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Abstract. Using variational methods, we study the existence and multiplicity of solu-
tions for a class of fourth order elliptic equations of the form

Ai(x)u—M(fQﬁ|Vu|P(x)dx) Ap(x)u:f(x,u) in O,
u=~Au=0 onadQ,

where QO C RN, N > 3, is a smooth bounded domain, Ai(x)u = A(|Au|PX)=2Au)
is the operator of fourth order called the p(x)-biharmonic operator, A, u
div (|Vul? (x)’ZVu) is the p(x)-Laplacian, p : O — R is a log-Holder continuous func-
tion, M : [0,400) - Rand f : O x R — R are two continuous functions satisfying
some certain conditions.
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1 Introduction

In this paper, we are interested in the existence of weak solutions for the following fourth
order elliptic equations

(1.1)
u=Au=0 onoadQ),

where O ¢ RN, N > 3, is a smooth bounded domain, Ai(x)u = A(!AMV’(")_ZAM) is the
operator of fourth order called the p(x)-biharmonic operator, A, (yu = div (|Vu[? *)=2%u) is

the p(x)-Laplacian, the exponent p : QO — R is log-Holder continuous, that is, there exists

¢ > 0 such that |p(x) — p(y)| < —bgﬁ forallx,y € Qwith0 < [x—y| < land1<p :=
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inf, g p(x) < p*:=sup,.5p(x) < &, the function M € C([0, +0),IR) may be degenerate at
zero and f : ) x R — R is a continuous function satisfying the following subcritical growth
condition:

(Fo) There exists C > 0 such that

e, )] <CA+t1O), vxeQ, teR,

where g € C1(Q) and q(x) < p}(x) = Nl\ig(p%) for all x € Q.

We point out that if p(.) is a constant then problem (1.1) has been studied by many authors
in recent years, we refer to some interesting papers [4,11,21,26,27,31,32,36-38,40]. In [38],
Wang and An considered the following fourth-order elliptic equation

(M)

u=Au=0 onodQ),

where ) C RN, N > 1, is a smooth bounded domain, M : [0, +o) — Rand f: Q x R — R
are two continuous functions. This problem is related to the stationary analog of the evolution
equation of Kirchhoff type

Uy + Au— M </Q ]Vu|2dx> Au = f(x,t), (1.3)

where A? is the biharmonic operator, Vu denotes the spatial gradient of u, see [8] for the
meaning of the problem from the point of view of physics and engineering. By assuming
that M is bounded on [0, +o0) and the nonlinear term f satisfies the Ambrosetti-Rabinowitz
type condition, Wang et al. obtained in [38] at least one nontrivial solution for problem (1.2)
using the mountain pass theorem. Moreover, the authors also showed the existence at least
two solutions in the case when f is asymptotically linear at infinity. After that, Wang et al.
[37] studied problem (1.2) in the case when M is unbounded function, i.e. M(t) = a + bt,
where a > 0, b > 0 by using the mountain pass techniques and the truncation method. Some
extensions regarding these results can be found in [4,11,21,31,36,40] in which the authors
considered problem (1.2) in RN or the nonlinearities involved critical exponents. In [26,27,32],
problem (1.1) was studied in the general case when p(.) = p € (1,+0) is a constant.

In recent years, the study of differential equations and variational problems with nonstan-
dard p(x)-growth conditions has received more and more interest. The reason of such interest
starts from the study of the role played by their applications in mathematical modelling of
non-Newtonian fluids, in particular, the electrorheological fluids and of other phenomena re-
lated to image processing, elasticity and the flow in porous media, we refer the readers to
[5,35,43] for more details. Some results on problems involving p(x)-Laplace operator or p(x)-
biharmonic operator can be found in [6,7,9,10,12,16,17,28,30,33]. These types of operators
where p(.) is a continuous function possess more complicated properties than the constant
cases, mainly due to the fact that they are not homogeneous. We also find that Kirchhoff
type problems with variable exponents has received a lot of attention in recent years, see for
example [1,2,13-15,18-20,41].

Motivated by the contributions cited above, in this paper we study the existence and mul-
tiplicity of solutions for perturbed fourth order elliptic equations with variable exponents of
the form (1.1). More precisely, we consider problem (1.1) in two case when f is sublinear or
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superlinear at infinity. In the sublinear case, we obtain an existence result using the minimum
principle while in the superlinear case we prove some existence and multiplicity results with
the help of the Mountain Pass Theorem, Fountain Theorem and Dual Fountain Theorem. To
the best of our knowlegde, the present paper is the first contribution to the study of this type
of problems in Sobolev spaces with variable exponents.

