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Abstract. This paper is dedicated to studying the following semilinear Schrödinger
system 

−∆u + V1(x)u = Fu(x, u, v) in RN ,
−∆v + V2(x)v = Fv(x, u, v) in RN ,
u, v ∈ H1(RN),

where the potential Vi are periodic in x, i = 1, 2, the nonlinearity F is assumed to be
super-quadratic at some x ∈ RN and asymptotically quadratic otherwise. Under a local
super-quadratic condition of F, an approximation argument and variational method are
used to prove the existence of Nehari–Pankov type ground state solutions and the least
energy solutions.
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1 Introduction

We consider the following system of semilinear Schrödinger equations:
−∆u + V1(x)u = Fu(x, u, v) in RN ,

−∆v + V2(x)v = Fv(x, u, v) in RN ,

u, v ∈ H1(RN),

(1.1)

where V1, V2 ∈ C(RN , R), F : RN ×R2 → R satisfy the following assumptions:

(V) V1, V2 ∈ C(RN , R) are 1-periodic in xj, j = 1, 2, . . . , N, and

sup[σ(−∆ + Vi) ∩ (−∞, 0)] =: Λi < 0 < Λi := inf[σ(−∆ + Vi) ∩ (0, ∞)];
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(F1) F ∈ C1(RN ×R2, [0, ∞)) and there exist constants p ∈ (2, 2∗), C1 > 0 such that

|Fz(x, z)| ≤ C1(1 + |z|p−1), ∀(x, z) ∈ RN ×R2,

where Fz := (Fu, Fv) = ∇F, 2∗ := 2N/(N − 2) if N ≥ 3 and 2∗ := +∞ if N = 1 or 2;

(F2) |Fz(x, z)| = o(|z|) as |z| → 0 uniformly in x ∈ RN .

From (V), (F1) and (F2), we can easily get that the critical points of functional Φ are the
solutions of (1.1), here Φ is defined as:

Φ(z) =
1
2

∫
RN

[
|∇u|2+V1(x)|u|2+ |∇v|2 + V2(x)|v|2

]
dx−

∫
RN

F(x, z)dx, z = (u, v) ∈ E, (1.2)

where E = H1 × H2 is defined in Section 2.
There is a scalar case of the Schrödinger system:{

−∆u + V(x)u = ∇F(x, u), x ∈ RN ,

u ∈ H1(RN),
(1.3)

we can easily obtain that case when V1 = V2 and u = v. That equation has been widely
studied in the literature, such as [2, 9, 15, 16, 30, 32].

Solution of (1.1) was related to the following system:{
−i ∂Ψ

∂t = ∆Ψ−V1(x)Ψ + F1(x, Ψ), x ∈ RN , t ≥ 0,

−i ∂Φ
∂t = ∆Φ−V2(x)Φ + F2(x, Φ), x ∈ RN , t ≥ 0,

where i denotes the imaginary unit, V1 and V2 are the relevant potentials, Φ and Ψ represent
the condensate wave functions. This type of Schrödinger systems arise in nonlinear optics,
and have extensively been applied in many areas, such as the investigation of pulse propaga-
tion, Bose–Einstein condensates, Hartree–Fock theory for a double condensate, gap solitons
in photonic crystals and so on, see as [6, 10, 13, 14, 22, 31]. In recent years, many researchers
were interested in such type of systems, we refer the readers to [1, 3–7, 17–20, 24, 25].

Manassés and João [29] investigated the existence of nontrivial solutions for the following
strongly coupled system in R2:{

−∆u + V(x)u = g(x, v), v > 0 in R2,

−∆v + V(x)v = f (x, u), u > 0 in R2,
(1.4)

where V : R2 → R may change sign and vanish, f , g are superlinear at infinity and satisfy
critical or subcritical growth of Trudinger–Moser type. By using the linking geometry and a
Trudinger–Moser type inequality, they obtained the boundedness of a Palais–Smale sequence,
and proved there exists a subsequence that converges to a weak solution of (1.4). Finally,
applying a Galerkin approximation procedure, they proved the existence of solutions in the
subcritical case and critical case respectively.

Qin and Tang [23] established a nontrivial solution for the following elliptic system:
−∆u + U1(x)u = Fu(x, u, v) in RN ,

−∆v + U2(x)v = Fv(x, u, v) in RN ,

u, v ∈ H1(RN),
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where Ui(x) ∈ C(RN , R), i = 1, 2, F ∈ C1(RN ×R2, R) and ∇F = (Fu, Fv). In that paper, the
authors distinguished two situations about Ui and F: periodic and asymptotically periodic
case. For the periodic case, by using the diagonal method [32], the authors found a minimizing
Cerami sequence outside the Nehari–Pankov manifold, then they proved the existence of the
least energy solution and the ground state solution. For the latter case, by using a generalized
linking theorem, they obtained a nontrivial solution. In that paper, F satisfies the following
super-quadratic assumption:

(SQ) lim|z|→∞
F(x,z)
|z|2 = ∞ uniformly in x.

By using (SQ), one can prove the linking geometry, mountain pass geometry and verify the
boundedness of Cerami or Palais–Smale sequence. Moreover, it is standard to show that
N− 6= ∅, where

N− := {z ∈ E \ E− : 〈Φ′(z), z〉 = 〈Φ′(z), ζ〉 = 0, ∀ζ ∈ E−}, (1.5)

here E− defined in (2.11). Introduced by Pankov [22], N− is a natural constraint and contains
all nontrivial critical points of the energy functional Φ, and every minimizer u of Φ on the
manifold N− is a solution which is called a ground state solution of Nehari–Pankov type.
Also, the set N− plays a crucial role in proving the existence of the ground state solution.

Later, Tang et al. [33] investigated the existence of the ground state solutions about (1.3)
under the assumptions (V), (F1), (F2) and the following assumptions:

(F3) There exists a domain G ⊂ RN such that lim|z|→∞
F(x,z)
|z|2 = ∞ a.e. x ∈ G.

(F4) z 7→ Fz(x,z)
|z| is non-decreasing on |z| 6= 0.

(F5) F (x, z) := 1
2 Fz(x, z) · z− F(x, z) ≥ 0, and there exist some constants C2 > 0, R0 > 0 and

σ ∈ (0, 1), such that (
|Fz(x, z)|
|z|σ

)κ

≤ C2F (x, z), ∀ |z| ≥ R0

holds with κ = 2N
2N−(1+σ)(N−2) if N ≥ 3, or with κ ∈

(
1, 2

1−σ

)
if N = 1, 2.

Since they relaxed condition (SQ) to the above local version (F3), it is difficult to demonstrate
N− 6= ∅ and prove the boundedness of Cerami or Palais–Smale sequences for the energy
functional Φ. They use some new techniques to conquer the above difficulties. For the first
one, by using linking geometry and verifying sup Φ(z) < ∞ for z ∈ E−⊕R+ ē+, they illustrate
that Φ is weakly upper semi-continuous, hence, they can prove that N− 6= ∅. For the second,
they consider an approximation argument to find a minimizing sequence satisfying the PS
condition for the corresponding functional. Finally, by using the uniqueness of the continuous
spectrum about the operator Ai = −∆ +Vi, they make a contradiction to get the boundedness
of the above sequence.

