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Abstract

Using Lyapunov and Lyapunov-like functionals, we study the sta-
bility and boundedness of the solutions of a system of Volterra integro-
differential equations. Our results, also extending some of the more
well-known criteria, give new sufficient conditions for stability of the
zero solution of the nonperturbed system, and prove that the same
conditions for the perturbed system yield boundedness when the per-
turbation is L2.
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1 Introduction

We consider the stability and boundedness of solutions of systems of Volterra

integro-differential equations, with forcing functions, of the form

(0] = AW + | Bt glx(s))ds + i), 1)
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in which A(¢) is an n X n matrix function continuous on [0, 00), B(t, s) is
an n X n matrix continuous for 0 < s <t < oo, f and g are n x 1 vector
functions continuous on (—o0o,00) and h is an n x 1 vector function defined
almost everywhere on [0,00). Here, h(t) represent the forcing functions or
external disturbances or inputs into system (1).

The qualitative behaviour of the solutions of systems of Volterra integro-
differential equations, especially the case where f(x) = g(x) = x and h(t) =
0, has been thoroughly analyzed by many researchers. Among the contri-
butions in the 1980s, those of Burton are worthy of mention. His work ([1],
[2]) laid the foundation for a systematic treatment of the basic structure and
stability properties of Volterra integro-differential equations, mainly, via the
direct method of Lyapunov. This paper essentially looks into some of the
many interesting results established by Burton and proposes ways of utiliz-
ing the form of the Lyapunov functionals proposed by Burton to construct
new or similar ones for system (1).

Now, if f(0) = g(0) = 0 and h(¢) = 0, then system (1) reduces to

(0] = AOF(x(0) + [ Bt 9glx(s)ds, )

so that x(¢) = 0 is a solution of (2) called the zero solution. The initial
conditions for integral equations such as (1) or (2) involve continuous initial
functions on an initial interval, say, x(t) = ¢(t) for 0 < t < t5. Hence,
x(t;to, ), t > to > 0 denotes the solution of (1) or (2), with the initial
function ¢ : [0,¢)] — R™ assumed to be bounded and continuous on [0, to].
The definitions of the stability and the boundedness of solutions of (1) are
given in Burton [1]. It is assumed that the functions in (1) are well-behaved,
that continuous initial functions generate solutions, and that solutions which

remain bounded can be continued.
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2 The Scalar Equation

2.1 Nonperturbed Case

Consider the scalar equation

We suppose that

A(t) is continuous for 0 < ¢ < oc;

B(t, s) is continuous for 0 < s <t < o0;

(4)

(5)

/t | B(u, s)|du is defined and continuous for 0 < s <t < oco;  (6)
f%x) and ¢(z) are continuous on (—oo, 00); (7)
(8)

xf(z) >0 Vx #0, and f(0) =¢(0)=0.

For comparison sake, we first state Burton’s theorem regarding the stability

of the zero solution of (3).

Theorem 1 (Burton [3]). Let (4)—(8) hold and suppose there are constants
m >0 and M > 0 such that g*(z) < m? f(z) if |  |< M. Define

ﬁ(t,k:):A(t)+k/too|B(u,t)|du+%/o B(t, 5)|ds

If there exists k > 0 with m* < 2k and B(t, k) < 0 fort > 0, then the zero
solution of (3) is stable.

We next state an extension of Theorem 1, which Burton proved via the

Lyapunov functional

Vit a()) = /Oxﬂs)dsw / /too|B<u,s>|duf2<x<s>>ds, (9)

the time-derivative along a trajectory of (3) of which is,

Vi) < Bt k) f*(x) — (2k - mQ)/O | B(t, )| f*(w(s))ds < B(t, k) f*(x).
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In the process, and motivated by the work of Miyagi et. al in the construction
of generalized Lyapunov functions for power systems [4] and single-machine
systems [5], we propose a new Lyapunov functional. As a simple example will
show, the new stability criterion may be used in situations where Theorem 1

cannot be applied.

Theorem 2. Let (4)-(8) hold, with A(t) < 0, and suppose there are constants

m >0 and M > 0 such that g*(x) < m?* f*(x) if |z| < M, (10)
a >4 and N > 0 such that 42* < (a — 4) f*(x) if |z| < N, and(11)

1
J > 1 such that ——/|Bts|ds<j for every t>0.(12)

Suppose further there is some constant k > 0 such that

(1+ a)m?
— < k, (13)
and -
A(t) + k/ |B(u,t)|du <0 (14)

fort > 0. Then the zero solution of (3) is stable.

