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Abstract. We study some qualitative properties for the set of principal eigenvalues of a
degenerate elliptic system such as strict monotonicity with respect to the domain, local
isolation and monotonicity and continuity of the principal eigenvalue with respect to
the weight functions. Finally, explicit lower bounds for principal eigenvalues in terms
of the measure of domain are also proved.
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1 Introduction

In this paper we study the following system:

—Apu = Aa(x)|v|f71o in O
—Ago = ub(x)ulf>lu in O (1.1)
u=v=20 on o),

where B1,B2 > 0 with B182 = (p—1)(g—1), (A, u) € R?, p,q € (1,), Q is a bounded
domain in R” with a C2-boundary and a and b are bounded functions on ) satisfying

essinfa(x) >0 and essinf b(x) > 0. (1.2)
xeQ) xeQ)

The p-Laplacian operator A, : Wg’p Q) — Wl (Q)) is defined by

(— Ay, 0) = / VP2V uVodx,
Q

where W71 (Q) is the dual space of W&’p (Q).
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2 E. Leite

Consider the classical problem

{—Apu = f(x) inQ)y; (1.3)
u=20 on dQ).

Notice that, if f € L®(Q)), then problem (1.3) admits a unique weak solution (—A,) ' (f) :=
ue W&’p(ﬂ) In this case, there exists « € (0,1) such that u € C'*(Q) (see [12,18,24,35)).

Thus, (—Ap)~! : L*®(Q) — C(l]“ (Q) is continuous and bounded for &’ = a and compact
whenever 0 < &’ < a. Moreover, the (weak and strong) comparison principles related to the
p-Laplacian operator (see [6-10,15-19,31,34]) shows that (— Ap) is order preserving, that is,
for all f,g € L®(Q), f < g in Q) implies (—A,)"'f < (—=Ap)~'g and it is also strictly order
preserving, i.e., f < (#) g and g (#) > 0in Q imply

A=Ay lg  o(—A,)f
TR —

(=Ap)'f < (=Ap)'g inQ and on 0Q),

where v = v(yp) denotes the exterior unit normal to dQ) at yp € 0Q). More generally, we have

(=) W (Q) = L7()
is well defined, compact and order preserving, when p > 2 (see [18, Corollary 8]).
By weak maximum principle in (2 means that for any weak solution u € WS 7(Q) to

—Apu = f(x) in ()
u>0 on d(),

with f > 0in Q) implies that u > 0in (). Besides, the strong maximum principle is said to hold
in Q) if, in addition, u > 0 in () whenever f # 0 in (). The validity of the (weak and strong)
maximum principles related to the p-Laplacian operator was established in [34,36]. Later, the
paper [18] generalizes such results for operators involving the p-Laplacian. More generally, in
[15] the authors showed an anti-maximum principle for a class of strictly cooperative elliptic
systems.

In 1994, Lépez-Gémez and Molina-Meyer [27] made a fairly complete characterization on
maximum principles for linear second order elliptic operators and, more generally, in the
context of cooperative systems. More recently, in [23] the authors established the connection
between maximum principle for Lane-Emden systems and their principal spectral curves. We
refer to [26] for a more detailed discussion of the maximum principle for elliptic problems
and cooperative systems involving linear second order elliptic operators.

We shall introduce a bit of notation. Here X stands for the space [CO (Q)] Xy is given by
{(u,v) € X:u>0and v > 0in O}, and X, is the topological interior of X in X. Then, X,
is nonempty and given by:

Ju dv

{( v) e X: uv>0mQanda ‘5

OOHBQ}

Let (u,v) in Wé’p(Q) X Wé’q(ﬂ). The weak formulation of (1.1) is given by

/\/ (x) |01~ 10<I>dx—/ VP2V uV ddx (1.4)
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and

;1/ b(x)\u|/52_1u‘1’dx:/ V0|12V oV ¥dx
0 0

for any (®,¥) € (C}(Q))>

We say that (A, u) € R% x R% = (0,00)? is an eigenvalue of (1.1) if the system admits a
nontrivial weak solution (¢, ) in Wé’p (Q) x W&’q(ﬂ) which is called an eigenfunction cor-
responding to (A, u). We also say that (A, u) is a principal eigenvalue if admits a positive
eigenfunction (¢, ¢). Finally, the couple (A, ) is said to be simple in X if for any eigenfunc-

tions (¢, ), (¢, %) € X, there exists > 0 such that § = 8¢ and § = 9;4%1;7 in Q).