Recently, Qin et al. [26] proved the existence of nontrivial solutions for (1.1) by using
generalized linking theorem and variational methods. More precisely, they found a Cerami
sequence for the corresponding energy functional, and then proved the boundedness of the
Cerami sequence. By applying linking geometry, they proved there exists a ground state
solution of (1.1) with assumptions (V), (F1)–(F3). Besides, they used the following assumption
to prove the boundedness of Cerami sequences:
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(F6’) F (x, z) ≥ 0, and there exist some constants C̃1 > 0, δ0 ∈ (0, Λ0) and σ ∈ (0, 1), such that

|Fz(x, z)|
|z| ≥

√
2

2
τ =⇒

(
|Fz(x, z)|
|z|σ

)κ

≤ C̃1F (x, z), ∀ (x, z) ∈ RN ×R2

holds with κ = 2N
2N−(1+σ)(N−2) if N ≥ 3, or with κ ∈

(
1, 2

1−σ

)
if N = 1, 2, where

τ := Λ0 − δ0, Λ0 := min
{
−Λ1, Λ1, −Λ2, Λ2

}
. (1.6)

To the best of our knowledge, there is few result about the ground state solution of system
(1.1). Motivated by [26, 33], we aim to prove the existence of ground state solutions about
system (1.1) by using approximation argument and variational method. We try to obtain the
ground state solutions of Nehari–Pankov type and least energy solutions under assumptions
(V), (F1)–(F5) and the following conditions:

(F6) F(x, z) ≥ 0,F (x, z) ≥ 0, and there exist constants C3 > 0, δ0 ∈ (0, Λ0) and σ ∈ (0, 1),
such that

|Fz(x, z)|
|z| ≥ τ =⇒

(
|Fz(x, z)|
|z|σ

)κ

≤ C3F (x, z), ∀ (x, z) ∈ RN ×R2

holds with κ = 2N
2N−(1+σ)(N−2) if N ≥ 3, or with κ ∈

(
1, 2

1−σ

)
if N = 1, 2, note that τ is the

same with (1.6).

Now, we state our results of this paper.

Theorem 1.1. Let (V), (F1)–(F5) be satisfied. Then (1.1) has a Nehari–Pankov type ground state
solution.

Theorem 1.2. Let (V), (F1)–(F3) and (F6) be satisfied. Then (1.1) has a least energy solution z̄ in K,
where K := {z ∈ E \ {0} : Φ′(z) = 0}.

There is an example to illustrate that the assumptions (F3)–(F6) can be satisfied.
Let N ≥ 3 and F(x, z) = cos2(2πx1)|z|2 ln(1 + |z|2), it is easy to verify that

Fz(x, z) = 2z cos2(2πx1)

[
ln(1 + |z|2) + |z|2

1 + |z|2

]
and

F (x, z) =
cos(2πx1)|z|4

1 + |z|2 ≥ 0.

It is clear that F satisfies (F1)–(F6) with G = (− 1
8 , 1

8 )×RN−1, but does not satisfy (SQ).

Remark 1.3. Assume that (F1), (F2), (F4) and (F5) hold. Then (F6) holds also. See as [33,
Lemma 3.8]. Moreover, (F6’) implies (F6).

To prove the existence of ground state solutions about (1.1), at first, we show that N− 6= ∅.
Inspired by Tang [33], we consider an approximation argument about the auxiliary function-
als Iε(z) = Φ(z)− ε

∫
RN |z|pdx, which makes the corresponding problem superlinear in RN .

Moreover, by demonstrating a key inequality (3.3) and using N− 6= ∅, we prove that Iεn(zεn)

is bounded and I′εn
(zεn) = 0, here εn → 0 as n → ∞. Finally, by using Sobolev embed-

ding theorem and Lion’s concentration compactness principle, we prove the sequence {zεn} is
bounded, then we can get that {zεn} is convergent to a solution of (1.1).

The reminder of this paper is organized as follows. In Section 2, some preliminaries are
presented. In Section 3, we give the proof of Theorem 1.1 and Theorem 1.2. For convenience,
let C0, C̃0, C1, C̃1, . . . denote different constants in different places.
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2 Preliminaries

Let Ai = −∆ + Vi, here and in what follows i = 1, 2. Then Ai are self-adjoint in L2(RN) with
domain D(Ai) = H2(RN) (see [12, Theorem 4.26]). Let {Ei(λ) : −∞ ≤ λ ≤ +∞} and |Ai| be
the spectral family and the absolute value of Ai, respectively, and |Ai|1/2 be the square root of
|Ai|. Set Ui = id− Ei(0)− Ei(0−). Then Ui commutes with Ai, |Ai| and |Ai|1/2. Furthermore,
Ai = Ui|Ai| is the polar decomposition of Ai (see [11, Theorem IV 3.3]). Let

Hi = D(|Ai|1/2), H−i = Ei(0−)Hi, H+
i = [id− Ei(0)]Hi.

For any ui ∈ Hi, fixing i = 1 or i = 2, it is easy to see that ui = ui
− + ui

+ with

u−i := Ei(0−)ui ∈ H−i , u+
i := [id− Ei(0)]ui ∈ H+

i (2.1)

and
Aiu−i = −|Ai|u−i , Aiu+

i = |Ai|u+
i , ∀ ui = ui

− + ui
+ ∈ Hi ∩D(Ai). (2.2)

For fixed i taking 1 or 2, we define an inner product

(u, v)Hi =
(
|Ai|1/2u, |Ai|1/2v

)
L2

, u, v ∈ Hi (2.3)

and the corresponding norm

‖u‖Hi =
∥∥∥|Ai|1/2u

∥∥∥
L2

, u ∈ Hi,

where (·, ·)L2 denotes the inner product of L2(RN), ‖ · ‖Ls stands for the usual Ls(RN) norm,
1 ≤ s < ∞. There are induced decompositions Hi = H−i ⊕ H+

i which are orthogonal with
respect to both (·, ·)L2 and (·, ·)Hi . Then∫

RN

(
|∇ui|2 + Vi(x)|ui|2

)
dx = ‖u+

i ‖
2
Hi
− ‖u−i ‖

2
Hi

, ∀ ui = u−i + u+
i ∈ Hi, i = 1, 2.

Under condition (V), H−i ⊕H+
i = Hi = H1(RN) with equivalent norms. Therefore, Hi embeds

continuously in Ls(RN) for all 2 ≤ s < 2∗. Then, there exists a constant γs > 0 such that

‖z‖s ≤ γs‖z‖, ∀z ∈ E, s ∈ [2, 2∗], (2.4)

where ‖ · ‖s stands for the usual Ls(RN , R2) norm.

Let
E = H1 × H2 (2.5)

equipped with the inner product

〈z, ξ〉 = (u, χ)H1 + (v, ψ)H2 , z = (u, v), ξ = (χ, ψ) ∈ E = H1 × H2 (2.6)

and the corresponding norm

‖z‖ =
[
‖u‖2

H1
+ ‖v‖2

H2

]1/2
, z = (u, v) ∈ E. (2.7)

For any ε > 0, (F1) and (F2) yield the existence of Cε > 0 such that

|Fz(x, z)| ≤ ε|z|+ Cε|z|p−1, ∀ (x, z) ∈ RN ×R2. (2.8)
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Under (V), a standard argument (see [8, 36]) shows that the solutions of problem (1.1) are
critical points of the functional

Φ(z) =
1
2

∫
RN

[
|∇u|2+V1(x)|u|2+ |∇v|2 + V2(x)|v|2

]
dx−

∫
RN

F(x, z)dx, z = (u, v) ∈ E, (2.9)

Φ is of class C1(E, R), and

〈Φ′(z), ξ〉 =
∫

RN
(∇u∇χ + V1(x)uχ)dx +

∫
RN

(∇v∇ψ + V2(x)vψ)dx

−
∫

RN
(Fu(x, z)χ + Fv(x, z)ψ)dx, ∀ z = (u, v), ξ = (χ, ψ) ∈ E. (2.10)

Let
E+ = H+

1 × H+
2 , E− = H−1 × H−2 , (2.11)

then for any z = (u, v) ∈ E, (2.1) yields z = z+ + z− with the corresponding summands

z+ = (u+, v+) ∈ E+, z− = (u−, v−) ∈ E−. (2.12)

Moreover, E+ and E− are orthogonal with respect to the inner products 〈·, ·〉 and (·, ·)2, where
(·, ·)2 is chosen by ((u, v), (χ, ψ))2 = (u, χ)L2 + (v, ψ)L2 for any (u, v), (χ, ψ) ∈ L2(RN , R2).
Hence

E = E+ ⊕ E−.

