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EXISTENCE OF ALMOST AUTOMORPHIC SOLUTIONS TO
SOME CLASSES OF NONAUTONOMOUS HIGHER-ORDER
DIFFERENTIAL EQUATIONS

TOKA DIAGANA

ABSTRACT. In this paper, we obtain the existence of almost automorphic so-
lutions to some classes of nonautonomous higher order abstract differential
equations with Stepanov almost automorphic forcing terms. A few illustrative
examples are discussed at the very end of the paper.

1. INTRODUCTION

The main motivation of this paper comes from the work of Andres, Bersani, and
Radové [8], in which the existence (and uniqueness) of almost periodic solutions
was established for the class of n-order autonomous differential equations

(1.1) u<n>(t)+iaku<n*k>(t):f(u)+p(t), t €R,
k=1

where f,p : R — R are (Stepanov) almost periodic, f is Lipschitz, and a; € R
for k = 1,...,n are given real constants such that the real part of each root of the
characteristic polynomial associated with the (linear) differential operator on the
left-hand side of Eq. (1.1), that is,

n
QL) = A"+ apA" "
k=1
is at least nonzero.

The method utilized in [8] makes extensive use of a very complicated representa-
tion formula for solutions to Eq. (1.1). For details on that representation formula,
we refer the reader to [9] and [10] and the references therein.

Let H be a Hilbert space. In this paper, we study a more general equation than
Eq. (1.1). Namely, using similar techniques as in [14, 27], we study and obtain
some reasonable sufficient conditions, which do guarantee the existence of almost
automorphic solutions to the class of nonautonomous n-order differential equations

(1.2) u™(t) + nz_: ar(t)u® () + ag(t) Au(t) = f(t,u), teR,
k=1

where A : D(A) C H — H is a (possibly unbounded) self-adjoint linear operator on
H whose spectrum consists of isolated eigenvalues

O< << <AN—x as | —
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with each eigenvalue having a finite multiplicity -; equals to the multiplicity of the
corresponding eigenspace, the functions ax : R— R (k =0,1,...,n — 1) are almost
automorphic with
inf ao(t)‘ =" >0,
and the function f : RxH — H is Stepanov almost automorphic in the first variable
uniformly in the second variable.
Consider the time-dependent polynomial defined by
n—1
Qi(p) = p" + Z ar(t)p" + Nao(t)

k=1

and denote its roots by

ph(t) = pb(t) +ivk(t), k=1,2,..,n, 1>1, and t€R.
In the rest of this paper, we suppose that there exists §yp > 0 such that

(1.3) sup [max (ug(w,ug(t), ...,uﬁ,(w)] < —8 < 0.
I>1,t€R
To deal with Eq. (1.2), the main idea consists of rewriting it as a nonautonomous
first-order differential equation on X™ = H x H x H.... x H (n-times) involving the
family of n x n-operator matrices { A(¢t) }ter.
Indeed, assuming that w is differentiable n times and setting
U

!
u

"
u

NONN &

w1

then Eq. (1.2) can be rewritten in the Hilbert space X" in the following form

(1.4) 2(t) = A(t)z(t) + F(t, 2(t)), t € R,
where A(t) is the family of n x n-operator matrices defined by
0 Iy 0O 0 ... 0
0 0 Iy ... O
(1.5) At) = . . . Iy
—ao(t)A —al(t)IH . . . . —an_l(t)IH

whose domains D(A(t)) are constant in ¢ € R and are precisely given by

D = D(A) x H x H... x H:= D(A) x X" !
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for all t € R.
Moreover, the semilinear term F' appearing in Eq. (1.4) is defined on R x X7 for
some «a € (0,1) by

o O O O

F(t,z):=

f(t,w)
where X7 is the real interpolation space between X" and D(A(t)) given by X%
H, x X"~1 with

Hy := (H, D(A))a,00-

Under some reasonable assumptions, it will be shown that the linear operator
matrices A(t) satisfy the well-known Acquistapace-Terreni conditions [3], which do
guarantee the existence of an evolution family U (¢, s) associated with it. Moreover,
it will be shown that U(t, s) is exponentially stable under those assumptions.

The existence of almost automorphic solutions to higher-order differential equa-
tions is important due to their (possible) applications. For instance when n = 2,
we have thermoelastic plate equations [14, 27] or telegraph equation [31] or Sine-
Gordon equations [26]. Let us also mention that when n = 2, some contributions
on the maximal regularity, bounded, almost periodic, asymptotically almost peri-
odic solutions to abstract second-order differential and partial differential equations
have recently been made, among them are [11], [12], [44], [45], [46], and [47]. In
[8], the existence of almost periodic solutions to higher-order differential equations
with constant coefficients in the form Eq. (1.1) was obtained in particular in the
case when the forcing term is almost periodic. However, to the best of our knowl-
edge, the existence of almost automorphic solutions to higher-order nonautonomous
equations in the form Eq. (1.2) in the case when the forcing term is Stepanov almost
automorphic is an untreated original question, which in fact constitutes the main
motivation of the present paper.

