Periodic Solutions of Semilinear Equations

at Resonance with a 2n-Dimensional Kernel
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Abstract. In this paper, we obtain some sufficient conditions for the existence of
2m-periodic solutions of some semilinear equations at resonance where the kernel of
the linear part has dimension 2n(n > 1). Our technique is essentially based on the
Brouwer degree theory and Mawhin’s coincidence degree theory.
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1. INTRODUCTION

For a long time, many authors have payed much attention to the existence prob-
lem of periodic solutions for the perturbed systems of ordinary as well as functional
differential equations. In recent years, we see an increasing interest in the more
difficult problem “at resonance” in the sense that the associated linear homoge-
nous system has a nontrivial periodic solution. In this side, some useful techniques,
say the averaging method, have been developed and many significant results have
been obtained for the existence of periodic solutions to some nonlinear systems of
first order differential equations at resonance that involve a small parameter (see
[1,2] and references therein).

Much research has also been devoted to the study of existence results for some
nonlinear systems whose nonlinearities satisfy so-called Landesman-Lazer condi-
tions. Several of these results are mentioned in [3]. However, less is known when
the linear part has a two-dimensional kernel. Some work has been done by Lazer
& Leach 4, Cesaril®!, Tannacci & Nkashamal6!, Nagle & Sinkalal™8! and Ma, Wang
& Yul). To the best of our knowledge, few authors have considered the case when
the linear part has dimension greater than two. In this direction, an example with
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a three-dimensional kernel and a fourth order ordinary differential equation are
considered in [8] and [10] respectively. In a recent paper'? the results in [8] have
been improved and unified by Ma, Wang & Yu.

This paper is concerned with the existence of 27-periodic solutions for the non-
linear system of first order functional differential equations of mixed type

(11) ZL‘J<t) = Bj.’l?j(t) + Fj<t,$(t—|— )) —l—pj(t), j = 1,2, R

where z(t) € R?,z(t + ) € BC(R, R®") is defined by z(t + s) = (x1(t + s), z2(t +
), -+, xp(t+s)), pj € C(R, R?) is 2m-periodic, and F; : R x BC(R, R*") — R?
is continuous, bounded and 2m-periodic in its first variable ¢. The constant matrix
Bj has a pair of purely imaginary eigenvalues dim; with m; some positive integer.
Without loss of generality, we assume

_( 0 my L
BJ_(—mj 0 ), Jj =12, , M.

In this paper, we also need the following hypothesis

(F) There exists a permutation k1, ka, - - - , k,, consisting of 1,2, - -+, n and for any
positive integer j with 1 < j < n, there exist 7; € R, H; € BC(R?, R?) with the
asymptotic limits H,;(+, £) = lim, 5,1+ H;(r, s) and G, : R x BC(R, R*") — R?,
which is continuous, bounded and 27-periodic with respect to its first variable t,
such that for any ¢t € R and ¢ € BC(R, R*"),

Fy(t, ) = Hj(par;—1(=75), p2r, (=75)) + G;(t, ).

2. MAIN RESULTS

In order to state our main results, we need some notations. For any positive
integer N, we will denote by | - | the Euclidean norm in RY. We always denote by

A the matrix
0 1
()

Let m and [ be some positive integers. If p € C(R, R?) is 2n-periodic, we set

(2.1) p(m) = / T A" 5) ds.

where “T” denotes the transpose and e denotes the exponential of an operater.
For H € C(R?, R?), whenever the asymptotic limits

H(+,£)= lim H(rs)

r,s—+o0
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exist, we set

(2.2)

w/2 m
WH(m, 1) =5 [/0 L(m,l)(s)dsH(+,+) + //2 L(m,1)(s)dsH(+,—)
(2.3) N

37/2 27
+ / L(m,1)(s)dsH(—, —) +/ L(m,1)(s)dsH(—,+)

3mw/2

)

where the matrix value mapping L(m,[) : R — R?*? is defined by
1958 o
(2.4) =3 ZeA (% (s+2km))

