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ABSTRACT. In this paper we prove the existence of solutions to the following
third order differential inclusion:

a®)(t) € F(t,z(t), &(t), #(t)) + G(x(t), (t), é(t)), a.e. on [0,7]

z(0) = zo, z(0) = uo, Z(0) = vo, and Z(t) € S,Vt € [0,T],
where F': [0,T] x Hx Hx H — H is a continuous set-valued mapping, G : H x
H x H — H is an upper semi-continuous set-valued mapping with G(z,y, z) C
Bcg(z) where g : H — R is a uniformly regular function over S and locally
Lipschitz and S is a ball compact subset of a separable Hilbert space H.

1. INTRODUCTION

The origins of boundary and initial value problems for differential inclusions
are in the theory of differential equations and serve as models for a variety of
applications including control theory. In [6] Hopkins studied an existence result for
the third order differential inclusion

B3 (t) € G(a(t), 4(t),i(t)),

(ThODI) { 1'(0) = 29, ZL'(O) = U, 1'(0) = o,

where G is set-valued mapping with an upper semi-continuous compact valued
included in the subdifferential of a convex lower semi-continuous function ¢ : R —
R, that is, G(z,y,2) C 0%g(z). In this paper we prove the existence of viable
solutions for the general form of the third order differential inclusion

2B (t) € F(t,x(t), 2(t), #(t)) + G(x(t), 2(t), i(t)), a.e. on [0,T]

(GThODI) { x(0) = g, 4(0) = uo, #(0) = vo, and &(t) € S,Vt € [0,T7,

where F': [0,T] x H x H x H— H is a continuous set-valued mapping, G : H x H x
H — H is an upper semi-continuous set-valued mapping with G(z,y, z) C 9 g(2)
where ¢ : H — R is a uniformly regular function over S and locally Lipschitz, and
S is a ball compact subset of a separable Hilbert space H. This general problem
covers (ThODI) in three different ways. First, it extends (ThODI) from finite
dimensional setting to separable Hilbert spaces. Secondly, it extends g to the case
of uniformly regular function (not necessary convex) and also it covers (ThODI)
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by taking F' = 0. Problem (GThODI) includes as a special case the following
differential variational inequality: Given 7" > 0 and three points g, ug, vo € H.

Find b € (0,T), = : [0,b] — H such that %(t) € S, on [0,b] and YVw € S
(DVD) < (@) (t),w — #(t)) < a(z(t) + @(t) — &(t),w — i(t)), a.e. on [0,b]
x(0) = zg, 2(0) = ug, £(0) = vg.

where S = {x € H: A(x) <0} (A: H — R is a C! convex function), a(-,-) is a
real bilinear, symmetric, bounded, and elliptic form on H x H. We use our main
theorem to prove that (DVI) has at least one solution.

This paper is organized as follows. In Section 2, we recall some definitions and
results that will be needed in the paper. In Section 3, we prove our main existence
theorem, by constructing a sequence of approximate solutions and showing its con-
vergence to the solution of the given problem. Section 4 contains the application
to differential variational inequalities.

2. PRELIMINARIES

Throughout the paper H will denote a separable Hilbert space. We need to
recall, from [1], some notation and definitions that will be used in all the paper.

Definition 2.1. ([1]) Let f: H — RU {+o0} be a ls.c. function and O C dom f
be a nonempty open subset. We will say that f is uniformly reqular over O with
respect to 8 > 0 (we will also say S-uniformly regular) if for all € O and for all

¢ € 0P f(%) one has
(&2 — 1) < f(2) = f(2) + Bllz — 7|* VzeO.

Here OF f(z) denotes the proximal subdifferential of f at x (for its definition the
reader is refereed for instance to [3]). We say that f is uniformly regular over a
closed set S if there exists an open set O containing S such that f is uniformly
regular over O.