During the past decades, the system (1.1) has been extensively studied in the case p = g =
2. For example, we can list the papers [4,11,14,20,28,32], where several results on existence,
nonexistence and uniqueness of nontrivial solutions have been developed when S8, # 1.
The case B1B2 = 1 was treated in Montenegro [29]. Namely, the author proved that the set
of principal eigenvalues (A, i) of the system (1.1) is nonempty and determines a curve in
the cartesian plane which satisfies some properties as simplicity, continuity, monotonicity and
local isolation. We also refer to [30] where a biparameter elliptic system was considered.

For the general case p,q > 1, we refer to [5] when 18, > (p —1)(q9 — 1) and [7] when
B1B2 = (p —1)(q9 — 1). For instance, Cuesta and Takac [7] showed that the set of principal
eigenvalues of (1.1) is given by

1 1
Cl(a,b,Q) = {(A;ﬂ) c (Ri)z . /\\/ﬁﬂﬂfl)‘u\/ﬂz(qﬂ) = A’(a, b,Q)}

for some A’(a,b,Q)) > 0, satisfying:

(@) (Uniqueness) (A, i) € C1(a,b,Q) if and only if (A, u) € Ry x Ry is a principal eigen-
value of the problem (1.1);

(b) (Simplicity in X ) The principal curve Ci(a, b, Q) is simple in X, i.e., (A, ) is simple in
X forall (A, u) € Ci(a,b,Q);

(c) (Simplicity in X) Let (¢,1) € X be an eigenfunction associated to (A, u) € Cy1(a,b, Q).
So, either (¢, ) € X, or (—¢,—9) € X,.

Let R1(a,b, Q)) be the open region in the first quadrant below C;(a, b, Q)), that is,
S S S
Rl (ﬂ, b’ Q) = { (/\’ l’l) c (Ri)z . /\\/151(17*1) ]/l VE2(9-1) < A,(ll, b, Q)} .

We say that the principal curve C;(a,b, Q) is locally isolated above (or below) if for each
(A1, m1) € C1(a,b,Q), there is € = ¢(Aq, 1) > 0 such that the system (1.1) does not have any
eigenvalue in B¢ (A1, u1) N R1(a, b, Q)C (or Be(Aq, 1) NR1(a,b,Q))).

Theorem 1.1. Let p,q € (1,00), Q be a bounded domain in R" with a C*>-boundary, B1, B2 > 0 be
such that B1B2 = (p —1)(q — 1) and a, b, & and b be functions in L®(Q) satisfying (1.2) in Q). Then,
the curve Cy(a, b, Q) to the system (1.1) satisfies:

(i) (Strict monotonicity with respect to the domain) Let D be a bounded domain in R" with a C?-
boundary, such that D C Q. Then, A'(a,b,Q) < N'(a,b,D);
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(ii) (Monotonicity with respect to the weights) Suppose that a < @ and b < b in Q. Then,
A(a,b,Q) > N (d,b,Q). Moreover, if (a,b) # (a,b) then A'(a,b,Q) > A'(d,b,Q);

(iii) (Local isolation above) The curve C1(a, b, QY) is locally isolated above;

(iv) (Local isolation below) The system (1.1) does not admit any eigenvalues in Rq(a,b,Q). In
particular, the curve Cy(a, b, Q)) is locally isolated below;

(v) (Continuity of the principal eigenvalue with respect to the weight functions a and b) Let (ay)i>1
and (by)r>1 be sequences of weight functions in L®(Q)) which are positive in Q). Assume that
ar — a and by — b uniformly in Q. If a,b > 0 in Q, then A’ (ay, by, Q) — AN (a,b, Q).

Note that the part (i) of Theorem 1.1 is essential for establish the Harnack inequality
associated to the system (1.1). A very important application of Harnack inequality is the
obtention of principal eigenvalues associated to the problems in general domains. Parts (ii)
and (v) of Theorem 1.1 are important tools to furnish a min-max type characterization for
principal curves associated to the problems whose solutions are not usually classical.

