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Abstract. We study non-monotone positive solutions of the second-order linear dif-
ferential equations: (p(t)x’')' 4+ q(t)x = e(t), with positive p(t) and q(t). For the first
time, some criteria as well as the existence and nonexistence of non-monotone positive
solutions are proved in the framework of some properties of solutions 6(t) of the cor-
responding integrable linear equation: (p(t)0’)" = e(t). The main results are illustrated
by many examples dealing with equations which allow exact non-monotone positive
solutions not necessarily periodic. Finally, we pose some open questions.
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1 Introduction

In recent years, mathematical models which admit non-monotone positive solutions pay at-
tention in various disciplines of the applied sciences. For instance, non-monotonic behaviour
of: the amplitude of harmonic oscillator driven with chirped pulsed force [9], the three-flavour
oscillation probability [1,10], the particle density in Bose-Einstein condensates with attractive
atom-atom interaction [2,5,14], the several kinds of cardiogenic oscillations [6], the structural
analysis of blood glucosa [4], the response function in a delayed chemostat model [19].

In the paper, we consider the second-order linear differential equation:

(p()X) +q(t)x =e(t), t>to, (1.1)

where p, g, e € C[to, ), p(t) > 0, g(t) > 0 for t > ty, and x = x(¢). By a solution of (1.1), we
mean a function x € C![ty, c0) which satisfies p(t)x’(t) € C![ty,c0) and (1.1) on [ty, o). We say
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that a function x(t) is (eventually) positive if x(¢) > 0 for all t > t; and some t; > o (where it
is not necessary, the word eventually is avoided). Also, a smooth x(t) is a non-monotone function
on [tp,00) (or shortly said, x(t) is non-monotonic on [ty, o0)) if x'(t) is a sign-changing function
on [ty, o0), that is, for each t > ty, there exist t,, t_ € [t,00) such that x’(t;) > 0and x'(t_) <0
(in the literature, such a function x(t) is also called weakly oscillatory, see for instance [3,7]). It
is easy to show that:

liminf x(#) < limsup x(t) implies x(t) is non-monotonic on [ty, ), (1.2)

oo t—oco

which is used here as a criterion for the non-monotonic behaviour of continuous functions.
The opposite claim to (1.2) in general does not hold, for instance: x(t) = e !(cost + sint) is a
non-monotone function but its limits inferior and superior are equal.

Many classes of homogeneous linear differential equations of second-order do not allow
any non-monotone positive solution. For instance, equations with constant coefficients: x” +
ux' 4+ Ax = 0, where y,A € R, and the Euler equation (Ej,): 2x” + utx’ + Ax = 0, because
they only admit either oscillatory solutions (3f, — oo such that x(t,) = 0) or monotone
solutions (x'(t) > 0 or x'(t) < 0 on (tp,00)). On the other hand, two simple constructions
of the non-homogeneous term e(t) # 0 are possible such that equation (1.1) allows non-
monotone positive solutions on [ty, o):

1) for a given non-monotone positive function xo(t), let e(t) = (p(t)x})" + q(t)xo; it means
that x(t) is a particular solution of (1.1) and thus, in such a case, (1.1) allows at least one
non-monotone positive solution on [ty, c0); for instance, letting xo(¢f) = 2 + sint, then for
e(t) = 2A 4+ (A — 1) sint + pcost, the equation x” + ux’ + Ax = e(t) admits xo(t) as a non-
monotone positive solution;
2) let the homogeneous part of (1.1): (p(f)x’)" 4+ q(t)x = 0 admit infinitely many bounded
oscillatory solutions x,(t) and let xo(t) = ¢o > 0 be a large enough particular solution of
(1.1); then for e(t) = (p(t)x()" +q(t)xo = g(t)co, the equation (1.1) allows infinitely many non-
monotone positive solutions x(t) = x,(t) + co; for instance, if > 1and D = (p — 1)> —4A <
0, then equation (E,)) admits bounded oscillatory solutions x;,(t) = t1=1/2(c cos(pInt) +
crsin(pInt)), where p = \/|D[/2, ¢1,¢2 € R, 0 < 3 +¢c3 < 4; if we now chose for xo(t) = 2 and
e(t) = 2A, then the corresponding non-homogeneous equation (Ej.): 2x” + ptx’ + Ax = e(t)
allows infinitely many non-monotone positive solutions in the form x(t) = x;(¢t) + xo(f);
obviously such a construction of e(t) from given p(t), 4(t), and xo(t) does not hold if y < 1,
D < 0 (unbounded oscillatory solutions) and y € R, D > 0 (monotone solutions).

However, in our main problems of the paper, the non-homogeneous part e(t) is not a point
of any construction, but e(t) is an arbitrary given function just as p(t) and q(t).

Main problems. 1) Find sufficient and necessary conditions on arbitrary given p(t), q(t), and e(t),
such that every positive solution of (1.1) is non-monotonic. 2) Prove the existence of at least one
non-monotone positive solution of (1.1).

Taking into account the preceding observation, we can positively answer to the main
problem concerning the concrete Euler equation: #2x” + utx’ + Ax = 2A, where y > 1 and
A> (p—1)2/4

The purpose of this paper is to give some answers to the main problem in the framework
of non-monotonic behaviour of the function § = 0(t), € C?(to, o), which is a solution of the
next integrable second-order linear differential equation:

(p()0') =e(t), t>to. (1.3)
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Figure 1.1: thick line: x(t) = #7(d + sin(wnt)) for v = —1/6, d = 2 and
w = 12, dashed line: x(t) = Int(2+sint), t >ty > 1.

The most simple model for the linear equation (1.1) having p(t), q(t), e(t), and x(¢) that
satisfy all required assumptions and conclusions of this paper is:

(%) +t0x =e(t), t>ty>0. (1.4)

For some 4, b and e(t), the equation (1.4) allows exact non-monotone positive not necessarily
periodic solutions x(t), by which we can illustrate our main results below: two different cases
a>1,a+b>2(bounded x(t)) and a <1, a+b > 2 (unbounded x(t)) are considered in Sub-
sections 2.1 and 2.2. Figure 1.1 shows the graphs of two examples of non-monotone positive
(non-periodic) functions x(t) = a(t)(d + S(w(t))), where the amplitude a(t) is positive, the
frequency w(t) goes to infinity as t goes to infinity, and S(7) is a continuous periodic function.

In Section 2, we give some relations for lower and upper limits of x(¢) and 6(t) as the solu-
tions of respectively (1.1) and (1.3), in two different cases: bounded and possible unbounded
solutions. It will ensure some conditions on 6(¢) which imply the non-monotonicity of posi-
tive solutions of x(f). In Sections 3 and 4, some conditions on 6(t) are involved such that the
main equation (1.1) allows or not the positive non-monotone solutions. Finally in Section 5,
we suggest some open problems for further study on this subject.

Our approach here to non-monotone positive solutions of second-order differential equa-
tions is quiet different than in [13], where (without limits inferior and superior of x(t)) the
sign-changing property of x'(t) of positive solutions x(t) of a class of nonlinear differential
equations has been studied by means of a variational criterion. On the existence of positive
periodic solutions as a particular case of non-monotonic behaviour of the second-order linear
differential equations, see for instance [18, Section 2], [11, Lemma 2.2] and references cited
therein.