It follows from (2.2), (2.3), (2.6) and (2.12) that∫
RN

[∇u∇χ + V1(x)uχ +∇v∇ψ + V2(x)vψ]dx

= (A1u, χ)L2 + (A2v, ψ)L2

= (u+
1 , χ+

1 )H1 + (v+2 , ψ+
2 )H2 − (u−1 , χ−1 )H1 − (v−2 , ψ−2 )H2

=
〈
z+, ξ+

〉
−
〈
z−, ξ−

〉
, ∀ z = (u, v), ξ = (χ, ψ) ∈ E. (2.13)

and∫
RN

[
|∇u|2 + V1(x)|u|2 + |∇v|2 + V2(x)|v|2

]
dx = ‖z+‖2 − ‖z−‖2, ∀ z = (u, v) ∈ E. (2.14)

Lemma 2.1. Assume that (V), (F1), (F2) and (F4) hold. Then there exists ρ > 0 such that

inf{Φ(z) : z ∈ E+, ‖z‖ = ρ} > 0. (2.15)

We omit the proof here since it is standard.

Suppose that G ∈ RN is a bounded domain. We can choose ē := (ēu, ēv) ∈ C∞
0 (RN , R+) ∩

C∞
0 (G, R+) satisfying

‖ē+‖2 − ‖ē−‖2 =
∫

RN

[
|∇ēu|2 + V1(x)|ēu|2 + |∇ēv|2 + V2(x)|ēv|2

]
dx

=
∫

G

[
|∇ēu|2 + V1(x)|ēu|2 + |∇ēv|2 + V2(x)|ēv|2

]
dx ≥ 1,

then ē+ = (ē+u , ē+v ) 6= (0, 0).
Owing to prove N− 6= ∅, we also need the following lemma.



Ground state solution of a semilinear Schrödinger system 7

Lemma 2.2. Assume that (V), (F1), (F2) and (F5) hold. Then sup Φ(E− ⊕R+ ē+) < ∞ and there is
Rē > 0 such that

Φ(z) ≤ 0, for z ∈ E− ⊕R+ ē+ with ‖z‖ ≥ Rē. (2.16)

Proof. As the ideal of [34, Lemma 3.2 and Corollary 3.3], we can prove Lemma 2.2 by veri-
fying that there is r > ρ such that sup Φ(∂Q) ≤ 0, where Q = {w + se+ : w ∈ E−, s ≥ 0,
‖w + se+‖ ≤ r}.

Lemma 2.3. Assume that (V), (F1), (F2) and (F5) hold. Then N− 6= ∅.

Proof. From Lemma 2.1, Φ(tē+) > 0 for small t > 0. Moreover, by Lemma 2.2, there exists
Rē > 0 such that Φ(z) ≤ 0 for z ∈ (E−⊕R+ ē+) \ BRē(0). Since that, 0 < sup Φ(E−⊕R+ ē+) <
∞. Hence, we can easily get that Φ is weakly upper semi-continuous on E− ⊕R+ ē+. Then,
there exists z0 ∈ E− ⊕R+ ē+ such that Φ(z0) = sup Φ(E− ⊕R+ ē+). It is obvious that z0 is
a critical point of Φ, that is 〈Φ′(z0), z0〉 = 〈Φ′(z0), ζ〉 = 0 for all ζ ∈ E− ⊕R+ ē+. Therefore,
z0 ∈ N− ∩ (E− ⊕R+ ē+).

3 The existence of ground state solutions

To prove Theorem 1.1 and Theorem 1.2, we define Iε(z) for any ε ≥ 0 as follows:

Iε(z) = Φ(z)− ε
∫

RN
|z|pdx. (3.1)

Let
N−ε = {z ∈ E \ E− : 〈I′ε(z), z〉 = 〈I′ε(z), ζ〉 = 0, ∀ζ ∈ E−}. (3.2)

Similar to Lemma 2.3, for ε ≥ 0, we have N−ε 6= ∅. Then we define mε := infN−ε Iε.

Lemma 3.1. Assume that (V), (F1), (F2) and (F4) hold. Then

Iε(z) ≥ Iε(tz + ζ) +
1
2
‖ζ‖2 +

1− t2

2
〈I′ε(z), z〉 − t〈I′ε(z), ζ〉, ∀t ≥ 0, z ∈ E, ζ ∈ E−. (3.3)

Proof. From (2.9), (2.10) and (3.1), we have

Iε(z)− Iε(tz + ζ)

=
1
2
‖z+‖2 − 1

2
‖z−‖2 −

∫
RN

F(x, z)dx− ε
∫

RN
|z|pdx

− t2

2
‖z+‖2 +

1
2
〈tz− + ζ, tz− + ζ〉+

∫
RN

F(x, tz + ζ)dx− ε
∫

RN
|tz + ζ|pdx

=
1
2
‖ζ‖2 +

1− t2

2
〈I′ε(z), z〉 − t〈I′ε(z), ζ〉

+
1− t2

2

∫
RN

Fz(x, z) · zdx− t
∫

RN
Fz(x, z) · ζdx +

∫
RN

F(x, tz + ζ)dx−
∫

RN
F(x, z)dx

+
1− t2

2
pε
∫

RN
|z|pdx− ε

∫
RN
|z|pdx + ε

∫
RN
|tz + ζ|pdx− tpε

∫
RN
|z|p−2z · ζdx. (3.4)

From [35, Lemma 4.3], one has

1− t2

2
Fz(x, z)z− tFz(x, z)ζ + F(x, tz + ζ)− F(x, z) ≥ 0, ∀z ∈ E, ζ ∈ E−, t ≥ 0. (3.5)



8 J. Chen and Y. Q. Li

As in [28, Remark 6], we can get that

1− t2

2
p|z|p − |z|p + |tz + ζ|p − tp|z|p−2z · ζ ≥ 0, ∀z ∈ E, ζ ∈ E−, t ≥ 0. (3.6)

Then, from (3.4), (3.5) and (3.6), we have

Iε(z)− Iε(tz + ζ) ≥ 1
2
‖ζ‖2 +

1− t2

2
〈I′ε(z), z〉 − t〈I′ε(z), ζ〉.

The proof is completed.

From the above lemma, we can get the following two corollaries.

Corollary 3.2. Assume that (V), (F1), (F2) and (F4) hold. Then for z ∈ N−ε ,

Iε(z) ≥ Iε(tz + ζ), ∀t ≥ 0, ζ ∈ E−. (3.7)

Corollary 3.3. Assume that (V), (F1), (F2) and (F4) hold. Then

Iε(z) ≥
t2

2
‖z‖2−

∫
RN

[
F(x, tz+) + ε|tz+|p

]
dx+

1− t2

2
〈I′ε(z), z〉+ t2〈I′ε(z), z−〉, ∀t ≥ 0, z ∈ E.

(3.8)

Lemma 3.4. Assume that (V), (F1), (F2) and (F4) hold. Then, for ε ∈ [0, 1],

(i) there exists κ̂ > 0 which does not depend on ε ∈ [0, 1] such that

Iε(z) ≥ mε ≥ κ̂, ∀z ∈ N−ε ; (3.9)

(ii) ‖z+‖ ≥ max{‖z−‖,
√

2mε} for all z ∈ N−ε .

