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Abstract

We formulate a version of the fixed point theorem of Krasnoselskii and
Sobolev in locally convex spaces. We apply this result to establish the
existence of solutions of an integral equation defined in an abstract space.

Mathematics Subject Classification Numbers 2010: Primary 47H10; Secondary
45N05

Key Words and Phrases. Fixed points of maps, integral equations in abstract
spaces.

1 Fixed Points of Monotone Operators

In this work we are concerned with the existence of fixed points for a class of
monotone operators defined on locally convex spaces. For generalities about locally
convex spaces we refer the reader to [IJ.

Let X be a Hausdorff locally convex space. Let K C X be a closed convex cone
such that K N(—K) = {0}. The cone K defines the partial ordering in X given by
x<yify—x € K. An operator ' : X — X is called monotone if z,y € X, x <y
implies that 'z < I'y. The operator I' is said to be monotonically limit compact
on a bounded set M C X if for each sequence (z,), in M such that

wg > Doy > Ty T, > -
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we have that the sequence (I'x,,), is convergent. We refer the reader to [2] for a
discussion about the properties of monotonically limit compact operators. In par-
ticular, the following result |2, Theorem 38.2] has been established by Krasnoselskii
and Sobolev.

Theorem 1.1. Let X be a Banach space. Let ' : X — X be a monotone operator
which is monotonically limit compact on a closed bounded set M C X such that
I'M C M. If there is an vy € M with I'zg < xg, then I' has a fixed point in M.

Henceforth we will assume that (X, 7) is a Hausdorff locally convex space which
satisfies the following property:

(P) For every closed and bounded set A C X the induced topology is metrizable
and complete.

It is clear that every Fréchet space satisfies the property (P). In addition, if X is
a reflexive separable Banach space, then (X, o(X, X*)) also satisfies the property
(P).

The main result of this note is the following extension of Theorem [11

Theorem 1.2. Let X be a real Hausdorff locally convex space which satisfies the
property (P). Let ' : X — X be a monotone operator which is monotonically
limit compact on a closed bounded set M C X such that UM C M. If there is an
x9g € M with T'xg < xg, then I' has a fized point in M.

Proof. We only need to modify slightly the construction carried out in the proof
of [2, Theorem 38.2]. Let N C X be a closed bounded absolutely convex set such
that M — M C N. Let p be a metric on N which induces the relative topology 7
in N. We can assume that p is bounded.

We set My ={x € M :Tx < z}. It is immediate that ['My C M,.

For x € My and j € N we define
a;(z) = sup{p(lVw — Tv,0) : v,w € My, v < TVw < z}.

It is easy to see that o;(z) makes sense and that the sequence (a;(z)); is nonin-
creasing. Hence we can define a(x) = lim;_. a;(z). It follows from the definition
that a('z) < a(x).

We assert that inf{a(u) : v € Mp,u < z} = 0 for any z € My. In fact, if
we assume that this assertion is false, proceeding inductively we can construct a

sequence
x> Twy > Ty > Thwy > Ty > -
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such that p(T%w; — I'¥v;,0) > (3 for some B > 0. This implies the sequence does
not converge, which contradicts our hypothesis that I' is a monotonically limit
compact operator.

Proceeding similarly we can construct a sequence (x,), in Mj such that
xo > Ty > TPay > -

and o(I'™z,) < % for n € N. Using again that I' is a monotonically limit compact
operator, we can affirm that there exists z € M such that [z, — z as n — oo.
Since I'z,, > I'"*lz,, > I'z we have that z > I'z. Moreover, for each n € N there
exists m,, € N such that p(I" ™" 2,4, — "™ 2,0) < L. In view of that

=Tz < T, — Ty

it follows that z < I'z. Consequently, z = I'z. O

2 Applications

The fixed point Theorem can be applied to study the existence of solutions
of many ordinary or integral equations, with or without delay, defined by a non-
continuous function, on an unbounded interval of R.

In this section we will show the usefulness of the Theorem to establish
sufficient conditions for the existence of solutions of an abstract integral equation
on R.

To specify the problem under consideration, we will assume that (X, |- ||) is a
Banach space and that K C X is a closed convex cone such that KN (—K) = {0}.
We will assume that K is a fully regular cone, which means that every norm
bounded nondecreasing sequence in X is convergent. We denote by < the partial
ordering induced by K in X such as was established in the Section 1. Let C'(R, X)
be the space consisting of the continuous functions x : R — X endowed with
the compact-open topology. It is well known that C'(R, X) is a Fréchet space.
Moreover, B

K={zeCR,X):x(t) e K}

is a closed convex cone such that KN (—K) = {0}. Hence we can consider C(R, X)
as an ordered locally convex space.