2 Preliminaries

We recall in what follows some definitions and basic properties of the generalized Lebesgue-
Sobolev spaces LP(*) (0) and W*P(¥) (Q)) where Q is an open subset of RN. In that context,
we refer to the books of Diening et al. [22] and Musielak [34], the papers of Fan et al. [24,25],
Zang et al. [42], Ayouiil et al. [6,7] and Boureanu et al. [10]. Set

C+(Q) :={h; h e C(Q), h(x) > 1forall x € O}.
For any i € C.(Q) we define

ht =suph(x) and h~ = inf h(x).
xeQ xeQ)

For any p(x) € C4+(Q), we define the variable exponent Lebesgue space
LP¥(Q) = {u : a measurable real-valued function such that / lu(x)|PWdx < oo} .
0

We recall the following so-called Luxemburg norm on this space defined by the formula

p(x)
o=influ>0: / dx <1V,
|ufp(x) = inf S p A x <

Variable exponent Lebesgue spaces resemble classical Lebesgue spaces in many respects: they
are Banach spaces, the Holder inequality holds, they are reflexive if and only if 1 < p~ < p* <
co and continuous functions are dense if p™ < co. The inclusion between Lebesgue spaces also
generalizes naturally: if 0 < |Q)] < oo and pj, p, are variable exponents so that p;1(x) < pa(x)
a.e. x € Q) then there exists the continuous embedding LP2(*)(Q) < LP1(*)(Q)). We denote by
L") (Q) the conjugate space of LP(*)(Q), where —L. + —1- = 1. For any u € LP®)(Q) and

] p(x) © p'(x)
v € LP'()(Q)) the Holder inequality
/ uvdx| < <1—|—1> 14| (2|7
o =\ T ) p(x) 191p (x)
holds true.

An important role in manipulating the generalized Lebesgue-Sobolev spaces is played by
the modular of the LP(*) (Q)) space, which is the mapping Op(x) LP®(Q) — R defined by

u(x)

H

— P(%) gy
oyt () = [ Jul? dx

If u € LP™(Q) and pt < o then the following relations hold

- +
ul) ) < Ppey () < Jul? ) 2.1)
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provided [ul, () > 1 while
|u|Z(x) < pp) (1) < ’”|Z(x) (22)
provided [u],,) < 1and
[un — ulpx) = 0 & ppy)(un —u) — 0. (2.3)

As in the constant case, for any positive integer k, the Sobolev space with variable exponent
WkP()(Q) is defined by

WEPO Q) = {u € LPM(Q) : D*u € LPM(Q), |a] <k},

Jac] . . ..
where D*u = o U, with & = (ay,...,ay) is a multi-index and |a| = YN, a;. The

LSS
dx; ' 0x,°...0X

space WKP(¥)(Q) equipped with the norm

Hqu,p(x) - Z |Dau|P(x)’

la|<k

also becomes a separable and reflexive Banach space. Due to the log-Holder continuity of
the exponent p, the space C*(Q) is dense in W5?(*)(QQ). Moreover, we have the following
embedding results.

Proposition 2.1 (see [24,25]). For p,r € C.(Q) such that r(x) < p;(x) for all x € Q, there is a
continuous embedding
WhP) (Q) <5 '0(Q),

where p;(x) = Nziiéx()x) if kp(x) < N and p;(x) = +oo if kp(x) > N. If we replace < with <, the

embedding is compact.

We denote by Wg’p *) (Q) the closure of CP(Q) in WrP(¥)(Q)). Note that the weak solutions
of problem (1.1) are considered in the generalized Sobolev space

X = WP () nw) ()

equipped with the norm [jullx = [lullipw) + lulope) or llullx = |ulpw) + [Vilyw
+ L2 [ D%t ().