Proof. (i) By (F1) and (F2), there exists a constant C4 > 0 such that

F(x, z) + ε|z|p ≤ 1
4γ2

2
|z|2 + C4|z|p, ∀x ∈ RN , z ∈ R2, ε ∈ [0, 1]. (3.10)

In virtue of (2.4), (3.1), (3.7) and (3.10), one has

Iε(z) ≥ Iε(tz+) =
t2

2
‖z+‖2 −

∫
RN

[
F(x, tz+) + ε|tz+|p

]
dx

≥ t2

4
‖z+‖2 − tpC4‖z+‖

p
p

≥ t2

4
‖z+‖2 − tpC4γ

p
p‖z+‖p, ∀z ∈ N−ε , ε ∈ [0, 1], t ≥ 0. (3.11)

Choose t = tz := 1

[2C4γ
p
p p]

1
p−2 ‖z+‖

, then it follows from above inequality that

Iε(z) ≥
t2
z
4
‖z+‖2 − tp

z C4γ
p
p‖z+‖p

=
p− 2

4p
[
2C4γ

p
p p
] 2

p−2
=: κ̂ > 0, ∀ε ∈ [0, 1], z ∈ N−ε . (3.12)

Hence, (3.9) holds.

(ii) (F4) shows that F(x, z) ≥ 0. Then, it follows from (3.1), (3.2) and (3.9) that (ii) holds.



Ground state solution of a semilinear Schrödinger system 9

Lemma 3.5. Assume that (V), (F1), (F2) and (F4) hold. Then for any ε ∈ (0, 1], there exists zε ∈ N−ε
such that

Iε(zε) = mε, I′ε(zε) = 0. (3.13)

Proof. By virtue of [26, Lemma 4.2 and Lemma 4.3], we can get that there exists a bounded
sequence {zεn} ∈ E such that

Iε(zεn)→ c, ‖I′ε(zεn)‖(1 + ‖zεn‖)→ 0, n→ ∞, (3.14)

where c ∈ [κ̂, mε]. Hence, there exists a constant C̃2 > 0 such that ‖zεn‖2 ≤ C̃2. If

δ := lim sup
n→∞

sup
y∈RN

∫
B1(y)
|zεn |2dx = 0,

applying Lion’s concentration compactness principle [36, Lemma 1.21], zεn → 0 in Ls(RN) for
2 < s < 2∗. By (F1) and (F2), for ε = c

4C̃2
2
> 0, there exists C̃ε > 0 such that

|Fz(x, z)| ≤ ε|z|+ C̃ε|z|p−1,

|F(x, z)| ≤ ε|z|2 + C̃ε|z|p, ∀(x, z) ∈ RN ×R2.

Thus,

lim sup
n→∞

∫
RN

[
F (x, zεn) +

p− 2
2

εn|zεn |p
]

dx ≤ 3
2

εC̃2
2 +

(
3
2

C̃ε + C̃3

)
lim
n→∞
‖zεn‖

p
p =

3
8

c. (3.15)

From (3.1), (3.14) and (3.15), one has

c = Iεn(zεn)−
1
2
〈I′εn

(zεn), zεn〉+ o(1)

=
∫

RN

[
F (x, zεn) +

p− 2
2

εn|zεn |p
]

dx + o(1)

≤ 3
8

c + o(1).

That is a contradiction, so we have δ > 0.
Going if necessary to a subsequence, we may assume there exists kn ∈ ZN such that∫

B1+
√

N(kn)
|zn|2dx >

δ

2
.

Define wn(x) := zn(x + kn) such that∫
B1+

√
N(0)
|wn|2dx >

δ

2
. (3.16)

In view of Vi(x) and Fz(x, z) are periodic on x, i = 1, 2, we have ‖wn‖ = ‖zn‖ and

Iεn(wn)→ c, ‖I′εn
(wn)‖(1 + ‖wn‖)→ 0. (3.17)

Going if necessary to a subsequence, we have wn ⇀ w̄ in E, wn → w̄ in Ls
loc(R

N), 2 < s < 2∗

and wn → w̄ a.e. on RN . Obviously, (3.16) implies that w̄ 6= 0. By a standard argument, we
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have I′εn
(w̄) = 0. Then w̄ ∈ N− and Iεn(wn) ≥ mε. Moreover, from (3.17), (F4) and Fatou’s

Lemma, one has

mε ≥ c = lim
n→∞

[
Iεn(wn)−

1
2
〈I′εn

(wn), wn〉
]

= lim
n→∞

∫
RN

[
F (x, wn) +

p− 2
2

εn|wn|p
]

dx

≥
∫

RN
lim
n→∞

[
F (x, wn) +

p− 2
2

εn|wn|p
]

dx

=
∫

RN

[
F (x, w̄) +

p− 2
2

εn|w̄|p
]

dx

= Iεn(w̄)− 1
2
〈I′εn

(w̄), w̄〉 = Iεn(w̄).

This shows that Iεn(w̄) ≤ mε and then Iεn(w̄) = mε.

Lemma 3.6. Assume that (V), (F1), (F2) and (F4) hold. Then for any ε ∈ (0, 1] and z ∈ E \ E−, there
exist tε(z) > 0 and ζε(z) ∈ E− such that tε(z)z + ζε(z) ∈ N−ε .

We can easily prove this lemma in a similar way as Lemma 2.3, so we omit it.

Proof of Theorem 1.1. Consider the case N ≥ 3. By Lemma 3.5, there exists zε ∈ N−ε such that
(3.13) holds, where ε ∈ (0, 1].

By Lemma 2.3, N− 6= ∅. Then, for z0 ∈ N− and ζ ∈ E−, Φ(z0) := c̄ ≥ 0 and 〈Φ′(z0), z0〉 =
〈Φ′(z0), ζ〉 = 0 hold. In virtue of Lemma 3.6, there exist tε > 0 and ζε ∈ E− such that
tεz0 + ζε ∈ N−ε . By Corollary 3.2 and Lemma 3.4, one has

c̄ = Φ(z0) = I0(z0) ≥ I0(tεz0 + ζε)

≥ Iε(tεz0 + ζε) ≥ mε ≥ κ̂, ∀ε ∈ (0, 1). (3.18)

Choose a sequence {εn} ⊂ (0, 1] satisfy εn → 0 as n→ ∞, and

zεn ∈ N−εn
, Iεn(zεn) = mεn → m̄ ∈ [κ̂, c̄], I′εn

(zεn) = 0. (3.19)

There are three steps to prove Theorem 1.1.

Step 1: We prove that {zεn} is bounded in E.
Arguing by contradiction, suppose that ‖zεn‖ → ∞. Set wn = zεn

‖zεn‖
, then ‖wn‖ = 1. By the

Sobolev embedding theorem, going if necessary to a subsequence, we have
wn ⇀ w, in E;

wn → w, in Ls
loc(R

N), ∀s ∈ [2, 2∗);

wn → w, a.e. on RN .

