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EXISTENCE OF POSITIVE WEAK SOLUTIONS FOR A
CLASS OF SINGULAR ELLIPTIC EQUATIONS

LI XIA, JINGNA LI, AND ZHENG’AN YAO

ABSTRACT. In this note, we are concerned with positive solutions
for a class of singular elliptic equations. Under some conditions, we
obtain weak solutions for the equations by elliptic regularization
method and sub-super solution method.

1. INTRODUCTION

In this note, we are concerned with following singular elliptic prob-
lem:
z”+€z’—g|z'|2+)\(r)20, z>0,7€(0,1), (1)
subject to the Dirichlet boundary conditions:
2(0) = 2(1) = 0, (2)

where > 0,7 > [+ 1 are constants, ¢ < A(r) € L*(0,1) for some
positive constant c.
In [1], the authors studied the problem
N-1, EdR
7 =7
”

2(1)=0, 2'(0)=0.

2"+ —1=0, re(0,1),

Here, N > 2 is the dimension of RY space. Applying ordinary differen-
tial equation techniques, they obtained a decreasing positive solution
which, subsequently, was used in [2] to study some properties of solu-
tions for a class of degenerate parabolic equations (see [3] for further

information). In [4], Xia and Yao studied following problem
2By =T+ f(r,2) =0, 2> 0,7 € (0,1),
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subject to the following four-point boundary conditions:

2(0) = 2(1) =0,
2'(0) =2'(1) =0.

Here f(r, z) satisfies the following condition:

(H1) f(r,2) € C'(]0,1] x [0, 00), [cp, 00)) for sufficiently small ¢y > 0,

and f is non-increasing with respect to z.

They showed that the above problem has at least one classical solution.
For more details of equations dependent of first derivative, see [5-12]
and the references therein.

Problem (1) is closely related with some equations. For example, if
B = N — 1, suppose A(z) is a radially symmetric function with respect
to x € By C RY(N > 2), then problem (1) is related with following

problem:

—Az+’y@ = \Nz), z>0,z¢€ B\ {0},

z =0, l‘GaBlLJ{O},
where B is the unit ball in RY. Note that solutions of (1)(2) are

(3)

radial solutions of problem (3) with » = |z|, which may be transformed
into following problem with infinite boundaries if we set v = 1(or v =
%,q >1),z=e%orz=w19q>1,w>0):
Aw = Az)g(w), w >0,z € B\ {0}, n
w = 00, r € 0B U{0}.
where, g(w) = e*(or g(w) = w?,q > 1). The last condition means that
w(x) — oo uniformly as z € By, d(z) = dist(z,0B;) — 0 or |z| —
0. And we call its solution as explosive solution or “large solution”.
Much attentions have been focused on problems (3)(4) and some related
problems, which may have a singularity, we refer readers to [7-12] and
the references therein.
For g(w) = e* or g(w) = wi(q > 1), problem (4) plays an important
role in the theory of Riemann surfaces of constant negative curvatures

and automorphic function, arises in the study of high speed diffusion
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problem, some geometric problems and the electric potential in a glow-
ing hollow metal body. For details of the two classical problems, we
refer readers to [7] and the references therein.

In this note, we shall discuss weak solutions of (1)(2), using regu-
larization method and constructing sub-solution and super-solution for

problem (1)(2) to obtain the existence result.

2. MAIN RESULT AND THE PROOF
Definition 2.1. A function z is called a solution for (1)(2), if z €
C'Y2[0,1], z(r) > 0 in (0,1), r?[2'|> € L*0,1), 2/(0) and /(1) exist,
z(r) satisfies (2) and
/1(2’¢'—62—,¢+7‘z
0 T

z

12
S = Ay )dr = 0

for any ¢ € C§°(0,1), the space of smooth functions x : (0,1) — R
with compact support in (0,1).

The main result of this note is as follows.

Theorem 2.1. Under the hypothesis of this note, problem (1)(2) ad-

mits at least a solution.

To prove Theorem 2.1, we use the classical method of regularization.

Precisely, we consider

25 + %2’3 - z5152 25| + A(r) =0, 25 > 0,7 € (0,1), (5)

subject to conditions (2).