Proof. Consider the functional

Va(t,z()) = 1x2+\/a/m,/uf(u) du+%a/omf(u)du

+k// Blu, $)|duf?(x(s))ds.

We have, along a trajectory of (3),

1
Vagy = z2' +Va/of(z) :E'Jr—af(x)x'

[// us|duf<<>>s].

Recalling that A(t) < 0 for all ¢ > 0 and noting that the Schwarz inequality
yields,

(/OtB(ts)g ) /|Bts|ds/|Bts|g ())ds
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we have,

t
v = A(t)x

,8)g(x(s))ds

f(x)—l—x/o B(t, s
— At)rf(z) - (¢—A(t>x— ! / B(t,s>g<x<s>>ds>

2/—A(t) Jo

—awet - s ([ e s>g<w<s>>ds)2
< ADf(r) - (0~ DAMD @)
- o t|Btsrds/\Bts\g<<>>ds
< ADaf(z) - (o - A +—/ [B(t, )| f(a(
= ABS@) - JoA® @) + 2 [ 1B,
and

Vaarf(x)d = —( Q( — /-4 \/:cf(:c)>

~ Aty f(a) - RL (=')?

< —AW)f(n) — J0AW () — Saf (@) / B(t, $)g(x(s))ds

- (/ B(t, s)g(x(s))ds)
< —AWef) - JeAO L)~ 00) [ Bl s)ale(s))ds

mla

[ Bl

The third and fourth terms of V2/(3) yield

300 ()4’ = 50AO @) + 305 () [ Bt.s)gla(s)ds.
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and
%[k:/ot/too|B(u,s)|duf2(x(s))ds} = k/tmlB(u,t)ldqu(x)
i [ 1B,

respectively.
Thus,

Vi < [A(t)m /t OO|B(u,t)|du} £2(z)
e AR

which will be nonpositive if equations (13) and (14) are satisfied.
Finally, to prove the positive definiteness of V5, we see that if we define
2
(Va+ivayiw) w0,

r(u) =
~(VEu-tayTim) . w<o,

then we can rewrite V5 as

Vo(t, x(1)) = /Oxr(u)dquia xf(u)du

0

which is clearly positive definite given that ur(u) > 0 for u # 0.
This completes the proof of Theorem 2. O

Thus, we have proposed an alternate stability criterion for the scalar
equation (3), and the criterion may be considered for cases where Burton’s

Theorem 1, though simpler, cannot be applied.

Example 1. For the equation

R /Ot ﬁ [ﬁ(s) + %x(s)} ds |
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both Theorems 1 and 2 establish the stability of the zero solution. To see
this, Theorem 1 yields M = m — 1/2 so that |z| < m — 1/2. Also, we have
B(t, k) < =1+ k+1/2 <0so that 0 < k < 1/2. From m? < 2k, we have,
if we choose k = 1/2, the inequality 0 < m < 1. Thus, we may choose
1/2 < m < 1 to satisfy all conditions of Theorem 1. Theorem 2 yields, from
(10), M = m —1/2. From (11), a > 8 and N = oo. From (12), 4 > J.
From (13), 0 < 9m?/4 < k if we pick o = 8. From (14), 0 < k < 1. Choose
k=1. Then 0 < m < 2/3. Thus, we may choose 1/2 < m < 2/3 to satisfy

all conditions of Theorem 2.

Example 2. Analysis via Theorem 2 shows that the zero solution of

t 1
¥ =—x +/ e~ (t=9)/2 {xQ(s) + Zaz(s)] ds,
0

is stable. That is, Theorem 2 yields, from (10), M = m — 1/4. From (11),
a > 8 and N = oo. From (12), 2 > J. From (13), 0 < 9m?/2 < k if we pick
a = 8. From (14), 0 < k£ < 1/2. Choose k = 1/2. Then 0 < m < 1/3. Thus,
we may choose 1/4 < m < 1/3 to satisfy all conditions of the theorem.

Theorem 1 is not applicable.

2.2 Perturbed Case

The next two results, which extend Theorem 1 and Theorem 2, give a class
of forcing functions that maintains the boundedness of the solutions of the

equation
t
'(t) = A(t)f (x(t)) +/ B(t,s)g(x(s))ds + h(t), (15)
0
where h : [0, 00) — R is defined almost everywhere on [0, c0).