We consider the following integral equation

x(t) = h(t) +/ k(t,s)f(s,z(s))ds, t € R, (2.1)

—00
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where z,h : R — X and k : A = {(t,s) : t € R,—00 < s < t} — [0,00)
are continuous functions. Moreover, the values h(s) < 0 for all s € R, and the
function f: R x X — X verifies the following conditions:

(f1) The function f is Borel-measurable.
(f2) For every separable set A C X the set f(R x A) is separable.

(f3) There exists a locally integrable function g : R — [0, 00) such that || f(s,z)||
<g(s)forall s e R, z € X, and ffoo k(t,s)g(s)ds < oo.

(f4) If 2,y € X, x <y, then f(s,z) < f(s,y) for all s € R.

For example, a function f which is the pointwise limit of a sequence of continuous
functions satisfies conditions (f1) and (f2).

Remark 2.1. If f satisfies conditions (f1)-(f3) and z : R — X is a continuous
function, it follows from (f1), (f2) and [3, Proposition 2.2.6] that the function
s — f(s,x(s)) is strongly measurable on (—oo,t] for every t € R. Combin-
ing this property with (f3) and the Lebesque dominated convergence theorem [3,
Théoréme 2.4.7] we infer that the function s — f(s,x(s)) is integrable on (—o0,t]
for every t € R.

Theorem 2.3. Under the above assumptions, there exists a continuous solution

of the equation (Z1).
Proof. We define the map I' : C(R, X)) — C(R, X) by

Tx(t) = h(t) + /t k(t,s)f(s,z(s))ds, t €R. (2.2)

It follows from the preceding remark that I' is well defined. Moreover, if z(-) < y(-),
it follows from (f4) that f(s, z(s)) < f(s,y(s)), which means that k(¢, s)[f (s, y(s))—
f(s,z(s))] € K. Let a < t be fixed. Since K is a closed convex cone, applying the
mean value theorem for the Bochner integral we obtain that

/ k(t,s)[f (s, y(s)) — f(s,2(s))lds € (t — a)e(K) € K,

where ¢(-) denotes the convex hull. This implies that

/_ Bt 5)[f (5, y(s)) — F(s,2(s))]ds

= lim k(t,s)[f(s,y(s)) — f(s,z(s))]ds € K.

a——00
a
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Consequently, I'z < T'y and " is a monotone operator.

Let a(t) = ||h(t)]| + f s)ds and let M be the set consisting of func-
tions = € C(R, X) such that ||a:( )|| § a(t) for all t € R. It is clear that M is a
closed bounded subset of C'(R, X). Moreover, h € M and I'h < h. It follows also
from the definition of o that 'M C M. In fact, if z € M, then

[Tz < Hh(t)||+/ k(t, s)[f (s, 2(s))l|ds

< Hh(t)||+/_ k(t, 5)g(s)ds = a(t).

Finally, we will show that I' is monotonically limit compact on M. We take a
sequence (), in M such that

wg > Doy > Ty T, > -

If y,(t) = I'"x,(t), using that K is a fully regular cone we obtain that y,(t) —
y(t) as n — oo. Furthermore, it follows from the properties of f that the set
{yn : n € N} is equicontinuous on bounded intervals. In fact, in general, for any
r € C(R,X) and t; <ty we have

ITa(ty) = Tx(t)]] < IIh(tz)—h(tl)llJr/tz k(ta, s)|I.f (s, 2(s))]|ds

t1

N / (s, ) — bty )1 (5, 2())llds

— o
t1

IIh(tz)—h(tl)ll+/ [k (t2, 8) = k(tr, s)|g(s)ds

—00

IA

to
+/ k(ts, s)g(s)ds
t1
which shows that the continuity of 'z on a bounded interval does not depend on
x. Therefore, the function y is continuous. Moreover, for any compact interval
I € R we can consider {y, : n € N} C C(I,X) and using the Ascoli-Arzela
theorem we infer that v, (¢) — y(t) as n — oo uniformly on compact subsets of R.
Consequently, the sequence (y,,), converges to y in the space C(R, X).

It follows from the Theorem [[C2 that I' has a fixed point in M. This completes
the proof. O

A particular case of the Theorem is obtained when X = R and K is the
cone of positive elements of R. In this case, the condition (f2) can be omitted.
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