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Abstract. In this paper, we investigate the following Schrödinger equation

−∆u + V(x)u = λ f (u) in RN ,

where N ≥ 3, λ > 0, V is an asymptotically periodic potential and the nonlinearity term
f (u) is only locally defined for |u| small and satisfies some mild conditions. By using
Nehari manifold and Moser iteration, we obtain the existence of positive solutions for
the equation with sufficiently large λ.
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1 Introduction

In recent years, many researchers consider the following Schrödinger equation

− ∆u + V(x)u = f (x, u), in RN , (1.1)

where N ≥ 3, V is a given potential and f ∈ C(RN ×R, R). Knowledge of the solutions of
Eq. (1.1) has a great importance for studying standing wave solutions for

ih
∂Ψ
∂t

= −h2∆Ψ + W(x)Ψ− f (x, Ψ), for all x ∈ Ω, (NLS)

where h > 0, W is the real-valued potential and Ω is a domain in RN . Eq. (NLS) is one of
the main objects of the quantum physics, because it appears in problems involving nonlinear
optics, plasma physics and condensed matter physics.

Eq. (1.1) has been researched intensively, see [1,3,5,7,10,11,13,14,19,21,22,28] and references
therein. In the above works, we observe that many interesting conditions on f have been
studied. Notice that, it seems necessary that the condition can be assumed on f at infinity,
that is, f is assumed to be subcritical (or critical) at infinity, i.e.,
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( f0) 0 ≤ lim|s|→+∞
f (x,s)s
|s|2∗ < +∞ uniformly for x ∈ RN ,

where the number 2∗ is denoted by 2N
N−2 and called the critical Sobolev exponent for the

embedding of H1(RN) into Lp(RN). This aim is to ensure that the associated energy functional
would be well defined and of class C1 on H1(RN), and then its critical points are precisely
the solutions of Eq. (1.1) by using variational methods. Certainly, many researchers tried to
seek some suitable conditions to replace ( f0). If there does not exist an assumption on f at
infinity, can it be proved that there exists a nontrivial solution for Eq. (1.1)? Mathematically
this problem is interesting. Accordingly, Costa and Wang [9] have considered the following
equation

−∆u = λ f (u), in Ω,

where λ > 0 is a parameter, Ω is a bounded smooth domain in RN(N ≥ 3), and f : R→ R is
a function of class C1 satisfying the following conditions:

( f1) f (−u) = − f (u) for any |u| ≤ δ (for some δ > 0);

( f2) there exists γ ∈ (2, 2∗) such that lim sup|s|→0
f (s)s
|s|γ = 0;

( f3) there exists β ∈ (2, 2∗) such that lim inf|s|→0
f (s)s
|s|β > 0;

( f4) there exists µ ∈ (2, 2∗) such that s f (s) ≥ µF(s) > 0 for all |s| small, where F(s) =∫ s
0 f (t)dt.

Motivated by Costa and Wang [9], do Ó et al. [12] have studied the following equation

− ∆u + V(x)u = λ f (u) in RN , (P)

where V satisfies (V1)–[(V2) or (V3)],

(V1) V ∈ C(RN , R) and infx∈RN V(x) > 0,

(V2) V(x) → ∞ as |x| → ∞, or more generally, for every M > 0, meas{x ∈ RN : V(x) ≤
M} < +∞,

(V3) the function [V(x)]−1 belongs to L1(RN),

and f : R→ R is a function of class C1 satisfying ( f ′1)− ( f ′2) and ( f4),

( f ′1) there exists p ∈ (2, 2∗) such that lim sup|s|→0
f (s)s
|s|p < +∞,

( f ′2) there exists q ∈ (2, 2∗) such that lim inf|s|→0
F(s)
|s|q > 0, where F(s) =

∫ s
0 f (t)dt.