2 Criteria for non-monotonicity of solutions

Since the right-hand side of both equations (1.1) and (1.3) are the same, we can derive the next
relation between all their solutions.
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Proposition 2.1. Let x(t) and 6(t) be two smooth functions on [ty, c0) that satisfy the following
equality:

0(t) = x(t) + /t L /S q(r)x(r)drds + Cq /t Lds +Cy, (2.1)

to P(s) Jty to p(s)
with arbitrary constants C1,Cy € R. Then, 0(ty) = x(to) and 0'(ty) = x'(to) if and only if C; =
Cy = 0. Moreover, 8(t) is a solution of equation (1.3) if and only if x(t) is a solution of equation (1.1).

In what follows, we consider two rather different cases: the bounded and not necessarily
bounded solutions of equation (1.1).

2.1 Non-monotone positive bounded solutions

In this subsection, the main assumption on p(t) and g(t) is:

/: p(ls) /to q(r)drds < co. (2.2)

According to (2.1)—(2.2), we easily derive:

Lemma 2.2. Supposing (2.2), let x(t) and 6(t) be two smooth functions on [ty, o) that satisfy (2.1)
with C; = Cy = 0, and let 0 < x(t) < M on [tg, 00) for some M € R, M > 0. Then 0 < 0(t) < N
on [tg, ) for some N € R, N > 0. Moreover:

i) liminf; o x(t) = limsup,_,  x(t) <= liminf;_, 6(t) = limsup,_, . 6(f);

ii) if 0'(t) is bounded and
1t
tlgg F10) /tg g(r)dr =0, (2.3)

then liminf; .o x'(t) = liminf;_, 0’ (t), limsup,_, . x'(t) = limsup,_, . 0'(t);

iii) the statement ii) still holds if (2.3) is replaced with

t
p(lt)/ q(r)dr is decreasing on [ty, 00). (2.4)
fo

In general, assumption (2.2) does not imply (2.3), but assumptions (2.2) and (2.4) together
imply (2.3). It is easy to check that, for all 4,b € R such thata > 1 and a+b > 2, the
coefficients p(t) = t* and q(t) = t~%, t > to > 0, satisfy both conditions (2.2) and (2.3).

If 0/(t) is a sign-changing function on [ty, c0), then from equality (2.1) we cannot say any-
thing about the sign of the function x’(¢). However, according to (1.2), from Lemma 2.2 we can
derive the following criteria for non-monotonicity of positive bounded solutions of equation
(1.1).

Theorem 2.3 (Criterion for non-monotonicity of solution). Let us assume (2.2). If every solution
6(t) of equation (1.3) satisfies
liminf6(t) < limsup 6(f), (2.5)

t—o0 t—y00

then every positive bounded solution x(t) of equation (1.1) satisfies

liminf x(t) < limsup x(f). (2.6)

t—o00 t—00
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In particular, x(t) is non-monotonic on [tg, o). Moreover, if (2.3) holds and 0'(t) is bounded, then

liminf6'(t) < limsup 0'(t) implies liminfx'(t) < limsup x’(t),
f=eo t—00 f=eo t—00

liminf6'(t) = limsup 0'(t) implies liminfx'(t) = limsup x'(¢).

f=eo t—00 t=oo t—o00
We illustrate this result with the help of equation (1.4).

Example 2.4. Leta=2,b=1and
1
e(t) =t {27(7 +1) + (27 +1) cos(Int) + (y* + ¢ — 1) sin(Int) + ?(2 +sin(Int))|,

where ¢ € (—/3/3,0]. Sincea =2 > 1 and a + b = 3 > 2, the assumption (2.2) is satisfied.
By a direct integration of equation (1.3), we can see that the set of all solutions 6(t) of (1.3) is
the next two parametric family of functions:

t 1 s t 1
o(t :/—/erdrds—i—cl/—ds—i—cz, (2.7)
D= J0 v@ Jy o 76
where the parameters c1,c; € R satisfy: ¢ = 0'(tp)p(to) and c; = 0(tp). Now, from (2.7) it
follows:
1

0(t) = c1+ 17 (2+sin(Int)) + C72 Ty [C1cos(Int) + Cosin(Int) + C3],
where c1,c; € R and the real constants C;, C; and Cz only depend on . Next, we have:
if ¥ < 0, then liminf; . 6(t) = limsup,_, 0(t) = c1, and if 7 = 0, then liminf; ,, 6(t) =
c1+1 < c1+3 = limsup, ., 0(t). Thus, if 9y = 0, then condition (2.5) is fulfilled, and
by Theorem 2.3, every positive bounded solution x(t) of equation (1.4) is non-monotonic on
[tp, 00). Next, since a = 2 and b = 1, we especially have

1 t 1 t
W /to q(r)dr = t—zln W

and thus, the extra assumption (2.3) is also satisfied in this case. Finally, it is worth to mention
that the function x(t) = 7 (2 + sin(Int)) is an exact non-monotone positive solution of equa-
tion (1.4) with such a, b and e(t). We leave to the reader to make a related example in which
the solution x(t) = #7(d + sin(wInt)) is considered, where y € (—v/3/3,0],d > 1 and w > 0.

If g(t) # 0, then assumption (2.2) implies 1/p € L!(ty, ). By direct integration of equation
(1.1), we obtain

x(t)+/t0tp(1§)/tosq(r)x(r)drds—l—cl /t: p(ls)ds—l—cz = /t:rj(ls)/t:e(r)drds,

for some ¢y, ¢, depending on ty. Since in the subsection we are working with positive bounded
solutions x(t), from the previous equality and (2.2), we have:

o0 1 S o0 1
lim inf x(t —/ drd / =
f A A O Y A TO
. . t 1 s
:11¥L1g1f ; p(S)/to e(r)drds, (2.8)
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(o] 1 S () 1
lim sup x (¢ —|—/ —/ rxrdrds+c/ ——ds+c
neup () [y f, A0S e s e
t S

= limsu —/ e(r)drds. (2.9

t—>oop fo p(S) fo () ( )

Hence, from (2.8) and (2.9), we can easily prove the next two simple results.

Theorem 2.5. Let q(t) # 0 and assume (2.2).

i If
liminf [ — /S()dd I t /S()dd (2.10)
— oo < Iimin — e(r)ards < limsu — e(r)ards < oo, .
teo iy p(s) Jro t—>oop to P(s) Jio
then every positive bounded solution x(t) of equation (1.1) satisfies (2.6), and so, x(t) is non-

monotonic on [t, c0).

ii) If there exists a (particular) positive bounded solution xo(t) of equation (1.1) satisfying (2.6), then
every positive bounded solution x(t) of (1.1) also satisfies (2.6), and so, x(t) is non-monotonic on

[to,OO).

As pointed out above, the coefficients p(t) = t* and q(t) =t~ t > to > 0, satisfy condition
(2.2)ifa > 1 and a + b > 2. Moreover, we have q(t) # 0 and so, we may use Theorem 2.5.