The class of functions that are uniformly regular over sets is so large, it con-
tains convex sets, p-convex sets and epigraph of lower-C? functions. The following
proposition gives some properties for uniformly regular locally Lipschitz functions
over sets needed in the sequel. For the proof of these results we refer the reader to
1, 4].

Proposition 2.2. Let f : H — R be a locally Lipschitz function and 9 # S C dom.f.
If f is uniformly regular over S, then the following hold:

(i) The proximal subdifferential of f is closed over S as a set-valued mapping,
that is, for every x, — x with x, € S and every ¢, — ¢ (weakly) with
Cn € O f(21) one has ¢ € OF f(x);

(ii) The proximal subdifferential of f coincides with O€ f(x) the Clark subd-
ifferential of f (see for instance [3] for the definition of 0€ f(x)), i.e.,
¢ f(x) = o f(x) for all z € S;

(iii) The proxzimal subdifferential of f is upper hemicontinuous over S, i.e, the
support function v — o(v,0F f(x)) is u.s.c. over S for every v € H (where
U(U’ S) = SupseS<va S)):'
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(iv) For any absolutely continuous map x : [0,T] — S one has
d .
4 (o 2)(0) = (0° Falt))s 1),

3. EXISTENCE RESULTS FOR THIRD ORDER DIFFERENTIAL INCLUSIONS

We start with the following technical lemmas. Their proofs follow the same lines
as in the proof of Theorem 2.3 in [2].

Lemma 3.1. Assume that
(1) S is nonempty subset in H, vo € S and Ko = S N (vg + pB) is a compact
set for some p > 0.
(2) P:[0,T] xHxHxH — H is an u.s.c. set valued mapping with nonempty
compact values.
(3) For any (t,z,y,z) € [0,T] x Sx S xS the following tangent condition holds

| L@y —
lim h£1£+ Ee(v + hP(t,x,y,2);5) =0,

where e(A, S) := supgecads(a).
Let a = min{T, 47,1} where M = sup{||P(t,z,y,2)| : (t,z,y,2) € [0,T] x Ko x
Ko x Ko}. Then, there exists a > 0 such that we can construct sequences {w!"},
{t7}, (A}, {2}, {ul*} and {v*} satisfying for some rank vy, > 0 the following
assertions:
(1) 0=t7,t" <a<T witha < a and t7 = Si_{ AP foralli € {1,2,...,vm},

l/

(2) v —Uo—i—Zl AW and(l ;) €0, T]XKO foralli e {1,2,..,vm},
(3) wi™ € P(t!, 2, u,v") + L+ B with w" = $i_vi and " € SN B(v]" +

171’1’1 ,\;"

A M + 1) for all i € {1,2,...,vn}, where

A" = max{¢ € (0, —] C<T—t" and dg(v™ + Cb;) <%§},

(4) ul = ug + VNt —w L :
% 0 ] i 2
tWL3

t? i
(5) " = w0 + upt]” + v 5 — w5,

Lemma 3.2. Let P(t,x,y,z) = F(t,z,y,z) + G(x,y, z). Under the same assump-
tions in Lemma 3.1, we can construct sequence of the step functions Uy, Um, Tm,
fm, cm and 0., with the following properties:

(1) vp(t) =0 +(t7tm) wi™ on [t t7% ) for allz€{1,2,. o Vm b
(2) um(t) fu0+f0 Um (8)ds, xm () szJrf um(s)ds on [0, al,
(3) fm() fm € F(e () wm(em(t)) um(em(t)) ( ())) [t;n’tﬁl)a
with O, () = 7 if t € [t7*,t7) for all i € {1,2,...,vm}, Om(a ) =a,
(4) yrz(t) :mym(%(t)}me G (@ (Orm (1)), tom (O (1)) v (O (1)) 0 [tin,tﬁﬂ
(5) em(t) izc;”_e %B i}t € [Z:’Z,t;’il) for alli €{1,2,....,up}, and
hngoéﬁp] l[em @)1 = 0.
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Also,
[om (t751) = om (E")| < (M + 1)}, — 87),
|Om (@) = JJw*|| < M +1, a. e. on|0,a],
and
[om @) < p+a(M +1) < 2p,

with M as in Lemma 8.1. Furthermore, ¥[" € K; = SN B(0, R) with R = ||vo|| +
20+ 2M + 1.

