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1 Introduction

Neutral functional differential equations (in short NFDESs) are more wider and complicated
than retarded equations. Such equations depend on past as well as present values but which
involve derivatives with delays as well as the function itself. J. Hale [1] studied the following
NFDE( D, f):

d

ED(u xt) = f(t7 xt)7

where D is a difference operator for NFDE( D, f). In order to guarantee continuation of the
solution operator T'(¢, o, ¢), Hale gave an important concept: Suppose D : C' — R" is linear and
atomic at 0 and let Cp = {¢ € C : D¢ = 0}. The operator D is said to to be stable if the zero

solution of the homogeneous “difference” equation
Dytzoy tZOa y0:¢ECD

is uniformly asymptotically stable. Thus one can study NFDEs by using the similar methods
belonging to retarded equations under the condition of D is stable, see [2]-[6]. But when the
operator D is not stable, how can we study existence and stability of solutions to NFDEs, which
is very important for theory and applications. To best our knowledge, when the operator D is
not stable, there are few results on the existence of solutions to NFDEs. In 1995, under the non-
resonance condition, we can only find that Zhang [7] studied a kind of neutral differential system
and relieved the stability restriction. Zhang gave some properties for the difference operator A

and obtained the following results: Define the operator A on Crp
A:Cr— Crp,[Az](t) = z(t) — cx(t — 7),Vt € R,

where Cr = {z : z € C(R,R),z(t + T) = x(t)}, c is a constant. when |c| # 1, then A has a
unique continuous bounded inverse A~! satisfying

SN f(t—jr), if || <1, VfeOr,
AT ) = =
— S cTIf(t+g7), if || > 1, Vf e COr.
j>1
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After that, Based on [7], Lu [8] gave some inequalities for A:

) 1A~ <

TT=IIl IkH’
fo I[A (t)|dt < = \k||fo |f(t)|dt,Vf € Cr;
3) J A £ Pt < g ST 1£ (1) 2de, v f € Cor.

On the basis of work of Zhang and Lu, many authors obtained existence results of periodic
solutions to different kinds of NFDEs. For example, in [9], the authors investigated a second-

order neutral equation with multiple deviating arguments:

2
%(ﬂf(t) —ka(t — 7)) = f(a(t)2'(t) + o) +Zﬁg (@(t = (1)) +p(t)

Liu and Huang [10] studied the following NFDE:

(u(t) + Bu(t — 7)) = gu(t, u(t)) — ga(t, u(t — 1)) + p(t)-

But, when c is a variable ¢(t), there are no corresponding results for A. In 2009, when c is
a variable c(t), we obtained the properties of the neutral operator A : Cr — Cr, [Az](t) =
x(t) — c(t)x(t — 7) in [11]. Using the results of [11], we have obtained some existence results for
first-order and second-order neutral equations with variable parameter. At present, we note that
p—Laplacian neutral equations have attracted much attention from researchers. In [12]-[13], Zhu

and Lu studied the following p-Laplacian NFDEs:

(ppl(@(t) = ca(t = 0))']) + g(t,2(t — (¢))) = e(t)

and
(epl(a(t) = cx(t — 0))'])" = Fla(®)a'(t) + S5, 8 (B)g(x(t — (1)) + p(1).

However, there have been few results for the existence of periodic solutions to p-Laplacian neutral
equations for the cases of a variable ¢(¢). The reasons for it lie in the following three aspects.
The first is that the differential operator ¢, (u) = [u[P~2u, p # 2 is no longer linear, so the theory

of coincidence degree can not been used directly and verifying L—compact is difficult; the second
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is that an a priori bound of solutions is not easy to estimate; finally, the second condition of
Mawhin’s continuation theorem is not easy to verify. So in this paper we will overcome these
difficulties and obtain the existence of periodic solutions to equation (1.1) by constructing proper
projections P, () and some skills of inequalities.