Example 2.6. Leta > 1,a+0b > 2, t) > 0, and w > 0. If we chose for e(t) = (" cos(wt))’
or e(t) = (t* !sin(wlnt))" (non-periodic case), then the required condition (2.10) is fulfilled,
because:

E1 s 1
/ — / (r" cos(wr)) drds = = sin(wt) + ¢1 + ct' 77,
to 8% Jt w
t1ogs a—1 _: ! 1 1-a
/ —/ (r*'sin(wlnr)) drds = —— cos(wInt) + ¢; + cot' 7,
ty ST Ji w
for some c1,c; € R, and in both cases of e(t), we have:

1 f L drd !
imin —— [ e(r)drds=——+4c
t—oo Jiy p(s) /to ") w !

L I t " e(r)drd

< — 4 =limsu —/er rds.
w t—>oop o P(s) Jto

Therefore, by Theorem 2.5 (i) we conclude that in these cases of e(t), all positive bounded
solutions of equation (1.4) are non-monotonic on [tg, o).

The previous example can be generalised to the case when e(t) is the first derivative of an
oscillating (chirped) function with general frequency w(t).

Example 2.7. Let us assume (2.2) and 1/p € L!(tp, o). Let w(t) be a positive increasing
frequency such that lim;_,. w(t) = co and S(7) be a periodic smooth function on R. For
instance, w(t) = wot, w(t) = wolnt, wy > 0 and S(7) = sint, S(T) = cos7. Let us now
choose e(t) = (p(t)w'(t)S'(w(t)))’. Then condition (2.10) is fulfilled, because:

- S / / / - tq
Lo | I ()8 () drds = Sw(®) +er+ea [ s
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for some c1,c; € R, and hence,

t 1 s ST |
lim inf 7/ drds = liminf S ++/—d
im in o 7 e(r)drds im in (T)+c1+c W 705 s
|
< limsup S(t) +¢1 +c¢ / ——ds
Tﬁoop ( ) ! ? to p(s)

to1 s
= limsu —/ e(r)drds.
t%oop to p(s) fo ( )
Now, by Theorem 2.5 (i) we conclude that for such a class of e(t), all positive bounded solu-
tions of equation (1.1) are non-monotonic on [ty, ).

Now, in the next two examples, we illustrate Theorem 2.5 (ii).

Example 2.8. Let a = b = 2 and e(t) be given by
e(t) = cos(Int) —sin(Int) + tl2(2 +sin(Int)). (2.11)

Because of Int, the frequency in e(t) is varying in time and hence, such e(t) is often called as
oscillating chirped force, see for instance in [9] and about the chirps, in [15,16]. Since a =2 > 1
and a+b = 4 > 2, the coefficients p(t) = t*> and gq(t) = t 2 satisfy assumption (2.2) and
1/p € L'(tg,o0). Furthermore, the function x(t) = 2 + sin(Int) is an exact positive bounded
solution of (1.4) satisfying required condition (2.6). Hence, by Theorem 2.5 (ii) we conclude
that all positive bounded solutions of equation (1.4), with e(t) from (2.11), are non-monotonic
on [to , OO)

Example 2.9. Let assume (2.2) and 1/p € L!(t, ). Let the functions w(t) and S(7) be as
in Example 2.7. If e(t) = (p(t)’'(£)S (w(t))) + q(t)(d + S(w(t)), where d € R such that
d > —liminf;,, S(7), then xo(t) = d + S(w(t)) is an exact positive bounded solution of
equation (1.1) satisfying (2.6). Therefore, by Theorem 2.5 (ii) we conclude that all positive
bounded solutions of equation (1.1), with such a class of e(t), are non-monotonic on [y, o).

Remark 2.10. An important particular class of equations (1.1) is the Euler nonhomogeneous
equation:
! Pl / )\

x4+ T + pr= f(t), t>0, (2.12)
where y € R and A > 0. It can be easily rewritten in the form of equation (1.1): (#x’ )I +
AtH=2x = thf(t), t > 0. If we set a = p and b = 2 — u, by the same argument as for the
coefficients of the equation (1.4), one can show that p(t) = t* and g(t) = At~? satisfy the
assumption (2.2) provided a > 1 and a +b > 2. But, the last inequality is not possible in
this case, because a +b = u +2 — u = 2. Hence, the assumption (2.2) does not hold for all
# € Rand A > 0 and consequently, we cannot apply the criterion from Theorems 2.3 and 2.5

to equation (2.12), see an open problem in Section 5.1.

2.2 Non-monotone positive not necessarily bounded solutions

Since p(t) > 0, we can define the next function,

£
P(t):/to IR 2.13)
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and we suppose that:

}Lm P(t) = oo, (2.14)
/too P(H)q(t)dt < co. (2.15)

At the first, we prove the following technical result.

Proposition 2.11. Let x(t) be a continuous function such that 0 < % < M forall t > to and some

M > 0. If assumptions (2.14) and (2.15) hold, then there exists a constant L € [0, 00) such that

) 1 | s
L= }Lrgom /to o) /to q(r)x(r)drds. (2.16)
Moreover, if
lim [p(£)P(£)] = oo, (2.17)
then .
. 1 | s
tli}rgo (P(t) /to 20 /to q(r)x(r)drds) =0. (2.18)

Proof. We introduce two auxiliary functions X, (t) and X,(t) defined by:

1 s t
Xt:/—/ r)x(r)drds andXt:/ r)x(r)dr.
0= [ i a0 0 = [ qr)x0)
If g(t) = 0 or x(t) = 0, then the conclusion of this proposition obviously holds. Thus, we
may assume q(t) > 0,q(t) # 0 and x(f) > 0,x(t) # 0. Hence, the functions X,(t) and
X, (t) are positive, X, (t) is increasing and X,(t) is nondecreasing. Moreover, with the help of

assumptions % < M and (2.15), we have

Xy(t) = /t:P(r)q(r);((:%dr <M t:oP(r)q(r)dr < oo, t>t.

Therefore, there exists L; € (0,00) such that L; = lim; ;e X;(t). In particular, X,(t) > L;/2
on [t,00) for some t; > ty, and hence

X(t)>/t Ly s)as> 20 [" 1o = Bappey — pey )
—X,(8)ds > = | ——ds=— — ,
P pls) T — 2 Jy p(s) 2 !
which implies lim; ,, X, (t) = 0. Hence, the L’'Hospital rule yields that:

X,(t) oo X, (1)
im |4 _ — lim P — lim X _
}Loo P(t) 0o }Lw P’(t) }Loo q(t) Lq,

and thus, the desired statement (2.16) is shown. Finally, from previous equality we especially

conclude that limy_,« | X, (t) — };"(Et)) | = |L; — Ly| = 0 and so,
Xp(t) >/ 1 Xp(t) ‘
= X, (t) — — 0,
‘ (%) | = o [0~ 7

as t — oo, where (2.17) is used. It proves (2.18). O
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A model equation for (1.1) with the coefficients p(t) and g(t) satisfying required assump-
tions (2.14), (2.15) and (2.17) is equation (1.4), which is shown in the next example.