Now, we show an explicit lower estimate for principal eigenvalues of system (1.1) in terms
of the Lebesque measure of (), more specifically, a counterpart of [2, Theorem 10.1] to degen-
erate elliptic systems. More recently, it was proved in [23] for Lane-Emden systems involving
second order uniformly elliptic operators. Their proof use in a crucial way the celebrated
Faber-Krahn inequality due to Faber [13] and Krahn [22]. We present now some essential
ingredients:

For 1 < p < n, we use the sharp Sobolev inequality for any u & Wg’p(ﬂ),

[l () < enpll Vitll o) (1.5)

where p* = % and an explicit formula of ¢, depending only on n and p was proved in

[1,33].
Forp=nandu € Wg’P(Q), we have

1
[ullr) < C)[Q7[Viul| L), (1.6)

where C(n) > 0,1 <y < o0 and | - | stands for the Lebesgue measure of R".
For p > n, there is a constant C(n, p) > 0 such that

a1
[ull oy < Cln, p) IO 77 VUl e (), (1.7)

for all u € W&’p(Q).
Consider now the nonlinear eigenvalue problem

—Apu —AulP~2u =0 in(y
u=>0 on 9Q).

In [25], the author proved that the first eigenvalue A1, () has the following properties, it is
strictly positive, simple in any bounded connected () and characterized by

Jo IVe(x)|Pdx

A ,(Q)) = min Jor - ATl T
() gewi? @00y Jo l@(x)[Pdx
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By the Cheeger’s constant (see [3,21]), we have

Mp(By) > (Z)p, (1.8)

where B; is the unit ball of R".

Faber-Krahn inequality for the first eigenvalue of —A,. Let 1 < p < c0 and () be a open set
in R" with finite Lebesgue measure. Then,

Arp(Q) > A p(B1)|Ba] 7 Q5.

Our main result gives an explicit lower estimate for principal eigenvalues of system (1.1)
in terms of the measure of () and the weighted functions a and b.
Precisely, we have:

Theorem 1.2. Let (A, i) be a principal eigenvalue of (1.1). Suppose B1 > B2, p < qand |} < 1.

(i) For1<p <mn,q<p*and

np—n+p
_1< £ —F
g-1spr<— — ;
there exists an explicit constant C = C(p, q, B1, B2, n,a,b) > 0 such that
(4-1) POy )
L N (’;) B[ |00 0%, (19)
where
1 6 1-6,

7

=24
prtlop
(ii) Forp =g=mnand q—1 < B1 < oo, the estimate (1.9) holds with

1 6, 1-6,
pr+1 p o 2(B+1)

(iii) Forn < pand g —1 < By < oo, there is an explicit constant C = C(p,q, 1, B2,1,a,b) > 0
such that

09B1p

(-1) -1
Ay > C (q) AUETEE (1.10)
—_ _pP — _9 .
where 0, = BT and 0, = EESY

(iv) Forn =p < qand g —1 < By < oo, we have (1.10) holds, with

In particular,

Using the ideas of the proof of Theorem 1.2, we obtain the following result:
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Theorem 1.3. Let (A, i) be a principal eigenvalue of (1.1). Suppose p1 < B2, p < qand |Q| < 1.
(i) For1<p<mn,q <p*and

(p— 2)}9(0/_—n1+)(z =P g <po1,

there exists an explicit constant C = C(p, q, B1, B2, 1,a,b) > 0 such that

9(p—1) n\" 1 il
AV +u>C r |By|"| QY7 (1.11)

where v := min {GP,GM’%},
1 0, 1-06,

=—+
p2+1 p p*

and 0 10
ﬁ;ﬂ:?"—k w ifl<qg<mn
1 6 1-0 . o
Bot+1 #_1_ P*q ifg=mn
0 = 5 ifg > n;

(ii) For p =g =nand 0 < By < p — 1, the estimate (1.11) holds with r = quﬂ%l and
1 0, 1-06,
=—+ 571
Pat1 g 2(p2+1)

(iii) Forn < pand 0 < By < p — 1, there is an explicit constant C = C(p,q, B1, B2, n,a,b) > 0
such that

