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Abstract

In this paper, the existence of step-like contrast structure for a class of singularly
perturbed optimal control problem is shown by the contrast structure theory. By
means of direct scheme of boundary function method, we construct the uniformly
valid asymptotic solution for the singularly perturbed optimal control problem. Fi-
nally, an example is presented to show the result.
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1. Introduction

The contrast structure in a singularly perturbed problem is mainly classified as a step-like
contrast structure or a spike-like contrast structure (see [1]-[3]). This issue is called as
internal layer solution problem in western [4]. A step-like contrast structure problem is
only concerned in this paper. Its fundamental characteristics is that there exists an t*(or
multiple ¢*) within the domain of interest, which is called as an internal transition time.
The position of t* is unknown in advance if there exists an internal layer solution and it
needs to be determined thereafter. In the neighborhood of t*, the solution y(t, 1) will have
an abrupt structure change and in the different sides of t*, y(¢, 1) will approach to different

reduced solutions when the small parameter © — 0. The contrast structure has a strong
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application background. For example, in the study of physics , there are cases that their

solutions vary rapidly in the interior of domain.

In recent years, the study on contrast structures is still a hot but difficult research
topic in the theory of singularly perturbed problem. In Russia, the most study on contrast
structures is by the boundary function method, and in Western, the study on this issue
is by the method of dynamic systems or geometric method [5]. More and more scholars
begin to pay attention to the contrast structure of variational problem. In [6], [7], the
authors consider the contrast structures for the simplest vector variational problem and
scalar variational problem. One of the basic difficulties for such a problem is unknown of

where an internal transition layer is in advance.

Currently, there are mainly two ways to solve this problem. The first way is through
the boundary function method [8]. Usually, this method is applied to necessary or suffi-
cient optimality conditions. The second alternative is through direct scheme of boundary
function method, which consists in a direct expansion of the optimal control problem. we
will apply the direct scheme to the singularly perturbed optimal control problem. As a
result of the scheme, we get a minimizing control sequence, each new control approximation
decreases the performance index of the given problem. It should be noted that the direct
scheme not only make it easy to obtain the relations for the high-order approximations,

but also show the nature of the optimal control problem.

The theory of boundary value problems with integral boundary conditions arises in
different areas of applied mathematics and physics. For example, thermal conduction [9],
semiconductor problems [10], biomedical science [11], and the references therein. In [12], the
authors consider the existence of contrast structure for the following singularly perturbed
differential equations with integral boundary conditions

%y

— = f(t O<t<l1
Mdt2 f(’y)7 Y
1

y(0, 1) = / ha(y(s, w)ds,  y(1, 1) = / ha(y(s, 1) ds,

by using of the theory of differential equalities.

In this present paper, the singularly perturbed optimal control problem with integral
boundary conditions is considered, we not only prove the existence of step-like contrast
structure for the singularly perturbed optimal control problem, but also construct asymp-

totic solution to the optimal controller and optimal trajectory.
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2. Problem Formulation

Consider the singularly perturbed optimal control problem

( T
Ju] = / f(y,u,t)dt — min,
0 u

dy
Yy _ 2.1

y(0, 1) = / hn(y(s, s, y(T, ) = / ha(y(s, 1)) ds.

\

where 1 > 0 is a small parameter.
The following assumptions are fundamental in the theory for the problem in question.

[A1] Suppose that f(y,u,t) and h; are sufficiently smooth on the domain D = {(y, u,t)| |
y|<AueR0<t<T}, where A is positive constant, i = 1, 2.

[As] Suppose that fyu2(y,u,t) > 0 on the domain D.

Formally setting p = 0 in (2.1), we obtain the reduced problem

Ju] = /OT f(y,a,t)dt — muln u=0. (2.2)

For our convenience, problem (2.2) can be written in the following equivalent form

T
sl = [ Fla.0de - win
0 Y
where F(y,t) = f(5,0,1).
[A3] Suppose that there exist two isolated functions § = 1(t), ¥ = pa(t) such that
Floi(t),1) 0<t<t,
min Py, 0 = § T 0=

(2.3)
v Fpa(t),t), to<t<T,

lim @y () 7 lim o(2).
t—t

t—ty 0
[A4] Suppose that the transition point ¢ is determined by the following equation

F(p1(to), to) = F(pa(to), to),

and satisfies the condition

d

@ F(palto).to) # S Falto) o)
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It follows from assumption [A3] that

Fy(pi(t),t) =0, Fy(pi(t),t) >0, 0<t<t, (2.4)
Fy(¢2(t)vt) =0, Fyy(¢2(t)7t) >0, to<t <T
Consider the Hamiltonian function
H(y,u, A\ t) = f(y,u,t) + A,
where A\ is Lagrange multiplier.
The necessary optimality conditions imply that
ny' = u,
)‘/ = _fy(ya Uu, t))
(2.5)

pfu(y, u,t) + A(t) =0,
y(0,1) = / hn(y(s, s, y(T, ) = / ha(y(s, 1)) ds.