Example 2.12. Let p(t) = t* and gq(t) = t7°, wherea < 1 and a+b > 2. If a = 1 then
P(t) =Int—Inty — coast — co. If a < 1, then P(t) = (#17* — ") /(1 —a) — c0 as t — co.
Hence, (2.14) is satisfied for a < 1. Sincea < 1 and b > 2 —a imply b > 1, in both cases of

P(t), we have:
tZ—a—b

/: Pg(dt = 7= . b1 =

and thus, (2.15) is also satisfied. Moreover, p(t)P(t) = t(Int —Inty) — oo (the case of a = 1)
and p(t)P(t) = (t — tt,"") /(1 — a) — o0 as t — oo (the case of a < 1), which show that (2.17)
is satisfied too.

Lemma 2.13. Supposing (2.14) and (2.15), let x(t) and 0(t) be two smooth functions on [ty, o) that

satisfy (2.1) with C; = C; = 0, and 0 < (()) < Mforall t > ty and some M € R, M > 0. Then

0< (() < N forall t > tg and some N € R, N > 0, and moreover:
x(t x(t) o(t o(t

i) liminf; P = limsup,_, PO & liminf; e PO = limsup,_, P

=
—
—

~—

P
ii) if p(t) and q(t) additionally satisfy (2.17), and ((T)/ is bounded, then

lim inf (;Eg)' = liminf (193((?))' and._Jimsup (l’g((?))' = limsup (193((?))’

The previous lemma plays an essential role in proof of the following main result of this
subsection, which is a criterion for the non-monotonicity of positive not necessarily bounded
solutions.

Theorem 2.14 (Criterion for non-monotonicity of solutions). Let us assume (2.14) and (2.15). If

every solution 0(t) of equation (1.3) satisfies

0(t) 0(t)
h{gglfm < lim t_mp m, (2.19)

then every positive solution x(t) of equation (1.1), for which % is bounded, satisfies

x(t) x(t)
imint gy < lmeup oy 220
x(#)

In particular, % 0] is non-monotonic on [ty, o0). Moreover, if we additionally suppose (2.17), and

0y . 0(t) '
-0 < 11gg1f <m> <0< hr:rl_)s;lp (W> < oo, (2.21)

then x(t) is non-monotonic on [ty, o0).

Remark 2.15. In general, the condition (2.20) does not imply that the x(t) is non-monotonic
n [fp,o0). For example, if p(t) = e”!, then P(t) = e' —¢'; it is clear that the function
x(t) = ¢! (2 + sint) satisfies (2.20), because

x(t)

x(t)
0 <liminf —% =1 < 3 =limsu < 00
e D(2) ool P(t)

but, at the same time, we have x/(t) = e/(2 + sint + cost) > 0 for all large enough t. Thus,
x(t) is not non-monotonic on [f, o) even if (2.20) holds.
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However, in the next lemma, we give an additional condition on x(f) such that (2.20)
implies the non-monotonicity of x(t) on [tp, c0), which is together with Lemma 2.13 used in
the proof of Theorem 2.14.

Lemma 2.16. Let assume (2.17). Let x(t) be a positive smooth function for which E % is bounded. If
x(t) satisfies (2.20) and

x(t)y : x(t)
h{r_l)i?f (Tﬂ) <0< lll’gs;lolp (m) , (2.22)

then x(t) is non-monotonic on [ty, o).
We illustrate the preceding results with the help of equation (1.4).
Example 2.17. Leta=1,b =2, t;) > 0, and
In

()—2cost—|—lntcost—tlntsmt—|— (2+smt) t > to. (2.23)
Since p(t) = t, q(t) = t 2, anda+b = 1+2 = 3 > 2, by Example 2.12 it follows that
assumptions (2.14), (2.15) and (2.17) are satisfied. Next, from equality (2.7) and (2.23), we
derive that 0(t) = c1Int + cx + I1(t) + Ix(t), where ¢1,¢2 € R and

1 s
:/ — | (2cosr+Inrcosr —rinrsinr)drds,
to to

1 51
Iz(t):/ f/ 2L (2 + sinr)drds.
to S to r

Thus,
0(t) _ cilnt L(t) L(t)
W_Cll’(?)JFPCTthLﬁJW%T’ (2.24)
0(t)\/ Int\/ / L(t)\/ L(H)\/ .
(33 = (8 + () + o)+ (4
Since: 2cosr +Inrcosr —rinrsinr = [r[Inr(2 + sinr)]’]’, we have
E1 s /
= / f/ [r[Inr(2+sinr)]') drds = Int(2 +sint) + czInt + cy,
where c3,c4 € R. Therefore,
liminf; e % =1+4c3 <3+c3=limsup,_, ((:))
. L)\ . L)\ (225)
liminf e (47 ) = ~1<0<1=limsup, ., ($H)

Next, in particular for x(t) = Int (2 +sint), p(t) = t, P(t) = Int —Inty, and g(t) = t 2,
from Proposition 2.11 we obtain the existence of an L € [0, c0) such that
I(t)

: _ . (h(t)\
tlg{)\om =L and tlgg (W) = 0. (2.26)

~—

Hence, from (2.24), (2.25) and (2.26) we derive:

lim infy oo py = €1+ 1+ c3+ L < ¢33+ ¢+ L = limsup, ., pig,

lim inf; e (#)/ =-1<0<1=Ilimsup, (?,(—tt))>/,
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and thus, 6(t) satisfies the desired conditions (2.19) and (2.21). Therefore, we may apply
Theorem 2.14 to equation (1.4) witha = 1, b = 2 and e(t) from (2.23), and conclude that every
its positive solution x(t), for which x(t)/P(t) is bounded, is a non-monotonic on [fp, o).
Furthermore, one can check that the function x(t) = Int (2 4 sint) is an exact non-monotone
positive unbounded solution of (1.4) satisfying (2.20).

The previous example could be generalized to

e(t) = &' ()8 (w(t)) + [p()P(1)w' (1)S (w(t)] + q(t)P(t)[d + S(w(t))],

where w(t) is a positive increasing frequency and S(7) is a smooth periodic function such
that liminf .. S'(7) < 0 < limsup__, . S'(7), im;_e w(t) = 0o and lim; o w'(t) € (0,00). In
this case, x(t) = P(t)[d + S(w(t))] is a particular unbounded positive non-monotone solution
of equation (1.1). The details are left to the reader.

Remark 2.18. In Remark 2.10 it is mentioned that the coefficients of the Euler type equation
(2.12) do not satisfy the condition a + b > 2, which causes an impossibility to apply Theo-
rem 2.3 to equation (2.12). This is the same with Theorem 2.14 and hence, an open problem
in Section 5.1 is posed.

2.3 The proofs of main results of the previous subsections

Proof of Proposition 2.1. Differentiating equality (2.1), and multiplying with p(t), and again dif-
ferentiating such obtained equality, we derive equality: (p(#)60'(t))" = (p(t)x'(t))" + q(t)x(¢),
which proves this proposition. ]

Proof of Lemma 2.2. For arbitrary two functions 6(f) and x(t), let equality (2.1) hold with C; =
Cp, = 0. Let G(f) be a new auxiliary function defined by:

G(t) :== /t: p(ls) /t:q(r)x(r)drds >0, t>t.