(r-1) s
AR pu>C <Z> |By|"# Q) ", (1.12)

e . p . .
where s := max {9,,, qqﬁ%l}, Op = glg and 67 = #,

(iv) Forn =p <qand 0 < B1 < p — 1, we have (1.12) holds, with
1 0 1-6,

|

=
S
=
QU
S

)
|
=

In particular,

lim A'(a,b,Q) = co.
laljo

Note that, supposing p < g, we get an explicit lower estimate for principal eigenvalues of
system (1.1) for the range on B; and 5,

» 1,3;,(6]_ nll(;l p) <Pup2=p—-1 and g—-1<py,p2< 7@” _n;p
forl <p<nand 0 < By,f2 <p—1land g—1 < By,B2 < oo for p > n. In particular, the
result holds for all hyperbole f18, = (p —1)(q — 1) if p = q > n. The problem remains open
in other remaining cases (see Figure 1.1). Clearly, the case g < p follows similarly.

Our approach is inspired by the papers [2,7,23,29]. By mean of topological arguments,
strong maximum principle, Hopf’s lemma and (weak and strong) comparison principles re-
lated to the p-Laplacian operator, we prove five properties of Ci(a,b, Q) which will be pre-
sented in Section 2. In Section 3, by using the Faber—Krahn inequality for the first eigenvalue
of —A,, variational characterization of ALP(Q), Holder, Young, interpolation and Sobolev
inequalities, we show Theorem 1.2.
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By
‘ B2
np—n-+p

n—p

q-1

p-1
\Q— p-1

p-1 q-1 np—n+p Bi
n—p

p-1 g-1 o

(@) Casel<p<nand p <q<p* (b) Casep >nand p <gq

Figure 1.1: Couples (B1, B2)-

2 Proof of Theorem 1.1

In this section we provide some essential properties satisfied by the principal curve C;(a, b, Q2)
which is organized into five propositions.

We first show the strict monotonicity of the principal eigenvalues with respect to the do-
main stated in the part (i) of Theorem 1.1. Precisely:

Proposition 2.1. Let D and Q) be two bounded domain in R" with a C>-boundary, such that D C Q
and Cy(a,b, Q) and Cy(a, b, D) principal curves. Then, A'(a, b, Q) < A'(a,b, D).

Proof. Assume by contradiction that A'(a,b,Q2) > A'(a,b,D). Let (A1, 41) € Ci(a,b,Q) and
(;\1,;?1) € C1(a,b, D) be such that % = % Thus, Ay > A and M1 > fiq. ~Le’c (¢, ), (¢, ) be
positive eigenfunctions associated to the principal eigenvalues (A1, 1), (A1, fi1), respectively.
Define

¢ := min {min go(x),minl/)(x)} > 0.

xeD xeD

We claim that ¢ > @ and ¢ > ¢ in D. In fact, assume by contradiction that ¢ < ¢ or
¢ < ¢ somewhere in D. In this case, theset T := {y > 0: ¢ > y@ and ¥ > v“¢P in D} is
upper bounded, where w := pﬁ;ll. In addition, the positivity of ¢ and ¢ in D imply that T is
nonempty. Define 0 < 7 :=supT < 1. Itis clear that ¢ > 7@ and ¥ > 7“¢ in D, with ¢ Z 7§

and ¥ # 7P in D. Moreover, ¢ > 7§ + c and ¢ > 7“¢ + c on dD. So, we get

{_AP(7¢’+C) = =8,(79) = ha(x)(7§)P < (#) ha(x)ph = =4, (¢)
—DNg( TP 4 c) = =8 (7P) = fb(x) (7P)P2 < (F) mb(x) PP = —Aq (1)

Then, applying the weak comparison principle to each above equation (see [18] or [34, Lemma
3.1]), we derive ¢ > ¥¢+cand ¢ > 7P +cin D. Thus, ¢ > ¥¢ and ¥ > 7“¢ in D. So,
we can find 0 < € < 1 such that ¢ > (7 +¢)@ and ¢ > (7 +¢)“¢ in D, contradicting the
definition of 7. Therefore, ¢ > @ and ¢ > ¢ in D. Note that (k@ «“¢), x > 0, are also
eigenfunctions associated to (A1, fi1). Then, ¢ > x@ and ¢ > x“¢ in D for all x > 0; and from
there we arrive at a contradiction. This concludes the desired proof. O

in D.
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We now show the monotonicity of principal eigenvalues with respect to the weights which
corresponds to the part (ii) of Theorem 1.1.