Now we are in position to state and prove the main result in this section.

Theorem 3.3. Let S be a nonempty subset of H and let g : H — R be a locally
Lipschitz function which is uniformly reqular over S with constant 3 > 0. Assume
that

(1) S is ball compact.

(2) F:[0,T]xHx Hx H — H is uniformly continuous set-valued mapping
with compact values.

(3) G:HxHxH — H is an u.s.c. set valued mapping with compact values
and G(z,y,z) C 0¥ g(2), for all z,y, z € S.

(4) For any (t,z,y,z) € [0,T] x Sx Sx S the following tangent condition holds

liminf e(z + A(F(t,2,9,2) + Gla,5,2)): ) =

where e(A, S) 1= sup,c 4 ds(a).
Then, for any vy € S, ug,xo € H, there exists a € (0,T) such that

o(t) € F(t,x(t),u(t),v(t)) + G(:f(t), u(t),v(t)) a.e. on t[O, al,
v(t) € S on [0,a],z(t) = o + [, u(s)ds, u(t) =uo + [, v(s)ds,
x(0) = zg, u(0) = ug, v(0) = vo,

has an absolutely continuous solution on [0,a]. In other words, there exists a €
(0,T) such that (GThODI) has an absolutely continuous solution on [0, a).

Proof. Let L > 0 and p > 0 be two positive scalars such that ¢ is Lipschitz over
vo + pB with ratio L. Since S is ball compact, Ky = S N (vg 4+ pB) is compact in
H. Let M and a be two positive scalars such that

|F(t x,y,2) + Gz, y,2) + H(t,x,y,2)|| <M,

for all (t,z,y,2) € [0,T] x Ko x Ko X Ky and a = min{T, 1\7%7 1}. By applying
Lemma 3.2, there exist sequences of step functions v, Um, Tm, fm, Ym, cm and
0,, with the following properties:
(1) vy (t) = 0" + (t — t7)wi™ on [t7*, t71,) for all i € {1,2, ..., v},
(2) um(t) =uo+ f(; Um (8)ds, xm(t) = x0 + fg Um (s)ds on [0, al,
(3) fm(t) = fm(Om(t)) € F(0m(t), 2o (Om(£)); tim (O (1)), Um (6 (1)) om [E77, 1754
with 0,,(t) =t/ if ¢ € [t7, ¢ ) for all i € {1,2,...,v}, O (a) = a,
(4) ym(t) = ym(em(t)) € G(xm(em(t))a“m(em(t))a'Um(em(t))) on [t?,tl’h),
where y;" = w™ — f* —h]" — "
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(5) cm(t) =c™ e TBifte [t t7,) forall i € {1,2, ..., v}, and

lim sup [leqn()|| =0.
M= te(0,a)
Also,
[om(ti41) — om (G < (M + 1)t —47),
[om @) = [lwi*[| < M +1,
and

lom @) < p+a(M +1) < 2p.
We want to prove that v, converges to a solution of the given differential inclusion.
First, we mention that the sequence f,, can be constructed with the relative com-
pactness property in the space of bounded functions (see [7]). Therefore, without
loss of generality we can suppose that there is a bounded function f such that

lim sup |[|fn(t) — f(t)]| = 0.

M= ¢c0,a]
We note that
t—tm

\p
Clearly v,, is continuous on all the interval [0,a]. Indeed, it is continuous on
[t 7% ) and vy, (t]") = lim U (t) = 0" and
2t

Hm vy, (t) = lim [0y + (¢ = 2w ] = oy + A wiy = o,
tSem tStm

U (t) = 0" 4+ (t — tMw* =" + (" — i), for all t € [t]", ¢} ,).

