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Abstract

The asymptotic behaviour for the solutions of a real two-dimensional
system with a bounded nonconstant delay is studied under the assump-
tion of instability. Owur results improve and complement previous re-
sults by J. Kalas, where the sufficient conditions assuring the existence of
bounded solutions or solutions tending to origin for ¢ approaching infinity
are given. The method of investigation is based on the transformation
of the considered real system to one equation with complex-valued coef-
ficients. Asymptotic properties of this equation are studied by means of
a suitable Lyapunov-Krasovskii functional and by virtue of the Wazewski
topological principle.
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1 Introduction
Consider the real two-dimensional system
a'(t) = Alt)a(t) + B(6)x(0() + h(t, x(t), z(0(1))), (0)

where 6(¢) is a real-valued function, A(t) = (a;x(¢)), B(t) = (bx(t)) (j,k =1,2)
are real square matrices and h(t,z,y) = (h1(t, z,y), ha(t, z,y)) is a real vector-
valued function, x = (1, 22), ¥y = (y1,y2). The functions 6, a;i are supposed to
be locally absolutely continuous on [tg, 00), b; are locally Lebesgue integrable
on [tg, o0) and the function h satisfies Carathéodory conditions on [tg, 00) x R%.
Moreover, the uniqueness property for solutions of (0) is supposed through the
paper.

There is a lot of papers dealing with the stability and asymptotic behaviour
of n-dimensional real vector equations with delay. Since the plane has special
topological properties different from those of n-dimensional space, where n > 3
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or n = 1, it is interesting to study asymptotic behaviour of two-dimensional sys-
tems by using tools which are typical and effective for two-dimensional systems.
The convenient tool is the combination of the method of complexification and
the method of Lyapunov-Krasovskii functional. The method of complexification
is based on the transformation of (0) to an equation with complex conjugate
coordinates. This method, together with the use of a convenient Lyapunov-
Krasovskii functional and a Razumikhin-type version of Wazewski topological
principle, enables to simplify some considerations and estimations and it leads
to new, effective and easy applicable results on stability, asymptotic stability,
instability or boundedness of solutions of the system (0).

Remark that the Razumikhin-type version of Wazewski topological principle
for retarded functional differential equations was formulated in papers of K. P.
Rybakowski [20], [21] and there is a number of papers using Wazewski topo-
logical method for the investigation of the asymptotic properties of solutions of
both ordinary and delayed differential equations; we mention here only some
papers by J. Diblik and his collaborators [2], [3], [5], [6], [7]. Finally, notice that
complex differential systems were used also by further authors for the solution
of various problems related to differential equations, see e. g. the papers of J.
Mawhin [17], J. Campos and J. Mawhin [1] and of R. Manasevich, J. Mawhin,
F. Zanolin [14], [15], [16].

However, it seems that there are no results concerning the existence of
bounded solutions in a “small” neighbourhood of the origin for the system (0)
under the condition of instability. This paper, as a continuation of our previous
papers, brings new results of this type.

Stability and asymptotic properties of the solutions for the stable case of (0)
are investigated in [11], [19]. The asymptotic properties for the solutions of the
equation with a constant delay under the condition of instability were studied
in [8], [9]. The similar results for an ordinary differential equation can be found
in [13]. In [10], the results of [8] were generalized to the equation (0) with a
bounded nonconstant delay. In [9], it was shown that it is useful to investigate
(0) also under different conditions, namely the conditions, when the shortened
equation x’(t) = A(t)x(t) is closer to a “focus” than to a “node” at origin. In
the present paper, which is related to paper [10], we examine (0) under these
assumptions.

The motivation is to improve the results presented in [10], to generalize the
results of [9] and to illustrate the advancement and applicability with several
examples.

Introducing complex variables z = x1 + iz, w = y; + ty2, we can rewrite
the system (0) into an equivalent equation with complex-valued coefficients

() = a(t)z(t) + b(t)z(t) + A(t)2(6() + B(£)z(6(t)) + g(t, 2(t), 2(6(1))),

where

alt) = o) +an() + 5@ () - anl),

— N

b) = glan(t) — an() + glan(t) + ma(D),
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AW = Gu(t) +baa(0) + S (ba(t) ~ bia(t))

B(#t) = 5n(0)—bn) + gbn(t) +bral),
g(t,z,w) = M (t, %(z + z), 2%(2 —Zz), %(w + w), %(w - 17}))

