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OSCILLATION THEOREMS FOR SECOND ORDER NEUTRAL
DIFFERENTIAL EQUATIONS

B. BACULIKOVA, T. LI, AND J. DZURINA

ABSTRACT. In this paper new oscillation criteria for the second order neutral
differential equations of the form

(E) (r(@®) [z(t) + p(O2(r (1)) + a(B)z(o(t)) + v(t)a(n(t)) = 0

are presented. Gained results are based on the new comparison theorems, that
enable us to reduce the problem of the oscillation of the second order equation
to the oscillation of the first order equation. Obtained comparison principles
essentially simplify the examination of the studied equations. We cover all
possible cases when arguments are delayed, advanced or mixed.

1. INTRODUCTION

This paper is concerned with the oscillation behavior of the solutions of the second
order neutral differential equations

(E) (r(®) [2(t) + pOx(r(®)]') + a()z(o (1)) + v(B)2(n(t)) =0,
where q(t),v(t) € C([tg,0)), r(t),p(t), 7(t),n(t),a(t) € C*([tp, o)) and
(Hy) r(t) >0, q(t) >0, v(t) > 0,0 < p(t) < po < o0;

(Hp) lim o(t) = oo, lim 7(t) = oo;
(Hs) 7(t) >719>0,Toc=00T,Ton=mnor.
Throughout the paper we shall assume that

b1
1.1 t) = ——ds —ooast— oo.
(1) R = [

We set z(t) = x(t) + p(t)z(7(t)). By a solution of Eq. (E) we mean a function
z(t) € C([Ty,0)), Ty > to, which has the property r(t)2/(t) € C*([T},o0)) and
satisfies (E) on [T}, 00). We consider only those solutions z(t) of (F) which satisfy
sup{|z(t)| : t > T} > 0 for all T" > T,. We assume that (E) possesses such a
solution. A solution of (E) is called oscillatory if it has arbitrarily large zeros on
[T, o0) and otherwise, it is said to be nonoscillatory. Equation (FE) itself is said
to be oscillatory if all its solutions are oscillatory.

Since the second order equations have the applied applications there is the
permanent interest in obtaining new sufficient conditions for the oscillation or
nonoscillation of the solutions of varietal types of the second order equations. We
refer the reader to the papers [1-6, 8, 9, 12-19] and the books [7, 10, 11], and the
references cited therein. The authors mainly studied delay equations.
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Grammatikopoulos et al. [9] have showed that 0 < p(¢) < 1 together with
[ q(s) (1 —p(s— 0)) ds = oo guarantee the oscillation of the neutral equation

(z(t) + p(t)x(t — 7)) + q(t)z(t — o) = 0.

For the same equation Erbe et al. [7] established the oscillation criterion that
requires

q(t) > q0 >0, p1 <p(t) <p2, p(t) not eventually negative.

This result has been improved and generalized by other authors. We mention
Grace and Lalli [8] who studied the oscillation of

(r(®) [e(8) + p)z(t = 7)) + a(t)f(2(t = 0)) =0,

under the conditions
10y, [T,

x r(s)
e (0'(5))*r(s — o)
o p(s)r(s—o
/ p(s)a(s)(1 —p(s — o)) — (s ds=00

where p(t) is an optional function.
Xu and Xia [17] established the oscillation of

(x(t) + p()x(t = 7)) + q() f((t — 7)) = 0,
provided that
0<p(t)<oo, q(t)>M>0.
Li at al. [12] studied the neutral differential equation

(r(t) [=(t) + p(O)a(r(0))') + (1) f (x(o (1)) = 0.
They presented new oscillation criteria, where they required 0 < p(t) < py < oo,
foo% = o0, f(x)/xr > k >0, 0'(t) >0, 7Too = oo, and inter alia o(t) <
7(t) < t, and

/OO p(s)q(s) min{q(s), q(7(s))} — <1 i @)

70

(p'(5))*r(o(s))

)G T

where p(t) is an optional function.
The present authors tried [4] to eliminate the above-mentioned restrictions for
the delay equation

(r(®) [2(t) + P2 (7)) + a(t)a(o (1)) = 0.
In this paper we shall investigate the properties of delayed, advanced, and mixed
equations. We shall establish new comparison theorems in which we compare the
second order equation (E) with the first order differential inequalities in the sense
that the absence of the positive solutions of these first order inequalities yields
the oscillation of (E). Our technique permits us to eliminate some restrictions
that are usually imposed on the coefficients of the studied neutral differential

equations.
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Remark 1. The conditions Tooc = coT and Ton = not contained in the
hypothesis (Hs) are satisfied for instance if 7(t), o(t), and n(t) are of the same
form that is if e.g., T(t) = at, then at the same time o(t) = Bt, and n(t) = ~t.