Theorem 3. Let (4)-(8) hold and suppose there is a constant m > 0 such
that g*(x) < m? f*(x) for all x € R. Define

ﬁ(t,k):A(t)+k/tw\8(u,t)\du+%/o IB(t, 5)|ds
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and let there be constants p > 0 and k > 0 such that m* < 2k and 3(t, k) <
—p fort >0. If
flz)dz — o0 as |x| — o0, (16)
0

and
h(-) € LQ[O, o),

then all solutions of (15) are bounded.

Proof. Let € > 0 and consider the functional

Va(t,z(+)) = Vi(t, z(+)) + 1 /too R (u)du .

4e

Since -
/ () 2du < oo,
0

we have,

% [/too h2(u)du] = % UOOO h2(u)du—/0t hQ(u)du} = —h*(t),

implying, therefore, the differentiability and hence the existence on [0, o) of
the second term of the functional V3. Thus, we have
1
Vaisy < Bt k) f2(x) + f(z)h(t) — 4—6h2(t)
1

2 1 2
L) — ()

< —pf(w) +ef*(w) + -

= —(p—f(x).
This completes the proof of Theorem 3 since we can always find some € > 0

small enough such that (p —¢€) > 0. Note that (16) ensures the radial

unboundedness of V3. O
In the same fashion, we prove the following extension of Theorem 2.

Theorem 4. Let (4)-(8) hold, with A(t) < 0, and suppose there are constants

m > 0 such that g*(x) < m? f*(x) for allz € R,
<

a > 4 such that 42* < (o — 4) f*(x) for allz € R, and
1 t

J > 1 such that — ———

1
AA(1) |B(t,s)|ds < 7 for every t>0.

S—

0
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Further, suppose there are constants k > 0 and p > 0 such that

(1+ a)m?

k
7 =M

and

A(t) + k:/ |B(u,t)|du < —p,
t
for allt > 0. If h(-) € L?[0,00), then all solutions of (15) are bounded.

Proof. For € > 0, the functional

Vatt,a()) = Valts o) + 5 [ W),

yields, given the definition,

Ja—1

2+\/&,

the time-derivative,
Vi < lA(t)Jrk’ /t W\B(u,t)\du] 2(z)
o VAV + as@)]| a0 - ihﬁ(t)
< —pf@) J%wﬁ} 10

1

YO /@] + Vav/IF@I| D - 1)

< —pf(x)

= —pP(@) + @R ~ 1)

< —pfix) + T f () + 4—€h2(t) - 4—6h2(t)
= —[p—7 f(2).

This completes the proof of Theorem 4 since we can always find some € > 0

small enough such that (p —72%€¢) > 0. We note that V; — oo if |z] — 0co. O
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3 The Vector Equation

3.1 Nonperturbed Case

First, we consider the nonperturbed system (2). If we suppose that f, g €
C1[R",R"], then we can define

D(x) = [0 (x)] with i) = | %J?li;bj))du,
and g
E(x) = [e;;(x)],,, with e;(x)= i 89(21(2()) du ,

which are defined for all x € R™. Hence, assuming f(0) = g(0) = 0, sys-

tem (2) can be written as

x'(t) = A(t)D(x(t))x(t) +/0 B(t, s)E(x(s))x(s) ds, (17)

the 7-th component of which is

ri(t) = au(t) dii(X)xiJFZdij(X)xj

J#i

+ > ay(t) |di(x)zi + Y dig(x)z
j=1 k=1

i ki

+;/0 bii(t,S)eik(X(S)) +Zlbij(t,8)€jk(x(s)) xk(s)ds,

i

noting that in the above equation d;;(x)x; and e;;(x)z;, for 4,5 = 1,...,n,
are continuously differentiable with respect to x € R™ simply for the reason
that D(x)x = f(x) and E(x)x = g(x) with f,g € C![R", R"].

The next result is new.
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Theorem 5. Let f,g € C'[R",R"] , £(0) = g(0) =0 and
Bilt, %) = ai(t)di(x) + > ayj(t)d;i(x)
T

+3 Zlan dij ()] + Jaz; (1) dji ()] + lagi(O)dia(x)] + |ai; (£)dj; (x) ]

J#z

4= ZZ [ (t)dr; (%)) + |ajr(t)dri(x)]]

1 n 00 n
(93] (N [(CUEIRD SLMCUIEL

i

t n
0 1

i

(18)

Suppose [i(t,x) < 0 fori =1,...,n,t > 0 and x € R™. Then the zero
solution of system (2) is stable.