=0
It is easy to verify that if m = [, then W (m, 1) = WH . Finally, let X be a normed
space, if G : X — R" is continuous and bounded, we denote by M the supremum
of G, i.e.,

(2.5) Mg := sup |G(z)].
reX

Theorem 2.1. If, in addition to (F'), we assume that for any 1 < j <mn,

1
(2.6) Imy; —my, | < Mk,

and

n

1/2
@7) W (g, ma)| > 5 (Ma, +Ips(my)]) + 5 <Z<Mai - |p¢<mi>|>2>

i=1
hold, then Fq.(1.1) has at least one 2m-periodic solution.

The following is a direct corollary of Theorem 2.1.

Corollary 2.1. If, in addition to (F), we assume that for any 1 < j < n, (2.6)
and

1/2 n
@8) W (mgm)| > 5Me, + <ZMG> N ACHIE

hold, then Fq.(1.1) has at least one 2m-periodic solution.

1/2
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3. PrROOF OF MAIN RESULTS

Let X and Z be real normed spaces with respective norms || - ||x and || - ||z,
and L : domL C X — Z be a linear Fredholm mapping of index zero. Let P be
a continuous projection in X onto ker L,I — () be a continuous projection in Z
onto ImL, and Kp : ImL — domL Nker P be the (unique) pseudo-inverse of L
associated to P in the sense that LKpz = z for all z € ImL and PKp = 0. Let
J : Im@Q — ker L be an isomorphism. In addition, we assume that N : X — Z is
L-completely continuous and that (-,-) is an inner product on ker L.

The folowing useful lemma is proved in [11].

Lemma 3.1 [11]. Assume that dimker L > 2 and there exist M > 0, a bounded
open subset Qg C ker L with 0 € Qg and 02y a connected subset in ker L, such that
the following conditions hold:

(1) ||Kp(I —Q)Nzx|x <M, forallzeX;
(II)  For any x € X with Px € 0Qy and ||(I — P)z||x < M,
(3.1) (JQNz, JQNz) > 0;

(III)  There exist a continuous mapping 1 : Qo — ker L and a family of contin-
uous mappings n; : ker L — ker L (i =1,2,---, N) satisfying

such that for any u € 09,

(3.3) (JQNu —n(u),mnz - nn(w) # 0;

(3.4) (JQNu, JQNu — n(u)) # 0.
Then Lx = Nx has at least one solution x satisfying

Px € Qg and (I — P)x|x < M.

Let N be a positive integer. Set PQ(TJFV) ={z € O(R,RN) : x(t+2m) = x(t),Vt €

R}, ||z]| = supieg |2(t)| = supsejo,2x] [2(t)[- Then PQ(TJFV) C BCO(R, RY) is a Banach
space.
Let D = diag(B;, Ba,- - , By), where

_( 0 m;
BJ_(—mj 0>'
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Define the operator L : PQ(?T”) — PQ(in) by Lz(t) = @(t) — Dz(t),
domL = {z € P2(72rn) : &(t) exists and is continuous}.

It is not hard to check that L is a Fredholm mapping of index zero. Let J : ker L —
ker L. be the identical operator and let P = @ : PQ(in) — Péin) be the projections
defined by

1 S
(3.5) Px(t) = —eDt/ eP” Sx(s)ds.
2 0

Then the (unique) pseudo-inverse of L associated to P, denoted by K : ImL —
domL Nker P, is a compact operator with || K || < 27 (see [11] for details).

Define the operator N : P2 — P2 by
Nz(t) = (N1z(t), Nox(t), -+, Nyz(t)),

N;z(t) = F(t,z(t+-)) +p;i(t), j=1,2,---,n.

Then N is continuous and takes bounded sets into bounded sets, and hence is L-
completely continuous. Moreover, Eq.(1.1) is equivalent to the operater equation
Lx = Nzx.

It is easy to see that H : R>™ — ker L defined by

H(a) = ePa, for a € R*™

is an isometric isomorphism. In this paper, we identify a € R?" with its image
H(a) € ker L, i.e., H(a) = a,a € R*".