Remark 2. All functional inequalities considered in this paper are assumed to
hold eventually, that is they are satisfied for all t large enough.

Remark 3. Without loss of generality we can deal only with the positive solutions
of (E).
2. MAIN RESULTS

It follows from (1.1) that the positive solutions of (E) have the following prop-
erty.

Lemma 1. If z(t) is a positive solution of (E), then the corresponding function
z(t) = x(t) + p(t)z(7(t)) satisfies

(2.1) 2(t) >0, (1) (t) >0, (r@) (1) <o,

eventually.

Proof. Assume that x(t) is a positive solution of (E). Then it follows from (E)

that
(r(t)2' (1)) = —q()z(o(t) — v(t)z(n(t)) < 0.

)
Consequently, r(t)2'(t) is decreasing and thus either 2/(t) > 0 or 2/(t) < 0 even-
tually. If we let 2/(t) < 0, then also r(¢)2/(t) < —c¢ < 0 and integrating this from
t1 to t, we obtain

t
1
z(t) < z(ty —c/ ——ds — —ocoast — oo.
W<t —c [ o

This contradicts the positivity of z(¢) and the proof is complete. O
For our intended references, let us denote

(2.2) Q(t) = min{q(t),q(7(2))}, V(t) = min{v(t), v(7(?))},

and

(2.3) Q1(t) = Q) (R(a(t)) — R(t1)), Vi(t) =V (t)(R(n(t)) — R(tr)),
where t > t1 and t; is large enough.

Theorem 1. Assume that the first order neutral differential inequality

(E2) <y(t) + ];—g y(T(f))> +Q1()y(a(t)) + Vi(t)y(n(t)) <0
has no positive solution. Then (E) is oscillatory.

Proof. Assume that x(t) is a positive solution of (E). Then the corresponding
function z(t) satisfies

2(a(t)) = w(a(t) +pla()z(r(a(t)))
(2.4) < a(o(t) + pox(a(7())),
EJQTDE, 2011 No. 74, p. 3



where we have used the hypothesis (H3) and similarly

(2.5) z(n(t)) < 2(n(t)) + pox(n(r(t))).
On the other hand, it follows from (£) that
(2.6) (r()2' ()" + a()z(o (1)) +v(B)z(y(t)) = 0

and moreover taking (H;) and (H3) into account, we have
0 = TZ,Q(Ot) (r(r (@) (7(1)))" + poa(r(t))a(o (7(1))) + pov(r(t))z(n(r(1)))
@7 = B @) @) + poar0)or(0) +por©)emr().

0
0 )
Combining (2.6) and

(2.7), we are led to
(r020)" + 2 (r(r(0)7 (1) + alt)x(o(0) + poa(r(D)a(o(r(1)
+ o®)z(n(t)) +Pov( )z(n(7(t))) <0,
which in view of (2.4), (2.5) and (2.2) provides

(2
(28)  (r()Z(0) + 2 (1) (1) + Q) + V(H)=(n(t)) < 0.
) =1r(t)2'(t) > 0 is decreasing and then
toq , toq
z(t) > /tl 0s) (r(s)2'(s)) ds > y(t) /tl =0 ds
(2.9) = y(t)(R(t)
(t) in

Therefore, setting r(¢)z'(t) = y(t) in (2.8) and utilizing (2.9), one can see that
y(t) is a positive solution o This contradicts our assumptions and the
proof is complete. O

iy
—
&
N
~—

Remark 4. In the comparison principle in Theorem 1 we do not stipulate whether
(E) is equation with delay, advanced or mized arguments, so that the obtained
results are applicable to all three types of equations. Moreover, our results hold
also for both cases when 7(t) <t or 7(t) > t. On the other hand, the comparison
theorem established in Theorem 1 reduces oscillation of (E) to the research of the
first order neutral differential inequality (Es). Therefore, applying the conditions

for (E3) to have no positive solution, we immediately get oscillation criteria for
(E).