1 1 1 1
Conversely, putting a11(t) = Re[a(t) + b(t)], a12(t) = Im[b(t) — a(t)], a1 (t) =
Im[a(t) + b(t)], a22(t) = Rela(t) — b(t)], b11(t) = Re[A(t) + B(¢¥)], bi2(t) =
Im[B(t) - A(t)]a b21(t) = Im[A(t) + B(t)]a bao (t) = Re[A(t) - B(t)]a hl(ta €, y) =
Re g(t, x1 + iz, y1 +iy2), ha(t,x,y) = Img(t, x1 +ize, y1 +iy2), At) = (ai; (1)),
B(t) = (b;;(t)), the equation (1) can be written in the real form (0).
We shall use the following notation:

R set of all real numbers,

R+ set of all positive real numbers,

Rg set of all non-negative real numbers,

R_ set of all negative real numbers,

R® set of all non-positive real numbers,

C set of all complex numbers,

C class of all continuous functions [—r,0] — C,

ACioc(I, M)  class of all locally absolutely continuous functions I — M,

Lioe(I, M) class of all locally Lebesgue integrable functions I — M,

K(I xQ,M) class of all functions I x Q — M satisfying Carathéodory
conditions on I x 2,

Rez real part of z,

Im z imaginary part of z,

z complex conjugate of z.
2 Results

Consider the equation
Z(t) = a(t)z(t) + b(t)Z(t) + A(t)z(0(t)) + B(t)z(0(t)) + g(t, 2(t), 2(0(2))), (1)

where 6 € ACc(J,R), a,b € ACe(J,C), A, B € Li,.(J,C), g € K(J x C% C),
J = [tp,00). Hereafter we shall suppose that (1) satisfies the uniqueness prop-
erty of solutions. The equation (1) can be written in the form

7 =F(t ), (1)
where F' : J x C — C is defined by

F(t,9) = a(t)y(0) + b(t)1(0) + A()y(0(t) — t) + B)p(0(t) — t)
+9(t,9(0),(0(t) — 1))
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and z is the element of C defined by a relation z(d) = z(t +6), 6 € [-r,0]. In-
stead of the case litm inf(|a(t)| —|b(t)]) > 0 investigated in [10], we shall consider
a case

litminf(| Ima(t)| — [b(t)]) > 0, t—r<0(t)<t for t>ty+r,

where r > 0 is a constant. Our assumptions imply the existence of numbers
T >to+r and p > 0 such that

[Ima(t)| > |b(t)|+p fort >T —r, t>0)>t—r fort>T. (2)
Denote

5(0) = Ima(t) + /[Tm P — POPsgn(lma(), o(t) = —ib(t).  (3)
Since |3(t)| > |Ima(¢)| and |&(t)| = |b(t)], the inequality

(@] > le@)] + (4)

is valid for t > T — r. Tt can be easily verified that 4, ¢ € ACi,.([T — 7, 0), C).

Notice that, instead of the function + from [10], the above defined function 4

need not be positive. A simple example following Theorem 1 shows that, in

some cases, our results can be applicable more often than those given in [10].
Throughout the paper we shall denote

d(t) = Re(F(t)7'(t) — &) (1)) — [7(t)& (t) — 7' (t)é(t)|
F2(t) — [e(®)]? '

The equation (1) will be studied subject to suitable subsets of the following
assumptions:

(5)

(i) The numbers T > tg + r and p > 0 are such that (2) holds.

(ii) There exist functions 3, &, ¢ : [T, 00) — R such that
17(®)g(t, 2, w)+E()g(t, 2, w)| < 32(8)[7(8)z+E(t) 2| +R()[7(0())w+E(0(t))w|+o(t)

for t > T, z,w € C, where g is continuous on [T, 00).

(iiy) There exist numbers R, > 0 and functions ¢, &, : [T,00) — R such
that

[7(®)g(t, 2, w) +E(t)g(t, 2, w)| < 50, () 3(8)z + () 2| + Fn ()7 (0(2) )w + E(0(2)) |

fort > 71, > T, |2| > Ry, |w| > Rp.
(iii) § € ACoc ([T, 0),RY) is a function satisfying

0'(t)B(t) < —A(t) a. e on [T, o0), (6)

where ) is defined for t > T by

At) = K0 + (1A + 1BOD = 0 0 7
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(iiin) Bn € ACiee|T, 00), RY) is a function satisfying

0'(1)Bn(t) < =An(t) a. e. on [, 00), (8)
where ), is defined for t > T by

Sut) = Falt) + (A + BO) = (lv(< >: :E >(| -

(ivn) Ay, is areal 1oca11y Lebesgue integrable function satisfying the inequalities
BL(t) > Ap(t)Bn(t), On(t) > An(t) for almost all t € [7,, 00), where O, is defined
by

(9)

On(t) = Rea(t) + 9(t) — 5, (t) + Bn(t). (10)
_ Obviously, if A, B, &, ¢ are locally abgolutely continuous on [T, 00) and
A(t) > 0, 0/(t) > 0, the choice 3(t) = —A(t)(¢'(t))~! is admissible in (iii).