For the sake of convenience, we also introduce the following notations. Let m,
be some positive integers and H € C(R?, R?). For any real number p > 0, we set

1 2
(3.6) MH (p) = gy eATSH((psins,pcos s)T)ds;
T Jo
1 2lm T/ s
(3.7) M (p,m,1) := o= et U H((psins, pcoss)T)ds.
T Jo

It is easy to know that for any positive integer m,
M (p,m,m) = M (p)
In what follows, the following lemmas are needed.
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Lemma 3.2 [11]. Let m,l be some positive integers and 0 < ro < 1. If H €
C(R?, R?) is bounded and the asymptotic limits H (&, £) = lim, s+ H(r,s) exist,
then

(3.8) lim M (rp,m,1) = WH (m,1)
p—00
and
(3.9) lim M (rp) =WwH
p—00

uniformly for r in [ro, 1].

Lemma 3.3. For any permutation ki, ks,--- ,k, consisting of 1,2,---,n there
exists a family of continuous mappings n; : R*™ — R?>"™ (i =1,2,---, Ny) with
(3.10) (mi(u),mi(u)) >0, (u,mi(w)) >0, for ue R*\{0},

such that for any a; € R* (j=1,2,---,n),

(311) mnz: NN, <a17a27 T ,Cl,n) = (ak17ak27 e 7a'k:n)

holds.

Proof. It suffices to show that there exists a family of continuous mappings (; :
R?" — R?" (i =1,2,---,n;) with

(3.12) (Gi(u), G(u)) >0, (u,G(u)) >0, for uwe R*™\{0},
such that for any a; € R?* (j=1,2,---,n) and 1 < j; < jo <n,
(313) CICQ"'Cnl(CLl,"'7afj17"'7aj27"'7af’n,):(a17"'7aj27"'7aj17"'7an)7

Define ¢; : R?*™ — R*™ (i=1,2,---,6) by

Gu) = (M, ¢P ™y,

Uk, k%jlva
V2 Ve |
(=g gt T PR =

Vi2 |
Tyt Tyt B=0
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Uk, k%jl

k .
=3 VB VB VIV g s i=3A450
(e (G g k=0
where u = (u17u27'” 7un> €R2n7uk ER27kj: ]-721"' , .
It is easy to see that (; (i = 1,2,---,6) is continuous, moreover, (3.12) and

(3.13) hold with n; = 6. This completes the proof.
We are now in a position to prove our main result.

Proof of Theorem 2.1. Let M = 4n[(> 7, M%j)l/2 + (i Ip;11%)'/2], then

for any = € P2(72Tn), |K(I —Q)Nz| < M, and hence the condition (I) of Lemma 3.1
holds.
Let p > 0, take

Qo ={u € kerL:u=(ripa,rapag,--- ,rppay),as € 0B1(0) C R,

0<rs<1l,s=1,2,---,n}.
Then € is a bounded open set in ker L and

n

0y = U{u € ker L : u = (ripai,ropas, - ,Tnpay),as € 0B1(0) C R?,

j=1
0<rs<1,s5=1,2,---,n,r; =1}
For x € Pz(in) with z;(t) = rjpeBita; + 7;(t),a; € B1(0) = {a € R? : |a] =
1} € R% 7 = (T1,%a, -+ ,@n) € ImL,Z;(t) € R?, ||Z5]| < M,j = 1,2, ,n, it is

not hard to verify that

(3.14) JQNz = (JQNz)1, (JQNz)s, -+, (JONz),),
(3.15) (JQNz); = eB 1Y (p, ay,,m,) + X; () + p;(m;),
where
(3.16) X, (z) = %/0% BTG, (s, (s +))ds,

1

(3.17) Yj(ps ar;smr;) =

27
%/ ijTSHj(rkjpekasakj + Ty, (s +7))ds.
0
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By using the fact that ||Z,|| < M and a similar argument used in the proof of
Lemma 3.2, it is not hard to show that