In this paper, we consider the p-Laplacian neutral Duffing functional differential equation

with variable parameter of the form:

(op((2(t) = c(t)a(t — 7)) + g(x(t = 7(t) = e(t), (1.1)

where ¢, : R — R, @,(u) = |[ulP"?u, p > 1; g € C(R,R); ¢, 7, e are continuous T—periodic

functions defined on R; 7 is a given constant.

2 Main Lemmas
In this section, we give some notations and lemmas which will be used in this paper. Let

cp = max |c(t)|, o= min |c(t ¢ = max | (t)],
0= max le(0)], 0= min [e(t)], &1 = max |¢(1)

Cr ={z|lx € C(R,R), z(t+T) = z(t), Vt € R}

with the norm

= t Yo € C
l¢lo trerﬁr%\w()!, o€ Cr

and

Ch = {z|z € CY(R,R), z(t+T) = z(t), Vt € R}
with the norm

el = max {|¢lo, |0}, Ve € Ch.
t€[0,T]

Clearly, Cr and C% are Banach spaces. Define linear operators:
A:Cr — Cp, [Az](t) = z(t) — c(t)x(t — 7), VteR.
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Lemma 2.1. [11] If |c(t)| # 1, then operator A has continuous inverse A~1 on Cr, satisfying

(1)

)+ §°: c(t = (i = )7)f(t = 7). 0 < 1. ¥f € Cr,

G
T oc(t+T)

(A7) =

Mg || :u.

+
H t+”)f(t+ﬁ+7) o>1, VfeCr.

1i=1

<.
Il

(2)

/T o< ) T S F@®ldt, co <1, ¥f € Cr,
0 L [T\ f)dt, o > 1, Vf € Cr.

Let X and Y be real Banach spaces and let L : D(L) C X — Y be a Fredholm operator
with index zero, here D(L) denotes the domain of L. This means that ImL is closed in Y and
dimKerL = codimImL < +oo. If L is a Fredholm operator with index zero, then there exist
continuous projectors P : X — X, Q : Y — Y such that ImP = KerL, ImL = Ker@) =
Im(I — Q). It follows that Lp)ngerp : (I — P)X — ImL is invertible. Denote by K, the
inverse of Lp.

Let © be an open bounded subset of X, a map N : ) — Y is said to be L-compact in
if QN () is bounded and the operator K,(I — Q)N (Q) is relatively compact. Because Im@ is

isomorphic to KerL, there exists an isomorphism J : Im@) — KerL. We first recall the famous

Mawhin’s continuation theorem.

Lemma 2.2. [1/] Suppose that X and Y are two Banach spaces, and L : D(L) C X — Y, is a
Fredholm operator with index zero. Furthermore, 2 C X is an open bounded set and N : Q — Y

is L-compact on Q. if all the following conditions hold:
(1) Lz # ANz,Vx € 0Q N D(L),Y\ € (0,1),
(2) Nx ¢ ImL,Yx € 00N KerlL,

(3) deg{JQN,QN KerL,0} # 0,
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where J : ImQ — KerL is an isomorphism. Then equation Lx = Nx has a solution on

QN D(L).

In order to use Mawhin’s continuation theorem to obtain the existence of T-periodic solutions
of the equation (1.1), we rewrite the equation (1.1) in the form of the two-dimensional differential

system
(Az1)'(t) = @q(z2(1),

zy(t) = —g(@1(t — (1)) + e(t),

(2.1)

where ¢ > 1 is a constant with % + % = 1. Obviously if z(t) = (x1(t),2(t))T is a T-periodic
solution to system (2.1), then x1(¢) must be a T-periodic solution to equation (1.1). Thus, in
order to prove that equation (1.1) has a T-periodic solution, it suffices to show that system (2.1)

has a T-periodic solution. Now we set
X ={z = (2:1(),22())" € ORR*)| a(t +T) = x(t)}

with the norm ||z|| = max{|z1|o, |z2]o}. Equipped with the above norm || - ||, X is Banach space.