From (3.19), we have

c̄ ≥ Iεn(zεn)−
1
2
〈I′εn

(zεn), zεn〉 =
∫

RN

[
F (x, zεn) +

p− 2
2

εn|zεn |p
]

dx. (3.20)

In view of Sobolev embedding theorem, there exists a constant C̃4 > 0 such that ‖wn‖2 ≤ C̃4.
If

δ := lim sup
n→∞

sup
y∈RN

∫
B1(y)
|w+

n |2dx = 0, (3.21)
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by Lion’s concentration compactness principle, w+
n → 0 in Ls(RN) for 2 < s < 2∗. Let

R > [2(1 + c̄)]
1
2 . From (F1) and (F2), choose ε = 1

4(RC̃4)2 > 0, there exists C̃5 > 0 such that

lim sup
n→∞

∫
RN

[
F(x, Rw+

n ) + εn|Rw+
n |p
]

dx ≤ lim sup
n→∞

[
εR2‖w+

n ‖2
2 + C̃5Rp‖w+

n ‖
p
p
]

≤ ε(RC̃4)
2 =

1
4

. (3.22)

Let tn = R
‖zεn‖

. From (3.19), (3.22) and Corollary 3.3, one has

c̄ ≥ mεn = Iεn(zεn)

≥ t2
n
2
‖zεn‖2 −

∫
RN

[
F(x, tnz+εn

) + εn|tnz+εn
|p
]

dx

=
R2

2
−
∫

RN

[
F(x, Rw+

n ) + εn|Rw+
n |p
]

dx

≥ R2

2
− 1

4
+ o(1)

> c̄ +
3
4
+ o(1),

which is a contradiction, then δ > 0.
Passing to a subsequence, we may assume there exists kn ∈ ZN such that∫

B1+
√

n(kn)
|w+

n |2dx >
δ

2
.

Let w̃n = wn(x + kn). Since V1(x) and V2(x) are 1-periodic in each of x1, x2, . . . , xN , then
Ai = −∆ + Vi, E+ and E− are ZN-translation invariance. Thereby, ‖w̃n‖ = ‖wn‖ = 1, and∫

B1+
√

n(0)
|w̃+

n |2dx >
δ

2
. (3.23)

Going if necessary to a subsequence , we have
w̃n ⇀ w̃, in E;

w̃n → w̃, in Ls
loc(R

N), ∀s ∈ [2, 2∗);

w̃n → w̃, a.e. on RN .

Then (3.23) shows that w̃ 6= 0.
Define z̃n = (ũn, ṽn) = zεn(x + kn), note that zεn = (uεn , vεn). Hence, z̃n

‖zεn‖
= w̃n → w̃ a.e.

on RN and w̃ 6= 0, here w̃n = (η̃n, θ̃n). For any ϕ = (µ, ν) ∈ C∞
0 (RN), let φn = (µn, νn) =

ϕ(x− kn). From (3.1) and (3.19), we have

0 = 〈I′εn
(zεn), ‖zεn‖φn〉

= ‖zεn‖
∫

RN
(∇uεn · ∇µn + V1(x)uεn · µn +∇vεn · ∇νn + V2(x)vεn · νn)dx

− ‖zεn‖
∫

RN

[
Fz(x, zεn) + pεn|zεn |p−2zεn

]
ϕndx

= ‖zεn‖
∫

RN
(∇ũn · ∇µ + V1(x)ũn · µ +∇ṽn · ∇ν + V2(x)ṽn · ν)dx

− ‖zεn‖
∫

RN

[
Fz(x, z̃n) + pεn|z̃n|p−2z̃n

]
ϕdx
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= ‖zεn‖2
∫

RN

(
∇η̃n · ∇µ + V1(x)η̃n · µ +∇θ̃n · ∇ν + V2(x)θ̃n · ν

)
dx

− ‖zεn‖
∫

RN

[
Fz(x, z̃n) + pεn|z̃n|p−2z̃n

]
ϕdx, (3.24)

which implies ∫
RN

(
∇η̃n · ∇µ + V1(x)η̃n · µ +∇θ̃n · ∇ν + V2(x)θ̃n · ν

)
dx

=
1
‖zεn‖

∫
RN

[
Fz(x, z̃n) + pεn|z̃n|p−2z̃n

]
ϕdx. (3.25)

By virtue of (F1), (F2), (F6), (3.20) and the Hölder inequality, one can get that

1
‖zεn‖

∫
RN

∣∣[Fz(x, z̃n) + pεn|z̃n|p−2z̃n
]

ϕ
∣∣dx

≤ 1
‖zεn‖1−σ

∫
z̃n 6=0

(
|Fz(x, z̃n)|
|z̃n|σ

+ pεn|z̃n|p−1−σ

)
|w̃n|σ|ϕ|dx

=
1

‖zεn‖1−σ

[∫
0<|z̃n|<R0

(
|Fz(x, z̃n)|
|z̃n|σ

+ pεn|z̃n|p−1−σ

)
|w̃n|σ|ϕ|dx

+
1

‖zεn‖1−σ

∫
|z̃n|≥R0

(
|Fz(x, z̃n)|
|z̃n|σ

+ pεn|z̃n|p−1−σ

)
|w̃n|σ|ϕ|dx

]

≤ ‖w̃n‖σ
2∗‖ϕ‖2∗

‖zεn‖1−σ

∫
|z̃n|≥R0

(
|Fz(x, z̃n)|
|z̃n|σ

+ pεn|z̃n|p−1−σ

) 2∗
2∗−1−σ

dx

 2∗−1−σ
2∗

+
C5‖w̃n‖σ

2‖ϕ‖ 2
2−σ

‖zεn‖1−σ

≤ C6

‖zεn‖1−σ

‖ϕ‖ 2
2−σ

+ ‖ϕ‖2∗

[∫
|z̃n|≥R0

(F (x, z̃n) +
p− 2

2
εn|z̃n|p)dx

] 2∗−1−σ
2∗


≤ C6

‖zεn‖1−σ

‖ϕ‖ 2
2−σ

+ ‖ϕ‖2∗

[∫
RN

(
F (x, z̃n) +

p− 2
2

εn|z̃n|p
)

dx
] 2∗−1−σ

2∗


≤ C̃6

‖zεn‖1−σ

[
‖ϕ‖ 2

2−σ
+ ‖ϕ‖2∗

]
= o(1). (3.26)

It follows from (3.25) and (3.26) that∫
RN

(
∇η̃n · ∇µ + V1(x)η̃n · µ +∇θ̃n · ∇ν + V2(x)θ̃n · ν

)
dx = o(1), ∀ (µ, ν) ∈ C∞

0 (RN). (3.27)

In view of w̃n ⇀ w̃, one has∫
RN

(
∇η̃ · ∇µ + V1(x)η̃ · µ +∇θ̃ · ∇ν + V2(x)θ̃ · ν

)
dx = 0, ∀ (µ, ν) ∈ C∞

0 (RN). (3.28)

This implies that Aiw̃ = −∆w̃ + Vi(x)w̃ = 0. Then w̃ is an eigenfunction of the operator Ai,
where i = 1, 2. Note that Ai has only a continuous spectrum. That is a contradiction. Hence,
{‖zεn‖} is bounded.

Step 2: We prove that there exists z̄ ∈ E such that Φ′(z̄) = 0 and Φ(z̄) ≥ m0 := infN−0 I0 =

infN− Φ.
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Applying Lion’s concentration principle like in Step 1, we can deduce that there exist a
constant δ1 > 0, a sequence yn ∈ ZN and a subsequence of {zεn}, which is still denoted by
{zεn}, such that ∫

B1(yn)
|zεn |2dx > δ1. (3.29)

Define ẑn = zεn(x + yn). By E+ and E− are ZN-translation invariance, we have ‖ẑn‖ = ‖zεn‖
and

ẑn ∈ N−εn
, Iεn(ẑn) = mεn → m̄ ∈ [κ̂, c̄] , I′εn

(ẑn) = 0. (3.30)

Hence, there exists z̄ ∈ H1(RN) \ {0} such that, going if necessary to a subsequence ,
ẑn ⇀ z̄, in H1(RN);

ẑn → z̄, in Ls
loc(R

N), ∀s ∈ [1, 2∗);

ẑn → z̄, a.e. on RN .