Employing the additional conditions on the coefficients of (F), we can deduce
from Theorem 1 various oscillation criteria for (E). We shall discuss separately
the following two cases:

(2.10) 7(t)
(2.11) T(t)
Theorem 2. Assume that (2.10) holds. If the first order differential inequality
(E3) w'(t) + (Hyw(o(t) + —— Vi(thw(n(t)) <0

70 + Po

has no positive solution, then (E) is oscillatory.

t,

>
< t.
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Proof. We assume that z(t) is a positive solution of (F). Then Lemma 1 and the
proof of Theorem 1 imply that y(t) = r(t)2'(t) > 0 is decreasing and it satisfies
(E2). Let us denote w(t) = y(t) + B y(7(¢)). It follows from (2.10) that

w(t) < y(t) (1 + %) .

Substituting these terms into (Fs), we get that w(t) is a positive solution of (E3).
A contradiction. 0

Adding the restriction that both o(t) and n(t) are delay arguments, we get
easily verifiable oscillation criterion for the delay equation (E).

Corollary 1. Assume that (2.10) holds and
(2.12) o(t)<t, n(t)<t.
If o(t) < n(t) and also

t
(2.13) liminf/ (Vi(s) + Qi (s)) ds > 10T P0.
t—o00 n(t) To €
or o(t) > n(t) and also
t
(2.14) lim inf/ (Vi(s) + Qi(s))ds > M,
t—o0 O'(t) 7—0 €

then (E) is oscillatory.

Proof. Theorem 2 ensures the oscillation of (E) provided that (F3) has no positive
solution. Assume that w(t) is a positive solution of (E3). Then w(t) is decreasing
and if o(t) < n(t), then w(o(t)) > w(n(t)). Setting the last inequality to (Ej3), we
see that w(t) is a positive solution of the differential inequality

T

(E3) W/ (t) + = (Qut) + Va(1) win(®) < 0.

But according to Theorem 2.1.1 from [10] the condition (2.13) guarantees that
(E3) has no positive solution. This contradiction finishes the proof of the first
part of the corollary. The second part can be verify similarly and so the rest of
the proof can be omitted. O

For our incoming references, let us denote

(2.15) Q2(t) = Q) (R(t) — R(t1)), Va(t) = V(t)(R(t) — R(tr)),
where t > ty, t; is large enough and Q(¢) and V (¢) are defined in (2.2).

Putting on the constraint that both o(¢) and 7(t) are the advanced arguments,
we get the following oscillation criterion for the advanced equation (E).

Theorem 3. Assume that (2.10) holds and

(2.16) o(t)>t, n(t)>t.

If the first order advanced differential inequality

E () — —° Hw(e(t)) — —2— Va()w(n(t)) > 0
(B ()~ = Qatuo(t) = — = Va(tu(n(t) >
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has no positive solution, then (E) is oscillatory.

Proof. We assume that z(t) is a positive solution of (E). Then proceeding exactly
as in the proof of Theorem 1, we verify that the corresponding z(t) satisfies (2.8).
An integration of (2.8) from ¢ to oo provides

(217)  r(®)Z(t) + ];—37“(7(’5))2'(7(’5)) > /too(Q(S)Z(U(S)) +V(s)z(n(s))) ds

Since 7(t)z'(t) is decreasing and (2.10) holds, then

(2.18) r(8)2(8) + 22 (r(8)2 (7(1) < r(1)2' (1) (1 + @> .
0 70

Combining (2.17) together with (2.18), we are led to

219 00 (1+2) 2 [TQEe) + V001 as.

Integrating the last inequality from ¢; to t, we get

A0 2 = [ [T QW) + V(9):0(s) dsdu

70+ po Jiy, T(u)
T0 t s 1
> e | (@)o(s) + VI)(a(s)) /t i duds.
Hence,
(2.20) z(t) > 7_0 Tpo /t1 (Q2(5)z(a(s)) + Va(s)z(n(s))) ds.