Further results for related problems can be found in [8, 15, 23, 24] and references therein.
Inspired by the above works, we are concerned with the existence of positive solutions for

asymptotically periodic Eq. (P) with a locally defined nonlinearity term, namely V satisfies
(V4),

(V4) there exists a 1-periodic function V∞(x) ∈ L∞(RN) such that 0 ≤ V(x) ≤ V∞(x),
infx∈RN V∞(x) > 0 and V(x)−V∞(x) ∈ F1, where

F1 := {h(x) : for any ε > 0, meas{x ∈ B1(y) : |h(x)| ≥ ε} → 0 as |y| → ∞} ,
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and f satisfies ( f5)–( f6),

( f5) f ∈ C(R, R) and there exist p > 2, δ ∈ (0, 1) such that the function s 7→ f (s)
sp−1 is nonde-

creasing and f (s) > 0 on (0, δ],

( f6) there exists q ∈ (2, 2∗) such that lim infs→0+
F(s)
sq > 0, where F(s) =

∫ s
0 f (t)dt.

As is well known, if f were assumed to be superlinear and subcritical (or critical) at infinity,
then the associated energy functional

I(u) = 1
2

∫
RN

(|∇u|2 + V(x)u2)dx− λ
∫

RN
F(u)dx

would be of class C1 on H1(RN) and has the mountain pass geometry. Classically, it is a
minimax principle that shows the mountain pass level is a critical level of the functional (see
[4,5,26]). Here, the assumptions ( f5)–( f6) we make on the nonlinearity f (u) refer solely to its
behavior in a neighborhood of u = 0, and we will show that they suffice for the existence of a
positive solution of Eq. (P) when λ is large enough. Exactly we give our main result.

Theorem 1.1. Assume that N ≥ 3, (V4) and ( f5)–( f6) hold. Then there exists λ1 > 0 such that
Eq. (P) has a positive solution for λ ≥ λ1.

Remark 1.2. In this paper, we study the existence of positive solutions for Schrödinger equa-
tions with the assumptions of Theorem 1.1 that has never been investigated. For the case
where the nonlinear term is only locally defined for |u| small, we should point out that we
refer [8, 9, 12, 15] for references in this direction. Costa and Wang [9] considered Eq. (P) in
bound domain. do Ó et al. [12] considered Eq. (P) when V was coercive potential or sat-
isfied that [V(x)]−1 belongs to L1(RN). Li and Zhong [15] studied the Kirchhoff equation
when the nonlinearity term was sub-linear growth. Chu and Liu [8] investigated quasi-linear
Schrödinger equations in the radial space. In these papers, they have the compactness and get
certain solutions easily. However, in our cases we do not have compact embedding, which is
the main difficulty in this paper. Due to this difficult, the methods in [8, 9, 12, 15] fail in our
case, so we will use a different way to overcome the lack of compactness.

We now make some comments on the key ingredients of the analysis in this paper. Fol-
lowing the idea of [8, 9, 12, 15], we first extend the nonlinear term f and introduce a modified
nonlinear Schrödinger equation. Next, we show by variational methods that the modified
nonlinear Schrödinger equation possesses a positive ground state solution. Finally, our ap-
proach is inspired by the results of [2, 6, 9, 12, 26] and is based on the fact that we can show a
priori bound of the form

|u|∞ < Cλ−β, β > 0,

for a class of solutions for the modified nonlinear Schrödinger equation.
The organization of this paper is as follows. In the next section we reserve for setting the

framework and establishing some preliminary results. Theorem 1.1 is proved in Section 3.
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2 Preliminaries

From now on, we will use the following notations.

• H1(RN) is the usual Sobolev space endowed with the usual norm

‖u‖2
H =

∫
RN

(|∇u|2 + u2)dx.

• Lp(RN) is the usual Lebesgue space endowed with the norm

|u|pp =
∫

RN
|u|pdx and |u|∞ = ess sup

x∈RN
|u(x)| for all p ∈ [1, + ∞).

• E :=
{

u ∈ L2(RN) : |∇u| ∈ L2(RN) and
∫

RN V(x)u2dx < +∞
}

has the norm

‖u‖2 =
∫

RN
(|∇u|2 + V(x)u2)dx.

• meas Ω denotes the Lebesgue measure of the set Ω.

• u± := max{±u, 0} and K := {u ∈ E : u+ 6= 0}.

• 〈·, ·〉 denotes action of dual.

• Br(y) := {x ∈ RN : |x− y| ≤ r} and Br := {x ∈ RN : |x| ≤ r}.

