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1 Introduction

Let N, Z and C be the sets of natural, integer and complex numbers, respectively, and
Ny = N U {0}. Difference equations and systems have been studied for a long time. Some
information on old results can be found in the classical books such as [4,8,9,15-18]. Each
of the books contain a part devoted to solvability. Solvability seems the first topic which has
been seriously studied. The following papers and books contain some of the most important
classical results on solvability [3,5-7,12-14]. Quite old presentations of these and other old re-
sults can be found in [10,11]. Many difference equations and systems have appeared in some
applications. Some classical applications can be found in [8,9,17,29,44]. A great majority of
the equations and systems is very difficult or impossible to solve, because of which it is of
some interest to look for their invariants, which might also help in studying of long-term be-
haviour of their solutions as it was the case, for example, in [20-22,25,30,31,35]. The following
papers: [26,28,32-34,36-43] contain some recent results on solvability.

During the 90s Papaschinopoulos and Schinas started studying systems which frequently
possessed some kind of symmetry (see, e.g., [19-25,27,30,31]), which was one of the moti-
vations for our investigation of solvability of such systems (see, e.g., [32-34, 36-39, 42, 43]).
Product-type difference equations and systems are closely related to linear ones, some of
which are solvable. This fact motivated some recent investigations of their solvability (see,

e.g., [32]).
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The following class of systems (the hyperbolic-cotangent-type class)

_ Pu—kY9n-1 +a _ Tn—kSn—1 +a
Tt = Pn—k +qn—l s Yni1 = Ty—k+ Su_i o e NO, (1'1)
with complex initial values, where k,I € INg, a € C, and py,, qn, 7n, Su are x,, or y, for all n, has
been studied considerably during the last several years. The corresponding scalar equation
has been studied for the last two decades (see [28,40] and the related references therein). The
fact that the equation can be easily reduced to the case a = 1, which has the form of the
hyperbolic-cotangent sum formula, has suggested the name of the class of systems.

System (1.1) is closely related to some product-type ones. Depending on the characteristic
polynomial associated with a linear difference equation appearing during finding closed-form
formulas for solutions to such a system, some of them are theoretically, but some are prac-
tically solvable, i.e., solvable in closed form, due to the Abel theorem [1] (each linear homo-
geneous difference equation with constant coefficients of order less than or equal to four is
practically solvable, unlike the case when the order is bigger than four when in some cases the
equation is only theoretically solvable). This fact suggests that for practical solvability delays
k and I have to take small values. In a series of papers we have studied solvability of the
systems of the form in (1.1) with small k and [. In [34,42,43] was investigated the case k = 0
and [ = 1, in [33] the case k = 1 and [ = 2, in [37] the case k = 0 and | = 2, in [38] the case
k=2and [ = 3, in [39] the case k = 0 and [ = 3, in [36] the case k =] € INg. The case k = 1
and [ = 3 reduces to the case k = 0 and [ = 1, since in the case the system is with interlacing
indices (for the notion and some basic fact see, e.g., [41]). In these papers was shown that the
corresponding systems are practically solvable, which in some cases is a bit surprising result,
e.g., when k = 2 and | = 3. Namely, it turns out that all the associated polynomials appearing
during finding solutions to the corresponding systems are solvable by radicals.

It is a natural problem to study solvability of the corresponding thee-dimensional sys-
tems of difference equations. Hence, in this paper we study solvability of some of the three-
dimensional systems of difference equations of the form

X :pnqn—l—a :rnsn—i—a . :tngn—i—a
n+1 D n n r Yn+1 n + 5 ’ n+1

where a, po, 0,70, 50, to, g0 € C, and py, Gu, Tu, 5n, tn, §n are one of the sequences x;, Y, zy.

, n €Ny, (1.2)

2 Systems studied in the paper

In this section we transform the system (1.2) into another and give a list of its special cases
which are studied in the paper. Before we do this we first note that if 4 = 0, then the system
(1.2) is essentially linear with constant coefficients (see [34]; special cases frequently appear in
problem books [2]), so the case is not much interesting. Hence, the case will not be treated
here and we may assume that a # 0.

First note that from (1.2) we easily obtain
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for n € INp, and consequently

xn+1+\/E:Pn+\/ﬁ'%+\/E
Xus1— VA  pp—+a gu—+a
Ynil TVA _ TtV satVa 2.1)
Yni1—Va  rn—+a sp—+/a' ‘
Zn+1+\/a_tn+\/a'gn+\/a
Zop1 —Va b= a gn— A

for n € Ny.

Since each of the sequences py, qu, 7n, Sn, tn, §n is one of the sequences x;, Yy, z, there are
a lot of systems of difference equations of the form in (2.1). They all are not different, since
some of them are equivalent to each other.

By using the change of variables

un:x”+\/a, vn:y”+\/ﬁ, wnzzn+ﬁ, n € No, (2.2)
Xy —/a Yn—a zn —/a
the systems of difference equations in (2.1) are transformed to some product type systems of
difference equations. Bearing in mind that the product type systems of difference equations
are theoretically solvable and that some of them are practically solvable, it is a natural problem
to study practical solvability of (1.2).
Note that from (2.2) we have the following relations

u, +1 vp+1 w, +1
_ — b L = 2.
Xn \/Eun_l, Yn \/Evn_l, Zn \/ﬁwn_l, n € No, (2.3)
which will be used in the proofs of all the theorems in the paper.

Our aim here is to show practical solvability of the following 36 systems of difference
equations by presenting closed-form formulas for their well-defined solutions.

System 1. Case py = qn =1y = Sy =ty = gn = X

g1 VA _ <xn+ﬁ>2 Va1 +Va _ <xn+\/ﬁ>2
Xnt1— VA Xn—=va) " yn1—Va Xn—+a) '

5 (24)
Zn+1‘|’\/a _ <xn+\/a>
Zn—o—l_\/a xn_\/a '
System 2. Case py = qn =y = Sy =ty = Xn, §n = Yn-
Xup1 VA _ <xn+ﬁ>2 Yar1 +Va _ <xn+\/ﬁ>2
Xpp1— /4 Xn—+a) " Ynp1—a Xn—+a) ' (2.5)
Zn_¢_1‘|—\/a _ <xn+\/a> <yﬂ+\/;l>
Zn—}—l_\/a Xn—\/ﬁ yn_\/;l ‘
System 3. Case pn = qn = n = Sy = Xn, tn = &n = Yn-
Xng1 TV/@ _ <xn+ﬁ>2 Y1 +Va _ <xn+ﬁ>z
Xn-&-l_\/a xn_\/a ’ yn-i-l_\/a xﬂ_\/a ’ (2 6)

Zn+1‘f‘\/a _ (yn+\/ﬁ)2
Zn+1_\/a yn_\/a
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System 4. py = qn =1y = Sy =ty = Xn, gn = Zn.

Xnp1+Va <xn—|—\/ﬁ>2 Ynr1+Va

-

xn+1—\/5_ Xn —/a Ynp1 — 4
e ) B25):

System 5. Case py = qn = 1n = Sy = Xy, tn = §n = Zn.