The paper is organized as follows: Section 2 is devoted to preliminaries facts
needed in the sequel. In particular, facts related to the existence of evolution
families as well as preliminary results on intermediate spaces will be stated there.
In addition, basic definitions and classical results on (Stepanov) almost automorphic
functions are also given. In Sections 3 and 4, we prove the main result. In Section
5, we provide the reader with an example to illustrate our main result.

2. PRELIMINARIES

Let H be a Hilbert space equipped with the norm ||-|| and the inner product (-, -).
In this paper, A : D(A) C H — H stands for a self-adjoint (possibly unbounded)
linear operator on H whose spectrum consists of isolated eigenvalues

O< << <AN—x as | —
EJQTDE, 2010 No. 22, p. 3



with each eigenvalue having a finite multiplicity -; equals to the multiplicity of the
corresponding eigenspace.

Let {e?} be a (complete) orthonormal sequence of eigenvectors associated with
the eigenvalues {\;};>1.

> 2
Clearly, for each u € D(A) := {u eH: Z)\f Eju ’ < oo}, we have
j=1
oo i oo
Au = Z)\j Z(u, e?>e? = Z N Eju
j=1 k=1 j=1
7
where Eju = Z(u, e?>e§.
k=1

Note that {E,},>1 is a sequence of orthogonal projections on H. Moreover, each
u € H can written as follows:
o0
u = Z Eju.
j=1

It should also be mentioned that the operator —A is the infinitesimal generator of
an analytic semigroup {7'(¢t)}+>0, which is explicitly expressed in terms of those
orthogonal projections E; by, for all u € H,

o0

T(t)u= Z e N Eju.

j=1
In addition, the fractional powers A" (r > 0) of A exist and are given by

ad 2
D(A™) = {UEH:Z)\?T E]UH <oo}
j

1

and
A"y = Z )\?TEju, Yu € D(A™).
j=1
Let (X, H . H) be a Banach space. If L is a linear operator on the Banach space
X, then:

D(L) stands for its domain;

p(L) stands for its resolvent;

o(L) stands for its spectrum;

N(L) stands for its null-space or kernel; and
R(L) stands for its range.

If L:D=D(L)C X+ Xisa closed linear operator, one denotes its graph norm
by H . H . Clearly, (D,
D

. H ) is a Banach space. Moreover, one sets
D

RO\ L) =\ - L)t

for all A € p(A).
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We set Q = I — P for a projection P. If Y,Z are Banach spaces, then the
space B(Y,Z) denotes the collection of all bounded linear operators from Y into Z
equipped with its natural topology. This is simply denoted by B(Y) when Y = Z.

2.1. Evolution Families. Hypothesis (H.1). The family of closed linear opera-
tors A(t) for t € R on X with domain D(A(t)) (possibly not densely defined) satisfy
the so-called Acquistapace-Terreni conditions, that is, there exist constants w € R,

NS (%,ﬂ'), K,L >0 and pu,v € (0,1] with g+ v > 1 such that
K
1+N

(21)  SpU {o} c p(A(t) fw) 5 HR(/\,A(t) fw)H <

and

(2.2) H(A(t) —w)R(A AW —w) [R(w,A®) - R(w, A))] H <L ‘t— s|" ’)\’ﬂ/

for t,s € R, A € Sp := {AGC\{O}: arg)\’§9 .

Note that in the particular case when A(¢) has a constant domain D = D(A(t)),
it is well-known [6, 38] that Eq. (2.2) can be replaced with the following: There
exist constants L and 0 < p <1 such that

(2.3) H (A(t) - A(s))R(w, A(r)) H < L‘t i

It should mentioned that (H.1) was introduced in the literature by Acquistapace
and Terreni in [2, 3] for w = 0. Among other things, it ensures that there exists a
unique evolution family U = U(t, s) on X associated with A(t) satisfying

(a) U(t,s)U(s,r) =Ul(t,r);

n
} , s, t,r € R.

(b) U(t,t)=1fort>s>rinR;
(c) (t,8) — Ul(t,s) € B(X) is cogtinuous for t > s;
(d) U, s) € CY((s,00), BX)), Lt ) = AUt ) and

ot
HA(t)kU(t, S)H <K (t—s)"

for0<t—s<1,k=0,1,0<a<p,z e D((w—A(s))*), and a constant
C' depending only on the constants appearing in (H.1); and

(e) OFU(t,s)x = —U(t,s)A(s)x for t > s and z € D(A(s)) with A(s)z €
D(A(s)).

It should also be mentioned that the above-mentioned proprieties were mainly
established in [1, Theorem 2.3] and [49, Theorem 2.1], see also [3, 48]. In that case
we say that A(-) generates the evolution family U(-, ).