(3.31)

Noting that ẑn = (ûn, v̂n), ϕ = (µ, ν). By virtue of (2.10), (3.1) and (3.31), we have

〈Φ′(z̄), ϕ〉 =
∫

RN
(∇ûn∇µ + V1(x)ûnµ +∇v̂n∇ν + V2(x)v̂nν)dx−

∫
RN

Fz(x, z̄)ϕdx

= lim
n→∞

{∫
RN

(∇ûn∇µ + V1(x)ûnµ +∇v̂n∇ν + V2(x)v̂nν)dx

−
∫

RN

[
Fz(x, ẑn) + εn p|ẑn|p−2ẑn

]
ϕdx

}
= lim

n→∞
〈I′εn

(ẑn), ϕ〉 = 0, ∀ϕ ∈ C∞
0 (Ω).

This implies that Φ′(z̄) = 0. Then, z̄ ∈ N−, Φ(z̄) ≥ m0.

Step 3: We prove that Φ(z̄) = m0.
In view of (2.9), (2.10), (3.1), (3.30), (3.31) and Fatou’s Lemma, we have

m̄ = lim
n→∞

mεn

= lim
n→∞

[
Iεn(ẑn)−

1
2
〈I′εn

(ẑn), ẑn〉
]

= lim
n→∞

∫
RN

[
F (x, ẑn) +

p− 2
2

εn|ẑn|p
]

dx

≥
∫

RN
F (x, z̄)dx = Φ(z̄)− 1

2
〈Φ′(z̄), z̄〉 ≥ m0. (3.32)

Let ε > 0. Then there exists wε ∈ N− such that Φ(wε) < m0 + ε. By Lemma 3.6, there exist
tn > 0 and ζn ∈ E− such that tnwε + ζn ∈ N−εn

. From (3.1) and Corollary 3.2, one has

m0 + ε > Φ(wε) = I0(wε) ≤ I0(tnwε + ζn) ≥ Iεn(tnwε + ζn) ≥ mεn . (3.33)

Thus,
m̄ = lim

n→∞
mεn ≤ m0 + ε. (3.34)

Since ε can be any positive number, we have m̄ ≤ m0. In view of (3.32), we can get that
m̄ = m0 = Φ(z̄).

Since the case N = 1, 2 can be dealt with similarly, we omit it. The proof is completed.
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Lemma 3.7. Assume that (V), (F1)–(F3) and (F6) hold. Then

(i) ϑ := inf {‖z‖ : z ∈ K} > 0;

(ii) $ := inf {Φ(z) : z ∈ K} > 0.

Proof. We only consider the case where N ≥ 3, since N = 1, 2 can be dealt with similarity.
(i) Similar to [26, Theorem 1.1], we have K 6= ∅. Let {zn} ⊂ K such that ‖zn‖ → ϑ. From

(2.10), we have

‖zn‖2 =
∫

RN
Fz(x, zn)(z+n − z−n )dx. (3.35)

In view of F(x, z) ≥ 0 and F (x, z) ≥ 0, then Fz(x, z)z ≥ 0. From (F1), (F2), (2.4) and (3.35), one
has

‖zn‖2 =
∫

zn 6=0

Fz(x, zn)

zn

(
|z+n |2 − |z−n |2

)
dx

≤ 1
2γ2

2
‖z+n ‖2

2 + C7‖zn‖p−2
p ‖z+n ‖2

p

≤ 1
2
‖zn‖2

2 + C8‖zn‖p,

then,
ϑ + o(1) = ‖zn‖ ≥ (2C8)

− 1
p−2 > 0. (3.36)

This implies that (i) holds.
(ii) Let {zn} ⊂ K such that Φ(zn)→ $. Then 〈Φ′(zn), z̄〉 = 0 for any z̄ ∈ E. From (2.9) and

(2.10), we have

$ + o(1) = Φ(zn)−
1
2
〈Φ′(zn), zn〉 =

∫
RN
F (x, zn)dx. (3.37)

Let wn = zn
‖zn‖ . Then ‖zn‖2 = 1. Set

Ωn :=
{

x ∈ RN :
|Fz(x, zn)|
|z| ≤ τ

}
. (3.38)

Since Λ0‖w+
n ‖2

2 ≤ ‖w+
n ‖2, we have∫

Ωn

Fz(x, zn)

zn
|wn|

(
|w+

n |+ |w−n |
)

dx

≤ τ‖wn‖2

[∫
RN

(|w+
n |+ |w−n |)2dx

] 1
2

≤ τ‖wn‖2
(
‖w+

n ‖2
2 + ‖w−n ‖2

2
) 1

2 ≤ 1− δ0

Λ0
. (3.39)

From (F6), (3.36), (3.37) and the Hölder inequality, we have

1
‖zn‖1−δ

∫
RN\Ωn

|Fz(x, zn)|
|zn|σ

|wn|σ|w+
n − w−n |dx

≤ 1
‖zn‖1−δ

∫
RN\Ωn

(
|Fz(x, zn)|
|zn|σ

) 2∗
2∗−1−σ

dx

 2∗−1−σ
2∗

‖wn‖σ
2∗‖w+

n − w−n ‖2∗
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≤ C9

‖wn‖1−σ

[∫
RN\Ωn

F (x, zn)dx
] 2∗−1−σ

2∗

≤ C10[$ + o(1)]
2∗−1−σ

2∗ . (3.40)

By virtue of (3.39), (3.40) and (2.10), one has

1 =
‖zn‖2 − 〈Φ′(zn), z+n − z−n 〉

‖zn‖2

=
1
‖zn‖

∫
RN

Fz(x, zn)(z+n − z−n )dx

=
∫

Ωn

Fz(x, zn)

zn

[
(w+

n )
2 − (w−n )

2]dx +
1

‖zn‖1−σ

∫
RN\Ωn

Fz(x, zn)

|zn|σ
|wn|σ

(
w+

n − w−n
)

dx

≤
∫

Ωn

Fz(x, zn)

zn
(w+

n )
2dx +

1
‖zn‖1−σ

∫
RN\Ωn

Fz(x, zn)

|zn|σ
|wn|σ(w+

n − w−n )dx

≤ 1− δ0

Λ0
+ C10[$ + o(1)]

2∗−1−σ
2∗ .

Then we can get that $ > 0.

Proof of Theorem 1.2. Let zn ∈ K such that Φ(zn)→ $. As [26, Lemma 4.3], we can easily prove
the boundedness of {zn} in E, so we omit it. Then, similar to the proof of Theorem 1.1, we
can get that there exists z̄ ∈ E \ {0} such that Φ′(z̄) = 0 and Φ(z̄) = $ > 0.

Acknowledgements

The authors would like to thank the referees for their useful suggestions. The authors are
supported financially by National Natural Science Foundation of China (No:11501190), Hu-
nan provincial Natural Science Foundation (No:2019JJ50146) and Scientific Research Fund of
Hunan Provincial Education Department (No:20B243).