\

From (2.5), we can obtain the following singularly perturbed boundary value problem
py' = u,
' = f;zl(fyT — fuyw) = £ fut, i (2.6)
W00 = [ malots s, T = [ auts.m)as.

problem of type (2.6) was considered in [12], in which the existence of solution with step-
like contrast structure was shown. By means of the result as described in [12], we show the

existence of optimal trajectory with step-like contrast structure.

3. Existence of Step-like Contrast Structure

As was mentioned above, problem of type (2.6) was considered in [12], therefore, under
suitable conditions, the extremal trajectory (the solution to the system of Euler equations

(2.6)) contains a step-like contrast structure.

It is easy to see that the associated system for (2.6) can be written as

du
- = f1:21<fy - fuyu>7

EZZ (3.1)
dr

= Uu.

Now we will state and prove some useful lemmas, which we will use to prove our main

results. We begin with the following lemma.
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Lemma 3.1 Suppose that [A1]-[A4] hold. Then associated system (3.1) has two equilibria
M;(i(t),0), i = 1,2 , which are both saddle points.

Proof. Let
H(y7u7f> = f1:21<fy - fuyu>7
G(y,u,t) = u.
Obviously, M;(¢;(t),0), ¢ = 1,2 are two isolated solutions of the reduced system
H(y7 u7 ﬂ - 07
G(y,u,t) = 0.
Moreover, the characteristic equation of the system (3.1) is given by

SO

JEu2 ’
where f,2, and f,2 are calculated in (¢;(#),0), i = 1,2. Using assumption (2.4), we obtain

)\2:&>0.

w2

Hence, in the phase plane (y,u), M;(p;(t),0), i = 1,2 are both saddle points.

Lemma 3.2 For fized t € [0,T], associated system (3.1) has a first integral

ufuly,u,t) = fy,u, 1) = C, (3-2)
where C' is a constant.
Proof. Let ¢y’ = %, u = % Then the first equation in (3.1) can be written as
fux(y,u, Ou’ = fy(y,u,t) = fuy(y, u, D, (3-3)
using the second equation of (3.1) , we get
fu(y, uw, 0w = fy (y, w, 8) + fuy(y, u, D)y" = 0. (3.4)

In view of y” = u/, we obtain
d
E(ylfu(ya u, E) - f(ya u, E)) = 0.
Therefore, the first integral for (3.1) is
ufu(y7u7f> - f(y7u7f> = 07
where C' is a constant.
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Lemma 3.3 Suppose that [A;], [As] and uw # 0 hold. Then, for fized t € [0,T], the first
integral (3.2) is solvable with respect to u.

Proof. Let
Gy, u,t) = ufuly, u,t) = f(y,u,t) = C,
Obviously
Guy, u, 1) = fuly, u, 1) + ufue(y,u,t) — fuly,u,t) = ufuz # 0,
by the implicit function theorem , the equation G(y,u,t) = 0 is solvable with respect to u:
u=nh(y,t,C), (y,t) € Dy. (3.5)

where D1 = {(y,t)| |y |[< A,0<t<T}.

let us continue the verification of the assumptions of [12]. Obviously, there exist two
separate orbits Sy, and Sy, that pass through the saddle points M; and Ms, which satisfy

the equations

SMI : ufﬂ(iyvuva - f(yvuvf) = _f<901(f>707£>7 (36)

SM2 : ufu(yauvf) _f(yauaﬂ = _f(QOQ(ﬂ’O?E)' (37)
It follows from Lemma 3.3 that
w7, 1) = B (y 1, e (D), (3.8)

u(7,1) = Ky 1, 00(1)). (3.9)