One says that an evolution family I/ has an exponential dichotomy (or is hyper-
bolic) if there are projections P(t) (t € R) that are uniformly bounded and strongly
continuous in ¢ and constants 6 > 0 and N > 1 such that

(f) U(t,s)P(s) = P()U(t, s);
(g) the restriction Ug(t,s) : Q(s)X — Q(¢)X of U(t, s) is invertible (we then
set Ug (s, t) := Ug(t,s)™1); and
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(h) HU(t, S)P(S)H < Ne %(t=9) and HﬁQ(S’t)Q(t)H < Ne9(t=9) for t > s and
t,s € R.

According to [40], the following sufficient conditions are required for A(t) to have
exponential dichotomy.

(i) Let (A(t), D(t))ter be generators of analytic semigroups on X of the same
type. Suppose that D(A(t)) = D(A(0)), A(t) is invertible,
sup HA(t)A(s)*H
t,s€R
is finite, and
HA(t)A(s)—l - IH < Lo‘t —s
for ¢t,s € R and constants Ly > 0 and 0 < p < 1.

(j) The semigroups (e™4®") 5, t € R, are hyperbolic with projection P; and
constants IV, § > 0. Moreover, let

|awe 0 p| < vir)

‘ I3

and

|Awer4e0Qy|| < w(-n)
m
for 7 > 0 and a function ¢ such that R 3 s +— ¢(s) := ‘s’ ¥(s) is integrable
with LOH@‘

LY(R)

This setting requires some estimates related to U(t, s). For that, we introduce
the interpolation spaces for A(t). We refer the reader to the following excellent
books [6], [23], and [29] for proofs and further information on theses interpolation
spaces.

Let A be a sectorial operator on X (for that, in assumption (H.1), replace A(t)
with A) and let o € (0,1). Define the real interpolation space

A
Xﬁ = {xEX: H:c = sUp,q Ta(Afw)R(T,Afw)xH <oo},

A
which, by the way, is a Banach space when endowed with the norm H || . For
convenience we further write “

A

X4 =X, ’xH = Hx | X4 = D(A)

0

and
A
e, = o = sl

Moreover, let X4 = D(A) of X. In particular, we have the following continuous
embedding
(2.4) D(A) — X§ — D((w — A)*) = X2 — X4 < X,

for all 0 < a < 8 < 1, where the fractional powers are defined in the usual way.
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In general, D(A) is not dense in the spaces X4 and X. However, we have the
following continuous injection

A
Eavayee 1P

(2.5) X4 — D(4)

for0<a<f<l1.
Given the family of linear operators A(t) for ¢ € R, satisfying (H.1), we set

Xt = XA®, R = KAO

for 0 < a <1 and t € R, with the corresponding norms. Then the embedding in
Eq. (2.4) holds with constants independent of ¢ € R. These interpolation spaces
are of class J, ([29, Definition 1.1.1 ]) and hence there is a constant c(«) such that

o) 1l Y

We have the following fundamental estimates for the evolution family U.

t e

(2.6) .y e D(A(t)).

y

(e

Proposition 2.1. [14] Forz € X, 0 < a <1 and t > s, the following hold:

(i) There is a constant c(a), such that
¢

(2.7) HU(t, s)P(s)x . < c(a)efg(tfs) (t—s)¢

(ii) There is a constant m(«), such that

S

(2.8) |Tats. Q0] < m@yeoe=

In addition to above, we also need the following assumptions:

a

Hypothesis (H.2). The evolution family ¢ generated by A(-) has an exponential
dichotomy with constants N, > 0 and dichotomy projections P(t) for ¢t € R.
Hypothesis (H.3). There exist «, 8 with 0 < a < § < 1 and such that

X!, =X, and Xtﬁ = Xj
for all ¢t € R, with uniform equivalent norms.

2.2. Stepanov Almost Automorphic Functions. Let (X, | - ||), (Y,] - |ly) be
two Banach spaces. Let BC(R, X) (respectively, BC(R x Y, X)) denote the collec-
tion of all X-valued bounded continuous functions (respectively, the class of jointly
bounded continuous functions F' : R x Y — X). The space BC(R,X) equipped
with the sup norm || - || is a Banach space. Furthermore, C'(R,Y) (respectively,
C(RxY,X)) denotes the class of continuous functions from R into Y (respectively,
the class of jointly continuous functions F: R x Y — X).

Definition 2.2. [37] The Bochner transform f°(¢,s), t € R, s € [0, 1] of a function
f: R Xis defined by fb(t,s) := f(t +s).