References

[1] A. Ambrosetti, G. Cerami, D. Ruiz, Solitons of linearly coupled systems of semilinear
non-autonomous equations on RN , J. Funct. Anal. 254(2008), No. 11, 2816–2845. https:
//doi.org/10.1016/j.jfa.2007.11.013; MR2414222; Zbl 1148.35080

[2] T. Bartsch, A. Pankov, Z.-Q. Wang, Nonlinear Schrödinger equations with steep poten-
tial well, Commun. Contemp. Math. 3(2001), No. 4, 549–569. https://doi.org/10.1142/
S0219199701000494; MR1869104; Zbl 1076.35037

[3] G. W. Chen, S. W. Ma, Asymptotically or super linear cooperative elliptic systems in
the whole space, Sci. China Math. 56(2013), No. 6, 1181–1194. https://doi.org/10.1007/
s11425-013-4567-3; MR3063964; Zbl 1279.35037

[4] G. W. Chen, S. W. Ma, Infinitely many solutions for resonant cooperative elliptic systems
with sublinear or superlinear terms, Calc. Var. 49(2014), No. 1–2, 271–286. https://doi.
org/10.1007/s00526-012-0581-5; MR3148116; Zbl 1288.35234

[5] G. W. Chen, S. W. Ma, Nonexistence and multiplicity of solutions for nonlinear elliptic
systems of RN , Nonlinear Anal. Real World Appl. 36(2017), 233–248. https://doi.org/10.
1016/j.nonrwa.2017.01.012; MR3621240; Zbl 1368.35109

https://doi.org/10.1016/j.jfa.2007.11.013
https://doi.org/10.1016/j.jfa.2007.11.013
https://www.ams.org/mathscinet-getitem?mr=2414222
https://zbmath.org/?q=an:1148.35080
https://doi.org/10.1142/S0219199701000494
https://doi.org/10.1142/S0219199701000494
https://www.ams.org/mathscinet-getitem?mr=1869104
https://zbmath.org/?q=an:1076.35037
https://doi.org/10.1007/s11425-013-4567-3
https://doi.org/10.1007/s11425-013-4567-3
https://www.ams.org/mathscinet-getitem?mr=3063964
https://zbmath.org/?q=an:1279.35037
https://doi.org/10.1007/s00526-012-0581-5
https://doi.org/10.1007/s00526-012-0581-5
https://www.ams.org/mathscinet-getitem?mr=3148116
https://zbmath.org/?q=an:1288.35234
https://doi.org/10.1016/j.nonrwa.2017.01.012
https://doi.org/10.1016/j.nonrwa.2017.01.012
https://www.ams.org/mathscinet-getitem?mr=3621240
https://zbmath.org/?q=an:1368.35109


16 J. Chen and Y. Q. Li

[6] R. Cipolatti, W. Zumpichiatti, On the existence and regularity of ground states for a
nonlinear system of coupled Schrödinger equations in RN , Comput. Appl. Math. 18(1999),
No. 1, 15–29. MR1935085; Zbl 0927.35104

[7] D. G. Costa, C. A. Magalhães, A variational approach to subquadratic perturbations of
elliptic systems, J. Differential Equation 111(1994), No. 1, 103–122. https://doi.org/10.
1006/jdeq.1994.1077; MR1280617; Zbl 0803.35052

[8] Y. H. Ding, Varitional methods for strongly indefinite problems, World Scientific, Singapore,
2008. https://doi.org/10.3724/SP.J.1160.2011.00209; Zbl 1463.35020

[9] Y. H. Ding, C. Lee, Multiple solutions of Schrödinger equations with indefinite linear
part and super or asymptotically linear terms, J. Differential Equations 222(2006), No. 1,
137–163. https://doi.org/10.1016/j.jde.2005.03.011; MR2200749; Zbl 1090.35077

[10] B. D. Esry, C. H. Greene, J. P. Burke, Jr., J. L. Bohn, Hartree–Fock theory for dou-
ble condensates, Phys. Rev. Lett. 78(1997), No. 19, 3594–3597. https://doi.org/10.1103/
PhysRevLett.78.3594

[11] D. E. Edmunds, W. D. Evans, Spectral theory and differential operators, Clarendon Press,
Oxford, 1987. https://doi.org/10.1017/CBO9780511623721

[12] Y. Egorov, V. Kondratiev, On spectral theory of elliptic operators, Birkhäuser, Basel, 1996.
https://doi.org/10.1007/978-3-0348-9029-8; MR1409364

[13] A. Hasegawa, Y. Kodama, Solitons in optical communications, Oxford University Press,
Oxford, 1995.

[14] M. N. Islam, Ultrafast fiber switching devices and systems, Cambridge University Press,
New York, 1992.

[15] W. Kryszewski, A. Szulkin, Generalized linking theorem with an application to a
semilinear Schrödinger equations, Adv. Differential Equations 3(1998), No. 3, 441–472.
MR1751952; Zbl 0947.35061

[16] G. Li, A. Szulkin, An asymptotically periodic Schrödinger equation with indefinite lin-
ear part, Commun. Contemp. Math. 4(2002), No. 4, 763–776. https://doi.org/10.1142/
S0219199702000853; MR1938493; Zbl 1056.35065

[17] L. Li, C-L. Tang, Infinitely many solutions for resonance elliptic systems, C. R. Acad.
Sci. Paris, Ser. I 353(2015), No. 1, 35–40. https://doi.org/10.1016/j.crma.2014.10.010;
MR3285144; Zbl 1310.35096

[18] L. A. Maia, E. Montefusco, B. Pellacci, Positive solutions for a weakly coupled non-
linear Schrödinger system, J. Differential Equations 229(2006), No. 2, 743–767. https:
//doi.org/10.1016/j.jde.2006.07.002; MR2263573; Zbl 1104.35053

[19] S. W. Ma, Nontrivial solutions for resonant cooperative elliptic systems via computations
of the critical groups, Nonlinear Anal. 73(2010), No. 12, 3856–3872. https://doi.org/10.
1016/j.na.2010.08.013; MR2728560; Zbl 1202.35086

https://www.ams.org/mathscinet-getitem?mr=1935085
https://zbmath.org/?q=an:0927.35104
https://doi.org/10.1006/jdeq.1994.1077
https://doi.org/10.1006/jdeq.1994.1077
https://www.ams.org/mathscinet-getitem?mr=1280617
https://zbmath.org/?q=an:0803.35052
https://doi.org/10.3724/SP.J.1160.2011.00209
https://zbmath.org/?q=an:1463.35020
https://doi.org/10.1016/j.jde.2005.03.011
https://www.ams.org/mathscinet-getitem?mr=2200749
https://zbmath.org/?q=an:1090.35077
https://doi.org/10.1103/PhysRevLett.78.3594
https://doi.org/10.1103/PhysRevLett.78.3594
https://doi.org/10.1017/CBO9780511623721
https://doi.org/10.1007/978-3-0348-9029-8
https://www.ams.org/mathscinet-getitem?mr=1409364
https://www.ams.org/mathscinet-getitem?mr=1751952
https://zbmath.org/?q=an:0947.35061
https://doi.org/10.1142/S0219199702000853
https://doi.org/10.1142/S0219199702000853
https://www.ams.org/mathscinet-getitem?mr=1938493
https://zbmath.org/?q=an:1056.35065
https://doi.org/10.1016/j.crma.2014.10.010
https://www.ams.org/mathscinet-getitem?mr=3285144
https://zbmath.org/?q=an:1310.35096
https://doi.org/10.1016/j.jde.2006.07.002
https://doi.org/10.1016/j.jde.2006.07.002
https://www.ams.org/mathscinet-getitem?mr=2263573
https://zbmath.org/?q=an:1104.35053
https://doi.org/10.1016/j.na.2010.08.013
https://doi.org/10.1016/j.na.2010.08.013
https://www.ams.org/mathscinet-getitem?mr=2728560
https://zbmath.org/?q=an:1202.35086


Ground state solution of a semilinear Schrödinger system 17

[20] L. Ma, L. Zhao, Uniqueness of ground states of some coupled nonlinear Schrödinger
systems and their application, J. Differential Equations 245(2008), No. 9, 2551–2565. https:
//doi.org/10.1016/j.jde.2008.04.008; MR2455776; Zbl 1154.35083

[21] J. M. do Ó, J. C. de Albuquerque, Positive ground state of coupled systems of
Schrödinger equations in R2 involving critical exponential growth, Math. Meth. Appl.
Sci. 40(2017), No. 18, 6864–6879. https://doi.org/10.1002/mma.4498; MR3742101;
Zbl 1387.35182