Similarly, if A, B, &,, 6’ are locally absolutely continuous on [T, 00) and An(t) >
0, 6'(t) > 0, the ch01ce Bn(t) = =X (£)(0(£))~" is admissible in (iii,).
Denote

O(t) = Rea(t) + I(t) — 5(t). (11)

From the assumption (i) it follows that

31 < LReGA = 81+ e = 3l _ (11+ D51+ )
. P =g
71+ 12
~ o <

therefore the function 9 is locally Lebesgue integrable on [T’, c0), assuming that
() holds true. If relations (3, € ACic([T,00),R_), 5, € Lioe([T,0),R) and
B (t)/Bn(t) < O (t) for almost all t > 7, together with the conditions (i), (ii,)
are fulfilled, then we can choose A, (t) = ©,(t) for t € [T, 00) in (ivy).
In the proof of Theorem 1 below, the following Lemma 1 will be utilized. Its
proof is analogous to that of Lemma in [18], p. 131.

Lemma 1. Let ay, as, by, by € (C, |a2| > |b2| Then

a1z + b1z Re (a1@2 — 5162) — |a1b2 — a2b1|
€ — =
a22+b22’ |a2|2— |b2|2

for ze€ C, 2z #0.

Theorem 1. Let the assumptions (i), (iio), (iiio), (ivo) be fulfilled for some
7o > T. Suppose there exist t1 > 19 and v € (—00,00) such that

inf [
t>t1
If 2(t) is any solution of (1) satisfying

O(tlI)nSiIslStl |Z(S)| > RO, A(tl) > Roeil/’ (13)

/ Ao(s) ds — n(5(0)] + [&@))| = v. (12)

ty
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where

A(t) = (O] = [&))]=(8)] + Fo(t)  max |z(s)|/91 (I () + [e(s)]) ds,

0(t1)<s<t (t1)

then

202 o[ ey (14)

1y(®)] + e
for all t > t1 for which z(t) is defined.

Proof. Let z(t) be any solution of (1) satisfying (13). Consider a function

V(t) =U(t) +Bo(t)/6 Ul(s)ds, (15)

where
U(t) = [7(t)=(t) + (t)z(t)]. (16)

For brevity we shall denote w(t) = z(6(t)) and we shall write the function of
variable ¢ simply without indicating the variable ¢, for example, 4 instead of

A(t).-
In view of (15) we have
t
Vi=U +3 /9( ) U(s) ds + Bol7z + &z| — Bol7(0(t))w + &(0(t))w|e’  (17)
t

for almost all ¢ > ¢; for which z(¢) is defined and U’(t) exists. Put K = {¢t >
t1 : z(t) exists, |2(t)| > Rp}. Clearly U(t) # 0 for t € K. The derivative U’(t)
exists for almost all ¢t € K.

Since z(t) is a solution of (1), we obtain

UU' =Re[(Fz + é2)(7'z + 72 + &z +¢Z')]
= Re! (7z + ¢z) {’y’z +dz+7(az + bz + Aw + B + g)

+é az+bz+Aw+Bw+g)]}

(
= Re{(’yé +é2) [’y’z + &z 4 (Ja+ eb)z + (b + ¢a)z + (Aw + Bw + g)
+

for almost all ¢ € K.
Taking into account

(a + éb)é = (b + éa)7, (18)
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we get

UU >Re{(7z+¢é2) (V2 +72)} + Re{(’yi + é2)(Fa + éb) (z + %2) }Jr
+ Re{(% + ¢z) ((Aw + Bw) + é(Aw + Bw)) }+

+ Re{(3z + ¢z) (79 + ¢9)}
Yz+cz

> U2 Re(a + 56) — UlAw + Bo|(|5] + &) — Ul3g + &g| + U Re °z
Y Yz + ¢z

By the use of Lemma 1 we get

< ~r
Re'yz+cz

2>
Yz +cz

The last inequality together with (9), taken for n = 0, the assumption (iip) and
the relation

Re(a + %b) =Rea (19)
yield
UU' > U*(Rea+19 — 50) — U(JA| + |B|)|w|(|7] + &)
— Uko|7(0(t))w + ¢(0(t))w|
> U%(Rea+ 10 — 35) — Ulo|5(0(t))w + &(60(t))wm|.