Let us denote the right hand side of (2.20) by w(t). Since z(t) > w(t), we see
that w(t) is a positive solution of (F4). This contradicts our assumption and the
proof is complete now. O

Corollary 2. Assume that (2.10) and (2.16) holds. If o(t) < n(t) and also

o(t)
(2.21) lim inf / (Qa(s) + Va(s)) ds > 0T PO.
t—oo  Jy To€
or o(t) > n(t) and also
n(t)
(2.22) lim inf / (Qa(s) + Va(s))ds > 20T P0.
t—o0o t ’TO e

then (E) is oscillatory.

Proof. 1t follows from Theorem 3 that (E) is oscillatory provided that (E4) has
no positive solution. Assume that w(t) is a positive solution of (Ey). Then w(t) is
increasing and if o(t) < n(t), then w(o(t)) < w(n(t)). Setting the last inequality
to (Ey4), we see that w(t) is a positive solution of the differential inequality

70

(E}) (1) =~ (@Qult) + Va(0) wlo (1) 2 0,

But according to Theorem 2.4.1 from [10] the condition (2.21) guarantees that

(E}) has no positive solution. This contradiction finishes the proof of the first
EJQTDE, 2011 No. 74, p. 6




part of the corollary. The second part can be verify similarly and so the rest of

the proof can be omitted. O
For our ultimate references, let us denote
Q(o~'(1))
(223) Q3(t) 0_/(0_,1@)) (R(t) - R(tl))a
(221) e = woes] 2 " gy
) = ex s)ds p,
’ ? P 7o+ Po Ji ’

where ¢t > t1, t; is large enough, Q(t) is defined in (2.2), while Q2(¢) and Va(¢)
are defined by (2.15) and o~1(¢) is the inverse function to o(t).

Imposing the assumption that o(t) is the delay and 7n(t) is the advanced argu-
ment, we establish the following oscillation criterion for equation (E) with mixed
arguments.

Theorem 4. Assume that (2.10) holds and

(2.25) a(t) >0, o(t)<t, nt) >t
If the first order advanced differential inequality
(Es) w'(t) - Va(t)w(n(t)) = 0

70 + Po
has no positive solution, then (E) is oscillatory.
Proof. We assume that () is a positive solution of (E). Then proceeding exactly

as in the proof of Theorem 3, we verify that the corresponding z(t) satisfies (2.19).
On the other hand, using the substitution o(s) = u, we see that

| @t i C)

t) UI(U 1(“)

\_/\_/

z(u) du

2(u) du.

(e (u
Combining (2.19) together with (2.26), one gets
Po > (Qo(s))

2.27 H2 () (1+=) > v ds.
e 020 (14 2) 2 [T (ZEN0 + v ) ds
Integrating the last inequality from ¢; to ¢ with applying the similar process as
in the proof of Theorem 3, we get

7o

Toﬂ)o/ (Qs(s)2(s) + Va(s)2(n(s))) ds.

Let us denote the right hand side of (2.28) by y(¢). Since z(t) > y(t), we see that
y(t) is a positive solution of

(2.28) 2(t) >

(Es) () = = Qa(t)y(t) = — = Va(O)y(n(®) 2 0.
Now, we set
10 = { = [ Que)as fute

EJQTDE, 2011 No. 74, p. 7



Then in the view of (Eg) it is easy to verify that w(t) is a positive solution of
(E5). This is a contradiction and the proof is complete. O

Corollary 3. Assume that (2.10) and (2.25) hold. If

70 + Po
T0€e

n(t)
(2.29) lim inf/ Va(s)ds >
t

t—o0
then (E) is oscillatory.

Proof. Theorem 2.4.1 in [10] implies that the condition (2.29) guarantees that
(E5) has no positive solution and the assertion now follows from Theorem 4. [

Now, we turn our attention to the case when 7(t) is the delay argument. We
shall provide the results analogous to Theorems 2-4.

Theorem 5. Assume that (2.11) holds. If the first order differential inequality
E () + —2— Qi1 (H)w(r (o (1) + —— Vi(w(r (n(t))) <0
(Br)  wi(t) + = QiBjw(r (o (1)) + === Vit (r(n(1))) <

has no positive solution, then (E) is oscillatory.