Meanwhile, let

(Axl)'
L:D(L)C X — X, Ly = , (2.2)
%
N:X — X, (Na)(t) = Palz2(0) , (2.3)

—g(z1(t — (1)) + e(t)

where D(L) = {z : 2 € C*(R,R?)| 2(t + T) = z(t)}. We get

T 0
ImL =< yly € X,/ y(s)ds =
0
0
Since for all z € KerL, (z1(t) — c(t)z1(t — 7)) = 0, then
x1(t) — c(t)z1(t —7) = 1. (2.4)
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Let ¢(t) be the unique T'—periodic solution of (2.4), then ¢(t) # 0 and

Kerl = ,a €R

Obviously, ImL is a closed in X and dimKerl = codimIlmL = 1. Hence L is a Fredholm

operator with index zero. Define continuous projectors P, Q

Jo 21 (®)p(t)dt
Jy @2 (t)dt o(t)
P: X — KerL, (Pz)(t) = 0
T Jy wa(t)dt
and
L
yi(t)dt
Q:X - X/ImL, Qy=| = °
%fOT y2(t)dt
Hence
ImP = KerL, KerQ = ImL.
Let
Lp = L|D(L)mKerP :D(L)NKerP — ImL,
then

Lyt = K, : ImL — D(L) N KerP.

Since ImL C Cr and D(L) N KerP C Ck, so K, is an embedding operator. Hence K, is a
completely operator in ImL. By the definitions of @ and N, it knows that QN (£2) is bounded

on €, here € is a bounded open set on X. Hence nonlinear operator N is L-compact on €.

3 Main results

For the sake of convenience, we list the following conditions.

(Hy) There is a constant D > 0 such that
g(x) < —lelo for x> D,

g(x) > |elo for x < —D.
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(Hz) There is a constant r such that

l9()]

[P

lim sup <re0,00).

Tr——00

Theorem 3.1. Suppose that fOT P (t)dt # 0, fOT e(t)dt = 0, |c(t)] # 1 and assumptions

(H1), (Hz) are all satisfied, then equation (1.1) has at least one T-periodic solution, if

T  2(14co)rTP 1
max{ 1Ci00’ (1(_606_()2:T)p} <1l forec<g,
maX{ﬂ 2deo)r Tt }<1 for o> 1.

o—1’ (o—1—c1T)P

Proof. Consider the following operator equation:

Lz = ANz, Xe(0,1),

where L and N are are defined by (2.2) and (2.3), respectively. Let

Q ={z|z € D(L),Lx = ANz, € (0,1)}.

1
If z = € )y, then x must satisfy

Z2

(Az1)'(t) = Apg(22(t)),

x5(t) = —Ag(@1(t — (1)) + Ae(t).

(3.1)

From the first equation of (3.1), we get za(t) = ¢,(+(Az1)'(t)), combining with the second

equation of (3.1) yields
(ep((Az1) (1)) + Agl@i(t — (1)) = \e(t). (3.2)

Let ty be the point, where Az achieves its maximum on [0, 7], i.e.,

(Am)(t) = mace (Ar) (1),

)

Then (Az1)(to) = 0 and z2(to) = ¢p(3 (Az1)'(to)) = 0,VA € (0,1). We claim

x5(tg) < 0. (3.3)
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In fact, if 24 (¢t9) > 0, then there exists a constant § > 0 such that x4(¢t) > 0 for ¢t € [to,to + 0],
then x9(t) > xa(to) = 0, for t € [to, to + 0. So (Ax1)'(t) = Apg(z2(t)) > 0 for t € [ty,to + J] and
thus (Az1)(t) > (Ax1)(to), which contradicts the assumption of ¢y. This proves (3.3). From the

second equation of (3.1), we have

=Ag(@1(to — v(to))) + Ae(to) <0,
then
9(z1(to — 7(to))) = —lelo-

By assumption (H;),

xl(to - ’y(to)) < D. (3.4)

Integrating both sides of (3.2) over [0,T], we get

T
/0 gl (t —~(8)))dt = 0. (3.5)

From integral mean value theorem and (3.5), we know that there exists a constant ¢; € [0,T]

such that

g(x1(ty —~(t1))) = 0.