Remark 2.3. (i) A function ¢(t,s), t € R, s € [0,1], is the Bochner transform of a
certain function f, ¢(t,s) = f°(t,s), if and only if @(t + 7,5 — 7) = (s, t) for all
teR,se[0,1] and 7 € [s — 1, ].
(ii) Note that if f = h + ¢, then f® = h® + ©*. Moreover, (A\f)? = Af® for each
scalar .
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Definition 2.4. The Bochner transform F°(t,s,u), t € R, s € [0,1], u € X of a
function F(¢,u) on R x X, with values in X, is defined by

FO(t,s,u) :== F(t + s,u)
for each u € X.

Definition 2.5. Let p € [1,00). The space BSP(X) of all Stepanov bounded
functions, with the exponent p, consists of all measurable functions f : R — X such
that f° belongs to L™ (]R; LP((0,1), X)) This is a Banach space with the norm

t+1 1/p
Ifllse := 1£°ll Lo (m,ry = sUD </ If(T)IlpdT> :
teR \J¢

2.3. SP-Almost Automorphy.

Definition 2.6. (Bochner) A function f € C(R,X) is said to be almost auto-
morphic if for every sequence of real numbers (s),)nen, there exists a subsequence
($n)nen such that
g(t) == lim f(t+s,)
is well defined for each t € R, and
lim g(t —sn) = f(t)

for each t € R.
The collection of all almost automorphic functions from R to X will be denoted

AA(X).
Similarly

Definition 2.7. (Bochner) A function F' € C(R x Y, X) is said to be almost auto-
morphic if for every sequence of real numbers (s/,)nen, there exists a subsequence
(8n)nen such that

G(t,u) := lim F(t + sp,u)

n—oo

is well defined for each t € R, and
lim G(t — sp,u) = F(t,u)

n—oo

for each ¢ € R uniformly in v € Y.
The collection of all almost automorphic functions from R x Y to X will be
denoted AA(R x Y).

We have the following composition result:

Theorem 2.8. [34] Suppose F : R x Y — X belongs to AA(R xY) and that the
mapping x — f(t,x) is Lipschitz in the sense that there exists L > 0 such that

|Ft) - Fity)

< 2ffe s

for all x,y € Y uniformly in t € R.
Then, then the function defined by G(t) = F(t,¢(t)) belongs to AA(X) provided
v e AA(Y).
EJQTDE, 2010 No. 22, p. 8



We also have the following composition result, which is a straightforward con-
sequence of the composition of pseudo almost automorphic functions obtained in
[43].

Theorem 2.9. [43] If F : R x Y — X belongs to AA(R x Y) and if © — F(t,x)
is uniformly continuous on any bounded subset K of Y for each t € R, then the

function defined by h(t) = F(t,p(t)) belongs to AA(X) provided ¢ € AA(Y).

We will denote by A4, (X) the closed subspace of all functions f € AA(X) with
g € C(R,X). Equivalently, f € AA,(X) if and only if f is almost automorphic
and the convergence in Definition 2.7 are uniform on compact intervals, i.e. in
the Fréchet space C(R,X). Indeed, if f is almost automorphic, then, its range is
relatively compact. Obviously, the following inclusions hold:

AP(X) Cc AA,(X) Cc AA(X) C BC(X),
where AP(X) is the Banach space of almost periodic functions from R to X.

Definition 2.10. [36] The space ASP(X) of Stepanov almost automorphic func-
tions (or SP-almost automorphic) consists of all f € BSP(X) such that f° €
AA(LP(O, I;X)). That is, a function f € LT (R;X) is said to be SP-almost au-
tomorphic if its Bochner transform f° : R — LP(0,1;X) is almost automorphic in
the sense that for every sequence of real numbers (s),),en, there exists a subse-

quence (S, )nen and a function g € L _(R; X) such that

loc

t+1 1/p
[/ |f(sn+s)— g(S)deS} — 0, and
t

1/p

/ gt =) - Fepas| o

as n — oo pointwise on R.

Remark 2.11. Tt is clear that if 1 < p < ¢ < oo and f € L (R;X) is S%almost
automorphic, then f is SP-almost automorphic. Also if f € AA(X), then f is SP-
almost automorphic for any 1 < p < oo. Moreover, it is clear that f € AA,(X) if

and only if f° € AA(L>(0,1;X)). Thus, AA,(X) can be considered as A5 (X).

Definition 2.12. A function F' : R x Y — X, (¢t,u) — F(t,u) with F(-,u) €
LY (R;X) for each u € Y, is said to be SP-almost automorphic in ¢ € R uniformly
inu e Yif t — F(t,u) is SP-almost automorphic for each v € Y, that is, for
every sequence of real numbers (s}, )nen, there exists a subsequence (s, )nen and a
function G(-,u) € L? (R;X) such that

loc

t+1 1/p
[/ |F(sn+s,u)G(s,u)||pds} — 0, and
¢

t+1 1/p
[/ |G(s—sn,u)—F(s,u)|pd5] -0
¢

as n — oo pointwise on R for each u € Y.
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The collection of those SP-almost automorphic functions F': R x Y +— X will be
denoted by ASP(R x Y).