According to [42], the norm ||.| x is equivalent to the norm [A.[,, in the space X. Conse-
quently, the norms |.[[ ,(x), || x and [A.[,(,) are equivalent. For this reason, we can consider
in the space X the following equivalent norms

Jull = 1Aufy) + [Vt ()

and e e
p(x p(x
lul| = infd 4 >0: / ‘A”(x) +‘V”(x) dx<1p.
0 H H
Let us define the functional A : X — R by
Au) = / (|Au|p(x) + |Vu|”(x)> dax, ueX, (24)
Q

then using similar arguments as in [10, Proposition 1] we obtain the following modular-type
inequalities.
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Proposition 2.2. For u,u, € X and the functional A : X — R define as in (2.4), we have the
following assertions:

(1) JJul| <1 (respectively = 1;> 1) <= A(u) < 1 (respectively = 1;,> 1);

@) full <1 = JullP” < A(w) < Jull?;

(3) llull > 1= JlullP” < A(u) < [Jul|P";

(4) ||un|| — 0 (respectively — o0) <= A(u,) — 0 (respectively — o0) as n — oo.

3 Main results

In this section, we will discuss the existence and multiplicity of weak solutions of problem
(1.1). Let us denote by ¢;, i = 1,2,... general positive constants whose value may change from

line to line. We will look for weak solutions of problem (1.1) in the space X := W&’p (<) Q)N
W2P()(Q)) with the norm mentioned as in Section 2. First, let us make the definition of a
weak solution of problem (1.1) as follows.

Definition 3.1. We say that u € X is a weak solution of problem (1.1) if

/|Au|p(x)_2AuAvdx+M</ 1|Vu|p(x)dx>/ |Vu|”(x)_2Vqudx—/f(x,u)vdxzo
o) a p(x) o) o)

forallv € X.

Let us define the functional | : X — R by

J(u) :/ (lx)|Au\p(x)dx+]\71</ 1|Vu|”(")dx> —/QF(x,u)dx

=®(u) —¥(u),
where

x,u)dx, ueX

and M(t) = fot M(s) ds.
Using some simple computations, we can show that | € C!(X,R) and its derivative is
given by the formula

I (u)(0) = /Q|Auyv<x>—2AuAvdx+M(/ b

|Vu|P™) dx /]Vu|p(x)_2Vqudx
0 p(x) 0
_ u)od

/Qf(x u)vdx

for all u,v € X. Thus, we will seek weak solutions of problem (1.1) as the critical points of
the functional J. We first obtain an existence result for problem (1.1) in the case when f is
sublinear at infinity. We also consider case when the Kirchhoff function M are allowed to be
degenerate at zero.
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Theorem 3.2. Assume that the condition (Fy) hold with 1 < q— < g < p~. Moreover, we assume
that the following conditions hold:

(M}) There exist my, to > 0 such that

(M}) There exists & > 1 such that

E}) There exist positive constants Cy,d > 0 and a subset Qg C Q, a function r € C,(Q),
0 p
r(x) < p(x) for all x € Q, such that

[F(x, )| > Colt|"™
forall x € Q) and |t| < 0.
Then problem (1.1) has a nontrivial weak solution.

Proof. From (Fy), there exists ¢; > 0 such that

F(x, )] <1 (|t| + |t|‘7(")> ., VYreO, teR (3.3)
We also obtain from (M) and (M}) that
A71(t) > myt, Vt > ty,  M(t) <et*, Vte (0t), (3.4)
where M(t fo s) ds and ¢, is a positive constant depending on € > 0.

For tg glven as above let us define the set
X := {u €X: min{\Vu]p |Vu\p } > p*to}

Then it follows that X is a closed subspace of the reflexive Banach space X, so X is a
reflexive Banach space too. Moreover, for any u € X, we have

1 1 -
| VulP®) P p
/Q p(x)| ulPdx > — = m1n{|Vu| |Vu|p(x)} > 1.

By relations (3.3) and (3.4), by the Sobolev embedding, we deduce that for any u € X with
||u|]| > 1 large enough,

J(u) = /Qp( )|Au| dx+M</Qp( )|w|r’ >—/QF(x 1) dx

—/ |Au|P&) dy 4 —0 /|Vu|p x—cl/ |1 [1%) x—cl/ lu| dx

min {1, m{} I

>
p+

> IP" = eallull” — ealful].