Assumption (H;) implies

231(751 — ’Y(tl)) Z —D. (36)

From (3.4) and (3.6), it is easy to prove that there exists a constant & € [0, 7] such that
[z1(§)] < D. (3.7)

In fact, by (3.4) we know z1(top — v(t0)) € [-D, D], or z1(to — v(to)) < —D.
(1) If 21 (to — y(to)) € [=D, D). Let tg — v(tg) = kT + &, k € Z, £ € [0,T]. This proves (3.7).

(2) If 1(to — y(to)) < —D, from (3.6) and the fact that the z(¢) is continuous on R, there is a

EJQTDE, 2011 No. 55, p. 9



point to between tg—~(tg) and t; —7(¢1) such that |z1(t2)| < D. Let to = KT+, k€ Z, £ € [0,T).

This also proves (3.7). Hence we get

T

t
rmb:mwmu@+4xwwﬂsm@ﬂ+4

t€[0,T]

Let

Ey={te0,T]:a1(t =(t)) < —p}, Ea={t€[0,T]: |z1(t — ()] < p},

B3 ={t€[0,T]: z1(t —~(t)) > p},

where p > D > 0 is a given constant. Integrating the two sides of (3.2) on [0,7], we get

T
| sttt =0 =o.
Therefore, using (H;) and (Hg), we obtain

|wmwwmmw=—/g@w—met

Es E3

:/ gl (t — ()t
F1UFE>

SA;EJMMG—VMDWt

. P
Slnce (2(1+CO)T‘T

Teco—a TP < 1, there exists a constant € > 0 such that

2(1 4+ ¢o)(r +e)T?
(1 — Cy — ClT)p

< 1.
For such ¢, by assumption (Hj), there exists a constant p > 0 such that
lg(u)| < (r +e)|ulP™t  for u < —p.
From (3.9) and (3.11), we get
T
[ latwne=atemide= [ gt - o))
0 FE1UE>UES

< z/leu@ lg(x1(t —~(t)))|dt

<2(r +&)T|z )" +2Tg,,

T
hﬂﬁ@§D+A!%®W&

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)
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where g, = max;ep, [g(x1(t —v(t)))|- On the other hand, multiplying the two sides of equation

(3.2) by (Az1)(t) and integrating them over [0, 7], combining with (3.12), then

T

T
A KAmﬂﬂWﬁ§(1+%Hmb(A (gt = YD)t + Tlelo)
T
§(1+%NmbA g1t — v E)ldt + (1 + colaaloTlele  (313)
2(1 + co)(r +&)T|x1|g + (1 + c0)(29,T + T'lefo)|z1]o-

For simplicity, let k1 = 2(1 + co)(r +¢)T, ko = (1 4 ¢0)(29,T + T'|elo). From (3.8) and (3.13),

we have

T
/ (AzyY ()Pt < ka1 |2+ kalalo
0

(3.14)
T P T
<k (D—i—/ ]wﬁ(t)]dt) —i—k:g/ |2 (t)|dt + Dks.
0 0
From [Ax1](t) = z1(t) — c(t)x1(t — 7), Va1 € Ck, we have
(Az)(t) = (Az1)'(t) + ¢ (D) (t = 7),
then from Lemma 2.1 and (3.8), if ¢y < 3 we have
fo 1 (t)|dt = fo (A1 Azy)(t)|dt
< (TlA 7)( gt
= foT [(Az)"(B)+ )1 Cc(o)rl(t ol gt
< Jo A tOlar 4 2T (D o+ [ 2 @)at)
Jo i lde <ﬁ”%ﬁ”ﬁ+‘?€
o Il pme T ramal (3.15)
< = (T 1A () + 20
T c
Case 1. If [ [(Az1)'(t)|dt =0, then fo |z (t)|dt < 17010%, by (3.8),
ClTD
<D+ - —"——. 1
‘xl,o_ + 1—Co—ClT (3 6)