• C denotes a positive constant and is possibly various in different places.

We work in the space E and recall some facts that the norms ‖ · ‖ and ‖ · ‖H are equivalent
and E ↪→ Ls(RN) for any s ∈ [2, 2∗] is continuous. The proof can be done similarly to that in
[19] and details are omitted here. We start by observing that ( f5)− ( f6) imply that p ≤ q and

| f (s)s| ≤ C|s|p, for any |s| ≤ δ.

In order to prove our main result via variational methods, we need to modify and extend f (u)
for outside a neighborhood of u = 0 to get f̃ (u). We set

f̃ (s) :=


0, s ≤ 0,

f (s), 0 < s ≤ δ,

C1sp−1, δ < s,

and fix C1 > 0 such that f̃ ∈ C(R, R+). Combining with the definition of f̃ , one can easily
obtain the following lemma.

Lemma 2.1. Suppose that ( f5) hold. Then

(a) lims→+∞
F̃(s)
s2 = +∞, where F̃(s) =

∫ s
0 f̃ (t)dt,

(b) there exists C > 0 such that | f̃ (s)s| ≤ C|s|p and |F̃(s)| ≤ C|s|p for all s ∈ R,

(c) there exists µ ∈ (2, p) such that the function s 7→ f̃ (s)
sµ−1 is strictly increasing on (0,+∞),
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Now let us consider the modified equation of Eq. (P) given by{
−∆u + V(x)u = λ f̃ (u),

u ∈ E.
(P̃)

The corresponding energy functional

Ĩ(u) = 1
2

∫
RN

(|∇u|2 + V(x)u2)dx− λ
∫

RN
F̃(u)dx

is of class C1 by a standard argument and whose derivative is given by

〈Ĩ ′(u), v〉 =
∫

RN
(∇u · ∇v + V(x)uv)dx− λ

∫
RN

f̃ (u)vdx, v ∈ E.

Formally, critical points of Ĩ are solutions of Eq. (P̃). We note that critical points of Ĩ with
L∞-norm less than or equal to δ are also solutions of the original Eq. (P). We recall the Nehari
manifold

N :=
{

u ∈ E \ {0} : 〈Ĩ ′(u), u〉 = 0
}
=
{

u ∈ K : 〈Ĩ ′(u), u〉 = 0
}

,

and set
c := inf

u∈N
Ĩ(u).

Lemma 2.2. Suppose that (V4) and ( f5) hold. Then

(a) for any u ∈ K , there exists a unique tu > 0 such that tuu ∈ N . Moreover, the maximum of Ĩ(tu)
for t > 0 is achieved at tu,

(b) there exists ρ > 0 such that ‖u‖ ≥ ρ for all u ∈ N ,

(c) the functional I is bounded from below on N by a positive constant.

Proof. (a) For any u ∈ K, we define

Ψ(t) := Ĩ(tu) = t2

2

∫
RN

(|∇u|2 + V(x)u2)dx− λ
∫

RN
F̃(tu)dx, t ∈ (0,+∞).

It follows from (b) of Lemma 2.1 and the Sobolev inequality that∫
RN

F̃(tu)dx ≤ C
∫

RN
|tu|pdx ≤ Ctp‖u‖p.

Thus one has

Ψ(t) ≥ t2

2
‖u‖2 − λCtp‖u‖p.

Then there exists t0 > 0 such that Ψ(t0) > 0. We set Ω = {x ∈ RN : u(x) > 0}. Combining (a)
in Lemma 2.1 with Fatou’s lemma, we have

lim inf
t→∞

∫
Ω

F̃(tu)
(tu)2 u2dx = +∞.