Let
H(E) = u(0,7) — uD(0,8) = hO (y(0), £, ¢1(5) — h (1 D(0), £, s (F)),

1
where y)(0) = y™(0) = 5 (@1(t) +¢2(1)) = B(D).
Lemma 3.4 Suppose that [A1]-[A4] hold. Then, we get

' _ fy2(90i(f)707ﬂ i —
hy(i(t), 1) = i\/—fuz(%(i),O,a’ 1,2.
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Proof. Differentiating the implicit function, we have

du  fy—uf
hy(y,t) = — = L—
y(y7 _> dy ufu2

Using L’Hospital’s rule , in the neighborhood of saddle points, we obtain

hy(0i(B), 1) = i\/M P

qu(Qpi(ﬂ’ 0, E)
Lemma 3.5 Suppose that [A1]-[A4] hold. Then H(ty) = 0 if and only if

fp1(to),0,t0) = f(pa(to),0,t0).

Proof. Setting 7 =0, t =t in (3.6) and (3.7), we obtain

(to) fu(B(te), K (L), o) = F(B(te), i (L), to) = — [ (1(to), 0, 20),

(t0) fu(B(to), KD (t0), t0) — F(B(to), K (ko) t0) = — fa(to), 0, %),

where

h (to) = KO (B(to), p1(to), to),  hP(te) = ™ (B(to), pa(to), to),

Necessity follows directly from (3.10), (3.11) and sufficiency follows from (3.5).

Lemma 3.6 Suppose that [A;]-[A4] hold. Then %H(to) # 0 if and only if

%f(cpl(to),(),to) # %f(@z(to)aoato)-

Proof. Setting 7 =0 in (3.6) and (3.7), we get
7)(t_>fu(ﬁ<z>v h(i)@)vt_) - f(ﬁ(aa h(i)@)vt_) = _f<901(t_>707£>7
+)<t_)fu<ﬁ<z>7 h(Jr)(Z)vt_) - f(ﬁ(aa h(+)<i>7t_> = _f<902(t_>707£>7

where
(@) = D@0, e1@),0), B = WD), 92 (D), ),
Differentiating (3.12) and (3.13) with respect to ¢, we obtain

CHOD) £l 50, KO, 1) + KO0 S50, KO (7),D)

(3.10)

(3.11)

(3.12)

(3.13)
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d

— S0, WO, D) = (%(5) 0,), (3.14)
%(h(+)(f))fu( B(E), O (E),8) + (t)= ( W(B(8), hH(D),1))
( (£), hO(E), 1) = (902(5) 0,), (3.15)
let t =ty yields J

=) (tO)fu2 (ﬁ(tO)a h(_) (to), to)d_EH(tO)

d d
=~ (7 f(p1(to), 0,t0) — —f(2(to), 0, %0)).
From assumptions [A;] and [As], also since the different orbits do not intersect the line

d
u = 0 at the point y = (o), hence p H(to) # 0 if and only if

%f(cpl(to),(),to) # %f(cpg(to),o,to)-

From Lemma 3.2 and Lemma 3.5, it is easy for us to get the next Lemma.

Lemma 3.7 Suppose that [A;1]-[A4] hold. Then there exists t = to at which associated sys-
tem (3.1) has a heteroclinic orbit connecting saddle points My (¢1(ty),0) and My(p2(tp),0).

From the above discussions, we know that the boundary value problem (2.6) satisfies
all the assumptions of [12]. Then problem (2.1) has an extremal trajectory y(¢, u) with a

step-like contrast structure. From Theorem 3.3 of [12], we can obtain the following theorem.

Theorem 3.8 Suppose that [A1]-[A4] hold. Then for sufficiently small > 0, the optimal

control problem (2.1) has an extremal trajectory y(t, ) with a step-like contrast structure

. p1(t),0 <t < to,
lim (1, 1) =
=0 pa(t),to <t <T.

4. Construction of Asymptotic Solution

an asymptotic solution of problem (2.1) is sought in the form

Zu () + Ley(mo) + QS y(r)), 0<t <t
(4.1)

ult, p) = z pF () + Liu(ro) + Q5 u(r),
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= i @) + Q" y(r) + Riy(m)), ¢ <t<T,
k=0

ult, ) = i i () + Q5 u(r) + Ryu(m)),

where 1o = tu™t, T=(t—tp"t, T =({—-T)u"t, Lyy(m) are coefficients of boundary
layer terms at ¢t = 0, Ry () are coeflicients of boundary layer terms at t =T, Q,(:F)(T) are

left and right coefficients of internal transition terms at t = t*.