From equality (2.1), the assumptions 0 < x(f) < M on [tp, o) and (2.2), we conclude that G(t)
is increasing on [fy, o0) and:

8(t) = x(t) + G(t), 0 < G(t) < M/tm e /tsq(r)drds, E> . (2.27)

In particular,
0<o() <M(1+ "L / (r)drds)
B B n p(s) Ju 7 '
that is, () is also a positive bounded function on [t, o). Moreover, there exists L € R, L > 0,
such that L = lim;_, G(t), and with 6(t) = x(t) + G(t), it shows that
liminf0(t) = liminfx(t) + L and limsup6(t) = limsup x(¢) + L.

t—o0 t—o0 F—y00 F—y00

Now, these equalities prove Lemma 2.2 (i).
Next, from (2.2), (2.3) and 0 < x(t) < M on [tp, o), we easily conclude that

t
0<G(t) < M/ q(r)dr < My, t > to, and lim G'(t) = 0. (2.28)
p(t) to t—00
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From (2.27), it follows 6'(t) = x/(t) + G'(t). Since x'(t) = 6'(t) — G'(t) and €'(t) is supposed
to be bounded function, that is, ¢; < 6'(t) < ¢, for some c¢1,¢; € R, we have: ¢; — My < 6'(t) —
G'(t) = x'(t) <0'(t) <, and thus, "(¢ ) is bounded too. Now, (2.28) proves Lemma 2.2 (ii).

Next, for the function f () fto r)dr, from (2.2) and (2.4), we have f € C[ty, o) N
LY(ty,00), f(t) > 0 and f(t) is decreasmg on [tp, 00). It shows that lim;_, f(¢) = 0, and thus,
assumption (2.3) holds in this case too. Hence, Lemma 2.2 (ii) proves Lemma 2.2 (iii). O

Proof of Theorem 2.3. Let x(t) be a positive bounded solution of equation (1.1). Let 6(t) be a
function satisfying 0(ty) = x(to), 6'(to) = x’(t), and equality (2.1). In such a case, by Propo-
sition 2.1 we know that (2.1) holds with C; = C, = 0 and 6(¢) is a solution of equation (1.3).
Now, assumption (2.5) and Lemma 2.2 (i) prove that x(f) satisfies the desired inequality (2.6).
This together with (1.2) shows that x(¢) is non-monotonic on [tp, c0). The rest of Theorem 2.3
immediately follows from Lemma 2.2 (ii). O

Proof of Theorem 2.5. The first conclusion of this theorem immediately follows from (2.8), (2.9),
and (2.10). Next, let xo(t) be a positive bounded solution of equation (1.1) satisfying (2.6).
Putting such xo(t) into (2.8) and (2.9), we conclude that the condition (2.10) is fulfilled. Hence,
we may use Theorem 2.5 (i), which proves the second part of this theorem. O

Proof of Lemma 2.13. Firstly, from (2.1) with C; = C; = 0, we have:

G(t) o X(t) 1 t1 ]
P() ~ P() PO /t p(s) /t 7(r)x(r)drds. (2229)

Then from (2.29), x(r) = %P(i’), and 0 < % < M, we derive:
t)

(t)

as well as by Proposition 2.11, there exists L € [0, ) such that

0

—~
—_

0< < M(1+4 M) < oo, tE€ [tg, ),

J

thl?oP?t) /t: p(ls) /t:q(r)x(r)drds.

Now with the help of (2.29), we deduce:

lim inf sy _ lim inf x(t) + L and limsup I(i(t) = limsup ) +1L,

e P(f) e P(E) Pl P(E) TP P(t)

L=

from which the proof of Lemma 2.13 (i) immediately follows. Also, from (2.29) we have:

(g(?))l = (132((?))/ + <Pgt) /to p(ls)/t: q(r)x(r)drds> .

According to (2.18) and since ( (—))) is supposed to be bounded, we conclude that (3
also bounded and

lim inf (lg)((?))/ = ligcigf (;(2), and limsup (lg)(?))/ = limsup (;C)(i%)/,

t—oo t—00 t—00

x(t

=

)' is

/\

t)

which prove Lemma 2.13 (ii). O
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Proof of Lemma 2.16. Let P(t) be defined in (2.13) and x(t) be arbitrary function satisfying all
assumptions of this lemma. We define ¢(t) = x(t)/P(t). Then the assumptions (2.20) and
(2.22) can be rewritten in the form:

0 < liminf; e @(t) < limsup, . ¢(t) < oo, (230)
liminf; e ¢'(t) < 0 < limsup,_, ¢' (). '
Since x'(t) = P'(t)(t) + P(t)¢'(t) = % + P(t)¢'(t), we have
x'(t) ¢(t) /
_ 1+ 9/ (1). (2.31)
ZORNTOEOREAY
Therefore, from (2.30), (2.31), and assumption (2.17), we obtain
LX) : / : x'(t)
lim inf = liminf ¢'(t) < 0 < limsu t) = limsup ——,
mI by = imife ) nup ¢ (1) = lim sup Ty

and hence x'(t) is a sign-changing function, which shows that x(t) is a non-monotone positive
function on [tp, ). O

Proof of Theorem 2.14. The first part of this theorem is very similar to Theorem 2.3 and so, its
proof is leaved to the reader. Next, according to the assumptions of the second part of this
theorem, we my apply Lemma 2.13 (ii) which together with assumption (2.21) ensure that
every positive solution x(t) of equation (1.1) satisfies the required condition (2.22). Now,
Lemma 2.16 proves that x(t) is non-monotonic on [t, o). O

3 Existence of positive non-monotone solutions

Next, on the coefficients p(t) and g(t) we involve the following conditions:

/Oo q(t)dt < oo, (3.1)

to
/t:o p(ls) /SOO q(r)drds < co. (3.2)

Remark 3.1. Assumption (3.1) and 1/p € L!(to, o) imply (3.2). However, we can work here
also with 1/p & L'(tg, o).

Theorem 3.2 (Existence of solution). Assume (3.1) and (3.2), and let 6(t) be a solution of equation

(13). I
—oo < liminfé(t) <limsup6(t) < oo, (3.3)

t—o0 00

then the main equation (1.1) has a positive solution x(t) such that

0 < liminfx(t) < limsup x(t) < oo. (34)
f—ro0 t—oo
Moreover,
liminf(t) < limsup 6(t) implies li{ninfx(t) < limsup x(t).

t—roo f—o0 —o0 t—00
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Example 3.3. The coefficients p(t) = t* and q(t) = t7* of the equation (1.4) also satisfy
required conditions (3.1) and (3.2) provided b > 1 and a 4 b > 2. Moreover, if

e(t) =t~ 2oty [Z(a'y + 9 =) +w(@a+2y—1)cos(wint)
+ (ay — w* +9* — ) sin(w lnt)} + tl’%(z +sin(wlint)),

wherew>0,—§w<’y§0,a>1anda+b>2+’y,thenby(2.7),

C2 1
— +
ta—1 ta+b—2—y

0(t) = c1+ 1" (2+sin(wlnt)) + [C1cos(wlnt) 4+ Cysin(wInt) + Cs],

where the real constants C;, C; and C; only depend on parameters w, 7, a and b. It follows
that (3.3) is satisfied. On the other hand, x(t) = 7 (2 +sin(wInt)) is an exact non-monotone
non-periodic positive bounded solution of the equation (1.4) with above e(t) such that x(t)
satisfies (3.4).