We have the following straightforward composition theorems, which generalize
Theorem 2.8 and Theorem 2.9, respectively:

Theorem 2.13. Let F : RxY — X be a SP-almost automorphic function. Suppose
that w — F(t,u) is Lipschz in the sense that there exists L > 0 such

HF(t,u) — F(t,v)

§LHufv

Y

forallt e R (u,v) € Y x Y.
If ¢ € ASP(Y), then T : R — X defined by T'(-) :== F (-, ¢(+)) belongs to ASP(X).

Theorem 2.14. Let F : R X Y — X be a SP-almost automorphic function, where.
Suppose that F(t,u) is uniformly continuous in every bounded subset K C X uni-
formly for t € R. If g € ASP(Y), then T : R — X defined by T'(:) := F(-,4("))
belongs to ASP(X).

3. MAIN RESULTS
Consider the nonautonomous differential equation
(3.1) u'(t) = A(t)u(t) + F(t,u(t)), teR,
where F': R x X, — X is SP-almost automorphic.

Definition 3.1. A function v : R — X, is said to be a bounded solution to Eq.
(3.1) provided that

(3.2)u(t):/ U, s)P(s)F(s,u(s))ds—/too Uo(t, $)Q(s)F(s, u(s))ds.

— 00

for all t € R.

Throughout the rest of the paper, we set Syu(t) := S11u(t) — S12u(t), where

Syyu(t) := / Ul(t,s)P(s)F(s,u(s))ds, Siou(t):= /too Uq(t, s)Q(s)F (s, u(s))ds.

— 00
for all t € R.
To study Eq. (3.1), in addition to the previous assumptions, we require that

1 1
p>1, — 4+ — =1, and that the following assumptions hold:
p q
(H4) R(w7A()) € B(Ra AA(XQ))
(H.5) The function F : R x X — X3 is SP-almost automorphic in ¢ € R uniformly

in u € X. Moreover, F' is Lipschitz in the following sense: there exists
L > 0 for which

HF(t, w) — F(t,v)

SLHu—v
B

for all u,v € X and t € R.
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Lemma 3.2. Under assumptions (H.1)-(H.2)-(H.3)-(H.4)-(H.5) and if

1/q

< 00,

oo

(3.3) N(a,q,0) := Z [/ o158 590 g
n—1

n=1

then the integral operator Sy defined above maps AA(Xy) into itself.

Proof. Let u € AA(X,). Setting ¢(t) := F(t,u(t)) and using Theorem 2.13 it
follows that ¢ € ASP(Xj3). The next step consists of showing that 51 € AA(X,).
Define for all n = 1,2, ..., the sequence of integral operators

D, (t) = /7; U(t,t — s)P(t — s)p(t — s)ds

for each t € R.
Letting r =t — s it follows that

t—n+1
D, (t) = /t U(t,r)P(r)p(r)dr,

—n

and hence from the Holder’s inequality and the estimate Eq. (2.7) it follows that

t—n+1
|len]| = / c(@)e= 307t — )| o(r)||dr
@ t—n
t—n+1 5
< c/ c(a)e_i(t_T)(tfr)_o‘ o(r)|| dr
t—n @
t—n+1 s
< cc'/ cla)e 2t — p)= go(r)Hﬁdr
t—n
n 1/q
< q(a)[/ e~ 15557 9% g H(p‘ .
n—1 S

Using Eq. (3.3), we then deduce from Weirstrass Theorem that the series defined
by

D(t) =) (1)
n=1
is uniformly convergent on R. Moreover, D € C(R,X,) and

P, <3 [leat0

< q(@)N(a,g,9)||¢

Sp

for all t € R.

Let us show that ®, € AA(X,) for each n = 1,2,3,... Indeed, since ¢ €
ASP(Xz) C ASP(X,), for every sequence of real numbers (7),)nen there exist a
subsequence (7, )keny and a function @ such that

t+1
[N ORI

p
’ ds — 0

EJQTDE, 2010 No. 22, p. 11



and

p
ds — 0

t+1
IR ECEENETE

as k — oo pointwise in R.
Define for all n = 1,2, 3, ..., the sequence of integral operators

D, (t) = /n1 U(t,t —s)P(t — s)3(t — s)ds

for all t € R.
Now

Ot + 1) — P(t) = U(t,t +Tn, — 8)P(t+ Tny — 5)@(t + Ty, — 8)ds
U(t,t — s)P(t — s)p(t — s)ds

U(t,t+ 7o, — )Pt + 0, — s)@(t + T, — s)ds

U(t,t+ 7n, — )Pt + T, — 8)(t — s)ds
U(t,t—s)P(t— s)p(t — s)ds

U(t,t+ 7n, — )Pt + Tn,, — 8) |:(,0(t + T, —8) — Pt — s)} ds

I
/
/
. / Uty t 4 Ty — $)P(t 4 Ty — )t — 5)ds
/
/
/

+ /” [U(t,t + 7T, —S)Pt+7n, —8) —U(t,t —s)P(t — s)} Pt — s)ds.