Xt v\’
x”_\/ﬁ ’

xn+1+\/E: <xn+\/5>2 Ynr1 +Va _

-

Xni1—V/a Xp—/a Yni1—Va
Zui+ A <zn + \/a>2
Zp—Va \zu—+va)

System 6. Case py = qn = n = Sy = X, tn = Yn, §n = Zn-

xn+\/5>2
xn_\/a ’

i1 +/a _ <xn+\/a>2 Yui1 +/@

Xny1— /4 Xn—/a Yni1—Va
)

System 7. Case py = Gn = tn =ty = gn = Xn, Sn = Yn.

g

o+
x”_\/a !

Xu1+ /@ _ (xn+\/ﬁ>2 Va1 +a _ (xn+\/ﬁ> (ywﬁ
Xpt1— /4 Xp—va) ' Yni1—Va Xn—/a Yn—/a
Zop1 +VA (xn+\/a)2
Zn-i—l_\/a_ xn_\/E ‘

System 8. Case py = qn = 1n =ty = Xn, Sn = §n = Yn-

Ynt+Va

Xui1+/a@ _ (xn+\/5>2’ Va1 +V/a _ (xﬁ\/a) (

Xny1— /4 Xn —/a Yni1—Va
B VISV (VT

System 9. Case py = qn = n = Xn, Sn = th = gn = Y-

xn_\/a

Yn —a

Xpi1+Va (xn+\/ﬁ)2 Yar1 +Va _ (xn+\/ﬁ> (ynJr\/a
an—\/ﬁ— Xp—a) ' yn+1—x/5_ Xn—+/a Yn—a
Zni1 VA _ (ynwa)Z
Zn+1_\/a_ ]/n_\/a ‘

).

).

).

2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)
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System 10. Case py = qn = 1y = ty = Xn, Su = Yn, §n = Zn-

Y1 +/a <xn+\/ﬁ>2

Xnr1—Va Xn —/a Yni1—a
e ) B25):

System 11. Case p, = qn = tn = Xn, Sn = Yn, tn = §n = Zn.

Ynr1 VA _ (xtﬁ> <yn+ﬁ>/

Yn—+/a

X1 VA _ <xn+ﬁ>2

Xni1—V/a Xp—/a Yni1—Va
Zos1 /A (zn+\/ﬁ>2
Zp—Va  \zu—+a)

System 12. Case py = qn = 1n = Xn, Sn = ty = Yn, §n = Zn.

yn+1+ﬁ:<xni‘ﬁ> <yn+\/ﬁ>,

Yn—Va

X1+ <xn+\/a>2

Xny1— /@ Xp—/a Yni1 —Va
ik (1) (=)

System 13. Case py = qn =ty = §n = Xn, 'n = Sn = Yn.

ymwa:@tg) <yn+¢a>,

Yn—/a

Xu1+ /@ _ (xn+\/ﬁ>2 Y1 +Va _ (yn+\/ﬁ>2
Xpt1— /4 Xo—va) ' Yni1—a Yn—/a '
Zop1 +VA (xn+\/a)2
Znpi—Va  \xa—va/) '

System 14. Case py = qn =ty = Xu, 'n = Sn = §n = Yn-

xn+1+\/a: Xnt+a ? yn+1—|—\/E: Yn+Va ?
ntl—\a Xo—va) ' yap1—a yn—va/) '
X

Zn1 +Va _ (xn+\/ﬁ> (yn+\/ﬁ>

Zni1 — V4 Xy —a) \yn—+Va)

System 15. Case py = qn = Xp, 'n = Sn =ty = gn = Y-

xn—O—l"‘\/a _ (xn_f’\/a)z yn+1+\/‘3 o (yn+\/a>2
xn+l_\/a_ Xp—/a ’ yn+1_\/ﬁ_ yn_\/a ’
Zn+1+\/a_<yn+\/a)2
Zn+1_\/ﬁ_ ]/n_\/a '

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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System 16. Case py, = qn =ty = Xu, 'n = Sy = Yn, §n = Zn.

X1+ A _ <xn+¢a>2 Va1 +Va _ <yn+\/a>2

Xp41 — 4 Xp—+/a Yni1—a Yn—a (2.19)
Zn+1+\/a . (xn+\/a) (Zn‘f’\/E)
Zns1—Va  \xn—+/a zn—+a)’
System 17. Case py = qn = Xp, T'n = Su = Yn, th = §n = Zn.
Xnr1+ /A _ <xn+\/ﬁ)2 Ynr1+Va _ (yn+\/ﬁ>2
xn-}-l_\/a xn_\/;l ’ yn+1_\/a y”_\/a ’ (220)
Zni1 +/a _ <zn+\/ﬁ>2
Zn+1_\/ﬁ Z'rl_\/a ‘
System 18. Case py = qn = Xu, 'n = Sy =ty = Yn, §n = Zn.
Xuir + VA _ <xn+x/ﬁ)2 Vo1 + VA _ <yn+ﬁ>2
Xpp1— /4 Xn—=+a) " Yay1—a yn—va) ' (2.21)
Zn+1+\/;l: <]/n+\/a> <Zn+\/a)
Zn-i—l_\/a yn_\/a Zn_\/a .
System 19. Case py, = qn = tn =ty = gn = Xn, Sn = Zn.
X1 +V/a (xn+\/a>2 Yur1+ VA _ (xn+\/ﬁ) (zn+\/ﬁ>
xn+1_\/a xﬂ_\/a ’ ]/n+1_\/a xﬂ_\/ﬁ Zn_\/a ' (222)
Znt1+Va _ <xn+ﬁ>2
Zn-i—l_\/ﬁ_ xﬂ_\/a .
System 20. Case py = qn = 1n = ty = Xn, Sy = Zn, §n = Yn-
Xus1+ /@ _ (xn+\/ﬁ>2 Yui1 +Va _ (xn+\/ﬁ> (zn+\/a>
Xni1— V@ Xo—va) ' Yni1—a Xp—/a zn—+a)’ (2.23)
zn+1+\/ﬁ: (xn+\/ﬁ) (yn+\/§)
Znt1 —V/a Xn—a) \yn—va)
System 21. Case py = qn = 'n = Xn, Sn = Zn, tn = §n = Yn-
X1+ /A _ <xn+\/a>2 Ynr+a _ (xn+ﬁ> (zn+\/ﬁ)
xn-i-l_\/ﬁ xn—\/ﬁ ’ yi’H-l_\/a xn_\/a Z”l_\/a ’ (224)
Zai1 VA _ (ynwa)z
Zn+1_\/a yn_\/a
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System 22. Case py = qn =ty =ty = X, Sy = §n = Zn-