Hence

lim sup
t→∞

Ψ(t)
t2 =

1
2
‖u‖2 − λ lim inf

t→∞

∫
Ω

F̃(tu)
t2 dx =

1
2
‖u‖2 − λ lim inf

t→∞

∫
Ω

F̃(tu)
(tu)2 u2dx = −∞.
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One could deduce Ψ(t) → −∞ as t → +∞. So there exists tu > 0 such that Ψ(tu) =

maxt>0 Ψ(t) and Ψ′(tu) = 0, i.e., Ĩ(tuu) = maxt>0 Ĩ(tu) and tuu ∈ N . Suppose that there
exists t1 > t2 > 0 such that tiu ∈ N , i = 1, 2, one has∫

Ω

f̃ (t1u)u2

t1u
dx =

∫
Ω

f̃ (t2u)u2

t2u
dx,

which contradicts (c) of Lemma 2.1. Thus we can conclude that tu is unique.
(b) For any u ∈ N , combining the Sobolev embedding and (b) of Lemma 2.1, one obtains

‖u‖2 = λ
∫

RN
f̃ (u)udx ≤ Cλ

∫
RN
|u|pdx ≤ Cλ‖u‖p. (2.1)

It follows from (2.1) that there exists ρ > 0 independent of u such that

ρ ≤ ‖u‖.

(c) Also from (b) of Lemma 2.1 and the Sobolev inequality, we have

Ĩ(u) ≥ 1
2
‖u‖2 − Cλ‖u‖p.

Since p > 2, there exists σ > 0 such that Ĩ(u) ≥ σ2

4 > 0 for ‖u‖ = σ > 0. For any v ∈ N , there
exists t′ > 0 such that t′‖v‖ = σ. Combining with (a)-(b) of Lemma 2.2, one obtains

Ĩ(v) ≥ Ĩ(t′v) ≥ σ2

4
.

This completes the proof.

From Lemmas 2.1–2.2, one can easily know (see also [19, 26])

c = inf
u∈N
Ĩ(u) = inf

u∈K
sup
t>0
Ĩ(tu) = min

γ∈Γ
max
t∈[0,1]

Ĩ(γ(t)),

where Γ = {γ ∈ C([0, 1], E) : γ(0) = 0, Ĩ(γ(t)) < 0}. Notice that, c > 0 from (c) of Lemma 2.2.
In order to prove our results, we introduce the following equation

−∆u + V∞(x)u = λ f̃ (u), (P∞)

and it follows from [16, 19, 26, 27] that Eq. (P∞) has a positive ground state solution ω. From
Lemma 2.2 and (V4), there exists a unique tω > 0 such that tωω ∈ N and

c ≤ Ĩ(tωω) ≤ Ĩ∞(tωω) ≤ Ĩ∞(ω) := c∞, (2.2)

where Ĩ∞ is the energy functional associated with Eq. (P∞).

Lemma 2.3. Suppose that (V4) and ( f5) hold. If u ∈ N and Ĩ(u) = c, then u is a nontrivial solution
of Eq. (P̃).

Proof. Inspired by the method in [18], one supposes by contradiction that u is not a nontrivial
solution of Eq. (P̃). Then there exists φ ∈ E such that

〈Ĩ ′(u), φ〉 =
∫

RN
(∇u · ∇φ + V(x)uφ)dx− λ

∫
RN

f̃ (u)φdx < −1.
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Let ε ∈ (0, 1) be small enough. Then

〈Ĩ ′(tu + sφ), φ〉 ≤ −1
2

, for any |t− 1| ≤ ε, |s| ≤ ε. (2.3)

We set a curve
γ(t) = tu + sτ(t)φ, t > 0,

where τ ∈ C(R, [0, 1]) is a smooth cut-off function such that τ(t) = 1 for |t− 1| ≤ ε
2 , τ(t) = 0

for |t− 1| ≥ ε. Obviously, γ is a continuous. We can claim that Ĩ(γ(t)) < c for any t ∈ (0,+∞).
Indeed, it follows from Lemma 2.2 that Ĩ(γ(t)) = Ĩ(tu) < Ĩ(u) = c for |t− 1| ≥ ε. When

|t− 1| < ε, owing to Φ(s) := Ĩ(tu + sτ(t)φ) is of C1 on [0, ε], there exists s̄ ∈ (0, ε) such that

Ĩ(tu + sτ(t)φ) = Ĩ(tu) + 〈Ĩ ′(tu + s̄τ(t)φ), ετ(t)φ〉 ≤ Ĩ(tu)− 1
2

ετ(t) < c,

where the inequality holds from (2.3). Hence Ĩ(γ(t)) < c for any t ∈ (0,+∞).
We denote J (u) = 〈Ĩ ′(u), u〉. According to Lemma 2.2 and the definition of γ , we have

J (γ(1− ε)) = J ((1− ε)u) > 0 and J (γ(1 + ε)) = J ((1 + ε)u) < 0. By the continuity of
t 7→ J (γ(t)) there exists t′ ∈ (1 − ε, 1 + ε) such that J (γ(t′)) = 0. Thus γ(t′) ∈ N and
Ĩ(γ(t′)) < c, which is a contradiction. This completes the proof.