We can observe now that the coefficients p(t) = t* and g(t) = t~? of equation (1.4) simul-
taneously satisfy the required assumptions (2.2), (3.1) and (3.2) provided a > 1and b > 1. In
fact, in Section 2 it is mentioned that (2.2) holds if 2 > 1 and a + b > 2, and in the previous
example, it is mentioned that (3.1) and (3.2) hold if b > 1 and a 4 b > 2. These together imply
a>1landb > 1.

Proof of Theorem 3.2. According to (3.3), there exist t; > tp, 41 > 0 and 6, > 0 such that
5 <O(t) < by, t>Hh.

Because of (3.1), we can take ¢, > t; so large that

©° 1 e 1
— drds < ———. 3.5
/t2 p(s) /s 9(r)drds < o1+ +2 (3:5)

Let
Y={yeCltp,o):51+1<y(t) < +2fort >t}

Define the mapping F : Y — C|[tp, c0) by

(Fy)() :51—|—1+/t:p(15)/Sooq(r)[y(r)+9(r)]drds, > b

If y €Y, then
1T<y(t)+0(t) <o +6+2, t>t. (3.6)

Hence, by (3.5), we find that

1 0o
B +1< (FY() <o +1+ (0 +6+2) [ p(s)/ g(r)drds < 6, +2
2 S
for t > t;, which implies that F is well defined on Y and maps Y into itself. Here and
hereafter, C[ty, 00) is regarded as the Fréchet space of all continuous functions on [, 00) with
the topology of uniform convergence on every compact subinterval of [f;,00). Lebesgue’s
dominated convergence theorem shows that F is continuous on Y.
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Now we claim that F(Y) is relatively compact. We note that F(Y) is uniformly bounded
on every compact subinterval of [t;, ), because of F(Y) C Y. By the Ascoli-Arzela theorem,
it suffices to verify that F(Y) is equicontinuous on every compact subinterval of [t, o). From
(3.6) it follows that

(FY' O] < 5 [ ate)s) +o(s)ds < SLEEE [ g(a)as
for t > t. Let I be an arbitrary compact subinterval of [t;,00). Then we see that {(Fy)'(¢) :
y € Y} is uniformly bounded on I, because of (3.1) and Remark 3.1. The mean value theorem
implies that F(Y) is equicontinuous on I.
Now we are ready to apply the Schauder-Tychonoff fixed point theorem to the mapping F.
Then there exists a y, € Y such that y, = Fy.. Therefore, lim; e .« (t) = im0 (Fy«) () = ¢
for some ¢ € [§1 + 1,61 + 2]. Set

xo(t) =y (t) +60(t), t>t.
Then it is easy to check that x, is a solution of (1.1) on [tp, 00) and (3.6) implies

1<x(t) <O +06+2 t>h

and hence
0 < liminfx,(t) < limsup x.(t) < oo,
t—o0 t—roc0
provided liminf;_, 0(t) # limsup,_, . 0(t). The proof is complete. O

Theorem 3.4. Assume that (2.14), (3.1), and (3.2) hold and let 6(t) be a solution of equation (1.3)

such that 0 0
.. .ot . o(t

Then equation (1.1) has a positive solution x(t) such that

x(t) x(t)

0 < liminf —=% < limsup —=% < o0. (3.8)
Bt () S NP P

Moreover, if additionally assume (2.17) and 0(t) satisfies (2.21), then x(t) is a non-monotone positive
solution of equation (1.1).

Proof of Theorem 3.4. There exist t; > to, 61 > 0 and J2 > 0 such that

—(51§@§52, t>t.

© 1] g 0 +1
L drds < . 3.9
/tz /s 9(r)drds < (01 + 0, +3)(01 + 2) (39)

Set
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By L'Hospital’s rule, we have

. (1 +2)P(t) 6 +2
MG )P a1 b

Hence there exists t3 > f, such that
(51 + 1)P(t> < (51 —|—2)P2(t), t > t3.

Let

Y ={y € C[ts,00) : (61 + 1)P(t) < y(t) < (61 + 3)Px(t) for t > t3}.
Define the mapping F : Y — C|t3, c0) by

1

(Fy)(t) = (1 +1)P(t) +

t2 p(S

If y €Y, then
y(t)+6(t) > P(t) >0, t>t3
and, by (3.10),
y(t) +0(t) < (614 3)Pa(t) + 62P(t)
(52(51 +2)
< N - 7
< G+ 3P+ 21T

((51 +3)(51 + 1) +(52((31 +2)

Py(t)

< P

- 0 +1 Z(t)
(61+3)(01+2) +62(61 +2)

< P (t

- 6 +1 2()
(61402 +3)(61+2)

= Py (t t > ts.

51 1 2( )/ — 13

Hence we have
(Fy)(t) = (61 +1)P(t)

and

(‘Fy) (t) < ((51 + 1)P(t) + <51 + 02 +3>(51 —|—2) /tt pl

51 ©) /Soo q(r)Pa(r)drds
for t > t3. From (3.9) it follows that
[e'e] (o] r 1
/S q(r)Pz(r)dr:/s q(r) /t2 p(u)dudr
1
/tz (r) /tz (u>dudr

/: p(lu) /uooq(r)drdu

(51—}-1
- (51—1—(52—}—3)(51 —1—2)’

Therefore, (3.10) and (3.14) imply that

3

IN
=

=

s € [t t].

(Fy)(£) < (61 +1)P(t) + Po(t)
< ((51 + 2)P2(t) + PZ(t) = (51 + 3)P2(t), t > ts.

5 /Sooq(r)[y(r) +6(r))drds, t> ts.

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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Therefore, F is well defined on Y and maps Y into itself. By the same argument as in the proof
of Theorem 3.2, we can conclude that F is continuous on Y and F(Y) is relatively compact.
By applying the Schauder-Tychonoff fixed point theorem to the mapping F, there exists a
Y+ € Y such that y. = Fy.. By L'Hospital’s rule, we observe that

pl) . (Fy(®)

B pe — ()
iy Ty
t—o0 P/(t)
= im <‘51 +1+ /too q(r)[y«(r) + 9(?)1017) =c

for some constant ¢ > é; + 1. Set
xi (1) =y (t) +0(t), t>t. (3.15)

Then it is easy to check that x, is a solution of (1.1). From (3.11) and (3.12) it follows that

01+ 62+3)(01+2)

P(t) < 2. (t) < Po(t), t>ts

- 6 +1
and (1) (1)
Xy (t . Xy (t
.. < .
0< ll{gglf p() = hrtrLsotlp 0 < 00, (3.16)
since

Pa(t) L Pi(t)
S OV ION

From assumption (3.7) and inequality (3.16), we easily derive the desired inequality (3.8).
Finally we assume (2.21). Since

_ y:(t) , 0(t)
w0 =P (51 + 55

we have
oo ey (Ye(8) | B(F) y«(t) 6\’
w0 =20 (55 + 57) +20 (5 + i)
and hence
O 1wt () (Y
w ~ o () (7)) 17
Since x,(t)/P(t) is bounded and lim;_,. p(t)P(t) = oo, we have
im 1 x.(t) _
i e P (3.18)
We claim that ,
lim (ylj((:))> — 0. (3.19)

We observe that

— e a0 mar— s [ [T raras).
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L’'Hospital’s rule implies

t—oo Jt

S Y L T . ®
tlgg 0] /t2 p(S)/s g(r)x.(r)drds = lim q(r)x.(r)dr = 0.