Xni1 /A _ (xn—l—\/ﬁ)Z/ Vo1 +/a (xn—h/E) <Zn+\/ﬁ>/

xn+1—\/§ Xn—\/a yn+1—\/5_ Xn—\/a Zn—\/E‘ (2.25)
Zn—i—l"‘\/a_ (xn‘f’\/a) (Zn‘f‘\/a)
Zn1— VA \x—a zZn—a)
System 23. Case py = qu = Tn = Xn, Sp = tn = &n = Zn.
Xui1+/a (xn+ﬁ)2 Y1 VA _ (xn+\/5) (zn+ﬁ>
Xn-i-l_\/a xi’l_\/E ’ yn-‘—l_\/E xn_\/a Zi’l_\/;l ’ (226)
Zni1 +/a _ (zn+\/ﬁ>2
Zny1 — /4 Zn — /a4 .
System 24. Case py, = qn = 'n = Xn, Su = §n = Zn, tn = Yn-
X1+ /A _ (xn+\/ﬁ)2 Ynr1 +Va _ (xn+\/5> <zn+\/ﬁ>
Xni1— /4 Xn—va) ' Ynp1—a X —/a zn—+a)’ (2.27)
Zn—i—l‘i‘\/E: (]/n—k\/ﬁ) <Zn+\/a>
Zny1 — /A Yn—+a zZn—a)
System 25. Case py = qn =ty = gn = Xn, 'n = Sp = Zn.
Y1 + A _ <xn+¢a)2 Y1 + VA _ (zn+ﬁ>2
xn+1_\/ﬁ xn_\/a ' yn+1_\/a Zﬂ_\/a ' (228)
Zns1+Va (xn+\/a)2
Zn-i—l_\/a_ xﬂ_\/a ‘
System 26. Case py = qn =ty = Xn, 'n = Sy = Zn, §n = Yn-
X1+ VA (xn+\/5>2 Va1 +Va _ (zn+\/ﬁ>2
Xni1— V@ Xo—va) ' ynp1—a zn—+a) ' (2.29)
Zup1 +VA <xn+\/ﬁ) (yn+\/ﬁ)
Zuy1 — V4 Xn—+/a Yn—a .
System 27. Case py = qn = Xn, 'n = Sn = Zn, tn = §n = Yn-
Xui1 + VA _ (xn+¢a>2 Vo1 + VA _ (zn+\/ﬁ)2
xn-i—l_\/a xn_\/a ' yn-&-l_\/a Z”_\/ﬁ ' 2.30
i (2:30)
Zp1 VA _ <yn+\/ﬁ)
Znp1 — V4 yn_\/ﬁ
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System 28. Case py = qn =ty = Xn, 'n = Sy = §n = Zn.

X1+ VA _ <xn+\/ﬁ>2 Y1 VA _ (zn+¢a>2

Xpt1—Va Xp—/a Yni1— 4
el ) )

System 29. Case py = qn = Xu, 'n = Su = ty = &n = Zn.

Zn_\/a

i1 VA _ <xn+ﬁ>2 Yur1 VA _ <zn+ﬁ)2

Xn+1 — \/a Xn — \/E Ynt1 — \/E
Zn +V/a (zn + ﬁ)Z
Zn+1_\/a Zn_\/a .

System 30. Case py = qn = Xu, 'n = Sn = §n = Zn, tn = Yn.

Zn_\/a

Xwi1 + VA _ <xn+\/ﬁ>2 Yusr + VA _ <zn+ﬁ)2

Xnt1—Va Xp—/a Yni1 —a
e G G5%)

System 31. Case py = qn =ty = §n = Xn, Sn = Zn, 'n = Yn.

Zn_\/a

zZn+/a

Xu1+ /@ _ <xn+\/ﬁ>2 Va1 +Va _ <yn+\/ﬁ

Xny1—Va Xy —/a Yni1—Va Yn—/a
Zus1 +/a _ <xn+ﬁ>2
Zn+1_\/a_ Xn—~a)

System 32. Case pn = qn = ty = Xn, Sy = Zn, 'n = §n = Yn-

)

zn —/a

Y+ Va (VAN g+ VA (Yt Va [zt a
nt1—Va Xn—=va) " Yu1—Va Yn—+a) \zn —Va
X

Zup1 + VA _ <xn+\/ﬁ> <yn+\/ﬁ>

Znt1— Va Xy —+a) \yn—+a)

System 33. Case py = qn = X, Sn = Zn, 'n = tn = §n = Yn-

Xop1+aE <xn+ﬁ>2 Yop1 +Va <yn+\/ﬁ) (zn+ﬁ
xn+1—\/5_ Xn—va) ' yn+1—\/ﬁ_ Yn—Va zn—/a
Zop1 + VA (ynwa)z
Zn+1_\/a_ yﬂ_\/a .

).

).

).

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)
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System 34. Case py = qn =ty = X, Sn = §n = Zn, 'n = Yn-

X1+ _ <xn+ﬁ>2, Va1 +/a _ <yn+ﬁ> <zn+¢a>,

Xni1— /4 Xp—/a Yns1 —Va Yn—Va Zn —Va (2.37)
Znp1+Va xn+\/ﬁ) (zn+\/ﬁ>
Zn+1_\/a_ xn_\/ﬁ Zn_\/a .
System 35. Case p, = qn = Xpn, Sn =ty = §n = Zn, 'n = Yn-
i1+ VA _ (xn+ﬁ)2 Ynr1+Va _ (yﬁﬁ) (zﬁﬁ)
Xn+1 — \/a Xn — \/a ' Ynt+1 — \/E Yn — \/E Zn — \/E ' (2.38)
Zn +Va <zn+\/a>2
Zny1 — /@ B zn—a)
System 36. Case pp = Gn = Xn, Sn = §n = Zn, 'n = tn = Yn.
X1 ++/a _ <xn+\/ﬁ>2 Yni1+Va _ <yn+\/‘§> <Z”+\/a>
Xnp1—V/a Xn—va) ' yap1—a Yn—a zn—+a)’ (2.39)

e () (655)

3 Main results
Here we analyse solvability of each of the systems (2.4)—(2.39), and as a consequence of the

analysis, for each of them, we state the corresponding result on its solvability. For each system
we also use (2.3).

System 1. By using the change of variables (2.2) system (2.4) is transformed to
— 42 — 12 _ 42
Uyl = Uy, Upt1 = Uy, Wyy1 = Uy, n € No. (3.1)
From the first equation in (3.1) we easily obtain
Uy = u%n, n € Np. (3.2)
By using (3.2) in the second and third equation in (3.1) we get
_ 2" _ 2"
Up=1uy, wp=1uy, ne&lN. (3.3)

From (2.3), (3.2) and (3.3) we have that the following theorem holds.
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Theorem 3.1. If a # 0, then the general solution to system (2.4) is

on , ne ]NO/

Remark 3.2. Note that in the formulas in Theorem 3.1 do not participate the initial values yy
and zg, which is caused by the form of system (2.4). The situation that some of the initial
values xo, yo, zo, do not participate in the corresponding formulas appears also in several
other systems considered in this paper. Such systems seem less interesting than the other
ones. Nevertheless, we will also consider them.

System 2. By using the change of variables (2.2) system (2.5) becomes
Upi1 = U5, Vyy1 = UE, Wpp1 = Uy0y, n € Np. (3.4)

We have that (3.2) and the first equality in (3.3) hold. By using these relations in the third
equation in (3.4) we have

Wy = Upy_10p_1 = u%Hu%nf1 =ul, n>2 (3.5)
From (2.3), (3.2), (3.3) and (3.5) we have that the following theorem holds.