Lemma 2.4. Suppose that (V4) and ( f5) hold. Then the Cerami sequence for Ĩ at level m > 0 (shortly:
(Ce)m sequence) is bounded in E.

Proof. We recall the (Ce)m sequence {un}, that is,

Ĩ(un)→ m, ‖Ĩ ′(un)‖(1 + ‖un‖)→ 0.

Then
o(1) = 〈Ĩ ′(un), u−n 〉 = −‖u−n ‖2.

Consequently we could deduce that {u+
n } is also a (Ce)m sequence. For the sake of con-

venience, we denote u+
n by un. By a contradiction, we assume that ‖un‖ → +∞ and set

vn = un
‖un‖ . Obviously up to a subsequence, there exists a nonnegative function v ∈ E

such that vn → v ∈ E, vn → v ∈ L2
loc(R

N) and vn(x) → v(x) a.e. in RN . We denote
Ω1 = {x ∈ RN : v(x) > 0}. If meas Ω1 > 0, Fatou’s lemma and (a) of Lemma 2.1 imply

lim inf
n→∞

∫
RN

F̃(un)

u2
n

v2
ndx ≥ lim inf

n→∞

∫
Ω1

F̃(un)

u2
n

v2
ndx = +∞.

Then

0 = lim sup
n→∞

Ĩ(un)

‖un‖2 =
1
2
− λ lim inf

n→∞

∫
RN

F̃(un)

u2
n

v2
ndx = −∞,

which is a contradiction. Thus v = 0. We denote

α := lim
n→∞

sup
z∈RN

∫
B1(z)

v2
ndx. (2.4)

If α = 0, we have vn → 0 in Lp(RN) from the Lions lemma [17, 26]. Combining with (b) of
Lemma 2.1, we obtain

∫
RN F̃(2

√
mvn)dx = o(1). By the continuity of Ĩ , there exists tn ∈ [0, 1]
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such that Ĩ(tnun) = maxt∈[0,1] Ĩ(tun). Since ‖un‖ → +∞, one has 2
√

m
‖un‖ ≤ 1 as n large enough.

We observe that

Ĩ(tnun) + o(1) ≥ Ĩ
(

2
√

m
‖un‖

un

)
+ o(1) = 2m‖vn‖2 − λ

∫
RN

F̃(2
√

mvn)dx + o(1)

= 2m + o(1).

In view of Ĩ(un)→ m and (a) of Lemma 2.2, we can see that tn ∈ (0, 1) and 〈Ĩ ′(tnun), tnun〉 =
0 as n large enough. Hence by Lemma 2.3 in [20], one has

m = Ĩ(un) + o(1)

= Ĩ(un)−
1
µ
〈Ĩ ′(un), un〉+ o(1)

=

(
1
2
− 1

µ

) ∫
RN

(
|∇un|2 + V(x)u2

n
)

dx + λ
∫

RN

(
1
µ

f̃ (un)un − F̃(un)

)
dx + o(1)

≥ µ− 2
2µ

t2
n

∫
RN

(
|∇un|2 + V(x)u2

n
)

dx + λ
∫

RN

1
µ

f̃ (tnun) tnun − F̃ (tnun) dx + o(1)

= Ĩ(tnun)−
1
µ
〈Ĩ ′(tnun), tnun〉+ o(1)

= Ĩ(tnun) + o(1)

≥ 2m + o(1),

which is a contradiction.
If α > 0, there exists {zn} ⊂ RN such that

α

2
≤
∫

B1(zn)
v2

ndx.