The position of a transition time ¢*(u) € [0, 7] is unknown in advance. Suppose that ¢*
has also asymptotic expression of the form t* = ¢y 4 ut; + - - - + ¥t + - - -. The coefficients

of the above series are determined during the construction of an asymptotic solution.
From the main results of [6], we obtain
min J[u] = min J(ug) + Zui min J; (u;) + - - -,
u uQ pry u;
where jl(ul) = Ji(us, @iy, -+, Up) , U = arg(min jk(uk)) ,k=0,i—1.
Uk

Substituting (4.1), (4.2) into (2.1) and equating separately the terms on ¢, 75, 7 and
71 by the boundary function method, we can obtain a series of variational problems to

determine {gi(t), ux ()}, {Lry(70), Liu(ro)}, {Qfy(7), Qfu(r)}, {Bay(m1), Riu(mi)}, k> 0

respectively.

The variational problem to determine the zero-order coefficients of regular terms {go(t),
uo(t)} are given by

UO / f y(), UO, dt — I’Illl’l
Uy = 0.

By assumption [A3] , we get

(,01(15) ,0 <t< to,

Yo =

(pg(t),t0<t§T,
_ 070§t<t07
Ug =

0,tg <t < T,
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The following variational problems to determine {Q((;F)y(T), Q((f)u(r)} are given by

( 0(+00)
QYT = / AT f(p12(to) + QST y, aralte) + Q57 u, to) dr — I{ljgl,
—o0(0) Qo u
d 4.3
: @y — )y, (4.3)
| Q679(0) = Bto) — pra(t), Q7 y(Fo0) =0,
where
AGT = floralte) + Q67 y, Q57 usto) — f(ra(to), 0, to)-
Making the substitutions
7P = pralto) + Q57 y(n), @D = QpPu(n).
we obtain
( 0(+00) N
Pa= [ AP ) dr i
—OO(O) ﬂ($)(g($))
g _ (4.4)
dr ’
| 5700) = B(te), 5T (Foo) = pia(to).
The substitution
dg(ﬂ
——— =dr,
u(:F)
produces the following variational problem, which is explicitly independent of 7
Blto)(p2(to)) A F(5F) 7 ¢
Qfﬁ’J:/ o/ (7 — ) 45— min | (4.5)
#1(t0) (B(to)) utt a® )

the necessary condition for a minimum of the integrand has the form

AP fu(5F, 0T t0) = F(7F, 0D, 1) = = f(p12(t0), 0, o),
in view of (3.6) and (3.7), we see that @(F) = h(F) (§(F) ,) is the minimum, since it satisfies

a(ﬂF)qu (g(qﬁ)’ a(?)’ ,;O)

ame >0

From the necessary condition of (4.5), we have

ﬂ‘(:F)fu(g(:F)? ﬂ‘(:F)7 to) - f(g(:F)7 Ia(:':)u tO) = —f(g01,2<t0), 07 t0>7

by lemma 3.3, we can obtain @F) = h(F)(j, ty). Using the second expression of (4.4) and

the conditions of (4.4), it is easy for us to get the following initial problems

d ()
Q;T Y WP (@10(to) + Q5P to),

ng)y(O) = B(to) — p12(to),
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Here the Q((f)y(r), — 00 < 7 < 400 are determined.

Substituting Qé:':)y<7') into (4.3), we can obtain QéﬂF)u(T), thus ((f)y(T) and QéﬂF)u(T)
are determined. From Lemma 3.4 we get hé_)(cpl(to),to) > 0, h§,+)(<p2(t0),t0) < 0, which
imply that

Q7 y(r)| <GS ko >0, T <0,
|Qé+)y(7')| < C’éﬂe_"‘”, k1 >0, 7>0,
Q5 u(r)| < Ce™ kg >0, T <0,

\Qéﬂu(T)\ < Cfﬂe’“”, k1 >0, 7>0.