Theorem 3.3. If a # 0, then the general solution to system (2.5) is

(e27) -1
— \/E(ﬁgjg)z - neN
Yn (xﬁﬁ)y, 7 ,
xo—va
o
Zy = \/EE?%) +1’ n=>2

Remark 3.4. Note that the solutions to systems (2.4) and (2.5) are not the same. Namely, the
formula for z, holds for n € N, that is, n > 2, respectively, whereas the values for z; can be
different.

System 3. By using the change of variables (2.2) system (2.6) is transformed to

2 2 2
Uyy1 = U, Uyy1 =U,, Wyt =0, n € Np. (3.6)



Three-dimensional systems of difference equations 11

We have that (3.2) and the first equality in (3.3) hold. By using (3.3) in the third equation
in (3.6) we have
wp=0> =" V¥=uf, n>2 (3.7)

From (2.3), (3.2), (3.3) and (3.7) we have that the following theorem holds.

Theorem 3.5. If a # O, then the general solution to system (2.6) is

"”ﬁ)zn +1
on 7 ne NO/

(26)
:\/ﬁ<ig+£)2 o neN
Yn <x0+ﬁ>2n B 1, ,

xo—+/a

”

Ll
n <x0+\/a>2n_1l -

Xo—+/a

Remark 3.6. Note that the solutions to systems (2.5) and (2.6) are not the same. Namely, the
corresponding values for z; can be different.

System 4. By using the change of variables (2.2) system (2.7) is transformed to
Ups1 = U2, Upy1 =13, Wyy1 = Upw,, n € Np. (3.8)

We have that (3.2) and the first equality in (3.3) hold. By using (3.2) in the third equation
in (3.8) we have

n—1 i n—1nj
211 2 Li= 2 211
Wy = Uy Wy—1 = U5 Wy—1 = W | | uy = wolly’ =wouy -, n € No. (3.9)

j=0
From (2.3), (3.2), (3.3) and (3.9) we have that the following theorem holds.

Theorem 3.7. If a # O, then the general solution to system (2.7) is

()" -1
+va\%
yn\/agirﬁ;szri, n €N,
xo—/a
2"
. ﬁ<i§iﬁ>zn_l G AL
() ()

System 5. By using the change of variables (2.2) system (2.8) becomes

2 2 2
Upy1l = Uy, Upy1 = U, Wyt =w;,, n € Ny. (3.10)
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We have that (3.2) and the first equality in (3.3) hold, whereas from the third equation in
(3.10) we have

w, = w%n, n € INp. (3.11)
From (2.3), (3.2), (3.3) and (3.11) we have that the following theorem holds.

Theorem 3.8. If a # 0, then the general solution to system (2.8) is

o)
(Gtve) -1
”
Yn = \/E(ﬁgtg)zn +1, n €N,
(o) -1
”
Zp = \/E(igj£> . +1, n € Np.
(2
z0—va

System 6. By using the change of variables (2.2) system (2.9) is transformed to
Upp1 = U2, Uy = U5, Wy = v,w,, n € Ny. (3.12)

We have that (3.2) and the first equality in (3.3) hold. By using (3.3) in the third equation
in (3.12) we have

n—1 . n—1nj
_ ol _ 2 _ La? 22
Wy = Vp_1Wp—1 = Uy Wy_1 = W1 | | uy = voWoly = Vowoly *, (3.13)
j=1

for n € IN.
From (2.3), (3.2), (3.3) and (3.13) we have that the following theorem holds.

Theorem 3.9. If a # O, then the general solution to system (2.9) is

—"‘)*ﬁ)zn +1
on ’ ne NO/

(=) )

(227 () (25—

System 7. By using the change of variables (2.2) system (2.10) becomes

n € IN.

2 2
Upp1 = Uy, Upgl = UpUyp, Wyp1 = Uy, n € Np. (3.14)
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We have that (3.2) and the second equality in (3.3) hold. By using (3.2) in the second
equation in (3.14) we have

n—1 X n—1nj
Zn—l 2] Z‘:[) 2 omn_1
Uy = Up_10y_1 = Uy Upy_1 =09 | | uy = voly’ =uoouy; , n € No. (3.15)
j=0

From (2.3), (3.2), (3.3) and (3.15) we have that the following theorem holds.
Theorem 3.10. If a # 0, then the general solution to system (2.10) is

A= I
(e8)
xo++v/a 2"l Yo+va
Yn = \/a<i§+£>2n1 <ZE+£) ’ 1/ n € Ny,
(i) () -
a 2
Zyn = ﬁgigié} +1, neN
wvi) 1

System 8. By using the change of variables (2.2) system (2.11) is transformed to
Upi1 = U2, Upst = UnOn, Wyt = UnOy, 1 € No. (3.16)
We have that (3.2) and (3.15) hold. From this and since v, = w,, n € IN, we have
w, =voul ', neN. (3.17)
From (2.3), (3.2), (3.15) and (3.17) we have that the following theorem holds.
Theorem 3.11. If a # O, then the general solution to system (2.11) is

(2e)”
Xn = +a X0V nelN
n (M) n 1/ 0,
xo—va
P
- ﬁ(%)znl )
() () -
2n 1
A v B ) S
(22)" () 1

System 9. By using the change of variables (2.2) system (2.12) is transformed to
Uptl = ufl, Upt1 = UpOy, Wpil = vfl, n € Np. (3.18)
We have that (3.2) and (3.15) hold. From this and the third equation in (3.18), we have
W, =05 | = v%u%n’z, n € N. (3.19)

From (2.3), (3.2), (3.15) and (3.19) we have that the following theorem holds.
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Theorem 3.12. If a # O, then the general solution to system (2.12) is

X :\/E(ﬁngg)Z”—i-l n €N
n (onr\/ﬁ)zn - 1/ 0,
xo—v/a
2" -1
- ﬁ(%)w i) R
(g) (o) 1
2m_2 2
o valia) (W) 1
(23) (o) -

System 10. By using the change of variables (2.2) system (2.13) is transformed to
Uy = ufl, Uil = UpOy, Wyy1 = UyWy, 1 € Np. (3.20)

We have that (3.2) and (3.15) hold. From this and the third equation in (3.20), we have

—_

n— . anl 2]
_ _ 2 j=0 = __ 2"—1
Wy = Uy 1Wyp—1 = W Uy = WQMO = Woly

]:

, neNp. (3.21)

o

From (2.3), (3.2), (3.15) and (3.21) we have that the following theorem holds.