Since 1 < g < p~ it follows that the functional J is coercive in X. Moreover, we find that
J is weakly lower semicontinuous in X and thus, | attains its infimum in X and there exists
ug € X such that

J(uo) = inf J(u).

ueX
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Next, we show that 1y # 0 i.e. up is a nontrivial weak solution of problem (1.1). Let
xg € Q. Since p,r € C(Q), we can choose p > 0 small enough such that B,(xy) C Qg and
Po = Minyep (y,) p(X) > rg = MaXycp, (xy) 7(X). Now, let us choose ¢ € CF°(Q2) with [¢[ <1,

H(PHW2rP<X>(Bp(xo))mw(}"’“')(Bp(xo)) < ¢(p) and ‘¢‘Lr<x)(Bp(X(])) > 0. Then, for any 0 < t < § we deduce

from (F}) and (3.4) that
_ [ 1 (x) v () gy | —
Je9) = [ 1ot dx+M(/Q SV dx) = [ P, g)ds

s—/ g ds+ S5 ([ 0 ) —cor [ gl
Bp X0

< 2% max{e(p >P6,c<p>po* b S max{c(p) o)}~ Cor [ gl

(X0

Since ry < p, < ap,, we get J(t1¢) < 0 by taking 0 < #; < & small enough. Hence,
J(uo) < J(t1¢) < 0. Therefore, uy € X C X is a nontrivial critical point of | and problem (1.1)
has a nontrivial weak solution. O

In the next part of this paper, we will study the existence and multiplicity of weak solutions
for problem (1.1) in the case when f is superlinear at infinity. In the sequel, we always assume
that the following conditions hold:

(M;) There exists mg > 0 such that

(My) There exists u € (0,1) such that
M(t) > (1 — u)M(t)t, Yt >0,

where M(t) = fot M(s) ds.

Definition 3.3. A functional ] is said to satisfy the Palais-Smale condition (or (PS) condition)
in a space X, if any sequence {u,} C X such that {J(u,)} is bounded and J'(u,) — 0 as
n — oo, has a convergent subsequence.

Lemma 3.4. If M satisfies (M;)—(My), f satisfies (Fy) and the Ambrosetti-Rabinowitz type condition,
namely,

(F1) there exist Ty > 0 and 6 > 1’%{ such that

0 < OF(x,t) < f(x,t)t, VxeQ, [t >T,

then the functional | satisfies the (PS) condition.

Proof. Suppose that {u,} C X, [J(u,)| < cand J'(u,) — 0in X* as n — co. We will show that
{u,} is bounded in X. By contradiction, we assume that ||u, || — +oc. For n large enough, by
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the conditions (F;), (M), (My) and Proposition 2.2 we have
L,
¢+ [[unl| = J(un) — 5] (un) (14n)

1
= Au, dx—i—M</ ——1|Vu, p(")dx) —/ F(x,u,)dx
[, 5wt [ Vel [ F(x,u)
L [ |, P Jdx— S (/ L9, P )/ Vi) dx
0 0 a p(x) Q
+§/Qf(x,un)undx
(1_1>/ |Aun|”(x)dx+(1—y)M (/ 1|Vun|P(x)dx)/ LWun]P(X)dx
pt 0)Ja ap(x) o p(x)
_EM (/ 1|Vun|”(x)dx)/ |V, [P dx
0 a p(x) 0
—|—/ < (x, uy un—F(x,un)) dx
1 _
(+—>/ | Au, [P dx+mo< )/ |V, [P)
P

(o = Flxn)) i~

v

Y

g/
{XEQ |un‘>To}

> cqllun||P —cs,

wherec4:min{p%—%,mg(1p%—f)} > 0 since 6 > - >p > 1.

Dividing by ||u,||P in the last inequality and lettmg n — oo we obtain a contradiction.
It follows that the sequence {u,} is bounded in X. Without loss of generality, we assume
that {u,} converges weakly to u in X. Then {u,} converges strongly to u in L"¥)(Q) for all
r(x) < p3(x). Since J'(u,) — 0 in X* we deduce that J'(u,)(u, —u) — 0 as n — oo. We also
have J'(u)(u, —u) — 0 as n — oo because {u, } converges weakly to u in X. Thus,

lim (J'(un) — J' (1)) (up — u) = 0. (3.5)

n—oo

Using (Fy) and the Holder inequality, we have

() = ) (g — w) dx
< [ 1FGewn) = £ Ge ) — ] dx

< c/ (2 a7 4 (091 — ] dx
Q

q(x)~-1 -
1] e =l

<2C <2+ ’|un|q(x)—1

q'(
0 g = AW
70 =46 -1
when n — +oco. This implies that
lim | (f(x,u,) — f(x,u))(u, —u)dx =0. (3.6)

n—oo JO
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Since the sequence {u,} converges weakly to u € X = W&’p (x)(Q) N W2rH(Q), it is
bounded in X and converges weakly to u in W&’p(x) (Q)), so we deduce that

lim {M (/ |V u|P) dx) -M </ |V, |P) dxﬂ / |Vu|PY) 2V u(Vu, — Vi) dx = 0.
n—00 O @) O