Therefore R R
U'>URea+ 19— 35) — Xo|7(0(t)w + é(0(t))w] (20)
for almost all ¢ € K. The relation (17) together with the inequality (20) gives
¢
V' >URea+ 19 — 35 + Bo) — |7(0(t))w + é((t))w|(Ao+500") + ﬂg/ Ul(s)ds.
0(t)

Using (8) and (10) for n = 0, we obtain

Hence, in view of (ivg) B
V'(t) = Ao(t)V (1) > 0 (21)

t1

for almost all ¢t € . Multiplying (21) by exp [f ft Ao(s) ds} and integrating

over [t1,t], we get
V (t) exp {— /tlt Ag(s) ds] —V(t1) >0
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on any interval [t,w) where the solution z(t) exists and satisfies the inequality
|2(t)] > Ro. Now, with respect to (15), (16) and Gy < 0, we have

FOIEDIZ0)] > V() > V(i) exp [ / Jo(s) ds] > Alty)exp [ / Jo(s) ds].

If (13) is fulfilled, there is a R > Ry such that A(¢;) > Re~ Y. By virtue of (12)
and (13) we can easily see that

|2(t)] > __Alt) ex /t Ag(s)ds| > Re Ve’ = R
= RO+ L, 0 E -
for all ¢ > ¢; for which z(t) is defined. O

In the next example we give an equation of the form (1) to which Theorem
1 of [10] is not applicable, but Theorem 1 of the present paper can be applied.

Example 1. Consider the equation (1) where a(t) = 8+ 64, b(t) =5, A(t) =0,
B(t) =0, 0(t) = t + 3(sint — 1), g(t,z,w) = 6z + e 'w. Obviously t —1 <

0(t) < tand £ < ¢'(t) < 3. Suppose to = 1 and T > 2. Then ~(t) =

la(®)|+/]a(O)2 = [b(t)]> = 10+5v/3, c(t) = a()b(t)/|a(t)| = 4-3i, 5 = 6+ V11,

¢ = —51. Further,

Y ()g(t, 2, w) + c(t)g(t, 2,w)| < 6y(t)z + c(t)z] + e~ |y(0(t))w + c((t))w],
F()g(t, z,w) + &()g(t, 2,w)| < 6|7(t)z + &(t)2] + e [F(0())w + &(0())@].

Following Theorem 1 of [10] we obtain »q(t) = 6, ko(t) = ™%, 9(t) = 0,
at) =1, Ag(t) < Oo(t) = =2+ Bo(t) < —2—Xo(t)(0'(t))™F < =2 < 0 and we
see that Theorem 1 of [10] is not applicable, because the relation (12) in [10]
cannot be fulfilled. On the other hand, taking s (t) = 6, Ko(t) = e~ %, 70 = T,
Ro =0, 0(t) =0, fo(t) = —2et, Ay(t) = Op(t) =2 —2e~t (> 0) in Theorem
1 of the present paper, we have 0 (t)Go(t) < —Ao(t), G5(t) > Oo(t)fo(t) for
t € [T, o0) and Theorem 1 is applicable to the considered equation.

Remark 1. Putting 0(t) =t — ro, where 0 < rg < r, in Theorem 1, we obtain a
slight generalization of Theorem 1 of [9]. Notice that in the case rg = 0 (i. e.
6(t) = t) the condition (13) takes the form

1
|z(t1)] > R max{l, — — }
e ()] = [e(t)De”
Corollary 1. Let the assumptions of Theorem 1 be fulfilled with Ry > 0. If
t
litm inf [/ Ao(s)ds —In(J7(t)| + |5(t)|)] =q¢>v, (22)
— 00 t

then to any €, 0 < € < Roe*™Y, there is a to > t1 such that
|z(t)] > e (23)
for all t > to for which z(t) is defined.
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Proof. Without loss of generality we can assume ¢ > Ry. Choose x, 0 < x <1
such that Ry < & < xRpes™”. In view of (22) there is t2 > ¢; such that

/ Ao(s) ds — n(j5(0)] + [&()]) > < +Inx

t1
for t > to. Hence

[ als) ds — (0] + 0] > v+ -

for t > to. The estimation (14) together with (13) now yields
€
t)| > Roe ¥ — =
|2(t)] e Ve o €
for all ¢ > to for which z(t) is defined. O

Corollary 2. Let the assumptions of Theorem 1 be fulfilled with Ry > 0. If

t

lim { [ ) ds = m(30)] + (o) | = o
00 t

then for any € > 0 there exists a to > t1 such that (23) holds for all t > to for

which z(t) is defined.