-1
Using Lebesgue Dominated Convergence Theorem, one can easily see that

H/ U(t,t+71n, —5)P(t+7n,—8) [(p(t—I—Tnk—s)—@(t—s)} ds|| —0as k— oo, teR.
n—1

(e

Similarly, using [15] it follows that
H / [U(t,t+Tnk—s)P(t+Tnk—s)—U(t,t—s)P(t—s)}@(t—s)ds
n—1

Thus

—0as k— o0, teR.

D, (t) = Jim @(t+7,), tER.
Similarly, one can easily see that
(1) = lim D, (t — 7, )
for all t € R and n = 1,2,3,... Therefore the sequence ®,, € AA(X,) for each
n=1,2,... and hence D € AA(X,). Consequently ¢t — S11(¢) belong to AA(X,).

The proof for t — Si2(t) is similar to that of ¢ — S11(¢) and hence omitted.
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In view of the above, it follows that S; € AA(X,). O

Lemma 3.3. The integral operator S1 defined above is a contraction whenever L
is small enough.

Proof. Let v,w € AA(X,). Now,

i) - s, < [ et@re o) 0 Fas,ve) ~ R wio) o
< o =9 et Fifsnato) - Filssuton)] o
< geet) [ (0= 00 0 uts) - i) o
< peete) [ (¢ 5708 ots) —wio)] s

Similarly,

A

HSlgv(t) — S1aw(t)

S~ /toom(a)eS(ts) Fl(s,v(s))—Fl(s,w(s))HdS

< cem(a) /too e O=INFy (s,0(s)) — Fl(s,w(s))HBds
< Lem(a) /too e 0= ly(s) — w(s)Hds
< Ledm(a) /too e 0= y(s) — w(s)|| ds.

[e3

Consequently,
HSlv — Sle < Led (c(a)F(l —a)(26 )T m(a)éil) Hv — wH
and hence S is a contraction whenever L is small enough. O

Theorem 3.4. Suppose assumptions (H.1)-(H.2)-(H.3)-(H.4)-(H.5) and Eq. (3.3)
hold and that L is small enough, then the nonautonmous differential equation Eq.
(3.1) has a unique almost automorphic solution u satisfying u = Siu

Proof. The proof makes use of Lemma 3.2, Lemma 3.3, and the Bananch fixed-point
principle. (]
4. ALMOST AUTOMORPHIC SOLUTIONS TO SOME HIGHER-ORDER

DIFFERENTIAL EQUATIONS

We have previously seen that each v € H can be written in terms of the sequence

oo M oo
of orthogonal projections E,, as follows: u = Z Z(u, eFyel = Z Eju. Moreover,
=1 k=1

=1
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i

for each u € D(A), Au = Z)\l Z(u,ef‘)ef = ZA;EW. Therefore, for all z :=
=1 k=1 1=1

u1
( : ) € D= D(A(t)) = D(A) x H"™!, we obtain the following
0 Iy 0 0 0
U1
0 0 Iy 0 U2
U3
Iy
A(t)z =
Uy,
—ao(ﬁ)A —al(t)IH . . . . —an_l(t)IH
“2 > B
=1
U3
5 i
=1
oo n—1 oo
—aop(t NEug — t E
—ap(t)Aur — a1 (t)ug... — an—1(t)un of )lzzl o ; a( ); 1Uk+1
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—ao(ﬁ))\l —al(t)

= Z A (t) Pz, where
1=1

31

E, 0 0 0 0
0 E 0 0 0 2
0 0 E 0 0 us
E;
—an_l(t) u
0
0
0
712]‘,
E;
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and

0 1 0 O 0
0 0 1 0
1
(4.1) A= L1>1
1
—ao(t))\l —al(t) . . . . —an_l(t)

From Eq. (1.3) it easily follows that there exists w € (g,ﬂ') such that if we

define
arg z‘ < w},

Sw U{0} C p(A(R))-
On the other hand, one can show without difficulty that 4;(t) = K; ' (t)J;(t) K (t),
where Ji(t), K;(t) are respectively given by

SMZ{ZG(C\{O}:

then

oi(t) 0 0 0 0
0 ph(t) 0 0 0
0 0 p4t) 0 0
Ji(t) = . 1>1
Ph(t)

and
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o4 ph 0% (h)?
(W) (h)?  (ph)? (h)?
()2 (h)* (ph)? (nh)?
Ki(t) =
(P (P (et ()"t

