment S 2

(see Figure 1.). Since the length of the intersection of the common line with a
circle internally tangent to C at M strictly increases with its radius, this shows
that S 1 = S 2, as claimed.

The next result will be the \local" version of Lemma 2.1. For this we need
the exact form of the function � S ( X ) for a segment S . With the notation of Figure
2. we have

(1) cos � S ( X ) =
��!
X A :

��!
X B

j��! X A j � j ��! X B j
;

where the numerator of the fraction is the scalar product of the vectors , and the
denominator is the product of their lengths.

Figure 2.

Lemma 2.2. If S 1 and S 2 are segments inside the circleC , and there is an arc C 0

of C such that the segments subtend equal angles at each point of this arc, thenS 1

and S 2 coincide.

Proof. Without loss of generality we may suppose that C is the unit circle. We
put the analytic expression X ( t ) = ( x 1( t ) ; x 2( t )) = (cos t; sin t ), (0 � t � 2� ) of the
circle C into the formula of cos � S1 ( X ) and cos� S2 ( X )
( i = 1 ; 2)

cos� Si ( X ( t )) =
( a i

1 � cost )( b i
1 � cost ) + ( a i

2 � sin t )( b i
2 � sin t )

p
( a i

1 � cost )2 + ( a i
2 � sin t )2

p
( b i

1 � cost )2 + ( b i
2 � sin t )2
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It is very natural to consider here the question of which convex �gures are
\typical": those which can be distinguished from any other convex �gure or those
which can not? De�ne a convex bodyK to be distinguishablefrom a curve C in
which it lies if K is determined by the angles which it subtends at points ofC.
Now we have the following

Conjecture. The set of compact convex sets in a circleC which are not distin-
guishable from C is of �rst Baire category with respect to the Haussdor� metric.

This conjecture would be implied by the stronger statement that any polygon
is distinguishable.

Question 1. Is it true that polygons are distinguishable (in the family of all convex
bodies)?

3. Lines and other curves

Now let us survey the general features of the proof of the previous section
from the viewpoint of replaceing the circle by other curves. The above arguments
yield a framework to prove such results.

It is easy to see that Lemma 2.1 remains true if we replace the circle by any
convex closed curve. In Lemma 2.2 we strongly used the fact that the circle is an
analytic curve, but this property is su�cient. Combining these lemmas we obtain
the following generalization of Theorem 2.3:

Theorem 3.1. Let C be a closed convex curve which is analytic. Then convex
polygons are distinguishable fromC (in the family of convex polygons).

This theorem covers for example the case of ellipses. However, our method
can give further results. Consider for example the line. First we prove the analog
of Lemma 2.1.

Lemma 3.2. If S1 and S2 are segments on the same side of the linel , such that the
segments subtend equal angles at each point of the line, thenS1 and S2 coincide.
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and

•� l (x) =
� 4x

(x2 + 4) 2 +
(x2 � 4)

p
x2 + 3 + ( x2 + 4) x 2

p
x 2 +3

(x2 + 3)( x2 + 4) 2 +

+ "
(x2 � 3 � "2)

p
x2 + 3 + ( x2 + 3 + "2) x 2

p
x 2 +3

(x2 + 3)( x2 + 3 + "2)2

=
1
x3 2((1 + ")sgnx � 2) +

1
x5 (35 + 3" � (25 + 21" + 4 "3)sgnx) + O(x � 7);

where O(x � 6) and O(x � 7) are independent of" (j" j < " 0!). These mean that

2 _� 2
l (x) cot � l (x) � •� l (x) =

1
x5 f (" ) + O(x � 7);

where f is a continuous function of " . By the above formulas we havef (0) =
1� 2sgnx. Since the sign of 2_� 2

l (x) cot � l (x) � •� l (x) near in�nity is the same as the
sign of f ( " )

x 5 this proves that 2 _� 2
l (x) cot � l (x) � •� l (x) < 0 for " < " 0 and jxj > x 0 if

"0 is small enough andx0 is big enough. Thus the perturbed �gure K " is convex
for small " as was to be proved.

4. Further investigations, generalizations

The above considerations show that the shadow pictures taken from the points
of a line or a circle are not enough to distinguish any two convex �gures. How many
pictures should be taken? If we are greedy then we try the ring.

Theorem 4.1. Let R be a circular ring determined by the concentric circlesC1 �
C2. If the compact convex setsK 1 and K 2 are inside C1, such that the setsK 1 and
K 2 subtend equal angles at each point of the ringR, then K 1 and K 2 coincide.

Proof. If K 1 6= K 2 then neither of them contains the other, so they have a common
tangent. Let e be a common tangent and denote byA and B the intersection points
of e with C1 and C2 (see Figure 8.).

From the equality of the visual angles we see that there must be another
common tangent through B . Let C be that intersection point of this new tangent
and the circle C1 which is closer toB . Using again the equality of the visual angles
we have that through each point of the segmentBC there is a common tangent
di�erent from BC . This gives that if e is a common tangent then for any line l
enclosing a su�ciently small angle with e there is a common tangent parallel tol .
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