Next, we give the equations and their conditions for determining {Loy*(79), Lou*(70)}
as follows

;

LyJ = / Ao f(p1(0) + Loy, Lou, 0) drg — Tilina
0 ou

d
dT() oY ol, (46)

Loy(0) = / " ha(a(s))ds + / hn(pa(s))ds — @1(0),  Loy(o0) = 0,

to

where

Aof = f(e1(0) + Loy, Lou, 0) — f(1(0),0,0),
and the problem to determine { Ryy*(71), Rou*(m)} is given by

( 0

RyJ = / Ao f(p2(T) + Roy, Rou, T) dry — T}%lin,
d - ’
— 4.
dT1 Roy Rtou, . ( 7)
Roy(0) = / ha(pr(s))ds + / ha(a(s))ds — ea(T),  Roy(—o00) =
\ 0

b
to

where

Aof = f(o2(T) + Roy, Rou, T) — f(p2(T),0,T).

Similarly as the discussions of Q(()qt)y(T) , we can get the following initial problems

dL
Y — h(@1(0) + Loy, 0),

dTO
Loy(0) = [3" hi(1(s))ds + [,. hi(ea(s))ds — ¢1(0),
and

dR
2 = h(ga(T) + Loy, 1),
T

Roy(0) = [y halipr(s))ds + ftf ha(ip2(s))ds — pa(T),
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Here the Loy(my) and Ryy(7m1), 0 < 79 < +00, —00 < 71 < 0 are determined.

Substituting Loy(7) into (4.6) and Ryy(m) into (4.7), it is easy for us to get Lou(7p)
and Rou(r), thus Loy(7), Roy(71), Lou(my) and Rou(r) are determined. From Lemma 3.4
we get hy(¢1(0),0) <0, hy(2(T),T) > 0, which imply that

Loy (m0)] < Ce™™™ kg >0, 7 > 0,

|Roy(m)| < CSPem™™ | kg >0, 7 <0,
|Lou(ro)| < C{)e™™ ) gy >0, 7 > 0,

|Rou(my)| < C§Pe™ kg >0, 7 < 0.

[A5] Suppose that the boundary data

B(t) — wra(ta), / " ha(a(s))ds + / ha(ipa(s))ds — 1(0),

to

/0 0 ha(p1(s))ds + / ha(pa(s))ds — po(T),

to
in the problems Qéqt)J , LoJ and RyJ belong to certain neighborhoods of the origin that

guarantee the existence of solutions in these problems.

Remark 4.9 Assumption [As] is analogous to Tikhonov’s conditions, which require that
the boundary data belong to the domains of influence of the corresponding asymptotically

stable equilibria of the associated systems.

Remark 4.10 In the general case, the asymptotic approximation to the control is not an
admissible control, since it drives the trajectory from the initial point only to an O(u)
neighborhood of the terminal point. For ¢ € [0,ty], The zero-order asymptotic solution is
Yo = o1(t) + Loy(1o) + Q(()_)y(T), Y} is not an admissible solution, as was shown in [12], we
obtain

Yo(0, 1) = 40u(0, 1) = po(pe) # 0, Yo(to, i) — you(to, ) = pr(p) # 0,

where p;(p) = O(e_%),i = 0,1. To get an admissible solution yo,, we need to add a

d
smoothing function 0y(¢, i), then yo, = Yo(t, ) + 0o(t, 1), wou = u%, where 0y(t, 1) =

Aet/t 4 Belt=to)/1 while
A= (=po(p) + e py () (1 — e720/m) 7,

B = (=pi(p) + ™M po(p) (1 — e7#0)
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You 1s an admissible solution, since it satisfies the boundary condition, then we get the

admissible control
ug, = pp () + Lou(mo) + Q(()_)U(T) — Ae7 ! 4 Belt=00)/ € [0, 1],
similarly, we also have
ugy, = pph(t) + QS u(r) + Rou(r) — Ae=t0)/k 4 Bet=T)/k t € [ty T,

where
A = (—polp) + e D py () (1 — 2oy~

B = (—p1(p) + e D mpg(p)) (1 — 2oy =1,

It should be noted that the smoothing functions are exponentially small.

Then, we have so far constructed the leading terms

{o(®), uw®)}, {Loy™(10), Lou(10)}, {Qoy"(7), Qou'(7)}, {Roy*(m), Rou’(m)}.

of asymptotic series for the problem (4.1) and (4.2). Additionally, we can obtain the

minimum values of the corresponding optimal control problems J§, Ly J*, ((]jF) J*, RoJ*:

T
Ji () = / F( e ) dt,
0

0 u*

»1(0) A($) Mok ek
LOJ*:/ 0 f<y7u70) dv*
Yy

pto) AP (@ g ¢

* Y , U ) 0) ~ %

é$){] ::l:/ 0 dy,
@

L (to) a(F)*

yT A(:F) 0T
ROJ* _ / 0 f(?{*au ) ) dfg*,

w2(T) u

where
U* = 1(0) + Loy*(70), ©= Lou"(70),
y* = 02(T) + Roy™(11), 0" = Rou™ (7).