In the proof of the following theorem we shall utilize Wazewski topological
principle for retarded functional differential equations of Carathéodory type.
For details of this theory see results of K. P. Rybakowski [21].

Theorem 2. Let the conditions (1), (i), (iii) be fulfilled and A, 0 be continuous
functions such that the inequality A(t) < ©(t) holds a. e. on [T,00), where O is
defined by (11). Suppose that & : [T — r,00) — R is a continuous function such
that

A(t) +B()8' (1) exp l — [ &(s)ds| —&(t) > o(t)C ™ exp [—/T §(S)d8} (24)

0(t)

for t € [T,00] and some constant C > 0. Then there exists a to > T and a
solution zo(t) of (1) satisfying
C t
P P —— [ / s<s>ds} (25)
(@) = [e(@)] T

fort > to.
Proof. Rewrite the equation (1) in the form (1’). Let 7 > T. Put

U(t,z,2) = |7(t)z + &(t)z] — (1),
o(t) = Cexp { /T &(s) ds] ,
| _

2° = {(t,2) € (1,00) x C: U(t, 2,2) < 0},

25 ={(t,z) € (1,00) x C: U(t,2,%) = 0}.
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It can be easily verified that £2° is a polyfacial set generated by functions U (t) =
T —1t, U(t, 2,%) (see Rybakowski [21, p. 134]). It holds that 2; C 9£2°. As
(F@]+[e@®)Dz(B)] = [7(t)z + &(t)z], we have

o(t) . C o t e
2| > B+ e~ O+ e F UT £(s)d } >0

for (t,2) € £25. It holds

DYU(t) = %(T —t)=—-1<0.

Let (t*,¢) € 27 and ¢ € C be such that ¢(0) = ¢ and (t* +6,¢(6)) € 2° for all
0 € [-r,0). If (¢,¢) € (1,00) x C, then

DYU(t,4(0),9(0)) = hg%lipﬂ/h)[ﬁ(t + h,p(0) + RE(t,),9(0) + hE(t, )

_ AU (0),9(0) |, AU $(0), $(0))

Y + % F(t, ) + == ¥)-
Therefore
oo - o FOV0) +ZOE0)
D000 50) = [6)600) + ey(0)| Re LRI LI — s
+ 3[7(1)$(0) + EO)P(0) " Re{[F(1)(F(£)¥(0) + &(t)4(0))
+ (V(OP(0) + DY) F (t, ) .
+ [E®) ()1 (0) + E)(0)) + () (F(£)1(0) + &) (0))] F (£, 4)}
provided that the derivatives 4'(t), ¢ (t) exist and that (0) # 0. Thus
P - S50V Re LBV +E@)(0)
D000 5(0) = [6)6(0) + e()(0)| Re THIEELIE —
+ [1(£)$(0) + &) (0)] 7' Re{F(1) (7(£)(0) + E(£)$ (0) F (¢, ¢)
+e(t)(F(0)¥(0) + (1)1 (0) F (¢, )}
. o e LU0 £ EORO)
= 3(e)0(0) + )i (o) Re TEUEE ST —

(e
Nt

|Rea(t) i
)+ 1)) = ()7 (#)1(0) + &(t)4(0)]

—~
~

+ (O [F()%(0) + &) (0)] - ot) — #'(t)
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and consequently

for almost all t € (7,00) and for ¢ € C sufficiently close to ¢. Replacing ¢ and
1 by t* and ¢, respectively, in the last expression, we get

A(t)[F(t)$(0) + &(t*)(0)]

BN () FO(E))GO(t") — t7) + EO(")S(O(t™) — )] — e(t") — ¢/ (t)
DA E C+C( G+ B (E)p(0(t) — olt*) — &' ()

Jo(t*) + B0 (t)p(0(t")) — o(t*) — ¢'(t")

[ et /:“*g(s)ds]
ot exp [ / e ds]

{Aﬁ*)m( )6 (1) exp [ /e(t*)g(sms]&(t*)}cexp /| s<s>ds]

—o(t*) > 0.
Therefore, in view of the continuity, D*U(t, 1(0),7(0)) > 0 holds for 1 suffi-
ciently close to ¢ and almost all ¢ sufficiently close to t*. Hence 20 is a regular
polyfacial set with respect to (1).