We call v a sub-(sup-) solution for (5), if v > 0,0 € L>*(0,1) N
W12(0,1), and for any 0 < ¢ € L®(0,1) N W,*(0,1) there holds

Yo s, v "2
/O (vw - ] 1/1—A(r)1/1>dr < (>)0.

v is called a weak solution for (5)(2), if v is both a sub-solution and
a sup-solution for (5) and satisfies (2). By [13](Th 9.1, Chapter 4),
problem (5)(2) admits a solution 0 < z5 € W,*(0,1) N L=(0,1).

EJQTDE, 2011 No. 69, p. 3



Lemma 2.1. Assume that z; and zy are sub-solution and sup-solution

for (5) respectively, z1(0) < 22(0), z1(1) < 29(1). Then
21 <z a.e.in (0,1).
Proof. For any 0 < ¢ € L=(0,1) N W,*(0,1) there holds

/Ol(zéw_ w2 \Z§|2w—>\(r)z/z>dr20,

. r—+9 22—|—52 (6)
| = - P - M) <0
o V1 r—+6 2+ 027! -

Let f(s) : (0,00) — R be defined by

1—~) tst, 1,
f<8):{1(n3 7 zil

Set u; = 21+ 0%, upy = 2o + 62, Since uy, us € L=(0,1)NWH2(0,1), f(s)
is increasing and ug > uy at points {0, 1}, we have (f(u1) — f(u2))4 €
L>®(0,1) N W,(0,1). This and uy,us > 62 > 0 in (0,1) imply ¢, =
(r+0)%u;" (f(ur) = f(uz))y € L2(0,1) NW5*(0,1),5 = 1,2 So ¢,

and 1), can be chosen in (6) as test functions. Hence
[ 870 [w) = ) = AN ) = ) Jr = 0
[ 8070 [uh ) = ) = A F ) = fa)Jar <0,
which imply that

92 [ tw) = 1) - sy,
() () = h(uz))(f () = ()| dr <0,
where h : (0,00) — R~ is defined by h(s) = —s77.

(7)

It is easy to see that

LAv+®ﬁfwo—fmm-uwo—fwmpwzu

which and (7) yield that
A@wwﬁxmwwn—Mw»wwn—fwﬂnmso.
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But this and A(r) > 0 in (0,1) imply that (h(u1) — h(ug))(f(u1) —

f(u2))y = 0 ae. in (0,1), ie, ug > uy a.e. in (0,1). The proof is

completed.

Let w = %(r — r?) be the unique classical solution for problem
—Z"=1, re(0,1),

2(0) = z(1) = 0.

1
2

Lemma 2.2. Let z = Cow?, 215 = C1(r + 6)?, 205 = C1(1 + 6 — 1),
Zs = min{zys, 205}, where Cy and Cy > 1 are some positive constants.
Then

z<zs<Zs a.e in (0,1), forall 6 € (0,1). (8)

Proof. Note that if z is a sub-solution and Z; s(i = 1,2) are both sup-
solutions for (5), it follows from Lemma 2.1 that z < z5 < Z;. The
proof of former conclusion follows similarly from Lemma 2.1 in [4].

Hence Lemma 2.2 is proved.

Lemma 2.3. For all § € (0,1), we have
1
/ (r+06)%|z5%dr < C,
0

where C'is a constant independent of 6.

Proof. Multiplying (5) by (r + 6)°z;, integrating over (0, 1) and inte-
grating by parts, we have

1
61 &2 /12
[ o+ o el
1
- / (r + 8)°A(r)zsdr < C.
0

The last inequality follows from (8) and 0 < A(r) € L*(0,1).
From Lemma 2.3, for any 0 < ¢ < 1 there holds

1
/ |252dr < C,,
g

where C, is a constant dependent of . Going to a subsequence of zs

if necessary, denoted by z5,, we assert that there exists a nonnegative
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function z € L>=(0,1) N W2(o, 1) such that, as § = 6, — 0,

zs — z ae. in[0,1], (10)
25 — 2 weakly in L*(o,1). (11)

Since W'2(g,1) < C'/2[g,1] and zs is uniformly bounded with re-
spect to o, from Arzela-Ascoli theorem and diagonal sequential process,

we further claim that, as 6 = 9,, — 0,
zs — z uniformly in [0, 1], (12)
and z(1) = 0.
On the other hand, from (8)(10) we obtain that
Cow? < z < Cymin{r?, (1 —r)?} in (0, 1). (13)

This implies that z has Holder continuity near » = 0 and lim z(r) = 0.

r—0

Define z(0) = 0, we see that z satisfies (2), z € C'2[0,1] and
zs — 2z in [0, 1], (14)

as d = 6, — 0.