(3.18) Tim [Y;(prax,, )] = W5 ()|

uniformly for ay; in 9B1(0) C Ry and [|Zy,|| < M.
It follows from (2.7) and (3.16) that

(3.19) (W (mg,my,)| > Ma, + pj(mg)] > 1X;(2)] + [p; (my)]

If rj, = 1 for some jo, then (3.14), (3.15), (3.18) and (3.19) imply that for p
sufficiently large,

JQN (z) # 0.
Thus, we have proved that for p sufficiently large,

JQN(z) #0

for any x € Péin) with Pz € 0y and ||(I — P)z|| < M, that is, the condition (II)
of Lemma 3.1 also holds.
Define the mapping 7 : g — ker L by

n(u) = (™ (w), P (), - 0™ (u)),
. 1 2 T
77(])(“) = % / ij SGj(Sv TlpeBl(S_F‘)ala T 7Tnp€Bn(s+.)an>d3 +pj (mj)a
0
u=(ripai,---,rnpay),a; € 0B1(0) C R%,0< r;<1,j=1,2,--- n.
Then it is easy to see that n is continuous.

Let B; (—m < B; < m) be defined by

WQHj (mj7 mkj)
T (g, )

H.
Wl J(mj7mkj)
(WH (my, my, )|

sin 3; = cos 3 =

here
. H; H;
WHJ (mj7mkj) = (Wl J<mjvmkj)7W2 J(mj7mkj))'
Let N3 be a positive integer satisfying

<« T =12 .n.
Qmj

i — Bi/my
Ny
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Define n; : ker L — ker L (i =1,2,---,N3y) by

mi(w) = (8 (), n (), - 0™ (w)),

771(])( >_eBJT%uj7 ’)/j:,rj_ﬁj/mjv j:1727"'an7
Ny
where u = (u1,u2, -+ ,u,),u; € R* (j=1,2,---,n). Then it is clear that n; (i =

1,2,---, Ny) is continuous and (3.2) holds.
By Lemma 3.3, we can also define n; : ker L — ker L (i = No+1,---, No+ Ny),
which are continuous and satisfy (3.2), such that

NNy +1TMNo+2 * * " N+ Ny (al, ag, - - 7an> = (ak17ak27 T ,akn)

holds for any a; € R* (j =1,2,---,n).

In the sequel, we assume that w = (ripai,rapas,--- ,rnpa,) € 0, a; €
0B1(0) C R*,0 <r; <1 j = 1,2,---,n. Clearly, we may assume, without
loss of generality, that ry; =1 for some jo.

Let o = aj(a;) (=7 < aj < ) defined by sina; = ag ),cosa] = a( ), where

1 @
a] ( j Y _7 )'

Therefore, we have
(3.20) n(w) == mmnz - Ny n, (@) = (71 (w), G2(w), -+ 7 (w),

(3.21)

nj(u) = TijBBjT(T"_ﬁ"/m")ak = pry, eB) i ks Y H (mj, my, )/ IW5 (my, my,)|

(3.22) §(u) = JQNu —n(u) = (&1(u), &(w), -+, &n(u)),

c 1 Tr o Ts s
(3.23) §i(u) = %‘BBJ’ T’/O P S H(ry,, pe®ri®ay, )ds

— Bj i gAlmsak; /mi;) prH; (T, Py MG, M, ).

It follows from (3.20)-(3.23) that

_ - Tk, H; ) Aw(j)a H;
=0 TGy ] () € M g )
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where w@(j) = —2 %

mp,

Since |ag,| < 7 and |m; — my,| < 3my,, we have

: . T
’w(])akj} <lw(j)m| < 5 J= 1,2, ,n.