Since lim;_, p(t)P(t) = o0, we have (3.19) as claimed. Combining (3.17)-(3.19) with (2.21), we
conclude that

R0 B2 () A NN 70 AU A ()
hggﬁ 10 —hgg&<P(t> <0<11rtrl>s;1p 0 —111tn_>sololp 0K

which means that x/ () is a sign-changing function, and thus, x.(t) is a non-monotone positive
solution of (1.1). The proof is complete. O

4 Nonexistence of positive non-monotone solutions

Theorem 4.1. Assume that

. . 1 t 1 s B
hggfm /to o) /to e(r)drds = —o0.

Then (1.1) has no any positive solution. In particular, (1.1) has no any positive non-monotone solution.

Proof. Assume, to the contrary, that there exists a solution x(f) of (1.1) such that x(¢) > 0 on
[t1,00) for some t; > ty. Integrating (1.1) on [to, ], we have

P (1) = plta) (1)~ [ qx(r)dr + [ e(r)

t t
=C —/ q(r)x(r)dr —|—/ e(rydr, t>t,
t fo

where
C1 = plto)x' (ko) — /tol q(r)x(r)dr.
Therefore,
. C 1t 1t
x'(t) = p(—;) — m /t1 q(r)x(r)dr + m /to e(rydr, t>to. 4.1)

Integrating (4.1) on [to, t], we have

0 < x(£) = x(to) + C1 P(¢) — /t: p(ls> /t a(r)x(r)drds

+ /t: p(ls) /t: e(r)drds

= +C1P(t) _/t p(S)

+ /t: p(ls) /t: e(r)drds

t s
<G+ CP(t) + 1/ e(r)drds, t>t,
to () Jty
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where

Co = x(tg) — /tl p(ls) /sq(r)x(r)drds.

to f
Hence we obtain

1 S | § (@)
—_— drd >—7—C, t > t.
b Jo pey J, et = g =t

Since 1/P(t) is positive and decreasing on (fg, o), there exists the limit
li ! € [0, 00)
m —-= ’ ’
t—oo P (t)

which implies that

1 £t s
—_— — drds > C3, t>t
by, pey )y s =Gtz

for some constant Cs. This is a contradiction. O

As a consequence of Theorem 4.1, we derive two useful criteria for the nonexistence of
non-monotone positive solution.

Corollary 4.2. Let 0(t) be a solution of equation (1.3).

D If
.00
liminf 53y = —o

then (1.1) has no positive solution.
ii) If
) 1 .
tlg?om >0 and 11{1_1>g1f9(t) = —o0,

then (1.1) has no positive solution.
In particular, in both cases, (1.1) has no positive non-monotone solution.

Proof. Since 1/P(t) is decreasing, we have 1/P(t) is bounded from above and according to
(1.3), we obtain:

5 509 . s = i [ g [ (0 0 s
- g((tt)) - (;((t?)) — p(t0)8' (to)
20

< 5+ G forallt > t,
_P(t)+ » forallt >ty
where the constant C, > 0. Taking the limit inferior on both sides of previous inequality and
using the assumption in i), we obtain:

: : 1 f 1 s . . G(t)
ll{nlnf P(t) /tvo (S) /to E(T’)di’ds ll]tlllllf ( (t) + 2>

0(t)

= hmglf m

= —0Q.

+C
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Now, we see that the main assumption of Theorem 4.1 is satisfied and therefore, Theorem 4.1
proves the first part of this corollary. Next, according to the assumptions in ii), we have:

L 1 _
l1¥gg1fm = tlgglo Wllﬂg}w(t) = —00,

and hence, i) proves ii), that is, ii) is a particular case of i). O

Both cases of the previous corollary will be illustrated in the next two examples.
Example 4.3. Leta =1,b=2and
4Int
e(t) = =7

Since p(t) =t and P(t) = Int — Inty, we have 1/P(t) — 0 as t — oo and thus, we are dealing
with the first case of Corollary 4.2. Next, from (2.7) and (4.2), we obtain

2 2
cos(Int) + <f + lr;Tt — lntt> sin(Int). 4.2)

0(t) = In®tsin(Int) + ¢y Int + ¢y + % [Int(Int+2)cos(Int) — (3+2Int)sin(Int)],

and o)

113(1){&% =c1+ hmgﬁ [Intsin(Int)] = —co.
Therefore, we may use Corollary 4.2 (i) and conclude that equation (1.4) with such 4, b and
e(t), has no any positive solution. Moreover, it is clear that the function x(t) = In?t sin(Int)

is an exact oscillatory (non-positive) solution of (1.4).

Example 4.4. Leta=2,b=1and
e(t) = (7](2y + 1) cos(int) + (4 +7~1+ ;) sin(in#)], 43)
where v > 0. From (2.7) and (4.3), we have
6(t) = t"sin(Int) +c1 + 672 +t771[Cy cos(Int) + Cy sin(Int)], (44)

where ¢1,¢c; € R and the real constants C;, C; only depend on 7. Since p(t) = £2, it is clear
that

t—to 1
d lim - =ty > 0. 45
T S (O (45)

Since v > 0 and 7y > ¢ — 1, from (4.4), it follows:

ligglfG(t) = ¢1 + liminf [t”’ sin(Int) +/C2 + C3 7 'sin(Int + C3)} = —o0,

which together with (4.5) and Corollary 4.2 (ii) prove that equation (1.4) has no any positive so-
lution. Moreover, the function x(t) = t7 sin(Int) is an exact oscillatory (non-positive) solution
of (1.4) with such 4, b and e(t).

Theorem 4.5. Assume that (2.14) holds and 6 be a solution of equation (1.3) such that 6(t) is not
eventually positive and

P(t) =

lifn infé(t) = 0. (4.6)
—00
Assume moreover that there exists A € (0,1) such that every solution of the equation

(p(H)x") +Ag(t)x =0 4.7)

is oscillatory. Then (1.1) has no positive solution. In particular, (1.1) has no positive non-monotone
solution.
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To prove Theorem 4.5, we need the following well-known result.