(3.7)
Let us recall the following elementary inequalities (see [6])

(182 =120 € -0 = %\C— o s>2, (3.8)

(€2 =12 @ = (el + 12 = (s—1)|e —¢> 1<s<2 (3.9)
for all ¢, € RN. Put

Uy i={x€Q: p(x) >2}, Vo) ={x€Q: 1< p(x) <2}, (3.10)
then, it follows from (3.8) and (3.9) that

/ Aty — AP dx < cs / AD (Au,, Au) dx, (3.11)

Up(x) 0
/ |V, — Vu]”(") dx < c_r,/ A(N)(Vun,Vu) dx, (3.12)

Up(x) 0

. B a (2-p(x) "5
/ | Ay, — Au|7’(x) dx < c6/ (A( )(Aun,Au)> (C( )(Aun,Au)> dx, (3.13)
% o)

p(x)

22 2 p(x)) D)
/ |\Vu, — Vu’P(x) dx < Cé/ (A(N)(Vun,Vu)) p (C(N)(Vun, Vu))( p(x) 2
v x) (@]

p(

dx, (3.14)
where AW, Cl) . R x RP > R, i =1, N are defined by the following formulas

A g) = (g2 —1gP %) 6 —¢), €& 0) =gl + 2]

forall &, € R}, i =1, N. Now, from the definition of the functional ] and relations (3.5)—(3.7),
we have

0< / (’Aun‘p(x)izAun - \AM|P(x)72Au)(Aun — Au)dx
0
+M (/ |V, |P) dx) / (|Vin|PH 2V, — |[Vul|P9 2V u) (Vu, — Vu) dx
0 0

= (/) = ') ot = 10) + [ () = Fe,0)) 1ty = )

+ [M (/ IW\”(")dx> —M</ IVunI”(x)dx)}/ |VuP¥ =2V u(Vu, — Vu) dx
Q QO Q

—0

when n — oco. By (M), it follows that

lim [ AD(Au,, Au)dx = lim | AN (Vu,, Vu)dx = 0. (3.15)
QO @)

n—o00 n—00
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For this reason, we can assume that 0 < fQ A (Auy, Au)dx < 1. If fQ Aun,Au) dx =0
then A(l)(Aun,Au) = 0 since A(l)(Aun,Au) >0in Q. If0 < f Al Aun,Au)dx < 1, then
thanks to the Young inequality

/

a b 1 1

ab§7—|—7, Va,b >0, ;—1—7:1, r, 7" € (1,+00),
with
ol E 2 p()) )
a = (AD(Auy, ) (/ AD (Auy, Au)d > , b=(c )(Aun,Au)>( e
r= 2 v = 2
p(x)’ 2—p(x)’
we conclude that
7% p(x) p(x)

/V (A0 (8w, b)) 7 (CO (A, A

p(x)

(/ AW (Auy, Au) dx)
Vo)

<),

1%

p(x)

_% N
g/ ( (Auy, Au) ( U(Auy, Au) dx ) + (C(l)(Aun,Au)>p( )) dx
V

< 1+/ Aun,Au

L 2 2 plx)
(A()(Aun,Au ’ </ Al Aun,Au)d> (C(l)(Aun,Au)>( P dx

Hence, by relation (3.13),

1
2
1 |Auy, — Au\p(x) dx < / A(l)(Aun,Au) dx (1 —|—/ (C(l)(Aun,Au))p(X) dx> .
€6 SV Vi(x) 0 416
3.16
We also have
%
1 Vi, — VulP® dx < / AN (T, Vu)dx <1 +/ (C(N)(Vun,Vu)>p(x) dx) .
€6 JVy() Vi) 0
(3.17)

By (3.11), (3.13), (3.15) and (3.16), we have

/\Aun—AuV’(")dx:/ |Aun—Au|p(x)dx—|—/ Aty — AulPPdx 50 (3.18)
(@) \%

Up(x)

when n — oco. Similarly, from (3.12), (3.14), (3.15) and (3.17) we have

/ Vit — VuP®) dx = / Vit — Vu|P®) dx +/ Vi, — VuP®dx 0. (3.19)
@) u Vp(x)

p(x)
Therefore,
n — u|?* < / (180 — 8P + [T, — VulP)) dx =0
@)

when n — 0. So, the sequence {u, } converges strongly to u € X and the functional | satisfies
the (PS) condition in X. O
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Lemma 3.5. If M satisfies (M), (Mz) and f satisfies (Fy), (F1) and the following condition
(B) f(x,t) = o(|t|P" 1) for x € Q uniformly,
where g~ > p™, then problem (1.1) has a nontrivial weak solution.