From Lemma 2.3 and (11), we also have

(r+6)°/225 — rP2y  weakly in L*(0,1),
P22k — rBl2y weakly in L*(0,1).
as 0 = 6§, — 0. From (15) and weak lower semi-continuity of the norm

in L?(0,1), it follows that

(15)

1
| e <c (16)
0

where C is independent of 6.

Next we show that z satisfies the integral identity of Definition 2.1.

Lemma 2.4. For any £ € C3°(0,1), as § = 6, — 0, we have
1
(1) / rPrE 2 — 2 Pdr — 0;
0

1
@) [ rgl - 12 Pldr — o0
0

® [

/
N PR
r+o6 r
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5 12

dr — 0.

25 + 02

W [

Proof.  From (14) and Lemma 2.3, for any fixed 6 € (0,1), ¢s =
rPtE(zs — 2) € L®°(0,1) N W, *(0,1). Thus we may take @; as a test

function in (6) to obtain

/1r6+1)\(r)§(z5 — 2)dr

0

1 112 1

Ed

= ’V/O ’r’ﬁﬂfr i 52 (25 — 2)dr + i PP (2 — 2 )dr
1 7"/8 1

+/ (B+1-— )rﬁgzg(z(; — z)dr + / s "25(zs — 2)dr
0 T+5 0

=L+ 1L+ 13+ 1,

Since & € C§°(0,1), supp & CC (0,1). From which, Lemma 2.3,
(8)(12) and w > 0 on supp & C [0, 1], there hold

I < C/ rPezs 2502 25 — 2|dr
supp §

< C' max (w_2|25—z|)</ rﬁ|zg|2dr)
supp §

resupp &

— 0, (6 =9, — 0).

Now we estimate I3, I4. Using the similar method as in I;, we obtain

from Holder’s inequality that
1
I; <(B+ 1)/ rP¢| 25|25 — z|dr — 0,
0
1
o= / 1€/ |25 25 — 2dr — 0,
0

as 0 =6, — 0.

From Lebesgue’s dominated convergence theorem, we have

1
/ rPHIN()E (25 — 2)dr — 0, (6 =6, — 0),
0
hence
1
I, = / PP (2 — 2 )dr
0

1 1
= [ -2 [ e - ar
0

0
:Igl+122—>0, (5:571_)0)
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From (15) and Hélder’s inequality, we have as § = 4,, — 0

1
Iy = / rted (25 — 2)dr
0
1
<C | PPy PR — 2 Ydr — 0.
0

Thus (1) follows.
Now we prove (2). From Holder’s inequality, Lemma 2.3, (16) and

conclusion (1), we deduce

1
[ - 12
0 1
2 [ 194165+ 1)1 - ar
0

1 1/2 1 1/2
2(/ rPHE(| 5] + |z/\)2dr) . (/ rPHLE| 2L — z'|2d'r’>

0 0
— 0, (6 =9, —0),

IA

IA

and (2) follows.

Next we prove (3). Indeed we have

1
/ TBJrlg
0

o Bel ot ’ 15 r '
0T+5r£|z5—z\d'r’+ Or§‘m—1‘\z\dr
= J1+J2.

25 2

dr

r+d r

From conclusion (1) and Hélder’s inequality, we have

1 1/2
J1 < C</ rPLE 2 — z’\er) — 0, (6 =46, —0).
0

Since 25 — 1 a.e. in (0,1)(6 = d, — 0), by similar proof of I3, we
have J; — 0. Hence (3) follows.