Lemma 4.6. If

(P(B)Y') +4q(t)y <0 (4.8)
has an eventually positive solution, then so is

(p(t)x") +q(t)x = 0. (4.9)

For the proof of Lemma 4.6, see for example Onose [12].
Proof of Theorem 4.5. Assume, to the contrary, that there exists a solution x(t) of (1.1) such that
x(t) > 0 on [t1,00) for some t; > ty. Set y(t) = x(t) — 0(t). Then

(p(t)y' (1) = —q(t)x(t) <0, t>#h,

which implies that p(t)y/(t) is decreasing on [t,00). Hence, either the following (i) or (ii)
holds: (i) p(t)y'(t) > 0 on [t,00); (ii) p(t)y'(t) < 0 on [tp, 00) for some t, > t;. Assume that
(i) holds. Since p(t)y’(t) is decreasing and negative on [f, o), we find that

p(t)y'(t) < p(ta)y'(ta) <0, t>ty,

that is,
t)y'(t2)
’tgp(zi, t>t. (4.10)
Y ( ) P(t) 2
Integrating (4.10) on [t2, t], we have
t 1
t) < y(t )y (¢ / ——ds.
y(t) s yl) +p(t)y (t2) | s
Letting t — oo, by (2.14), we have lim; .o y(t) = —oco. On the other hand, since y(t) =
x(t) —6(t) > —0(t) on [t;,00), and hence
limsupy(t) > —h{ninf@(t) =0, (4.11)
— 00

t—o00
which is a contradiction, and hence (i) holds.

From (i) it follows that y'(t) > 0 for ¢t > t;, which means that y(¢) is nondecreasing on
[t1,00). Therefore, either y(t) > 0 on [t3,00) for some t3 > t; or y(t) < 0on [t,00). If y(t) <0
on [t,00), then

0(t) > y(t)+6(t) =x(t) >0, t>1t,
which contradicts the fact that 6(¢) is not positive, and hence y(t) > 0 on [t3,00) for some
t3 > t;. Since liminf;_, 0(f) = 0, there exists t; > t3 such that

0(t) > —(1—=A)y(ts), t> ta
Since y(t) > y(t3) for t > t4, we have
o) = —(1— My(t), =1,
which implies
x(t) = y() +0(t) 2 y(t) = (1= A)y(t) = Ay(t), =t
Therefore y(t) is a positive solution of
(P()y' ()" +Aq()y(t) <0, t> 1ty

Lemma 4.6 implies that (4.7) also has a positive solution. This is a contradiction. O
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The following result is well-known as the Leighton-Winter oscillation criterion and the
Hille oscillation criterion. See, for example, [17].

Lemma 4.7. Assume that (2.14) holds. Then every solution of (4.9) is oscillatory if either

/w q(1)dt = oo (4.12)

to
or (3.1) holds and
limian(t)/ a(s)ds > +. (4.13)
t

t—o0 4

Corollary 4.8. Let (2.14) hold and 6 be a solution of equation (1.3) such that 6(t) is not eventually
positive and satisfies (4.6). Assume that either (4.12) holds or (3.1) and (4.13) hold. Then (1.1) has no
eventually positive solution. In particular, (1.1) has no positive non-monotone solution.

Proof. Assume that
. 1
s>y

for some f € C(tp, c0). Then there exists a constant ¢ such that

lim f(t) >c > 1.

t—o00 4

We can take A € (0,1) such that Ac > 1/4, and hence

. 1
}LrgoAf(t) > Ac > e

Therefore, Theorem 4.5 and Lemma 4.7 imply Corollary 4.8. O

5 Some open questions

5.1 Euler type equations

According to considerations from Remarks 2.10 and 2.18 about the Euler type equation (2.12),
we are able to pose the next question:

Open Question 5.1. Find sufficient conditions on y € R, A > 0 and continuous function f(t)
such that every positive solution x(t) of the Euler type equation (2.12) is a non-monotone function on

[to , OO)
5.2 Non-monotone positive solutions and upper-lower solutions technique

We start this subsection with the next classic definition: arbitrary two functions & = «(t),
a € C2and B = B(t), B € C? are said to be respectively the lower and upper solutions of
equation (1.1) if the following inequalities are satisfied:

(p(H)) +q(H)a > e(t), > to, (5.1)
(P()B) +a()p <e(t), t>to. (5.2)
Here we suppose that lower and upper solutions of equation (1.1) are well-ordered, that is,

a(t) < B(t), t>t.
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About the method of lower and upper solutions method in the second-order differential equa-
tions we refer reader to [8]. The next principle gives the relation between the well-ordered
lower and upper solutions with the reverse-ordered first derivatives.

Lemma 5.1. If «(t) and B(t) are well-ordered lower and upper solutions of equation (1.1) such that
a'(to) > B'(to), (5.3)
then o' (t) and B'(t) are reverse-ordered, that is,
a'(t) > B(t), t=>t.
Proof. From (5.1) and (5.2) we derive:
(p()) +q(Ha = (p(1)B') +4(1)p,
which together with (5.2) gives:
(P(O)(@' (1) = (1) = () (B(E) — (t) >0, £ > to
Integrating this inequality and using (5.3), we obtain
p()(a'(t) = B'() = p(to) (' (to) — B'(t0)) 2 0, t>to,
which proves that /() > B/(t), t > to. O
Such a comparison principle can be proved for solutions of equation (1.1).

Theorem 5.2. Let a(t) and B(t) be the well-ordered lower and upper solutions of equation (1.1)
satisfying (5.3). If a solution x(t) of equation (1.1) satisfies

{Mﬂéﬂﬂémmtzm, 54
o/ (tg) > x'(to) > B'(to),
then

o () =K () > B(t), t=>t (5.5)

As a consequence we easily derive the following criterion for non-monotonicity of solu-
tions.

Corollary 5.3 (Criterion for non-monotonicity of a solution). Let a(t) and p(t) be the well-ordered
lower and upper solutions of equation (1.1) satisfying (5.3). If a(t) and B(t) are non-monotonic on
[to, 00), then every solution x(t) of equation (1.1) that satisfies (5.4) is also non-monotonic on [tg, o).

Proof of Theorem 5.2. Since every solution x(t) of equation (1.1) is an upper solution of (1.1),
Lemma 5.1 and assumption (5.4) imply a/(¢t) > x'(t). Since x(t) is also a lower solution of
(1.1), Lemma 5.1 and (5.4) again give x'(t) > B'(t). O

Proof of Corollary 5.3. From assumption that a(t) and B(f) are two non-monotone functions,
there exist two sequences s, and t,, s, — o0 and t, — o as t — oo, and 1y € IN such that

a'(sy) <0 and PB'(t,) >0, n>ny.
Now, taking into account the conclusion (5.5), from previous we derive that
x'(sy) <a'(sy) <0 and x'(t,) > p'(ts) >0, n > no.

It verifies that x/(t) is a sign-changing function, that is, x(¢) is a non-monotone function on
[to , OO) . ]
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According to the preceding observation, we can pose the following question.

Open Question 5.2. Find concrete classes of functions p(t), q(t) and e(t) such that equation (1.1)
admits exact well-ordered lower and upper non-monotone solutions a(t) and B(t) satisfying (5.3) as
well as an exact non-monotone solution x(t) satisfying (5.4) and (5.5).
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