Proof. Consider the functional

1 n
=3 Z 3 (t)

i=1

t

1 n n t
+ 522/(; / |b“(u S |6zk +Z|b23 u, s |6]k (5)) dUl’%(S)dS
i=1 k=1
J#z
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Now,
1< d |, ~
Z = a2/, Zm
= sz {%‘(ﬂ |:dii<X)xi+Zdij<X)xj]
+ () [djxx)wi +y djk<x>l‘k]

+Z/ [“ (t,s)eu(x Jer,j t,s)ejr(x } ;L‘k(g)ds}

IA
gt
@

+Za23 }ZL‘ ‘|‘ZZ(I“ z x]xl

Iy Yy / it ) [, (x(5))22 (5) + 22]ds
£35S [t slichix(saie) + atlds
= 2 {aii(t)dii(x) +;aij(t)d]z(x) +g/0 |:b“~(t,s) +; bij(t,s)] ds} x?
+ Zl Zl aii(t)d; (X)z 2 + Zl Zl ; ai;(t X) T4 ;
+5 ZZ/ {butse +Z|bwts|e >>] 2 (5)ds,
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3D a0z < 530S et (9] + lasy ()]} 2
and

J#i k#
n n
= E g aji(t x]lerE E E ai(t)di; (x) ;24
i=1 Jj=1 i=1 j=1 k=1
J J#L k7l

IA
N | —
=

ﬁ

_l’_
B}
<.

\_/
E

»
-
&
= o

41 ZZZ“‘* )i (%) + Jaju(t)dii(x)|] 7

7]1]@1
#1

k#]

Also, we have

%;;% /0 /t ( i (U, )] €2 ( +Z|b” u, s |6 ))) duxi(s)ds}
Iy = 2

5> / [W Dl x +z|b,j ()12 >>} du (1

—/0 {bu(t s)leii(x(s)) +Z b (¢ S)GJk(X(S))] %(S)dS}

:% - {/too |:bkk(u t)]ez:(x +Z|bk] u,t) ‘6]2 ))] du (t)

_/0 [b”(ts 12 (x +Z|szts €2, (x( ))} ()ds}.
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Thus,

d

_ < . 2 < .
s Vsl < ;ﬁz(t x)ry <0

Moreover, V5 is clearly positive definite, given that

Vot x() 2 5 37 ().

Hence, we obtain the conclusion of Theorem 5. O

Putting n = 1 in Theorem 5 yields a new stability criterion for the scalar
case (3),

2(t) = A(t) f(x(t) + / B(t, s)g(x(s))ds,
rewritten as

2'(t) = A(t)D(z(t))x(t) +/0 B(t,s)E(z(s))x(s)ds,

on the assumption that f,g € C'[R,R] and f(0) = g(0) = 0, and on letting

@7 %07 @, 1’7&0,
D(z) = and FE(x) =
f'(0), ==0, g0), r=0

Now, if n = 1, then, from (18),

1 [ 1 [
ﬁl(t,l‘l) = an(t)du(xl) + 5/ |b11(u, t)|due%1(x1) + 5 / |b11(t, 8)|d8 .
t 0

Putting z1 = z, a11(t) = A(t), dy1(x1) = D(x), e11(x1) = E(z) and by (¢, s) =
B(t, s), we have the following result:

Corollary 1. Let f,g € C*[R,R], f(0) = g(0) =0 and

1

B(t,x) = A(t)D(x) + 5EQ(az) /too|B(u,t)| du +%/0 |B(t,s)| ds .

If B(t,z) <0 fort >0 and x € R, then the zero solution of (3) is stable.
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Proof. Using V5, with n = 1, so that

%@dﬁz%ﬁ®+%éAMBWJWMﬂMmﬁ®@,

we get

d
a[vﬂ(s) < B(t,z)z* <0.

Corollary 1 is thus proved. O

Example 3. For the equation

- ¢
= —¢ (x+ 511213:) + k:/ e 91— cosx(s)] ds, k>0, (19)
0

Corollary 1 is easier than either Theorem 1 or Theorem 2 to apply. Thus,
we have, for all t > 0 and x # 0,

’ B t (1 lsinz 1 I 1—cosz\> k(1 _
ﬁ(,x)——6<+§x)+§ <T)+(—6)

;. 1 k(1—cosz\® k 4
< il T (el AT
2 x 2

2

¢ |[S1ILT

T

1 1
< -ttt k< —=+k
< —etgetk<—o+k,

so that B(t,z) < 0if 0 < k < 1/2. Moreover, for these values of £,
3 k 3 k
£0) = —Set Sl —et <242 <.
B(t,0) 2e+2| e’ < 2+2<0
Hence, by Corollary 1, the zero solution of (19) is stable if k£ € (0,1/2].
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Example 4. The system

an(t) an(t) ] [ Az (t), 22(t) ]

a921 (t) 99 (t)

t
)
0
is stable if f,g € C'[R? R?, with f(0) = g(0) = 0, and if for ¢;,co > 0,
t > 0 and x € R? we have, using (18) and condition (b) of Theorem 5,