Next, we will show the validity of the formal solution.

Theorem 4.11 Suppose that [A1]-[As] hold. Then for sufficiently small > 0 there exists
a step-like contrast structure solution y(t, ) of the problem (2.1), moreover, the following

asymptotic expansion holds

o1(t) + Loy(1o) + Q5 y(7) + O(),0 < t < to + pty,

y(t,p) = @
©2(t) + Roy (1) + Qy 'y(7) + O(p), to + pty <t < T.

EJQTDE, 2011 No. 46, p. 13



Proof of Theorem 4.11. In [12] the authors consider the existence of contrast struc-
ture for the following singularly perturbed differential equations with integral boundary

conditions

dy
— =z
ll’[/gg )
2 — f(¢
Mdt f( ’y)7
1 1
y(0, 1) = [y ha(y(s, w))ds, y(1, ) = [; ha(y(s, p))ds.
It should be noted that the proof of Theorem 4.11 has no essential difference from that of
Theorem 3.3 in [12], but some slight modifications, such as change t € [0, 1] into ¢t € [0, T,

so we omit the details of the proof.

5. Example

In this section, an example is shown how to construct a zero order asymptotic solution

with a step-like contrast structure. Consider the problem

r J[ ] /27r<1 4 1 3 . y 1 2+ . t+1 2) dt )
u| = — — = SINt — — Sin —U — 1Min
; 4?/ 3y 2?/ Yy 5 1,

ey =, (5.1)

21 2
y(0,p) = / y*(s,m)ds,  y(2m,p) = / Y (s, p)ds.
0 0

\

Let 1 1 1 1
flyut) = 7y" = gy’sint = Sy +ysint + o,
for every t, we have
B -1, 0<t<m,
Yo(t) =
1, 7<t< 27,
1 2.
—— — —sint, 0<t<m,
m}nF(g(]ut) = 4 3
Yy

1, 2
—1+35sint, 7w <t< 27

The transition point ¢y = 7 is determined by the equation sinty, = 0.

Firstly, we determine QéﬂF)y and QéjF)u. By using of (3.6) and (3.7), t = 7, we get
1 1 1 1

2 _ (-, 4 - 2 _2:_
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from our construction, we obtain the different orbit Sy, and S)y,, which pass through the
saddle points M (t) and M,(t) respectively, have the form
V2 (5)2)

Sa, 1 ul) = 7(1 -y

V2
) SM2 : U(+) - 7(1 - y(+)2)7
d
by means of e éjF)y = QgﬂF)u, uo(t) = 0, then the left and right zero-order terms of
T

transition layer are determined by the following problems

= (1= (F1+ Qy)?) . Qy(0) = £1, QfMy(Foo) =0.

dr
Its solution are
_ 26\/§T _ 2\/56\/5T
Q( )y _ (=), —
0 1+ ever’ <0 (1+ev2r)2’
(+)y N —2 (+) i 2\/56\/57—
5 — __2ves

S U .
1ever’ 0 (1+ ev2r)?

Similarly, the problems to determine left and right boundary layer are

dL 2 dL
0 = _£(1 - (_1 + LOy)Q) ) LOy(O) = ]-7 LOy(+OO) = 07 oY = LOu-
dT() 2 dT()
dRoy V2 ) dRoy
=——(1—-(1+ R Roy(0) = =1, Ryy(— =0 = Ryu.
dn 5 (1 =1+ Roy)?) , 0y(0) ) 0y(—00) " am oU
so we have
2e~ V270 —2\/56*‘/570
Loy = PRI oU = Ny
1 +e 270 (1 +e 27’0)2
_26\/§T1 _2\/56\/571
Roy = PR U=
1"—6 271 (1 +e 27‘1)2
Finally, the formal asymptotic solution is
2e~V2m0 2eV2r 0
—1+ + + ., 0<t<m,
t — 1+ 67\/57—0 1+ 6\/57— (,u)
y( 7:“) -9 _26\/57'1
1+ + +O0(p), m<t<2m.
1+ev2r  14ev2m @
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