Proposition 2.2. Let a, b, i and b be functions in L™ (Q) satisfying (1.2) such that a < dand b < b
in Q. Then, A'(a,b,Q) > A'(d,b, Q). Moreover, if (a,b) % (&,b) then A'(a,b,Q) > A'(4,b, Q).

Proof. Assume by contradiction that A’ (a,b, Q) < A'(d,b, Q). Let (A1(a, b), p1(a, b)) €Ci(a, b, Q)

and (Aq(d,b), 11(4,D0)) € C1(d,b,Q) be such that ME” bg xga b; Thus,

M (a, b) <M (ﬁ,E) and 251 (11, b) < M1 (ﬁ,iﬂ).
Let (¢, ¢) and (¢, ) be positive eigenfunctions associated to the principal eigenvalues

(A1(a,b), p1(a,b)) and  (A1(a,b), 1 (a,D)),

respectively. Consider thesetT = {y > 0: $ > yp and ¥ > 7“9 in Q}, where w := pﬁ—_ll. Note
that I' is upper bounded, and by strong maximum principle (see [18,34,36]) I is nonempty.
Define 7 = sup T’ > 0. Note that, § > y¢ and ¥ > 7 in Q.

Since (—A,)~! and (—A;) ! are strictly order preserving, we can find 0 < ¢ < 1 such that
§> (7+e)pand P > (7 + ¢)“y in Q which clearly contradicts the definition of 7. Therefore,
AN(a,b,Q) > N(a,b,Q).

Finally, assume that (a,b) # (4,b). Arguing again by contradiction, assume that

A (a,b,Q0) = N'(d,b,Q).

Let (¢, ¢) and (@, ) be positive eigenfunctions corresponding to the principal eigenvalues
(A(a,b),u ( a,b)) = (A ( b),u1(d,b)). Proceeding similarly to the first part of the proof, we
obtain A’ ( ,Q) > A'(4,b,Q). This ends the proof. O

The two next propositions are dedicated the local isolation above and below the principal
curve Cq(a,b,Q)). These correspond to the parts (iii) and (iv) of Theorem 1.1, respectively.
Precisely:

Proposition 2.3. The curve C1(a,b, QY) is locally isolated above.

Proof. Assume by contradiction that the claim is false. Thus, there are (A, 111) € C1(a,b, Q)
and a sequence of eigenvalues ( (A, y))r>1 contained in B, (A1, 1) N R1(a, b, Q)C, where g, —
0 with g, > 0 for all k € IN. Let (¢, x) an eigenfunction associated to (A, p); that is, a weak
solution of the system

—Bpgr = Aga(x)|glP e in O

—Agthe = b ()| in

Pk =y =0 on 0(),

where at least one of — g or — does not belong to X, . Define the functions

e ¢kﬁ Rl e Rl v el B s
kL (Q) kIIL®(Q o
[ ) L) el i<
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Then, we have 0 < |i],|5x] < 1 in Q. Therefore, the right-hand side of the following
system
—Apug = Aga(x)|0|Pr10, in O
—Agor = pb (%) [P iy in O (2.1)
Qr = P = 0 on 0Q);

is uniformly bounded in (L*(Q)))2. It follows the sequences (1 )x>1 and (v )x>1 are bounded
in Cé"" (Q), by regularity and, in addition, also bounded in L®(Q)); i.e., there exists a constant
C > 0 such that ||u|[r~(q), |0k 1~@) < C for all k € IN. Therefore, ||@k|| =) is uniformly
bounded if, and only if, ||¢[[;~(q) is uniformly bounded.

First, we assume that, both ||¢|[1~(q) and ||| ~(q) are uniformly bounded. Applying
the regularity result in Cy*(Q)), we get (¢x)r>1 and (y)i>1, are bounded in Cé'“ (Q). Since Q
is bounded, by Arzela—Ascoli Theorem, up to a subsequence, we derive the convergence

oy — ¢ and ¢ — ¥ inCHQ) ask — co. (2.2)
Thus, (¢, %) € (C}(Q)))? is a weak solution of the system

—App = Ma(x)|p|Pr—1y inQ;
—Agp = pb(x)[p/F> g in O
p=19=0 on 0Q).