If {zn} is bounded, there exists R > 0 such that
α

2
≤
∫

BR

v2
ndx.

which is a contradiction with vn → 0 in L2
loc(R

N). Then {zn} is unbounded, up to a subse-
quence, |zn| → ∞. We set wn(x) := vn(x + zn), where wn satisfies

α

2
≤
∫

B1

w2
ndx,

up to a subsequence, there exists w ∈ E such that wn ⇀ w in E, wn → w in L2
loc(R

N) and
wn(x) → w(x) a.e. in RN . Evidently, meas Ω2 > 0 where Ω2 = {x ∈ RN : w(x) > 0}. In fact
wn(x) = un(x+zn)

‖un‖ . Also from Fatou’s lemma and (a) of Lemma 2.1, one obtains

lim inf
n→∞

[
1
‖un‖2

∫
RN

F̃(un)dx
]
= lim inf

n→∞

[
1
‖un‖2

∫
RN

F̃ (un (x + zn)) dx
]

≥ lim inf
∫

Ω2

F̃ (un (x + zn))

[un(x + zn)]2
w2

ndx

= +∞.

Hence

0 = lim sup
n→∞

Ĩ(un)

‖un‖
=

1
2
− λ lim inf

n→∞

[
1
‖un‖2

∫
RN

F̃(un)dx
]
= −∞,

which is a contradiction. In a word, the (Ce)m sequence {un} is bounded in E.
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Proposition 2.5. Suppose that (V4) and ( f5) hold. Then Eq. (P̃) has a positive ground state solution.

Proof. Notice that 0 < c ≤ c∞. Therefore, one of the two cases occurs:

Case 1. c = c∞. It follows from (2.2) that

c∞ ≤ Ĩ(tωω) ≤ Ĩ∞(tωω) ≤ Ĩ∞(ω) = c∞.

Then ω is also a positive ground state solution of Eq. (P̃) from Lemma 2.3.

Case 2. 0 < c < c∞. We see easily Ĩ satisfies the mountain pass geometry. From the
mountain pass theorem [25, 26] and Lemma 2.4, there exists a nonnegative and bounded
sequence {un} ∈ E such that

Ĩ(un)→ c, ‖Ĩ ′(un)‖(1 + ‖un‖)→ 0.

Then there exists a nonnegative function u ∈ E such that up to a subsequence, un ⇀ u
in E, un → u in L2

loc(R
N) and un(x) → u(x) a.e. in RN . For any ϕ ∈ C∞

0 (RN), one has
0 = 〈Ĩ ′(un), ϕ〉+ o(1) = 〈Ĩ ′(u), ϕ〉, i.e., u is a nonnegative solution of Eq. (P̃). If u 6= 0 in E,
combining Lemma 2.3 in [20] with Fatou’s lemma one obtains

c = Ĩ(un) + o(1)

= Ĩ(un)−
1
µ
〈Ĩ ′(un), un〉+ o(1)

=

(
1
2
− 1

µ

) ∫
RN

(
|∇un|2 + V(x)u2

n
)

dx + λ
∫

RN

(
1
µ

f̃ (un)un − F̃(un)

)
dx + o(1)

≥
(

1
2
− 1

µ

) ∫
RN

(
|∇u|2 + V(x)u2) dx + λ

∫
RN

(
1
µ

f̃ (u)u− F̃(u)
)

dx + o(1)

= Ĩ(u)− 1
µ
〈Ĩ ′(u), u〉+ o(1)

= Ĩ(u) + o(1). (2.5)

At the same time, one knows c ≤ Ĩ(u) from the definition of c and u ∈ N . Applying the
strongly maximum principle, we could deduce that u is a positive ground state solution of
Eq. (P̃).

We assume that u = 0 (otherwise we complete the proof). Then there exists α ≥ 0 such
that

lim
n→∞

sup
z∈RN

∫
B1(z)
|un|2dx = α.

Indeed, if α = 0, applying the Lions lemma [17, 26] we obtain

un → 0 in Lp(RN). (2.6)

Hence Ĩ(un)→ 0 as n→ ∞ from (b) in Lemma 2.1, which contradicts c > 0. Then there exists
{zn} ⊂ RN such that

∫
B1(zn)

|un|2dx ≥ α
2 > 0.