But, x)at = {a11(t)di1(x) + ara(t)dar (x)
+ % [la11 (t)dia(x)| + [ag2(t)dar (X)] + |agi (t)di1 (X)] + |a12(t)daz(x)]]

1 o
45 [ (0,001 + sl e, GO + 2l 1) (9] du
t
t
4 [ ol o) + ot ) dsha? < —cuat,
0
and

Bo(t,X)x5 = {ag(t)da(x) + a (t)di2(x)
1

+5 [lags (t)dar (x)| + [a11(t)dia(x)] + |a12(t)daa(X)] + |azi (t)d11 (x)]]

+ % /too [2|b11(u,t)6%2(x)| + |bao (u, t)edy (x)] + |b21(u,t)632(x)|] du

t
4 [ alt, o) + ot 9)) s} < —caat.
0

The following simple, but illustrative, case is one such stable system:

[ (1) % —20 T(t) — 21—0561 tanh(z1(t))
2h(t) ] -
—20 ti—ol zy(t) + 2—10x2 tanh(xs (1))
1
tl T s o2 0
_|_/ (1+t—s)? X ] [$1(8)+$2(8)]d5’
: { 0 gy | a0+

(20)
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or, in the form of (17),

10 1
[%@] re1 V|| Ttk ! ni (1)
o) | 10 1 ;
1
—_ 0
O tt—s) 11 z1(s) .
A R N | B
=52 +1]

Now, for all ¢ > 0 and for all x € R?, we have,

By (t, )22 = {(%) <—tar;}(l)x1) 4 (=201

1 10 10 tanh x4 tanh x-
—||—"-1 — 1 —20( — —20 -
o R et R e G [l

|

2 t+1

%{lwﬁiéfﬁfl“*QXWMw—;MJTIM]

t 1
- 4 2
*A<u¢—w %“

0 1 11 on
T 904 4~ [|tanh tanh il
1) 20ty g lltanha ]+ ftan x2”+2{ * }

which clearly shows that 3 (¢,x)z7 is continuous on [0, 00) X R?. Moreover

Biltx)al < = (6-2)at <0,
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Next, we have,

o= (1) (442 o1

1 10 10 tanh zo tanh x4
—||—-1 — 1 —2 -20 | —
+2[t+1 ’+t+1 M 0( 20 )H 0( 20 )H

+ {Q/twﬁ”“/tw 4[<u—1>2+11 '”“}

e

tanh zo 10 1 1 T
QT o Y 2 tanh tanh —[2 —}
{2(t+1) +t+1+2H anh | + | tanhs[] + 3 +3

tan~'t)
=+ 1 x5,

which shows that (3;(¢,x)z3 is continuous on [0, 00) x R?. Moreover

Bo(t, x)z5 < — (7— 2) 73 <0.
Hence, we have shown that 3;(t,x)z? < 0 for i = 1,2, ¢t > 0 and x € R%

The zero solution of system (20) is therefore stable by Theorem 5.

3.2 Perturbed Case
We finally consider system (1), where h(t) = (hy(t), ..., h,(t))T.

Theorem 6. Let the conditions of Theorem &5 hold, with the last condi-
tion replaced by the assumption that there are constants ¢; > 0 such that
Bi(t,x) < —¢ifori=1,....,n,t>0andx € R". Ifh(-) € L*0,00) for

i=1,...,n, then all solutions of (1) are bounded.

Proof. Let € > 0 and consider the functional
1 [®,
V(X(0) = Vit x0) 33 [

which is clearly radially unbounded. Now, we have, for c = —min{cy, ..., ¢, },
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t>0and x € R",

%[Vﬁ](l) < Z Bi(t, x)z; + ; wihi(t) — P ; hi (t)

i=1
n

< —(c—e) fo :
i=1

We have thus proved the boundedness of solutions of (1), since we can always
find € > 0 such that (¢ —¢€) > 0.
O

The following corollary follows directly from Theorem 6 by putting n = 1.

Corollary 2. Let the conditions of Corollary 1 hold, with the last condi-
tion replaced by the assumption that there is a constant ¢ > 0 such that
Bt,z) < —cfort>0andz e R. Ifh(-) € L*0,00), then all solutions
of the scalar equation (15) are bounded.
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