Theorem 3.13. If a # O, then the general solution to system (2.13) is

Xy = \/E(ﬁngg)Z i neN
n ot/ on B ’ 0s
(m—ﬁ) 1
2n-1
A ) B )
(e2) ()
271
Zy = \/E(igtg)zn_l <§2t£> ’ 1/ n € Np.
(2) (39%) -

System 11. By using the change of variables (2.2) system (2.14) is transformed to
Uni1 = U2, Ups1 = UnOn, Wypp1 = w2, 1 € No. (3.22)

We have that (3.2), (3.11), (3.15) hold, form which along with (2.3) it follows that the
following theorem holds.
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Theorem 3.14. If a # O, then the general solution to system (2.14) is

. ﬁ<§3*£>;+1, .
(e56) -
2"—1
A ) B ) K,
(zem)™ " (1) -1
.,
L gale)
! <zo+ﬁ>2n 1, >
Z9—/a

System 12. By using the change of variables (2.2) system (2.15) is transformed to
Uptl = u%, Upt1 = UpOy, Wyt = Oywy, n € Np. (3.23)

We have that (3.2) and (3.15) hold. From this and the third equation in (3.23), we have

21
Wy = Vy_1Wy—1 = wo | [ vj = wo [ [ voug

Zn 1 2/ 1 0
= wovply, o (2=1) = wovgu% =1 e N,. (3.24)

From (2.3), (3.2), (3.15) and (3.24) we have that the following theorem holds.

Theorem 3.15. If a # 0, then the general solution to system (2.15) is

)"
Xo+/a
xo—v/a

N
() (32f)
(a2 ()
AT e

() (w8) (328)

System 13. By using the change of variables (2.2) system (2.16) is transformed to

, n €Ny,

, n €Ny,

G

i

=

2 2 2
Upt1 = Uy, OUpp1 =0, Wyl = Uy, n € No. (3.25)

We have that (3.2) and the second equality in (3.3) hold, whereas from the second equation
in (3.25) we have
v, =08, neNp. (3.26)

From (2.3), (3.2), (3.3) and (3.26) we have that the following theorem holds.
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Theorem 3.16. If a # O, then the general solution to system (2.16) is

on , ne NO/

(558) -
+va)2
-l
(yo—ﬁ)
on
) e
! <x0+\/ﬁ)2n_1’ ‘
Xo—/a

System 14. By using the change of variables (2.2) system (2.17) is transformed to
Upil = Up,  Upi1 =0h, Wil =UpOy, 1 € No. (3.27)
We have that (3.2) and (3.26) hold, whereas from the third equation in (3.27) we have
Wy = Uy_10y_1 = u%"_lv%"_l, n € N. (3.28)

From (2.3), (3.2), (3.26) and (3.28) we have that the following theorem holds.

Theorem 3.17. If a # O, then the general solution to system (2.17) is

<M)2” 1
x, = ﬁ%

n s neNO/

(eta) -1
wo+yva\?
Yo—va
2n-1 2\ 2
I =) G RN
on— on— ’ .
Grd) (emz)

System 15. By using the change of variables (2.2) system (2.18) is transformed to
— 42 — 2 _ 2
Upt] = Uy, Uptl = Uy, Wpe1 =0y, 1 € No. (3.29)
We have that (3.2) and (3.26) hold, whereas from the third equation in (3.29) we have
_ 2 2"
Wy =0, 1=05, ne&NN. (3.30)

From (2.3), (3.2), (3.26) and (3.30) we have that the following theorem holds.
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Theorem 3.18. If a # 0, then the general solution to system (2.18) is

=
=
I
N
g
|
B

&
+
N
R
|
—_

&
|
S

<
=

I
N

/N 7 N/ /N |
S
+
N

<
S)

|
S

==

gkt
+
N

N
=

I
N

System 16. By using the change of variables (2.2) system (2.19) is transformed to
Upy1 = u%, Upt1 = U%, Wyl = UyWy, N E INp. (331)

We have that (3.2) and (3.26) hold, whereas from the third equation in (3.31) we have

n—1 n—1 .
2i 21
Wy = Uy 1Wy—1 =wWo | | uj = wo H ug = wouy -, n € WNp. (3.32)
j=0 j=0

From (2.3), (3.2), (3.26) and (3.32) we have that the following theorem holds.

Theorem 3.19. If a # 0, then the general solution to system (2.19) is

A €= IR
n <x0+\/ﬁ>2n B 1/ 0,
xo—+/a
yotv/a\?
- o
Yo—va
2"—1
o valen) G
(i) (Ra) -

System 17. By using the change of variables (2.2) system (2.20) is transformed to
— 42 — o2 2
Upp1 = Uy, Uptl =0V, Wpe1 =W, n € No. (3.33)

We have that (3.2), (3.11) and (3.26) hold, from which the following theorem follows.
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Theorem 3.20. If a # O, then the general solution to system (2.20) is

(22)" -1
+va\?
o AL e
(yrﬁ) 1
”
Zp = \/E(igtgln +1, n € Np.
(2e) 1

System 18. By using the change of variables (2.2) system (2.21) is transformed to
Uy = ufl, Va1 = vfl, Wyi1 = UpwWy, n € Np. (3.34)

We have that (3.2) and (3.26) hold, whereas from the third equation in (3.34) we have
n-1 n—1 nj Y
Wy = Uy_1Wy—_1 = Wo H U%] = Wy, =0T = wov(z) -1 neN,. (3.35)
i=0

From (2.3), (3.2), (3.26) and (3.35) we have that the following theorem holds.

Theorem 3.21. If a # O, then the general solution to system (2.21) is

)
+
N

4

() ()

System 19. By using the change of variables (2.2) system (2.22) is transformed to
Uil = U2, Uyy1 = UpWy, Wye1 = U2, 1€ Np. (3.36)

We have that (3.2) and the second relation in (3.3) hold, whereas from the second equation
in (3.36) we have

n—1 n—1 n
Up = Upy_1Wy_1 = u% u% = u(z) , n>2. (3.37)

From (2.3), (3.2), (3.3) and (3.37) we have that the following theorem holds.
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Theorem 3.22. If a # 0, then the general solution to system (2.22) is

System 20. By using the change of variables (2.2) system (2.23) is transformed to
Upi1 = Uy, Upyl = UnWy, Wyp1 = UnVy, 1 € No.
We have that (3.2) holds. From the second and third relation in (3.38) we have
n—2

32
Uy = Uy Wy = Up_1Uy20p_2 = Uy~ Uy_2, " 2=>2,

from which we obtain

n . n j—1
3.021—2 3.02-2 3 Z':l 4 4"—1
Uy = Up Von—2 = 7 | | uy = vouy =uoou, -, n €Ny,

=1
and
n . n i—1
3.92n-1 3.02j-1 6 j:14/ o2n+1_q
Va1 = Uy v =] Jug? = uowouy =woug |,
j=1
for n € Np.
Further, by (3.2), (3.39) and (3.40), we have
22n71 22n—1_1 4" 1
Wop = Uy 1V2p—1 = Uy Wolly = wou, -, n €Ny,
and
22n 4" 1 22n+171
Wop 1 = U2pU2y = UG Volly — = Vgl , 1 &€ Npy.

From (2.3), (3.2), (3.39)—(3.42) we have that the following theorem holds.