Proof. Our idea is to apply the mountain pass theorem [3]. By Lemma 3.4, | satisfies the
Palais-Smale condition in X. Since p™ < g~ < g(x) < p}(x), the embedding X < LP' (Q) is
continuous and compact and then there exists ¢; > 0 such that

|ulp+ < cllul], Vu € X. (3.20)

1

Let € > 0 be small enough such that ec’;+ < ¥ min {1,my}. By the assumptions (Fy) and

F,), there exists ¢ > 0 depending on € such that
p g
IF(x,t)] < e|t|”” +cet]1™,  V(xt) e QxR (3.21)

Hence, for all u € X with ||u|| < 1, we have

](u)>/0p(x)\Au| dx—i—M(/Qp(lx)\Vu]p(x)dx> —/QF(x,u)dx

Z 7/ ’Au‘p(x)dx_i_@/ ’vb[’p(x) dx_e/ ‘u|p+ dx_ce/ |u’q(x)
pt Ja pt Ja O Q

min {1, mg + + v _
> L — el — el
min {1, m _ -
>

where C¢ is a positive constant. Since g~ > p™, we conclude that there exist « > 0 and p > 0
such that J(u) > a > 0 for all u € X with ||u]| = p.
On the other hand, from (F;) it follows that

F(x,t) >cg|t|® —co, VxeQ, teR. (3.22)
From (M;) we can easily obtain that
M(to) a1

M(t) < = o = ciotF, Vt > to, (3.23)
ty "

where t( is an arbitrary positive constant. Hence, for w € X\{0} and t > 1, we have

J(tw) = / ol dx+M(/Qp(1x)\ti\p(")dx) — [ Pt

1
* f=
< ti/ |Aw]P®) dx + 1ot </ | Va[P) dx) ' —cgte/ lw|® dx — cg
0 0

— —00 ast — +oo,

due to 6 > % > pT. Since J(0) = 0, we conclude that | satisfies all assumptions of the
mountain pass theorem [3]. So, | admits at least one nontrivial critical point and problem

(1.1) has a nontrivial weak solution. O
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In what follows, we will study the multiplicity of weak solutions for problem (1.1) by
using the Fountain Theorem and the Dual Fountain Theorem. For the reader’s convenience,
we recall these results as follows.

As we stated in Section 2, X = Wé’p () (Q) NW2PX)(Q) is a reflexive and separable Banach
space, so there exist {¢;} C X and {e;-k} C X* such that

X =span{ej: j=1,2,...,}, X* :span{ej* j=12,...,},

. 1, ifi=j,
<€z‘, ¢; > = i ]
0, ifi#j.
For each j,k = 1,2,..., let us define X; = span{ej}, Y, = @;‘ZlX]- and Z; = EB;';ka- We first
have the following lemma which will be used in the proof of our main results.

and

Lemma 3.6. Ifs € C.(Q), s(x) < p5(x) for all x € Q denote

B = sup {ulye) + llull =1, u €z},
then limk_mo ‘Bk =0.

Proof. Tt is clear that 0 < Bx < Byi1, S0 Bx — B > 0. Let uy € Zi be such that ||ui|| = 1 and
0 < B — |uklsx) < 2. Then, there exists a subsequence of {uy}, still denoted by {u;} such that
{uy} converges weakly to 1 in X and

lim <e;f,uk> — <e;,u> =0, j=12,...,

which implies that u# = 0 and thus, {u;} converges weakly to 0 in X. Since the embedding
X < L) (Q) is compact, {u;} converges strongly to 0 in L**) (Q)). Therefore, we have i — 0
as k — oo. O

Proposition 3.7 (see [39, Fountain Theorem]). Assume that (X, || - ||) is a separable Banach space,
] € CYX,R) is an even functional satisfying the (PS) condition. Moreover, for each k = 1,2,...,
there exist py > 1y > 0 such that

(A1) infiyez,. fu=ry (1) = +o0as k — oo;
(A2) maxguey: |juj=p,} J (1) <0.
Then | has a sequence of critical values tending to +oo.