For A € S, and z € X, one has

(A= Au(t) ™' Pz

M

RO\ A(t)z

Il
—

Ki(t)(A = L) P) T KT () Pz

M

Il
-

Hence,

HR(A, A(t))= ’

2<0o K,(t)P,(\ JtP*lK*HsP2 P
_;H 1PN = Ji(t)P) " K (t) ZHB(X)H 12

2 2

- 2 —1 2 —1
S pcon] - son i on)
=1

|7z
B(X)

B(X)
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Moreover, for z := . € X, we obtain

Un

2 n 2(k—1) 2
|z ]+ X foho |
k=2

(1 Py ]pw)f(k_”)
k=2

2
z

IN

Let d,(t) := Z ‘pfc(t)‘ > (. Thus, there exists C; > 0 such that

HKl(t)Plz < Ovd (t)]2]| forall 1>1andteR.

Using induction, one can compute Kl_l(t) and show that for z := - e X,

Un

there is Cy > 0 such that

< &

[LGLE a0

forall {>1andteR.
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Now, for z € X, we have

1
—P1
U2
1
0 -0 0 . 0
A= py u3
2
)\—JlPl‘l,zH: 1
e | PP
3
0 0 0 1
A—pl Uy,
1 2 1 2 1 2
<7 T~ 7 0 “ee T ———— n .
- |)\—pl1|2Hu1H +|)\_pl|2Hu2H + +|)\7pil|2}u

2

Let A\p > 0. Define the function
1+ ’)\‘
n() = .
A=

It is clear that n is continuous and bounded on the closed set

Y= {)\ eC: ’)\’ < Ao, arg)\’ < w}.

On the other hand, it is clear that n is bounded for

on S,. If we take

)\‘ > Ag. Thus 7 is bounded

1+ ]
N=sups ——— : A€ S, [>1;k=1,2,..,n, teR
A=k
Therefore,
1 N
| = Py z | < — Iz, A€ s
1+ A
Consequently,
K
ROV AW)| <
1+

forall A € S, and t € R.
First of all, note that the domain D = D(A(¢)) is independent of ¢t. Thus to
check that Eq. (2.2) is satisfied it is enough to check that Eq. (2.3) holds. For
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that, note that the operator A(t) is invertible with

anfl(t)

— AL A" It - gt
ao(t) ao(t) ao(t) ao(t)
Iy 0 0 0
. 0 Iy .0 0 0
Aty =
0
0 0 . . Iy 0

for all t € R. Hence, for ¢, s,r € R, computing (A(t) — A(s))A(r)_1 and assuming
that there exist Ly >0 (k=0,1,2,...,n— 1) and u € (0, 1] such that

n
(4.2) ‘ak(t)—ak(s)‘ ng}t—s} Ck=01,2,..n—1
it easily follows that there exists C' > 0 such that
"
H(A(t) — A(s))A(r)fle < C‘t — 5‘ HzH

In summary, the family of operators {A(t)} N satisfy Acquistpace-Terreni con-
te

ditions. Consequently, there exists an evolution family U(t, s) associated with it.
Let us now check that U(¢, s) has exponential dichotomy. For that, we will have to
check that (i)-(j) hold. First of all note that For every ¢ € R, the family of linear
operators A(t) generate an analytic semigroup (e™4"), g on X given by

emAM, = ZKl(t)_lPleT‘]LPle(t)Plza zeX
=1

On the other hand, we have

eTA(t)Z

TR o [11OR | P
B(

B(X)‘ X)
EJQTDE, 2010 No. 22, p. 20
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with for each z = | us |,

2
"B, 0 0 00 .. 0 uy
0 e*E 0 00 .. 0 us
2

eT']lPlZH — us
0 0 .. 00 0 ewE/ \Un
! 2 ! 2 ! 2
< e”lTElulH +H€p27Elu2H +....—|—H€p"TElunH

< 672607— z

Therefore

(4.3)

eTA(t)H < Ce_‘s"T, 7> 0.

Using the continuity of ax (kK =0,...,n — 1) and the equality
R(A A(t)) — R(A, A(s)) = R(A, A1) (A(t) — A(s)) R(A, A(s)),

it follows that the mapping J > ¢t — R(X, A(t)) is strongly continuous for A €
S. where J C R is an arbitrary compact interval. Therefore, A(t) satisfies the
assumptions of [40, Corollary 2.3], and thus the evolution family (U(¢,s))i>s is
exponentially stable.