19

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)
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Theorem 3.23. If a # O, then the general solution to system (2.23) is

sty ?
X, = \/EW, n € Ny,
Xo—va
2211
Yon = \/a<§2+g>22n_1 (zgtg) i 1, n € Ny,
(2) () -
22n+1 1
Yon1 = \/a<§g+g>22n+ll Cziﬁ) i 1, n € Ny,
() (%)
2n _
A =) M = LSS
] / ’
(=) ()
2%t 1
Zop4+1 = \/EGEJFg) TS (5&%) i 1, n € INp.
() ()
xo—/a Yo—a

System 21. By using the change of variables (2.2) system (2.24) is transformed to
Uyl = u%, Uyl = UpWy, Wpaq = v%, n € INp. (3.43)

We have that (3.2) holds. From the second and third relation in (3.43) we have

on=1_2
Up = Up_1Wy—1 = Uj Up_n, N >2, (3.44)
from which we obtain
o 22;171 2 . 22n—l 22n—3 2 2 - 22n—1+22n72 22
Uon = Uy Vg = Uy (U V,_4)" = U U244
o 22n71+22n—2 22n—5 2 22 o 22n71+22n—2+22n73 23
= Uy (uy  v_6)" =uy U2n—6-

Assume that we have proved

22n=1492n=2 . 4 on+l on on 2"(2”_1) on
Uon = Ug vy = U, (I (3.45)

for an n € IN.
Then by using (3.44) and (3.45) we have

. 2n+1(2n+171) 2,,+1

22n+1 o 22n+1 omn 2”7]) 21\ D
( ( )" = ug %

Uop+42 = uo U2I’l - uo uo UO
from which along with the method of induction it follows that formula (3.45) holds for every
n € IN. In fact, a simple calculation shows that it also holds for n = 0.

Further, we have

o 22n 2 - 22;1 22n72 2 2 22n+22n—1 22
Uan1 = UG Uy, =g (Ug  U3,3)7 = Up V-3, N =2.
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Assume that we have proved

_onyon=ly . on+2 on+l on on+1 (2"-1) on
Vopg1 = U v = U, (uowy)
2n(211+1_1) on
=1, wy , (3.46)

for an n € INy.
Then by using (3.44) and (3.46) we have

22m+2 o 22n+2(u2n(2n+1_1) Zn)z

2n+1(2n+2_1) 2,1+1
Unt3 = Up  Upp41 = Up 0 Wo )" = w

_1,[0 0 ,

from which along with the method of induction it follows that formula (3.46) holds for every
n € Np.
By using (3.45) and (3.46) into the third equation in (3.43) we get

2n=1(1 1) on-1 21(2" 1) on
Woy = U%n_l = (u ( )w% )2 = 1 ( )w% , n &Ny, (3.47)

and B
2 2"(2"=1)_2m\2 22" =1), on+1
Wopt1 = V5, = (U vy )T =1y )vo , n € Np. (3.48)

From (2.3), (3.2), (3.45)—(3.48) we have that the following theorem holds.

Theorem 3.24. If a # 0, then the general solution to system (2.24) is

X, = \/EW)ZH, n € N,
g
sotv/a)\ 2 fyorva 2"+1
(;i)w y y_ff )2" +1
Yons1 = Va iiﬁ Iy j:g 5 1€ Ny,
(20%) - (2ve) 1
th\/g 2211 iof\/z 2"+1
Xo—v/a 20—V
iy 2t (n 1) .y ontl
Zont1l = \/a (ig_\/g)znﬂ(zn_n <y2_ﬁ)2n+l " 1, n € Np.
=0 (=) -1

System 22. By using the change of variables (2.2) system (2.25) is transformed to
Upi1 = Us,  Upyl = UpWp, Wyy1 = UyWy, 1 € No. (3.49)
We have that (3.2) holds and that v, = w,, n € IN. Hence
= 02 21

on—1 2] Yig 2
On = Up1Wy—1 = U5 Vp1 =01 ] Jug =wouy’ =~ = woug (3.50)
j=1
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for n € IN, and consequently
w, = wou%nfl, n € IN. (3.51)

In fact, a simple calculation shows that (3.51) also holds for n = 0.
From (2.3), (3.2), (3.50) and (3.51) we have that the following theorem holds.

Theorem 3.25. If a # O, then the general solution to system (2.25) is

(x0+\/ﬁ) m 1, nGNo,
xo—+/a
2n 1
i) G
(ema) (55) -1
2"—1
o vilin) (B
0 a a

System 23. By using the change of variables (2.2) system (2.26) is transformed to
Uyl = ufl, Uyl = UpWy, Wyt = wfl, n € Np. (3.52)

We have that (3.2) and (3.11) hold, from which it follows that

Uy = Uy 1Wy_1 = u%”flwgw1 = (uowg)%l, n € N. (3.53)
From (2.3), (3.2), (3.11) and (3.53) we have that the following theorem holds.

Theorem 3.26. If a # O, then the general solution to system (2.26) is

A
Xy = WW, n € Ny,
xg—v/a
n—1 n—1
B =) B =) MRS
2n— 2n— 4 4
(i) (=)
<zo+\/ﬁ)2n +1
Zn =+a ——, n € Ny.

System 24. By using the change of variables (2.2) system (2.27) is transformed to
Upp1 = u%/ Upyl = UpWy, Wyyl = VpWy, N E INp. (354)

We have that (3.2) holds. From this, the second and third equation in (3.54) we get

o o o 2n—2
Wy = Uy 1Wp—1 = Wy 1Wy2Up—2 = Wy 1Wy2Uy , " 2=>2.
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By using the change of variables
wy = iy, 1 € N, (3.55)
the last equation becomes
O T L ) (3.56)
Since wy = woy and wy = vywp, and they do not contain 1, we may take
ag=0 and a1 =0. (3.57)
Let (an)nen, be the solution to the difference equation
My =0y 1+, 0+2"2 n>2, (3.58)

satisfying the initial conditions in (3.57).
We find a particular solution to equation (3.58) in the form a = 2", n € Ny, where c is a
constant ([17]). By employing it in (3.58) we have that it must be

Q" =c(" 142" 422, neN
from which it follows that ¢ = 1. Hence, the general solution to (3.58) has the form
ay =ciA + Ay +2", neN, (3.59)

where A; and A, are the roots of the polynomial P,(A) = A2 — A — 1.
From (3.57) and (3.59) we have

c1+c=-1 and A+ A = —

from which it follows that

U U I S O S/ A 1 —1] A2
T -2 M| A=A T MM A =2 A=A
from which along with (3.59) we have
2 — Ap)A" A —2)A
ocn:( )M+ =2) 2 12" e N,. (3.60)

Ar — M
For such a chosen sequence «;,, we have that (gn)nENO satisfies the equation
Ci’l - gﬂ—lgn*Z/ n 2 2/ (361)

with the initial conditions
éo = Wo and §1 = 0owy. (362)

Let a1 = by = 1. Then we have

Tn =100 5 = (GnaQua) g, = gthgn =72 g2

where a; = a1 + by and by = a;. By using a simple inductive argument we obtain

On =Gl i
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for1<k<n-—1,and
ag = a1+ b1, b = ax_q. (3.63)

The relations in (3.63) hold for every k € Z.
Hence for k = n — 1 is obtained

L= =0 ?, neN, (3.64)

and also
ay =a,_1+a,_p, n>3.