Choose Z = { ta,z) € oy QU} where to > 7 4 r is fixed. It can be easily
verified that Z N (25 is a retract of 7, but Z N {25 is not a retract of Z. Let
n € C be such that 77(0) =1land0< 77(9) <1 for @ 6 [—7,0). Define a mapping
p: Z — C for (t2,2) € Z by the relation

o(ta + 0)n(0) o o )
(72(t2 + 0) — |&(ta + 0)2)p(t2) [(F(t2)7(t2 + 0) (t2)é(ta + 0))

+ (Y(t2 + 0)c(tz) — Y(t2)c(t2 + 0))z].
The mapping p is continuous and it holds that
p(ta,2)(0) =z for (t2,2) € Z, p(t2,0)(0) =0 for 6 € [—r,0].

*

")
+
> At
> At

A(t*)C exp + Bt (t*)C exp

pt2, 2)(0) =

Since
o(ta +0)n(0)

(P(t2> (’?(tg)Z—f—é(fg)Z),

Y(t2 + 0)p(ta, 2)(0) + E(t2 + O)p(t2, 2)(0) =
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we have
17(t2)z + c(t2) 2] < p(t2)
and
7 (t2 + 0)p(tz, 2)(0) + &(t2 + O)p(ta, 2)(0)] < p(t2 +0) (26)
for (t2,2) € ZN N2° and 6 € [—r,0]. Clearly, the inequality (26) holds also for
(t2,2) € ZN 25 and 0 € [-1,0).

Using a topological principle for retarded functional differential equations
(see Rybakowski [21, Theorem 2.1]), we infer that there is a solution zo(t) of
(1) such that (¢,20(t)) € £2° for all ¢ > t, for which the solution 2o(t) exists.
Obviously zo(t) exists for all ¢ > t2 and

(IF@OF = [e@®DIzo (@) < [¥(#)20(t) + E(H)z0(t)] < @(t)  for t > ts.

Hence

20(t)] < &

for t > ts.

O

Remark 2. 1. If 0'(t) > 0, ni(t)A(t) > 0'(t)|B(t)| + C~Lo(t) > 0, WhereO <
m(t) < 1, the functions 71, A are continuous on [T, 00) and A(t) < O(t) a

on [T, oo) then the choice &(t) = m (t)A(t) + 0/ (t)5(t) — ( ) is p0551b1e in
(24). Moreover, in some cases, the condition @' (t)|3(t)| + C o(t) > 0 can be
omitted if Theorem 2 is used. For instance, the identity 6'(¢)|3(t)|+C~o(t) = 0
implies 0/(t)3(t) = 0, o(t) = 0 and consequently, in view of (6), (7), (i), we have
At) =0, &(t) =0, A(t) =0, B(t) =0, g(t,0,0) = 0. Thus the equation (1) has
the trivial solution zo(¢) = 0 in this case.

2. Taking 0(t) =t —ro, where 0 < 19 < r, in Theorem 2, we get a generalization
of Theorem 5 of [8].

Corollary 3. Let the assumptions of Theorem 2 be satisfied. If

“?ii‘ip[wmu eXp(/5 )}

then there is a bounded solution zo(t) of (1). If

i [ e ([ ews)| =

then there is a solution zo(t) of (1) such that

lim zo(t) = 0.

t—o0

Theorem 3. Suppose that the hypotheses (i), (i), (iin), (iii), (i, ), (iv,) are
fulfilled for 7, > T and n € N, where R, > 0, infpeny Ry = 0. Let A be a
continuous function satisfying the inequality A(t) < O(t) a. e. on [T,00), where
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O is defined by (11). Assume that & : [T — r,00) — R is a continuous function
such that