Case 2. If [[|'|(Az1)'(t)|dt > 0. By (3.14) and (3.15), we have
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Clearly,

I An ) (Pdt <k <D+f0 FAC |dt) + ko 7 2, (£)]dt + Dhy

<k <D+ITMdt+ _arD )p

co—c1T co—c1T

+]€ fT [(Az1)’ (t)ldt + 1k201TD + DkQ (317)

—co—c1T co—c1T
— D—Dcg T |(Az1) (t
- kl <1—CO—61T + f —co— clT

+]’C fT ‘ Al‘l) (t)ldt + 1k201TD _|_ DkQ

—co—c1T co—c1T

p
D—Dcy_ Jo 1(Az) (1) dt
l—co—c1 T l—co—c1 T

, (3.18)
P D—Dc
— ey (Jo 1(A@y) (1) a) (1 m) .

By classical elementary inequalities, there is a constant h(p) > 0 which is dependent on p only,

such that

D—Dcg
S 1Az ) (2] dt

(I4+u)? <14+ (1+p)u,Vu e (0,h(p)] (3.19)

> h, then [ |(Aa1)'(t)|dt < 2=P%. By (3.8) and (3.15),

< fT [(Az1)'(t) ‘dt‘i‘ - c1TD +D

—co—c1T —co—c1T (3 20)
< D—Dcg D—Dcg
h(l—co—c1T) l—co—c1T

_ (h+1)(D—Dco)
- h(l*C()fclT) .

# h. By (3.18) and (3.19), then
0

()]t =

( DDy, Jy |<Aw1>'<t>|dt>”

1—60—01T 1—00—61T

1 r , ? (p+1)(D — Deg)
< 0Ty </O |(Az1) (t)ldt> (1 + HS T ) (3.21)

—1

(1000 i o 1
ety oazary ([, (o)
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By (3.17) and (3.21),

T 1\ (P k1 T / P k1(p + 1)(D — Dey) T / g
[ anyora < B ([ any o)+ 2EEDEZZO (] jny olar)

T 1Az ()] ka1 TD
k dt Dk
* 2/0 1—Co—ClT +1—Co—ClT+ 2
ky
(1 — Cy — ClT

-1

p [T 1D
< )qu/O (Az1) ()Pt

n ki(p+ 1)(D — DcO)TpT—l </T ‘(Al'l),(t)‘pdt>p
0

(1 —Cy — ClT)p

1 1
ko T'a T P kocyTD
—_— Azy) (t)|Pdt ——— + Dko.
+1_CO_CIT</0 |( xl)()| > +1—CQ—61T+ 2

(3.22)
In view of the definition the number ki, from (3.10), (3.22), 7%1 < 1 and % < 1, there is a

constant M; > 0 such that fOT |(Azy1)'(t)|Pdt < M;. Tt follows from (3.15) that

1
T arp
TaM? alD
1(t)]dt < L = M.
/0 |x1()| _1—Co—ClT+1—Co—ClT 2

By (3.8) we get
‘.%'1‘0 < D+ M. (3.23)
Consequently, from (3.16), (3.20) and (3.23), we have

ClTD (h + 1)(D — DCO)
1— Cco — ClT, h(l — Cy — ClT)

|z1]o < max{D + , D+ Ms} := Ms.

If 0 > 1, from the conditions of Theorem 3.1, similar to the above proof, we also obtain that

there exists a constant M4 > 0 such that
|$1|0 S M4.

Then we have

‘.%'1’0 < max{Mg, M4} +1:=M.