From this and since 41 = 1 and 4, = 2, we have a, = f,;1 and b, = f,, where f, is the
Fibonacci sequence ([44]).
From (3.62), (3.63) and (3.64) we have

O = (vowo)fnwgnfl _ Ugiw,gn+fn—l _ Ugnwgnﬂl
from which together with (3.55) we obtain
w, = oWt e N (3.65)
n =70y Wy Uy, 0- :

By using (3.2) and (3.65) in the second equation in (3.54) we get

-1
Uy = Up_1Wy_1 = Uy" 12! v{;” 1w£”, n € NN. (3.66)

A simple calculation shows that (3.66) holds also for n = 0.
From (2.3), (3.2), (3.65), (3.66) we have that the following theorem holds.

Theorem 3.27. If a # O, then the general solution to system (2.27) is

AR

X, = <x0+\/a>2" , n € Ny,
Xo—va

A = =0 =) AL
(20)" (20" (20

2, = (ing\\?)M (f&)f (EEJFﬁ)J:“ " 1, n € Ny,
)" () ()

where the sequence (&) e, is given by (3.60).
System 25. By using the change of variables (2.2) system (2.28) is transformed to
U1 = Up, Upy1 =Wy, Wy = Uy, 1€ Ny, (3.67)
We have that (3.2) and the second relation in (3.3) hold. Hence
oy =wi  =ul, n>2 (3.68)

From (2.3), (3.2), (3.3), (3.68) we have that the following theorem holds.



Three-dimensional systems of difference equations 25

Theorem 3.28. If a # 0, then the general solution to system (2.28) is

"°+ﬁ)2n +1
on ’ ne NO/

(e8) -
:\/ﬁ<§g+£)2 ! n>2
Yn (xﬁﬁ)ﬂ_l, > 2,
xo—v/a
N
e e
n <x0+\/§>2n_1’ .
xo—va

System 26. By using the change of variables (2.2) system (2.29) is transformed to
Upt1 = u%, Upt1 = w%, Wy41 = U0y, 1 € Np. (3.69)

This system is obtained from system (3.43) by interchanging letters v and w. Hence, from
(3.45)—(3.48) we have

2n(2n—1)_on

Vo = U vy, n €N, (3.70)
Vopi1 = u%nﬂ(zn_l)w%nﬂ, n € Ny, (3.71)
wye = ud C VW, ne N, (3.72)
Wopt1 = uén(2”+l_1)v%n, n € INp. (3.73)

From (2.3), (3.2), (3.70)—(3.73) we have that the following theorem holds.

Theorem 3.29. If a # O, then the general solution to system (2.29) is

x(’*ﬁ)zn 1
(XO\/Eznl n 6 ]NOI

=
=

I
N

(xo_\ﬁ)z"(z"ll) on
Yon = \/E(ziﬁ)zwl) (EE:QQ ’ 1 n € Ny,
A o I
Yons1 = Va ooV TETeTy 20-v/a s " €Ny,
(n) )
200 = Va Ezfiﬁizn(znl) Egifizn i_ 1, n € Ny,
(iZlﬁ)z"(z"“‘” Z(ttfﬁ )zn +1
Zons1 = V4 (iiiﬁ) yo=ve , n € No.
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System 27. By using the change of variables (2.2) system (2.30) is transformed to
Upt1 = “31/ Upy1 = w%, Wp1 = v%, n € Np. (3.74)
We have that (3.2) holds. From the second and third equation in (3.74) we have
vy =wr =0, n>2,
from which it follows that
Vop = Uy p = vé”, n € INo, (3.75)

and

4 4" 2.4"
Vo1 = U1 =07 =Wy~ , 1€ Ny, (3.76)

By using (3.75) and (3.76) in the third equation in (3.74) we get

An—1 n
Wy =03, 1= (W )=wi, neNy, (3.77)
and
Won1 = 03, = (04 )> =05Y, neN. (3.78)

From (2.3), (3.2), (3.75)—(3.78) we have that the following theorem holds.
Theorem 3.30. If a # O, then the general solution to system (2.30) is

n € INp.

System 28. By using the change of variables (2.2) system (2.31) is transformed to
Upt1 = u%, Upt1 = wfz, Wyi1 = Upwy, 1 € Np. (3.79)

We have that (3.2) holds. From this and the third equation in (3.79) we have

n—1 n—1nj
n—1 Ji i 2 n_
Wy = Up_1Wy_1 = u% Wy_1 = Wy H u% = woll,’ 07 = wou(z) L (3.80)
j=0
for n € Ny, from which and the second equation in (3.79) it follows that
n—1__ n__
vy = wi_y = (woud ') =wiul 3, neN. (3.81)

From (2.3), (3.2), (3.80), (3.81) we have that the following theorem holds.
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Theorem 3.31. If a # O, then the general solution to system (2.31) is

7 2
Xn = ﬁng%)zn i » n €Ny,
(ene) 1
2n—-2 2
Yn = ﬁGgi%) - (iﬁfﬁ) +1, neN,
() (a0 -
() ()
zp = +a 5T , n € Ny.
(22) (&%)

System 29. By using the change of variables (2.2) system (2.32) is transformed to
Unp1 = Up, Unp1 = W5, Wy =w,, n € No. (3.82)
We have that (3.2) and (3.11) hold, and consequently
vy =w? =wi, neN. (3.83)
From (2.3), (3.2), (3.11), (3.83) we have that the following theorem holds.

Theorem 3.32. If a # 0, then the general solution to system (2.32) is

(m—ﬁ); 1
zo++/a
Yo = \/EEZQZT neN,
zo—/a
(Zo+\/5>2” +1
Zn = Va2 neN,.

System 30. By using the change of variables (2.2) system (2.33) is transformed to
Upil = Uy, Onil = Wh, Wyi1 = 0wy, 1 € No. (3.84)
We have that (3.2) holds. From the second and third equation in (3.84) we have
Wy = Uy 1Wy-1 = Wy_1W>_5, 1> 2. (3.85)

Let a1 =1 and b; = 2. Then we have

by

by ( 2 by ay+by, 2a1
n—>3’

_ oy _ aq _ az
Wy = Wy w5 = (Wp—2wy_3)"w,! , =w, ) W,y = Wi w

where a; = a; + by and by = 2a;. By using a simple inductive argument we obtain

_ 0 bk
Wn = W, Wy 1
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for1<k<n-—1,and

ag = g1+ b1, by = 2a5_1. (3.86)
Hence for k = n — 1 we get
Wy, = wi”‘lwg”‘l = (vowo)“”—lwé“”‘2 = vy 'wy", n € Ny, (3.87)
and
Ap = ay—1 +20,_1, n>2. (3.88)

In fact, (3.88) holds for each n € Z.
The characteristic polynomial associated to equation (3.88) is P(A) = A2 A -2 =
(A+1)(A —2). Hence, general solution to the equation is

ap = c1(=1)" + 2"
From this and since ayg = a1 = 1, we have
cit+eo=1 —c+20=1

from which it follows that ¢; = 1/3 and ¢, = 2/3. Hence

2n+1 —1)*
an — ﬁl n 6 NOI
3
from which together with (3.87) it follows that
M (—1)" 2n+1+(71>n
w, =79, ° w, °> , n€&lNp. (3.89)

By using (3.89) in the second equation in (3.84) we get

vy = w%,l =0, ° w, °> , n€lN. (3.90)

Direct calculation shows that this formula also holds for n = 0.
From (2.3), (3.2), (3.89), (3.90) we have that the following theorem holds.