Proof. We assume that z(t) is a positive solution of (E). Then y(t) = r(t)z'(t) > 0
is a decreasing solution of (E2). We denote w(t) = y(t) + 2 y(7(t)). What is
more (2.11) implies

w(t) < y(r(t)) (1 + @> .
70
Substituting this into (EF2), we get that w(t) is a positive solution of (E7). A
contradiction. 0
Corollary 4. Assume that (2.11) holds and
(2.30) o(t) <(t), n(t)<7(t).
If o(t) < n(t) and also
t
(2.31) liminf/ (Qu(s) + Vi(s)) ds > 1020
o Jrm1m() T0€
or o(t) > n(t) and also
t
(2.32) lim inf / (Qu(s) + Va(s)) ds > 2P0
I CIO) o€

then (E) is oscillatory.

Proof. We admit that w(t) is a positive solution of (E7). If o(t) < n(t), then
w(t™ o (t)) > w(t~ (n(t))) and (E7) gives that w(t) is a solution of the differ-
ential inequality

(E7) w'(t) +

70

To + Po (Ql(t) + Vl(t)) w(r~ ' (n(t))) <0.

But according to Theorem 2.1.1 from [10] the condition (2.31) guarantees that
(E%) has no positive solution. Therefore (E7) has no positive solution and The-
orem 5 provides the oscillation of (E). The case o(t) > n(t) can be treated
similarly. O

EJQTDE, 2011 No. 74, p. 8




For our future references, let us denote
(233) Qult) = QU(R(7(®) - R(r(1)), Valt) = V(E)(R(r(t)) — R(r(t)).
where t > t, t; is large enough and Q(¢) and V() are defined in (2.2).
Theorem 6. Assume that (2.11) holds and
(2.34) ao(t) >7(t), n(t)>7(t).
If the first order advanced differential inequality

’ 70 - 70
(B w(t) = == Qultyulr Ho(t)) - P

has no positive solution, then (E) is oscillatory.

Vi(t)w(r~ (n(t))) = 0

Proof. We assume that x(t) is a positive solution of (E). Then it follows from the
proof of Theorem 1, that the corresponding function z(t) satisfies (2.17). Since
r(t)2'(t) is decreasing and (2.11) holds, then

(2.35) ()2 (t) + ]i—ST(T(t))z/(T(t)) < r(r(t)2 (1(t)) <1 n i—ﬁ) .

Combining (2.17) together with (2.35), we obtain

(236)  r(r(£)Z(r(1) (1 + @> > / T (Q()2(0(5)) + V(s)2(n(s))) ds.
T0 t

Multiplying the last inequality by 7/(¢)/r(7(t)) and then integrating the result
from ¢y to t, we get

70 b (w) >
) > e [ [T Qo) + V(s)ets) dsdu
To t * 7' (u)
> T [ (@@eto) + V) [T duas
Hence,
@31)  ar(0) 2 T [ (@ule)elols) + Vale)zn(s) ds

Let us denote the right hand side of (2.37) by w(t). Since z(t) > w(t), we see
that w(t) is a positive solution of (FEg). This contradicts our assumption and the
proof is complete now. O

Remark 5. The assumptions imposed in Theorem 6 do not require for o(t) and
n(t) to be advanced arguments. We only need for 7=(o(t)) and 7= 1(n(t)) to
be advanced arguments. So the conclusions of Theorem 6 hold for all types of
equations i.e., advanced, delay, with mized arguments and even if t — o(t) or
t —n(t) oscillates.

Corollary 5. Assume that (2.11) and (2.34) hold. If o(t) < n(t) and also

(o (1))
(2.38) lim inf/ (Qa(s) + Va(s)) ds > 2P0
t

t—o00 T0€
EJQTDE, 2011 No. 74, p. 9




or o(t) > n(t) and also

T (n(®))
(2.39) liminf/ (Qa(s) + Va(s)) ds > 2 +B
t

t—o0 T0 €
then (E) is oscillatory.

Proof. We let w(t) to be a positive solution of (Eg). If o(t) < n(t), then
w(t™ o (1)) < w(rH(n(t ))) and (Eg) implies that w(t) satisfies

(E2) W/ (8) = = (@Qu(t) + Vi) w(r (1)) 2 0.

But according to Theorem 2.4.1 from [10] the condition (2.38) guarantees that
(E¢) has no positive solution. This contradiction ensures that (Eg) has no positive
solution and taking Theorem 6 into account, we see that (E) is oscillatory. The
case o(t) > n(t) is left to the reader. O

For our incoming references, let us denote

Qe '(r(t)

(2.40) Qs5(t) = o1 D) | (t)(R(7(t)) = R(7(t1))),
o )
(2.41) Vs(t) = Vi(t)exp {7'0 7o /t Qs5(s) ds}7

where ¢t > t;, t; is large enough, Q(¢) is defined in (2.2), while V,(t) is defined by
(2.33).