Finally we need to prove (4). At first, we obtain
5 |2

1
B+1
r dr
/0 f zs + 02
1 2 2 1
~ [l ongp
0 Z§ +52 0
= K|+ K,.

1 1
—— —\d
25 + 02 z‘r
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From conclusion (2), (8), there holds

K; < C max (w)2/ P 252 — |2/ )P ldr — 0,
resupp § supp &

1

as d = 9, — 0. From (12) we have ﬁ — < uniformly in [o, 1], for

any 0 < o < 1/2. Similarly, we deduce

1 1
Ky < C max ‘72 - —‘ / B |2 2dr — 0,
resupp € 1 25 + 0 z supp &

as 0 = d, — 0. Thus (4) is true.
From Lemma 2.4, we see that z satisfies the integral identity of Defi-
nition 2.1. To finish the proof of Theorem 2.1, it remains to prove that

2'(0) = 2/(1) = 0. From (13), we have

2
1
C(Ouj_ S M S Clra e (07 _)7
T T 2
w? z(r) 1
< < - 1.
001—7“—1—7“_01(1 r),TE(2,1)

Note that w = (r — %), we obtain

~—

i 20 i 200
r—0t 1 r—1-1—7r

Y

Acknowledgement. The authors are very grateful for the referee’s

and the editor’s helpful advices.

REFERENCES

[1] M. Bertsch, M. Ughi, Positivity properties of viscosity solutions of a degenerate
parabolic equation, Nonlinear Anal. TMA, 14(1990), 571-592.

[2] M. Bertsch, R.D. Passo, M. Ughi, Discontinuous viscosity solutions of a degen-
erate parabolic equation, Trans. Amer. Math. Soc., 320(1990), 779-798.

[3] G.I. Barenblatt, M. Bertsch, A.E. Chertock etc., Self-similar intermediate as-
ymptotic for a degenerate parabolic filtration-absorption equation, Proc. Nat.
Acad. Sci., 18(2000), 9844-9848.

[4] L. Xia, Z.A. Yao, Positive solutions for a class of singular boundary-value prob-
lems, Electron. J. Differential Equations, 2007(2007), 1-5.

[5] W.S. Zhou, X.D. Wei, Positive solutions to BVPs for a singular differential
equation, Nonlinear Anal., 67(2007), 609-617.

[6] R.P. Agarwal, D. O'Regan, B.Q. Yan, Multiple positive solutions of singular
Dirichlet secondary-order boundary-value problems with derivative dependence,
J. Dyn. Control Syst., 15(2009), 1-26.

EJQTDE, 2011 No. 69, p. 9



[7] Z. J. Zhang, A remark on the existence of explosive solutios for a class of
semilinear elliptic equations, Nonlinear Anal., 41(2000), 143-148.

[8] D. Arcoya, J. Carmona, P. L. Martinez-Aparicio, Elliptic obstacle problems with
natural growth on the gradiant and singular nonlinear terms, Adv. Nonlinear
Studies, 7(2007), 299-317.

[9] D. Arcoya, P. L. Martinez-Aparicio, Quasilinear equations with natural growth,
Rev. Mat. Iberoamericana, 24(2008), 597-616.

[10] Z. Zhang, Boundary behavior of solutions to some singular elliptic boundary
value problems, Nonlinear Anal., 69(2008), 2293-2302.

[11] D. Arcoya, L. Boccardo, T. Leonori, A. Porretta, Some elliptic problems with
singular natural growth lower order terms, J. Diff. Equations, 249(2010), 2771-
2795.

[12] Z. Zhang, X. Li, Y. Zhao, Boundary behavior of solutions to singular bound-
ary value problems for nonlinear elliptic equations, Adv. Nonlinear studies,
10(2010), 249-261.

[13] O.A. Ladyzenskaja, N.N. Uralceva, Linear and Quasilinear Elliptic Equations,
Beijing, China: Science Press, 1987.

(Received June 10, 2011)

DEPARTMENT OF MATHEMATICS, SHENZHEN UNIVERSITY, SHENZHEN 518060,
CHINA.
E-mail address: xaleysherry@163.com (Corresponding author)

DEPARTMENT OF MATHEMATICS, JINAN UNIVERSITY, GUANGZHOU 510632,
CHINA.
E-mail address: jingna8005@hotmail.com

DEPARTMENT OF MATHEMATICS, SUN YAT-SEN UNIVERSITY, GUANGZHOU
510275, CHINA.

E-mail address: mcsyao@mail.szu.edu.cn

EJQTDE, 2011 No. 69, p. 10