Definition 3.8. We say that | satisfies the (PS); condition (with respect to (Y;)) if any sequence
{un;} C X such that u,; € Yy, J(un;) — c and (]|yn]_)’(unj) — 0 as nj — +oo, contains a
subsequence converging to a critical point of J.

Proposition 3.9 (see [39, Dual Fountain Theorem]). Assume that (X, || - ||) is a separable Banach
space, ] € CY(X,R) is an even functional satisfying the (PS)} condition. Moreover, for each k =
1,2,..., there exist py > ry > 0 such that

(B1) infruez,: juj=p J(1) = 0;

(B2) b := maxyuey,: |u|=r J(1) <0
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(Bs) di:=infy,cz,. |u|<py J(#) — 0as k — oco.

Then | has a sequence of negative critical values tending to 0.

Theorem 3.10. Assume that the conditions (M), (M2), (Fo), (F1) hold, and f satisfies

(F3) f(x,—t) = —f(x,t) forallx € Qandt € R.

Then problem (1.1) has a sequence of weak solutions {Fuy }>, such that J(+uy) — +ooas k — 4oo.

Proof of Theorem 3.10. According to (F3) and Lemma 3.4, ] is an even functional and satisfies
the (PS) condition. We will prove Theorem 3.10 by using the Fountain Theorem, see Proposi-
tion 3.7. Indeed, we will show that if k is large enough, then there exist p > 7 > 0 such that
(A7) and (A;) hold. Thus, the assertion of conclusion can be obtained.

(A1): Using (M) and (3.3), for any u € Zj,

](u):/ﬂp(lx)|Au\p(x)dx+]\7I(/Q p(1x)|Vu|”(")dx> — [ Pl dx

min {1, m -
> PO~y [ (] 1190) 2
min {1, mg -
zl{ﬁ}Hqu —enu|fE) —cnllul, whereg €O
L 1P = ex1 — ext [lu if ]y <1,
= in{1, — + .
b ul|P — craB] [[ullT = enllull  if [uly > 1
min {1, mg - + +
> LD — ol " — el - e
where
Bk = sup{\u|q(x) s ull=1, ue Zk} — 0 ask — oo (3.24)

1
+ ——F
C12’1+.Bz ) P

min{1,mo}

Now, we deduce from (3.24) that for any u € Z, ||u| =, = <

min {1, mg - ¥ +
T > PO — ol — enllul —en
+ _}”7_*— + _177++
_ min{l,mp} cm*ﬁZ r . ,B(ﬁ c12q+lBZ P
N pt min {1,mg} 2Pk \ min {1, mo}
1
—c 4c12q+,BZ+ e —c
H min {1, mp} 13
+ 77p:+ + 4—]_+
) 1 1 C12‘7+,BZ pT—q C12q+ﬁz pT—q
= 1, — — — — — — - ’
min {1, 7o} <P+ q+> (mm{l,mo} n min {1,mo} cs

converging to +oco as k — +oo, because pt < g~ < g(x) < p«(x) and By — 0 as k — oo, see
Lemma 3.6.
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(Az): Using (3.22), (3.23), (M), for any w € Y; with |w| =1 and 1 < t = pi, we have

1 A 1
p(x) p(x)
J(tw) _—/ —( )|tAw| dx+ M </ ( )]ti] dx) / F(x,tw) dx

t s
< —7/ |Aw|PX) dx + ¢t T (/ |Vaw|P) dx>
p-Jo O

1
i

T-p
— cst"/ |w|® dx — c9
0

1
p+
1—p

pr T
< F;{/Q|Aw|p(x)dX+C10Pk (/Q|Vw|p(x)dx> }_C8P19</Q|w|9dx_c9'

Since 6 > % > p™ and dim(Yy) = k, it is easy to see that J(u) — —oo as ||u]| — oo for
u € Y. Conclusion of Theorem 3.10 is reached by the Fountain Theorem. O

Theorem 3.11. Assume that the conditions (My), (Mz), (Fy) and (F), (F), (F3) are satisfied.
Moreover, we assume that

(Ey) f(x,t) > Clt"™=1, ¢ — 0, where p* < 7~ <t < %for allx € Qand t € R.