Theorem 3.33. If a # O, then the general solution to system (2.33) is

n , he NO/
xo++/a 2 1
Xo—/a
2M42(—1)" ontl_p_qyn
(yo-h/ﬁ) 3 (ZoJr\/l;) 3 +1
_ Yo—/a Z20—/a
Yn = \/a 2M42(—1) an+l_p(_)n , nE ]NO’
<y0+\/ﬁ) 3 (ZoJr\/E) 3 1
Yo—a z0—/a
2 (—1)" 2+l (1)
(y0+\/ﬁ> 3 (Zo+\/ﬁ> 3 +1
Yo—/a z0—/a
Zn = \/E oM (1)1 o+l (—1)n , nE ]NO'
(yo+\/5> 3 <20+\/ﬁ) 3 1
Yo—Va z0—/a
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System 31. By using the change of variables (2.2) system (2.34) is transformed to

2 .2
Upi1 = Uy, Oppl = UpWy, Wyy1 = Uy, n € No.

29

(3.91)

We have that (3.2) and the second equality in (3.3) hold. By using these formulas we have

Zn 1 2]

1 22
Uy = Wy—10p—1 = V1 H uZ = vowouy’ = vowoug 2, n€N.

j=1
From (2.3), (3.2), (3.3), (3.92) we have that the following theorem holds.

Theorem 3.34. If a # 0, then the general solution to system (2.34) is

X —\/Eegtg)z i n €N
n <x0+\/a) [ - 1/ 0s
Xo—+/a
22
A =) I v =) K
() () ()
x2+\/ﬁ 2 1y0 0
zn:\/ﬁ<x°_‘/ﬁ> " , neN.
(28)"

System 32. By using the change of variables (2.2) system (2.35) is transformed to

2 _
Upi1 = Uy, Upgl = UpWp, Wyy1 = U0y, 1 € No.

(3.92)

(3.93)

This system is obtained from system (3.54) by interchanging letters v and w. Hence, from

(3.65) and (3.66) we have
vy = vé"“wé"ug", n € Ny,
Wy = uy"” 142! 106[” f"’l, n € No.
From (2.3), (3.2), (3.94), (3.95) we have that the following theorem holds.

Theorem 3.35. If a # 0, then the general solution to system (2.35) is

_ )

Xn , n € Ny,
xo—&-\f)zﬂ
oz yalOte) (iﬁ*?)f“ (?)j o
()" ()™ ()
X ay_1+2" a\fr /s 7\ S
TR ) )
(%)D&n 1+2n= (ggt%)ﬁ’ (igt%)ﬁkl 1

where the sequence (&y)neN, is given by (3.60).

(3.94)
(3.95)
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System 33. By using the change of variables (2.2) system (2.36) is transformed to
Upi1 = U2, Uyy1 = 0qWn, Wy =05, 1€ Np. (3.96)

This system is obtained from system (3.84) by interchanging letters v and w. Hence, from
(3.89) and (3.90) we have

e S L L

=7, ° w, > , n&€lNp, (3.97)
i G L LR G )

wy,=7v, ° w, ° , n&N (3.98)

From (2.3), (3.2), (3.97), (3.98) we have that the following theorem holds.
Theorem 3.36. If a # 0, then the general solution to system (2.36) is

xo+va 2
Xo—\/a +1
Xn = \/E o , ne ]NO/
xo+va -1
xo—/a
2n+1+(71)n 2”—(—1)"
(yo+\/ﬁ> 3 (z(m/ﬁ) T4
o Yo—/a z0—/a
Yn=a 2+ (e (- &N,
(yo+\/ﬁ> 3 (z(m/ﬁ) T q
Yo—va z0—/a
21+l _p(qyn 2 42(-1)"
<y0+\/ﬁ) 3 (Zo+ﬁ> 3 +1
o Yo—/a z0—/a
Zn = \/E on+l_p(_1yn 2M42(—1)" , 1€ No.
() )
Yo—va zo—+/a

System 34. By using the change of variables (2.2) system (2.37) is transformed to
Upi1 = U2, Uyy1 = 0yWp, Wyiq = Upwy, 1 € No. (3.99)

This system is obtained from system (3.23) by interchanging letters v and w. Hence, from
(3.15) and (3.24) we have

oy = vowhud "1, 1 €Ny, (3.100)
w, = woul ', n € Np. (3.101)

From (2.3), (3.2), (3.100), (3.101) we have that the following theorem holds.
Theorem 3.37. If a # O, then the general solution to system (2.37) is

Xn = \/E(x(’_\/ﬁ

o) 1
AT
(i)™ () (225) 1

2"—1
YA ) ) KL S
n on_ ’ ’
(=) (22) 1
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System 35. By using the change of variables (2.2) system (2.38) is transformed to
Uy = u,%, Upil = UpWy, Wyl = w%, n € INp. (3.102)

We have that (3.2) and (3.11) hold. By using (3.11) in the second equation in (3.102) we
have
n—1 . ;
Uy = Uy_q1Wy_1 = g w%’ = Uow% 1 neN,. (3.103)
j=0
From (2.3), (3.2), (3.11), (3.103) we have that the following theorem holds.

Theorem 3.38. If a # 0, then the general solution to system (2.38) is

X \/a(ﬁg+£)2n + , ne ]NO/

(ene) 1

21
A =) €= MRS
! vorva\ (zo+va\ ! 1, '
(yO*\/E> <ZO*\/E)
2 \/E 271

Zn:\/a(22+\/5>2n+1, n € Np.

(558)

System 36. By using the change of variables (2.2) system (2.39) is transformed to
Upp1 = u;zqz Upt1 = UnWy, Wyl = 0pwy, 1 € No. (3.104)

We have that (3.2) holds and that v, = w,, n € IN. By using the last relation in the second
equation in (3.104) we have

Uy = Up_1Wy_1 = vi,l, n>2. (3.105)
Hence )
v, =0 = (vgwp)® ', meEN, (3.106)
and consequently
W, = (vowo)znfl, n € N. (3.107)

From (2.3), (3.2), (3.106), (3.107) we have that the following theorem holds.
Theorem 3.39. If a # 0, then the general solution to system (2.39) is

o)
(e6) -
Zn—l Zn—l
A e B € =) RSN
yﬂ <y0+\/ﬁ)2nl (z0+\/ﬁ)2nl B 1’ 7
Yo—a z0—/a
zn—l Zn—l
gl () o0
(0)” (228)
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