Theorem 7. Assume that (2.11) holds and

(2.42) o (t) >0, o(t)<7(t), nlt)>r7(t).
If the first order advanced diﬁerential inequality

(Eo) w'(t) - Vs(t)w(r™"(n(1))) = 0

70 + Po
has no positive solution, then (E) is oscillatory.
Proof. We assume that () is a positive solution of (E). Then proceeding exactly

as in the proof of Theorem 6, we verify that the corresponding z(t) satisfies (2.36).
On the other hand, using the substitution o(s) = 7(u), we see that

. Lt Q)
| awsetnas = [ ST )
o 1
(2.43) > / o _1( %; () 2(r(u)) du.

Combining (2.36) together with (2.43), one gets
r(r(8)2 (7(2)) (1 + @> >
70

o0 o Y7 (u
(2.44) / (M () 2(r () + V(s)z(n(s))) ds.
' EJQTDE, 011 No. 74, p. 10
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Multiplying the last inequality by 7/(¢)/r(7(¢)) and then integrating the resulting
inequality from ¢; to ¢, and using the similar process as in the proof of Theorem 6,
we get

245) arl) = 2 [ (@s5)2(7() + Val)2la(s)) s

70 + Po t1
Let us denote the right hand side of (2.45) by y(t). Since z(7(t)) > y(t), we see
that y(t) is a positive solution of
70

Eq "(t) — Qs(t
(E1o) y®) To + Po Y To + Po

Now setting

o(0) = exp { Qs ds o).

70 + Po t1

we see in the view of (FEyg) that w(t) is a positive solution of (Ey). This is a
contradiction and the proof is complete. O

Corollary 6. Assume that (2.11) and (2.42) hold. If

t—o0 T0 €

1 (n(t))
(2.46) lim inf / Vi(s)ds > 2P0,
t

then (E) is oscillatory.

Proof. According to Theorem 2.4.1 from [10] the condition (2.46) guarantees that
(E9) has no positive solution and the assertion now follows from Theorem 7. [

Example 1. We consider the second order neutral differential equation

(E11) <t1/2 [ (t) —l—poﬂc(mt)]/)/ + t?%m(at) + tg%m(ﬁt) =0,

where pg, 19, @, B,a,b are positive constants.

If o > 1, then Q(t) = q(7(t)) = a(rot)~>/? and V(t) = v(7(t)) = b(rot)~3/2.
It follows from Corollaries 1-3 that (E11) is oscillatory provided that at least one
of the following conditions is satisfied:

WB<1 ot (/a0 (maxfa ) > IV
a,8>1 and  (a+b)ln (minfa,B}) > W’
N
a<l<pB and bﬁ(7'0+p0)\/7701nﬂ>%‘

If 1o < 1, then Q(t) = q(t) = at=3/? and V() = q(t) = bt =3/2. It follows from
Corollaries 4-6 that (E11) is oscillatory provided that at least one of the following
EJQTDE, 2011 No. 74, p. 11



conditions is satisfied:
70 70 + Po

d b 1
aaﬁ < 70 an (a\/a+ \/B) n (max{oz,ﬂ}) > 2’7’06 )
min{aaﬁ}) > 70 + Po

3/2 7
70 27'0/ e

a, 3> 19 and (a—i—b)ln(

27’0@\/&
and b<£> ™+ Po lnE > 70+ Po

a<Tt<p .
70 T 273%

Consequently, we have covered oscillation of (E11) for all 19 € (0,00) that is
for 7(t) = 1ot to be delay or advanced argument. Note that all above mentioned
known oscillatory criteria fail for (Eq1).

3. SUMMARY

In this paper we have introduced new comparison theorems for investigation of
the oscillation of (E). The established comparison principles reduce oscillation of
the second order neutral equations to studying properties of various types of the
first order differential inequalities, which essentially simplifies examination of (E).
Our technique permits to relax restrictions usually imposed on the coeflicients
of (E). So that our results are of high generality. Obtained results are easily
applicable and are illustrated on a suitable example.
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