A()+5(1)0 (¢) exp l - /e(t)E(S) dS] —&(t) > o(t)C ™ exp (/T £(s) d8> (27)

fort € [T,c0) and some constant C > 0. Suppose

| SN 1 B -1\ B
A O e T

e o] [T
I [m( ) e SR | 5@+t ] —0. (29)
o [ / A~n<a>do——1n<w<t>|+|e<t>|>] > (30)

for n € N, where v € (—00,00). Then there exists a solution zo(t) of (1) such
that
lim min |zo(s)] = 0. (31)

t—00 9(t)<s<t

Proof. By the use of Theorem 2 we observe that there is a to > T and a solution
zo(t) of (1) with property

o) < e | [ eto) )

for t > to. Suppose that (31) is not satisfied. Then there is g9 > 0 such that

lims > €p.
g >

Choose N € N such that
2 —v
max § Ry, —Rye < €p.
I
It holds that

2
9(32129 |z0(s)| > max {RN, ;RNey} (33)

for some 7 > max{T, 7n,t2}. In view of (29) we can suppose that

B (T max —exp[f;f(a)do} ’ Y(s c(s s 1 eV
I IC TSRS [ ) ds < gRxe . (30)

Therefore, taking into account (4), (32), (33), (34) and the nonpositiveness of
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On, we have

T

()l = le(m)Dlzo(7)] +5N(7)9(3)12§§T|Zo(8)l " )(Iv( s)| +1¢(s)]) ds
Z (17 (n)] = le(m)D]20(7)]

(O max S2Ur8@do] /9 (B + 1)) ds

o<s<r [J(s)] = [eé(s)] Jor)

2 1
>pu—Rye ™ — =Rye ¥ > Rye™".
I 2
Moreover (30) implies

inf Ut An(s)ds — In(J3(0)] + |&(t)|)] > v —oc.

T<t<oo

By Theorem 1 we obtain an estimation

w(r) b
> 1 A
01> e [ Ao )
for all ¢ > 7, ¥ being defined by

w(r) = (17(7)] = [e(r)Dlzo ()] + Bn (7) | maxzo(s I/ (17(s)] + 1&(s)]) ds

T)<s<t

The relation (32) together with (35) yield

me"p[/ﬁ“s)ds}—|<>|—| ex"{/é ).

i. e.
t g -~ T
7 (@) — 1e)] i -1
[An(s) = &(s)]ds +In =it < AN(s)ds — In[C~ 1w (7))
/T (@) + 1e)]
for ¢ > 7. However, the last inequality contradicts (28) and Theorem 3 is
proved. O

Remark 3. Putting 0(t) =t — rg, where 0 < rg < r, in Theorem 3, we obtain a
generalization of Theorem 3 of [9]. Notice that in the case 7o =0 (i. e. 8(t) =)
the condition (29) can be omitted and (31) is of the form lim; ., |2(t)] = 0.

3 Examples

In this section we illustrate the applicability of the results by several examples.
We consider a simpler equation

2'(t) = aoz(t) + boz(t) + A(t)z(6(t)) + B()2(0(t)) + g(t, 2(£), 2(0(t))), (36)
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where 0 € ACIOC(J7R>5 AaB € Lloc(Ja(C)v g € K(‘] X CQ,C)? J = [t0500>a
ap, by € C being constants. We suppose the existence of r > 0 and T > tg + r
such that |Im ag| > |bg| and

t—r<Ot)<t fort>T.
In this case we have
A(t) = :=Imaog+ v/ (Imag)? — |bo|?sgnImag, &(t) = é:= —iby.

Clearly 9(t) = 0 := 0, pn = | Tm ao| — |bo|.
We assume

lg(t, z,w)| < 3(t)|z| + &(t)|w| + G(t) fort>T, zweC,

where 3 € Lioc([T,00),RY), & € ACioc([T,0),RY) and G is a real continuous
function on [T, 00). It can be easily verified that

Y9(t, z,w) + ¢g(t, z,w)| < 3(t)|7z + ¢z + &(t)|yw + cw| + o(t)
fort > T, z,w € C, where

D185 0y, &) =

171 = lel

3112l e
Ear LONNORIGIRNCIED

x(t) =
Similarly, if R, > 0, we have
Fg(t, 210) + G(t, 2 0)] < F(B)F2 + 2] + Fn(8) 0 + G
fort > T, |z| > Ry, |w| > R,, where

51 + 1]
71 — Il
Using (7) end (9) we obtain

GO Bl
0+ Gl w0 = FiEgae

n, (t) =

7]+ el

At =20 = 17—

[£(8) + |A@)] + [B@)]] -

Further we get O(t) = Reag — 5(t) from (11). Suppose the continuity of 6. Put

B(t) = —M)O (1) fult) = —Knen=D), where Ky = wnKp, wn, Ky €

RY. Clearly B(t) = —wnfn(t). Define A, (t) :== 0,(t) = Reag — 5, (t) + Bn(t).
Using Theorem 1 and Corollary 2, we obtain the following