[22] A. Pankov, Periodic nonlinear Schrödinger equation with application to photonic crys-
tals, Milan J. Math. 73(2005), No. 1, 259–287. https://doi.org/10.1007/s00032-005-
0047-8; MR2175045; Zbl 1225.35222

[23] D. D. Qin, X. H. Tang, Solutions on asymptotically periodic elliptic system with new
conditions, Results. Math. 70(2016), No. 3, 539–565. https://doi.org/10.1007/s00025-
015-0491-x; MR3544877; Zbl 1358.35032

[24] D. D. Qin, Y. B. He, X. H. Tang, Ground and bound states for non-linear Schrödinger
systems with indefinite linear terms, Complex Var. Elliptic Equ. 62(2017), No. 12, 1758–
1781. https://doi.org/10.1080/17476933.2017.1281256; MR3698470; Zbl 1377.35076

[25] D. D. Qin, J. Chen, X. H. Tang, Existence and non-existence of nontrivial so-
lutions for Schrödinger systems via Nehari–Pohozaev manifold, Comput. Math.
Appl. 74(2017), No. 12, 3141–3160. https://doi.org/10.1016/j.camwa.2017.08.010;
MR3725943; Zbl 1400.35095

[26] D. D. Qin, X. H. Tang, Q. F. Wu, Ground state of nonlinear Schrödinger systems with
periodic or non-periodic potentials, Commun. Pure Appl. Anal. 18(2019), No. 3, 1261–1280.
https://doi.org/10.3934/cpaa.2019061; MR3917706; Zbl 1415.35115

[27] D. D. Qin, X. H. Tang, Q. F. Wu, Existence and concentration properties of ground
state solutions for elliptic systems, Complex Var. Elliptic Equ. 65(2020), No. 8, 1257–1286.
https://doi.org/10.1080/17476933.2019.1579210; MR4118686; Zbl 1454.35065

[28] M. Schechter, Superlinear Schrödinger operators, J. Funct. Anal. 262(2012), No. 6, 2677–
2694. https://doi.org/10.1016/j.jfa.2011.12.023; MR2885962; Zbl 1243.35049

[29] M. de Souza, J. M. do Ó, Hamiltonian elliptic systems in R2 with subcritical and critical
exponential growth, Ann. Mat. Pura. Appl. 195(2016), No. 3, 935–956. https://doi.org/
10.1007/s10231-015-0498-7; MR3500314; Zbl 1341.35046

[30] A. Szulkin, T. Weth, Ground state solutions for some indefinite variational problems,
J. Funct. Anal. 257(2009), No. 12, 3802-3822. https://doi.org/10.1016/j.jfa.2009.09.
013; MR2557725; Zbl 1178.35352

[31] E. Timmermans, Phase seperation of Bose–Einstein condensates, Phys. Rev. Lett. 81(1998),
No. 26, 5718–5721. https://doi.org/10.1103/PhysRevLett.81.5718

[32] X. H. Tang, Non-Nehari manifold method for asymptotically periodic Schrödinger equa-
tion, Sci. China Math. 58(2015), No. 4, 715–728. https://doi.org/10.1007/s11425-014-
4957-1; MR3319307; Zbl 1321.35055

https://doi.org/10.1016/j.jde.2008.04.008
https://doi.org/10.1016/j.jde.2008.04.008
https://www.ams.org/mathscinet-getitem?mr=2455776
https://zbmath.org/?q=an:1154.35083
https://doi.org/10.1002/mma.4498
https://www.ams.org/mathscinet-getitem?mr=3742101
https://zbmath.org/?q=an:1387.35182
https://doi.org/10.1007/s00032-005-0047-8
https://doi.org/10.1007/s00032-005-0047-8
https://www.ams.org/mathscinet-getitem?mr=2175045
https://zbmath.org/?q=an:1225.35222
https://doi.org/10.1007/s00025-015-0491-x
https://doi.org/10.1007/s00025-015-0491-x
https://www.ams.org/mathscinet-getitem?mr=3544877
https://zbmath.org/?q=an:1358.35032
https://doi.org/10.1080/17476933.2017.1281256
https://www.ams.org/mathscinet-getitem?mr=3698470
https://zbmath.org/?q=an:1377.35076
https://doi.org/10.1016/j.camwa.2017.08.010
https://www.ams.org/mathscinet-getitem?mr=3725943
https://zbmath.org/?q=an:1400.35095
https://doi.org/10.3934/cpaa.2019061
https://www.ams.org/mathscinet-getitem?mr=3917706
https://zbmath.org/?q=an:1415.35115
https://doi.org/10.1080/17476933.2019.1579210
https://www.ams.org/mathscinet-getitem?mr=4118686
https://zbmath.org/?q=an:1454.35065
https://doi.org/10.1016/j.jfa.2011.12.023
https://www.ams.org/mathscinet-getitem?mr=2885962
https://zbmath.org/?q=an:1243.35049
https://doi.org/10.1007/s10231-015-0498-7
https://doi.org/10.1007/s10231-015-0498-7
https://www.ams.org/mathscinet-getitem?mr=3500314
https://zbmath.org/?q=an:1341.35046
https://doi.org/10.1016/j.jfa.2009.09.013
https://doi.org/10.1016/j.jfa.2009.09.013
https://www.ams.org/mathscinet-getitem?mr=2557725
https://zbmath.org/?q=an:1178.35352
https://doi.org/10.1103/PhysRevLett.81.5718
https://doi.org/10.1007/s11425-014-4957-1
https://doi.org/10.1007/s11425-014-4957-1
https://www.ams.org/mathscinet-getitem?mr=3319307
https://zbmath.org/?q=an:1321.35055


18 J. Chen and Y. Q. Li

[33] X. H. Tang, S. T. Chen, X. Y. Lin, J. S. Yu, Ground state solutions of Nehari-Pankov
type for Schrödinger equations with local super-quadratic conditions, J. Differential
Equations 268(2020), No. 8, 4663–4690. https://doi.org/10.1016/j.jde.2019.10.041;
MR4066032; Zbl 1437.35224

[34] X. H. Tang, X. Y. Lin, J. S. Yu, Nontrivial solutions for Schrödinger equation with local
super-quadratic conditions, J. Dyn. Differential Equations 31(2019), No. 1, 369–383. https:
//doi.org/10.1007/s10884-018-9662-2; MR3935147; Zbl 1414.35062

[35] X. H. Tang, D. D. Qin, Ground state solutions for semilinear time-harmonic Maxwell
equations, J. Math. Phys. 57(2016), No. 4, 041505. https://doi.org/10.1063/1.4947179;
MR3490057; Zbl 1339.35307

[36] M. Willem, Minimax theorems, Birkhäuser, Boston, 1996. https://doi.org/10.1007/978-
1-4612-4146-1; MR1400007; Zbl 0856.49001

https://doi.org/10.1016/j.jde.2019.10.041
https://www.ams.org/mathscinet-getitem?mr=4066032
https://zbmath.org/?q=an:1437.35224
https://doi.org/10.1007/s10884-018-9662-2
https://doi.org/10.1007/s10884-018-9662-2
https://www.ams.org/mathscinet-getitem?mr=3935147
https://zbmath.org/?q=an:1414.35062
https://doi.org/10.1063/1.4947179
https://www.ams.org/mathscinet-getitem?mr=3490057
https://zbmath.org/?q=an:1339.35307
https://doi.org/10.1007/978-1-4612-4146-1
https://doi.org/10.1007/978-1-4612-4146-1
https://www.ams.org/mathscinet-getitem?mr=1400007
https://zbmath.org/?q=an:0856.49001

	Introduction
	Preliminaries
	The existence of ground state solutions