Then problem (1.1) has a sequence of weak solutions {+vy }3> ;| such that [(£vy) < 0and J(£vr) — 0
as k — +oo.

In order to prove Theorem 3.11, we need to verify the following lemma.

Lemma 3.12. Assume that the conditions (M), (My), (Fo) and (Fy) are satisfied. Then the functional
] satisfies the (PS); condition.

Proof. Let {un;} C X be such that u,, € Yy, and J(un;) — 0 and (]|yn]_)’(unj) — 0as nj — oo.
Similar to the process of verifying the (PS) condition in the proof of Lemma 3.4, we can get
the boundedness of {|[uy,[|}. Going, if necessary, to a subsequence, we can assume that {u, }
converges weakly to u in X. As X = Un; Ynj, we can choose Un; € Ynj such that Up; = U. Hence,

nljlillo ]/(unj)(unj - Lt) = nljlillo ],(unj)(unj - vﬁj) + n%lgr})o ]/(unj)(vnj - u)

= lim (”Ynj)/(uﬂj)(u"j - v”;) =0.

7’1]—)00

From the proof of Lemma 3.4, J' is of (S+) type, so we can conclude that u,, — u as n; — o,
furthermore we have J'(un;) — J'(u).

Let us prove J'(u) = 0, i.e., u is a critical point of J. Indeed, taking arbitrarily wy € Yj,
notice that when n; > k we have

J () (w) = (J' () = J' () (wie) + ' () ()
(' (w) = T () (wie) + (T, ) (14 ) (w0

Going to limit in the right hand-side of above equation reaches J'(u)(wy) = 0 for all wy € Y.
Thus, J'(u) = 0 and the functional | satisfies the (PS) condition for every ¢ € R. O

Proof of Theorem 3.11. From (F), (F1), (F3) and Lemma 3.12, we know that | is an even func-
tional and satisfies the (PS)} condition, the assertion of conclusion can be obtained from Dual
Fountain Theorem, see Proposition 3.9.
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(By): Forany v € Zy, ||v]| = 1and 0 < t < 1, using (M;) and (3.21), we have

](tv):/Qp(l)|Atv|”(x)dx—|—]\7I</Qp(l)]Vtv]”(x)dx> —/QF(x,tv)dx

mind 1, o}ty 9 g’ /|v|r’ dx — ct? /va

er
<mm{1+,m0} _) o7 & — {claﬁk;q_nvnq+ if [oly <1,
P ClS,BZ t1 HUHq if ‘v‘q(x) > 1.

| \/

in{1,
Let0 <e < %ﬂ“wehave

I(tv) > min{1,mg} -+ p {613,8Zt‘7 if [0]0 <1,

+ - .
2p+ C13ﬁz 1 if |v‘q(x) > 1.

Since g~ > p™, taking py = t small enough and sulfficiently large k, for v € Z; with ||v]| =1,
we have J(tv) > 0. So for sufficiently large k,

J(u) >0

_ 4

inf
{ueZy: |Jull=px}

i.e., (By) is satisifed.
(By): Forv € Yy, ||v|| =1and 0 < t < px < 1, we have

J(tv) :/Qp( )|Atv| dx—kM(/Q éc)th]p(") dx> —/QF(x,tv)dx

1
P
<7/ 1807 dx 4 cqot T </ W dx> —crrt /yzm

Condition 7+ < - m — implies that there exists a constant 7, € (0, px) such that J(tv) < 0 when
t = r¢. Hence, we get
by .= max J(u) <0,
{ueY: |Jull=r} )
o (By) is satisfied.
(B3): Because Yy N Zy # @ and ry < px we have

dy 1= inf u) < b= max u) < 0. 3.25
= g T Sbo= max ) (3.25)

From (3.25), for v € Z, ||v|| = 1,0 < t < px and u = tv we have

J(u) = J(to)
< min{1,mg} -+ o c14ﬁzitq7 if [0y < 1,
— +
2p+ C14‘BZ 1 if ‘v’q(x) >1
- {cMﬁth if [0]y < 1,
=z o
C14IBZ il if ’U|q(x) > 1.

Hence, dy — 0 as k — oo, i.e., (Bs) is satisfied. Conclusion of Theorem 3.11 is reached by the
Dual Fountain Theorem. O
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