By simplicity in X property (c), we must have either (¢,¢) € X, or (—¢,—¢) € X,. If
(¢, ) € X, from the convergence in (2.2), we obtain (¢, ¥%) € X, for k sufficiently large.
So, by uniqueness property (a), we have (A, ux) € C1(a, b, Q) for k large enough, contradicting
that (A, pux) € Ri(a, b,Q)C for all k € IN. Then, we must have (—¢, —¢) € X,. We now
obtain (—g@, —) € X, for k sufficiently large, by convergence in (2.2). But this contradicts
our hypothesis that at least one of —¢; or —i doesn’t belong to X, for all k € N.

Now, we assume that, ||¢x|/;~(q) — o0 and [|¢k[|r~() — o0 as k — oo. For a subsequence
indicated again by ((¢, ¥k))k=1, there is a function (¢, ) € (C§(€2))?, such that ||@|~(q) =
[Pllei) = 1,

iy — ¢ and G — ¢ inCHQ) ask — co. (2.3)

Moreover, there are A, fi € R such that AB2 ﬁl"_l =1,
lukl| 2y = 1 and Jorl|fh) = A ask — co.
Letting k — oo in problem (2.1), we obtain (¢, §) € (C}(Q))? is a weak solution of the problem

—App = MAa(x)|[¢|fr19 in Q)
—Agp = 1 fib(x)|gF2 1§ in O;

¢g=9=0 on Q).

Therefore, (AA, u1ji) € Ci(a,b,Q). By simplicity in X property (c), we must have either
(¢,¢) € Xi or (—¢,—p) € X,. Again, we obtain a contradiction in an analogous way,
instead of convergence in (2.2), we invoke convergence in (2.3). This ends the proof. O

Proposition 2.4. The system (1.1) does not admit any eigenvalues in R1(a, b, Q). In particular, the
curve C1(a, b, Q) is locally isolated below.
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Proof. Arguing by contradiction, assume that the system (1.1) has an eigenvalue (A, p) €
Ri(a,b,Q). Let (A, 1) € Ci(a, b, Q) be such that § = % So, we have A < Ay and u < piy.
Consider a positive eigenfunction (¢, ) corresponding to (A1, pt1) and an eigenfunction (u,v)
to (A, u). Now, we can assume that u or v is positive somewhere in (). Otherwise, we take
(—u, —v) in place of (1,v). Consider the setI' = {y > 0: ¢ > yu and ¢ > y“v in OO}, where
w = %. Notice that I' is upper bounded. Moreover, by strong maximum principle, I’ is
nonempty. Define the positive number 7 = supI'. Note that, ¢ > Ju and ¢ > 7“v in Q.
Since A < Ay, p < pp and (—A,) ! and (—A;) 7! are strictly order preserving, we can find
0 < & < 1such that ¢ > (7Y +¢)u and ¢ > (7 + €)“v in Q). But this contradicts the definition
of 7. This concludes the proof. O

The last proposition establishes the continuity of the principal eigenvalue with respect to
the weight functions a and b which corresponds to the part (v) of Theorem 1.1.

Proposition 2.5. Let (ay)i>1 and (by)r>1 be sequences of weight functions in L®(Q)) which are
positive in Q). Assume that ay — a and by — b uniformly in Q. Ifa,b > 0in Q, then A’ (ay, by, Q) —
N'(a,b,Q).

Proof. Given a fixed number ro >0, let (A1(a,b), p1(a, b)) €Ci(a, b, Q2) and (A (ay, by), p1(ax, by)) €
C1(ak, by, Q) be such that

A (ll, b) M (ak, bk> 1
— =, forall ke N. 24
wi(a,b)  p(ag,by) 1o ora @4

By definitions of A’(a, by, }) and A’(a,b, Q) and equalities in (2.4), it suffices to prove only
that Aq(ag, bx) — A1(a,b) as k — oo. Assume by contradiction that there is a number ¢ > 0
such that

|A1(ak, by) — M(a, b)| > e

for k € IN. Without loss of generality, we can assume
)\1 (ak, bk) — )\1 (Cl, b) 2 E.

Since a and b are positive on ), we can define ¢ € R to be such that

€ .. :
0<d< IR min {;ggf)a(x),;&fzb(x)} .