In view of the first equation of (3.1) we have fOT |z2(t)|7 225 (t)dt = 0. From integral mean

value theorem, there exists a constant € [0, 7] such that z2(n) = 0. Hence |z2|p < fOT |h (¢)|dt.
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By the second equation of (3.1) we get
T T T
| s < [t = a@piae+ [ lecolar

< Tgy; + Tlelo,

where g;; = max), 7 [9(u)|. So we obtain

|22]o < gyy + Tlelo = M.
We have proved that if + = (x1,20)7 € D(L), Lv = ANz, A € (0,1), then |z1|o < M and
|zalo < M. Let M = max{M, M} and Q = {z = (z1,22)7 € X : |z1]o < M, |z2]o < M}.
Then M > D and it is clear that the condition (1) of Lemma 2.2 is satisfied. Moreover, for any
r = (z1,72)T € X, we have
T Jo ealea(t)t

—% Jo gl@i(t —y(1)))dt

Since KerL = (a¢(t),a)”, where a € R and ImL = KerQ, if QNz = 0 for some x = (21, 22)7 €

QNz =

00N KerL, then o =0, x1 = a¢(t), and

T
/0 g(ap(t))dt = 0. (3.24)
When ¢y < %, we have
of) = A7) =1+ 3 et~ (i~ 1))
Jj=1:=1
>1- io: li[ co
j=1i=1
=1- 17(1:0

Then we have

a <

Otherwise, Vt € [0,T], a¢(t) > D, from assumption (H;), we have

T
Agmama<o
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which is contradiction to (3.24). When o > 1, we have

. 1 oo j+1 1
61 = A7(1) = - 5 T ke
j=1l=1
1 x It 1
<-—;-x1Ils
j=11i=1
= —ﬁ =09 < 0.
Then we have
< D
a < ——.
=75,

Otherwise, Vt € [0,T], a¢(t) < —D, from assumption (H1), we have

T
/0 g(ad()dt > 0

which is contradiction to (3.24). One has |z1]p = max{%,—%}wﬂo = M < D, which is a
contradiction. So QNx # 0 for all z € 92N KerL and thus the condition (2) of Lemma 2.2 is

satisfied. It remains to verify the condition (3) of Lemma 2.2. In order to prove it, let
J :ImQ — KerL, J(w1,x2)" = (x2,71)",

and H(z,pu) = pr+ (1 — p)JQNz for (z,u) € X x [0,1]. Then we have

H(z,p) = per = S f gl (8= A (0)at

pary + L Jo @qlaa(t))dt

It is not difficult to verify that, using (H;), for any = € 9Q N KerL and p € [0,1], we have

H(x,u) # 0. Therefore,
deg{JQN, QN KerL,0} = deg{H(-,0),Q2 N KerL,0}
=deg{H(-,1),QN KerL,0}
= deg{l,QN KerL,0}

# 0.
Therefore, by using Lemma 2.2, we see that the equation Lz = Nz has a solution z = (21, 22)7
in Q, i. e., the equation (1.1) has a T—periodic solution .

0
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Remark 3.1. When % < ¢p < 1, we can not obtain the existence results of periodic solutions

for equation (1.1). This is an interesting problem for further research.
As an application, we consider the following NFDE:
(p3((z(t) — 0.1(2 — cos t)x(t — 7)) + g(z(t — 1/2sint)) = sint, (3.25)

where

— s u?, u > 10000,

gu) =9 —-u, wue[-10000,10000],

Lu?, w < —10000.

\

Clearly, the Eq. (3.25) is a particular case of (1.1) in which
1. .
p=3, c(t) =0.1(2 — cost), y(t) = 5 sin t, e(t) =sint.

Then we have ¢y = 0.3 < %, 1 =0.1, T =27 and r = —L5, and thus

108
ClT 0.2
=—=0897 <1
1—cg 0.7
and
2(1 + co)rT? 2.6 x (27)3

= ~ 0.0187 < 1.
(—co—aT)y  (0.7—021) x 10° <

Here assumptions (H;) and (Hs) are satisfied. By using Theorem 3.1, we know that equation

(3.25) has at least one 2wr—periodic solution.
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