It is clear that (H.2) holds. It remains to check assumption (H.4). For that
we need to show that A71(-) € AA(B(X)). Since t — ax(t) (k =0,1,2,....,n — 1),
_ag(t)

ao(t)
(k=1,2,...,n—1) is almost automorphic, too. Therefore, for every sequence of real
numbers (s}, )nen, there exists a subsequence (s, )nen such that form =0,1,...,n—1,

and t — ap(t)™! are almost automorphic it follows that t — di(t) =

ag (1) := lim ag'(t+ s,)
is well defined for each ¢t € R, and
lim ag ' (t — s,) = ag*(t)

for each t € R, and

ch(t) = lim dp,(t+ sn)
is well defined for each t € R, and
lim dy, (t — 5p) = dpn(t)

n—oo

for each t € R.
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Setting

i i ; 1
di(t)A~Y dy(t)ATY ds(t)A! do (AT —= 1
ao(t)
_ 0 Iy 0 0 0 0
Alt) =
0
0 0 . . Iy 0

for each t € R, one can easily see that, for the topology of B(X), the following hold

A(t) := lim A7t +s,)

n—oo

is well defined for each ¢t € R, and
lim A(t — s,) = A7)

n—oo
for each t € R, and hence t — A~1(t) is almost automorphic with respect to
operator-topology.
It is now clear that if f satisfies (H.5) and if L is small enough, then the higher-
order differential equation Eq. (1.4) has an almost automorphic solution
u1

u2

us | € X, = H, x H* L,

Un

Therefore, If f = f1 + fo satisfies (H.5) and if the Lipschitz constant of f; is small
enough, then Eq. (1.2) has at least one almost automorphic solution u € H,,.

5. EXAMPLES OF SECOND-ORDER BOUNDARY VALUE PROBLEMS

In this section, we provide with a few illustrative examples. Precisely, we study
the existence of almost automorphic solutions to modified versions of the so-called
(nonautonomous) Sine-Gordon equations (see [26]).

In this section, we take n = 2 and suppose ap and a, in addition of being almost

automorphic, satisfy the other previous assumptions. Moreover, we let a = 3 and

1
fix ﬁ S (5, 1)
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5.1. Nonautonomous Sine-Gordon Equations. Let L > 0 and and let J =
(0,L). Let H = L?(J) be equipped with its natural topology. Our main objective
here is to study the existence of almost automorphic solutions to a slightly modified
version of the so-called Sine-Gordon equation with Dirichlet boundary conditions,
which had been studied in the literature especially by Leiva [26] in the following
form

v Ou 0%

(5.1) ercEfd@ijsinu:p(t,z), teR, ze€J

(5.2) u(t,0) = u(t, L) =0, teR

where ¢, d, k are positive constants, p: R x J +— R is continuous and bounded.
Precisely, we are interested in the following system of second-order partial dif-
ferential equations

0%u ou 0%u
(5.3) wﬂLal(tJ)E*ao(t,x)@ = Q(t,z,u), teR, ze€J
(5.4) u(t,0) = u(t, L) =0, teR

where aj,a9 : R x J — R are almost automorphic positive functions and @ :
R x J x L?(J) — L?(J) is SP-almost automorphic for p > 1.
Let us take

Av = —v" for all v e D(A) =Hy(J)NH(J)

and suppose that @ : R x J x L2(J) Hg(J) is SP-almost automorphic in ¢t € R
uniformly in # € J and u € L?(J) Moreover, @ is Lipschitz in the following sense:
there exists L > 0 for which

HQ(t,ac,u) - Q(t,ac,v)‘

for all u,v € L*(J), x € J and t € R.
Consequently, the system Eq. (5.3) - Eq. (5.4) has unique solution u € AA(HE(J))
when K" is small enough.

L//
HY ()

w1
2

5.2. A Slightly Modified Version of the Nonautonomous Sine-Gordon
Equations. Let Q C RV (N > 1) be a open bounded subset with C2 boundary I' =
0 and let H = L*(Q2) equipped with its natural topology || - ||r2(q). Here, we are
interested in a slightly modified version of the nonautonomous Sine-Gordon studied
in the previous example, that is, the system of second-order partial differential
equations given by

2

(5.5) % + al(t,x)% —ao(t,x)Au = R(t, z,u), teR, z€Q

(5.6) u(t,z) =0, teR, xe€dfN

where a1,a9 : R x  — R are almost automorphic positive functions, and R :
R x Q x L*(Q) — L*(Q) is SP-almost automorphic for p > 1.
EJQTDE, 2010 No. 22, p. 23



Define the linear operator A as follows:
Au = —Au for all u € D(A) =H(Q) NH*(Q).
For each p € (0,1), we take H,, = D((—A)*) = H{(2) N H?*(Q) equipped with its
p-norm || [
Suppose that R : R x Q x L2(€) — HJ(Q) is SP-almost automorphic in ¢ € R

uniformly in # € Q and u € L?(£2). Moreover, R is Lipschitz in the following sense:
there exists L' > 0 for which

’ R(t,z,u) — R(t,x,v)”ﬁ <r"”
for all u,v € L*(Q), v € Q and t € R.

Therefore, the system Eq. (5.5) - Eq. (5.6) has a unique solution u € AA(H}(12))
when L is small enough.

u—v

2
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