Hence,

<WHj (mj7 mi; )7 GAW(j)akj WHj (mj7 Mk, >> - |WHj (mj7 mi; ) |2 COS (w(])ak])
(3.25) > |WHi(mj,my,)|? cos (w(j)m) > 0,

For j # jo, we set

IJQ = [07 |WHJ'0 (mjo7mkj0>| CoS (w(j0>7T>/(4nMHj>) ’

I} = [|[W*o (mjq, my,, )| cos (w(jo)m)/ (4nMi,), 1]

then by (3.24), and noting that ry, =1, we have

(3.26) (€(u), n(w) = plZo + Z1 + Z2]
where,
(3.27)
7 = W Hio (1m.s : ) A(w(Go)ew; )y rHjg m _
’ | W Hio (mjo,mkjo)\< (Mo, My, ), € ¢ (P Mo, My ))
(3.28)
7, — Z T'k; <WHj (mj,mkj),eA(w(j)akj)MHj (Tkjpa mj7mkj)>

H; .
J#jork; €13 |W ’ (mj’ mk3)|
(3.29)

_ Tk, ™ A(w (o)« H:
Zy = o § 1 |”7Hj(m;,mk.)| (WHs (mj,my,), @D NHi (. p.m,my,))
J#Jo, k€15 i

Since M (ry, p,mj, mi,) — WHi(m;,my,) (p — o0) uniformly for ry; in I by
Lemma 3.2, we have

(3.30) Zy >0,
for large p.
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By the Schwartz inequility, we also find

(3.31) |Z1] < Z T, My, < [WHo (Mo, M, )| cos (w(jo)m) /4.

j#j()?rk:j GI?
Therefore, it follows from (3.26)-(3.31) that for p suffciently large,

(€(u), (u)) > 0.

Thus, (3.3) holds for any u € 9.
On the other hand, it is not hard to show that

(JQNu, JQNu —n(u))

n
= Z |MHj(Tkjp7 mj7mkj>|2
j=1

~ T(mjay. /m T
+ E <MHj<rkjpamj7mkj)7eA (mg ek /) ¢ B JXj(”))
j=1

-~ T (maan. /m -
+Z<MHj<rkjp7mj7mkj)76A (macn;/ ’“j)eBJTJPj(mj)%
j=1

where
1 [ pr
Xj(u) = %/ ePi SGj(s,rlpeBl(s+')a1, o rpePr T Y ds.
0

By using the Schwartz inequality, it follows that

(JQNu, JQNu — n(u)) > Z \M5 (ri, p,mg, my, ) |2

j=1
— > M (rg; pmy,mu) [[Ma, + [pj (my)]
j=1
- H; 1 2
= (M (g, p,my,my,)| — 5 (Mg, + Ip;(m;)])]
=1

— 2 D20, + lpymy)1)

Since 74, = 1 for some jo, and MHio (p, Mg, M, ) — WHio (my,, my;,) (p— 00),
it follows from (2.7) that for p sufficiently large,

(JQNu, JQNu — n(u)) > 0.
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Thus, (3.4) also holds for any u € 9.

By virtue of Lemma 3.1, Eq.(2.1) has at least one 2m-periodic solution and the

proof is complete.

Finally, we give an example to illustrate our main results.
Example Consider the system

(2] = xo +x3/(1+ mg) + arctan xy + p1 (t)

1
m'z = —x1 + 3arctanx4 + B arctanxy + pg(t)
(3.32) xg =x4 + :1/;5«3_‘rg +/2sin x3 + p3(t)
. zy = —x5 — V6 arctan g + V2 cos x5 + pa(t)
Ty = x6 + arctan ry — 2 arctan x1 + ps(t)
1
\ :1:'6 = —x5 + 3 arctan xg — 2 arctan zo + pg(t)
where p;(j = 1,2,---,6) are continuous, 27-periodic functions. By Corollary 2.1,

it is easy to check that Eq.(3.32) has at least one 2w —periodic solution provided

V2 1
2 2 2 V6 — L2 — —— /572 4+ 32,
Vie2 + Je2)? + |es]2 < V6 SN, 2+

where
1 [* (coss —sins)\ ( pau_1(s)
Cp = — . ds, k=1,2,3.
27 /o sins coss Dok (s)
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