If {zn} is bounded, there exists R > 0 such that
∫

BR(0)
|un|2dx ≥ α

2 > 0, which is a contra-
diction with un → 0 in L2

loc(R
N). Then {zn} is unbounded. After extracting a subsequence if
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necessary, we have

(i) |zn| → +∞,

(ii) un(·+ zn) ⇀ v 6= 0 in E.

From Lemma 2.4 in [19], we have

0 = 〈Ĩ ′(un), ϕ(· − zn)〉+ o(1)

=
∫

RN
[∇un · ∇ϕ(· − zn) + V(x)un ϕ(x− zn)] dx− λ

∫
RN

f̃ (un)ϕ(x− zn)dx + o(1)

=
∫

RN
[∇un · ∇ϕ(· − zn) + V∞(x)un ϕ(x− zn)] dx− λ

∫
RN

f̃ (un)ϕ(x− zn)dx + o(1)

= 〈Ĩ ′∞(v), ϕ〉+ o(1).

Then v is a nontrivial solution of Eq. (P∞). Notice that, also from [19], we obtain

c = Ĩ(un)−
1
µ
〈Ĩ ′(un), un〉+ o(1)

=

(
1
2
− 1

µ

) ∫
RN

(
|∇un|2 + V(x)u2

n
)

dx + λ
∫

RN

(
1
µ

f̃ (un)un − F̃(un)

)
dx + o(1)

=

(
1
2
− 1

µ

) ∫
RN

(
|∇un|2 + V∞(x)u2

n
)

dx

+ λ
∫

RN

[
1
µ

f̃ (un(·+ zn))un(·+ zn)− F̃(un(·+ zn))

]
dx + o(1)

= Ĩ∞ (un(·+ zn))−
1
µ
〈Ĩ ′∞ (un(·+ zn)) , un(·+ zn)〉+ o(1)

= Ĩ∞(v) + o(1)

≥ c∞ + o(1),

which is a contradiction.
In conclusion, whether Case 1 occurs or Case 2 occurs, we can prove Proposition 2.5.

3 Proof of Theorem 1.1

Lemma 3.1. Suppose that (V4) and ( f5) hold. If u is a critical point of Ĩ , then u ∈ L∞(RN).
Furthermore, there exists a positive constant C independent of λ such that

|u|∞ ≤ Cλ
1

2∗−p

(∫
RN
|∇u|2dx

) 2∗−2
2(2∗−p)

.

Proof. We prove the result by using the Moser iteration. For each k > 0, we define

uk(x) =

{
u(x), if |u(x)| ≤ k,

±k, if ± u(x) > k.

For β > 1, we use ϕk = |uk|2(β−1)u as a test function in 〈Ĩ ′(u), ϕk〉 to obtain∫
RN
|uk|2(β−1)|∇u|2dx + 2(β− 1)

∫
RN
|uk|2(β−2)uuk∇u · ∇ukdx

+
∫

RN
V(x)|uk|2(β−1)u2dx = λ

∫
RN

f̃ (u)|uk|2(β−1)udx. (3.1)
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Then we use the Sobolev inequality to yield

β2
∫

RN

(
|uk|2(β−1)|∇u|2dx + 2(β− 1)|uk|2(β−2)uuk∇u · ∇uk

)
dx

≥
∫

RN
|uk|2(β−1)|∇u|2 + (β− 1)2|uk|2(β−2)u2|∇uk|2 + 2(β− 1)|uk|2(β−2)uuk∇u · ∇ukdx

≥
∫

RN

∣∣∣∇ (|uk|β−1u
)∣∣∣2 dx

≥ C
(∫

RN

∣∣∣|uk|β−1u
∣∣∣2∗ dx

) 2
2∗

, (3.2)

where we also have used the facts that u2|∇uk|2 ≤ u2
k |∇u|2 and β > 1. From (b) in Lemma 2.1,

we deduce ∫
RN

f̃ (u)|uk|2(β−1)udx ≤ C
∫

RN
|u|p|uk|2(β−1)dx. (3.3)

Combining (3.1), (3.2) and (3.3), we obtain

(∫
RN

∣∣∣|uk|β−1u
∣∣∣2∗ dx

) 2
2∗

≤ Cβ2λ
∫

RN
|u|p−2|uk|2(β−1)u2dx

≤ Cβ2λ

(∫
RN
|u|2∗dx

) p−2
2∗
(∫

RN

∣∣∣|uk|2(β−1)u2
∣∣∣ 2∗

2∗−p+2 dx

) 2∗−p+2
2∗

.