Example 2. Let t; > T and Rg € R, wy € Rg be such that

A0+ A + 150 < 9Ok Tewen
0+ G < =80 - Kohan + Read (39)
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for t > T. Suppose

. 15 + el [* ( G(S)) ]
f R t—1t1) — = — + ds| = v*,
t1§t1 eap( 1) 5= . 3(s) o s v

where v* € (—00,00). If a solution z(t) of (36) satisfies ming;,)<s<¢, |2(t)] > Ro
and

7] = le| —wo(t1— _

t1)] — Kowo(t1 — 0(¢ wo(t1=T) t)| > Rgeffo—vo
EFE |2(t1)| — Kowo(t1 — 0(t1))e o T, |z(t)| > Roe :
then

9]+ le| t<A G(S)) ]

z(t)] > K*exp |Reag(t —t1) + —= — x(s) + ds|,

| ( )| el p |: 0( 1) |,7| — |C| " ( ) RO
where

K*=['”'""'|z<t1>|—Kowom—e<t1>>e-w°<tl-T> max |z<s>|e-K°].

171 + |€| 0(t1)<s<ty
If moreover
. 7]+ le] /t( G(S)) }
lim [Reag(t —t1) — —= — x(s) + ds| = o0,
Jim |Reaott —t)~ F G [ (50 +

then for any € > 0 there exists a to > t1 such that |z(t)| > € holds for all t > t,
for which the solution z(t) is defined.

Notice that (37) implies (8) with n = 0 and (38) implies §5(t) > Ao(t)Fo(t).
The number v from Theorem 1 equals v* — Ko — In(|¥| + |¢|).

Using Theorem 2 and Remark 2 with n; (t) = 1, we get

Example 3. If the function (t) is continuous on [T, oo and there is a constant
C > 0 such that

7]+ |l
71— el

[5(t) + &(t) + |A@®)| + | B()|] + MG(U < Reag (39)

for t > T, then there exists a to > T and a solution zy(t) of (36) satisfying

000 < = e [ (60l
where
e B _bltld
€(t) = Reay — S (0) + £(0) + 14()] + (0]~ T 6.

Moreover, if lim;_, o, f;{(s) ds < oo, then the solution z(t) is bounded.
Notice that the condition (39) is equivalent to n; (t)A(t) > 0'(¢)|5(t)| +C~1o(t).
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Using Theorem 3 together with Remark 2, where 7 (t) = 1 and defining &(t)
by
1 7] = el 171 +1el . 7]+ lel
£(t) =5 {Reao T m O —ErTE B0 +HAG] + B[] -—=—G(),
2 7]+ el 71 = el C

we get the following

Example 4. Let 3(t) be continuous on [T, 00) and there is a constant C' > 0
such that

/ t) dt < oo, / G(t)dt < 0o (40)
and
T2 122 ko + 1)+ 180l + 60 < frea

fort >T. Let R, € Ry, K,,,w,, € R?r and 71, > T such that lim,_,., R, = 0,
Wy > %Reao forn € N

1 oo
lim sup [Kne_“"(T"'_T) + R_/ G(o) do] < o0, (42)
and

) G(t) _ 17—

x(t) + < = — (1 — Ky,)wn + Reag], 43
) o I s
&) +|A®)| + |B@)| < 0 () K pwp m—— e “n (=T 44
) +1AQ)| +[B()| < 0'(t) EFuE (44)

for t > 1, and n € N. Then there exists a solution zo(t) of (36) such that

li i t)] =0.
i i, o0

Notice that (43) and (44) imply (8) and 6’( ) > A, ( t)Bn(t), respectively. The
condition (41) implies n; (t)A(t) > 6 (t)|5(t)| + C~'o(t), the conditions (40)
together with w, > 1 Reao imply (28), (29) and (30).

4 Conclusion

In the present paper we have improved the results presented in [10] under the
condition liminf; , o ( [Ima(t)| — [b(t)| ) > 0 instead of liminf; o (|a(t)|—
|b(t)]) > 0 considered in [10]. We have obtained several results which are similar
to the propositions in the related article but they can be more efficient, which
is illustrated by Example 1. The applicability of results is illustrated by Exam-
ples 2-4. The results dealing with the existence of a bounded solution or solution
tending to zero (Examples 3,4) seem to have no analogy for corresponding real
systems of two delayed differential equations.
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