By uniform convergence of the sequences (ai)x>1 and (bg)k>1, up to a subsequence, we can
assume without loss of generality that

ar(x) > a(x) =4, be(x) > b(x) — 9

for all x € O and k € IN. Let (¢, ) and (¢, ) be positive eigenfunctions associated to the
principal eigenvalues

(A1(ak, bi), pa(ag, b)) and  (A1(a,b), p1(a, b)),

respectively. Then, by strong maximum principle, the usual set ' = {y > 0: ¢ > y¢p and ¥, >

Y“y in O} is nonempty and upper bounded, where w := %. Set 7 := supI' > 0. Using the
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definitions of rg, € and é and the above inequalities, we get
—8p(79) = M1(a,0)a(x) (7<)
= (M(a,b) +e)(a ( ) )(ﬂ"kb)ﬁ1 + (—ea(x) + A1(a, b)6 + e0) (7“p)P
< M(a, b)a(x)gf' = —~By(r);
—0g(7) = p(a, b)b(x) ()P
= ro(M(a,b) +)(b(x) — ) (7)P + ro(—eb(x) + A1(a,0)8 +20) (79)"?
< roAa (ag, bi)be(x) @ = pr (ag, bi )b (%) @ = =B ();
and ¢ = Yp = P = Y = 0 on JQ). Applying the strong comparison principle to each
above equation (see [7, Theorem A.1]), we derive

= 0 Ipr _ 97p P _ Y
(Pk>r)/¢/ lle>’)/ 170 an and W<W’ aT< 81/ OnaQ.

Then, ¢ > (7 +¢)p and ¢ > (7 +¢)“y in Q for 0 < ¢ < 1. But this contradicts the definition
of 7, and so concluding the proof. O

3 Proof of Theorem 1.2

We first prove the case 1 < p,q < n. Let (¢, ) denote a principal eigenfunction corresponding
to (A, ). Since

—Apg = Aa(x)pF
in the weak sense, then applying the equality (1.4) with ® = ¢, we obtain
/\/ 1/)51(pdx—/ |Ve|Pdx.

Moreover, by using Holder and Young inequalities, we get

oo < lalimiy (1000 0y + 2501 ).

Consequently,
/(p—1)
ADs (1911, iy + IWIERE ) = [ 1V gltas, (31)

where

1 1 g—1 }
D = MmaXx —|la 0 ; b ) Y — b oo .
1 {pu . a 2lbls(0), = bl

p

Similarly, it follows from
—Agp = Vb(x)ﬁ”ﬁQ

in the weak sense that

B1-B2 1
e Tl o PR A N

Now, since |Q)] <1 and % > 1, we have

plg=1)

[
(1) 5 D2 (ol iy + I ) = ([ 19pax) ™ 2
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pla1)
where D, = 25 L, Thus, adding up (3.1) and (3.2) inequalities shows that

p(g-1)

p q By

A 2 > 5 Jo|VelPdx + (f0|v;€5| /d;C)l“
AN Y [ et

p(g-1)
where D3 = max {D,D, 2 D, }.
On the other hand, by interpolation inequality, inequality (1.5) and variational characteri-
zation of A;,(Q2), we obtain

VelPd -
Ja|VolPdx > (Cn,p)(f’p Dp Ap(Q)Fr

|‘¢HL,31+1
where
pr+1 p p
and -
-1
o IV9ldx) = o
HllJHpﬁl/p 1) (en.q) 14(Q)7 071,
L‘51+1
where

1 0, 1-6,
=1+ —
prtl g g
Furthermore, by Faber-Krahn inequality for the first eigenvalue of —A, and inequality (1.8),
we get

14
_r n r _r
Aip(Q) = Aup(BD) Byl A O F > (p) IB1] 4|0

Then, using that p < g, |O] <1 and B; > p — 1, we obtain

B POy
M p( Q)% A g ()70 > <Z> |By || Q2 .

Therefore,

P
S >C(q) |By |5 || i,

where C = Dismin{(cn,p)(ep—l)p, na 0q 1) 1}

The rest of proof is analogue, by usmg interpolation inequality with 6, and 6, appropriate
and instead of inequality (1.5), we invoke inequalities (1.6) and (1.7). This concludes the proof
of the theorem.
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