Letting k→ ∞, we have

|u|β·2∗ ≤
(
Cβ2λ

) 1
2β

(∫
RN
|∇u|2dx

) p−2
4β

|u| 2·2∗β
2∗−p+2

. (3.4)

To carry out an iteration process, we set

βm =

(
2∗ − p + 2

2

)m+1

, m = 0, 1, . . .

Then we have
2 · 2∗βm

2∗ − p + 2
= 2∗βm−1.

By (3.4), one obtains

|u|βm·2∗ ≤
(
Cβ2

mλ
) 1

2βm

(∫
RN
|∇u|2dx

) p−2
4βm
|u| 2·2∗βm

2∗−p+2

= (Cλ)
1

2βm β
1

βm
m

(∫
RN
|∇u|2dx

) p−2
4βm
|u|βm−1·2∗ .

By the Moser iteration, we have

|u|βm·2∗ ≤ (Cλ)∑m
i=0

1
2βi

m

∏
i=0

β
1
βi
i

(∫
RN
|∇u|2dx

) p−2
4 ∑m

i=0
1
βi
|u|2∗ . (3.5)
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Since β0 =
(

2∗−p+2
2

)
> 1 and βi = βi+1

0 , we observe that

m

∑
i=0

1
βi

=
m

∑
i=0

1
βi+1

0

,
m

∏
i=0

β
1
βi
i =

m

∏
i=0

(
βi+1

0

) 1
βi+1

0 = (β0)
∑m

i=0
i+1

βi+1
0 .

One can easily see
∞

∑
i=0

i + 1
βi+1

0

= β∗ < +∞,
∞

∑
i=0

1
βi+1

0

=
2

2∗ − p
.

Letting m→ ∞ in (3.5), we conclude that u ∈ L∞(RN) and

|u|∞ ≤ Cλ
1

2∗−p β
β∗

0

(∫
RN
|∇u|2dx

) p−2
2(2∗−p)

|u|2∗ ≤ Cλ
1

2∗−p

(∫
RN
|∇u|2dx

) 2∗−2
2(2∗−p)

. (3.6)

This completes the proof.

Proof of Theorem 1.1. By proposition 2.5, Eq. (P̃) has a positive ground solution u. Combining
the Sobolev embedding and (b) of Lemma 2.1, one obtains

c = Ĩ(u)− 1
µ
〈Ĩ ′(u), u〉 ≥

(
1
2
− 1

µ

)
‖u‖2. (3.7)

We can see that there exists v ∈ K ∩ L∞(RN) such that |v|∞ < 1. Since ( f6), there exists C > 0
independent of λ such that

F̃(tv) ≥ C|tv|q, t ∈ [0, 1].

At the same time there exists λ0 > 0 such that Ĩ(v) < 0 for λ ≥ λ0. Then from the definition
of c, we have

c ≤ max
t∈[0,1]

Ĩ(tv)

= max
t∈[0,1]

t2

2

∫
RN

(|∇v|2 + V(x)v2)dx− λ
∫

RN
F̃(tv)dx

≤ max
t∈[0,1]

t2

2

∫
RN

(|∇v|2 + V(x)v2)dx− Ctqλ
∫

RN
|v|qdx

≤ Cλ
− 2

q−2 . (3.8)

Combining (3.6), (3.7) and (3.8), we have

|u|∞ ≤ Cλ
1

2∗−p ‖u‖
2∗−2
2∗−p ≤ Cλ

1
2∗−p λ

1
2−q ·

2∗−2
2∗−p .

Since p, q ∈ (2, 2∗), there exists λ1 ≥ λ0 such that

|u|∞ ≤ Cλ
2∗−q

(2∗−p)(2−q)
1 ≤ δ.

Therefore, from the definition of f̃ , we can conclude that u is also a positive solution of Eq. (P)
for λ ≥ λ1. This completes the proof of Theorem 1.1.
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