2

and hence vy, is continuous on the nodes ¢;*. Therefore, the sequence of mappings
U, is equi-Lipschitz with ratio M 4+ 1 on all [0,a]. On the other hand, we have

0<t—t" <t —t" = A" and s0 0 < t;;,fm < 1, and hence we get

t—tm
A

(W7 —vi") € @[{0} U{K1 — Ko}].

Thus

um(t) € K := Ko +co[{0} U{K; — Ko}].
Therefore, since the set K is compact (because Ky and K; are compact) and
[0m ()] < M + 1, for all ¢t € [0,a], then, the assumptions of Arzela-Ascoli the-
orem are satisfied. Hence a subsequence of v,,, may be extracted (still denoted v,y)
that converges to a Lipschitz function v : [0, a] — H such that

lim max ||v,(t) —v(t)] =0,

m—o0 t€(0,al
and
Uy, — 0 in the weak topology of L*([0, a]; H).
Since |Jum (t)|| < 2p we have

[tm ()] = l[om @] < 2p,

and
t

[Em @] = llum@)|] = IIUO+/ U (s)ds|| < [Juoll + 2pT,
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On the other hand
t
U (t) = ug +/ vm(s)ds € Ko + aK = Ko,
0

and t
T (t) = 20 +/ um(8)ds € Ko + aKs := K.
0

Clearly, K5 and K3 are compact sets in H, then by Arzela-Ascoli theorem, there are
subsequences of u,, and x,, (still denoted u,, and x,, respectively) that converge
to absolutely continuous mappings u : [0,a] — H and « : [0,a] — H respectively,
such that

Hm sup [Jum(t) —u(t)|| =0,

M—00 410 g

lim sup ||zm(t) —z(t)| =0,

M= ¢c0,a]
and
Uy — U, Ty — 2 in the weak topology of L?([0, a; H).
Also, we have that (v, 06,,), (Um0 60,,) and (z,, 06,,) converge uniformly on [0, a
to v, u, and x respectively. Since vy, (0 (t)) = V1™ € Ko, by closedness of Ky we
get, v(t) € Ko C S. Indeed,
d(v(t); Ko) < d(vm(0m(t)); Ko) + [[v(t) = vm (0 (t))]] — 0, as m — oo.
By construction, we have

fin(t) = fm(Om(t)) € F(0m(t), 2m(0m(t)), wm(0m(t)), vm (0 (1)),

and so by the continuity of F' and the closedness of its values we obtain
f@) € F(t,z(t),u(t),v(t)).
Now, put y(t) = 0(t) — f(t), we must prove that
y(t) € G(z(t),u(t),v(t)) a.e. on [0,al.
By construction, we have for a.e. t € [0, a)

Ym(t) € G(@m (Om (1)), wm (B (), vm (B (1)) C 8 g(Um (B (1)) = O g(vin (O (1)),

where the above equality follows from the uniform regularity of g over S and the
part (ii) in Proposition 2.2. The weak convergence of 0,,, and Mazur’s lemma entail
for almost all ¢ € [0, a

o(t) € (eofo(t) : k> m}.
So, for any ¢ € H we have "
(&0(t)) < infsup (&0x(t))

m k>m

< limsup [0(£, 07 g(Um (O (1)) + (& Fm(t) + cm(1))]

m

a(&0"g(v(1) + (& f(t)) = o(£,0"g(v(t)) + f(1)),

where the last inequality follows from upper hemicontinuity of the proximal sub-
differential of uniformly regular functions (part (ii¢) in Proposition 2.2) and the
EJQTDE, 2010 No. 21, p. 6
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uniform convergence on [0, a] of f,, and ¢, to f and 0 respectively, and the fact
that v, (0 (t)) — v(t) on K. Thus, by the convexity and the closedness of proxi-
mal subdifferential of uniformly regular functions, we have

y(t) = 0(t) - f(t) € 97g(v(t)).

As v is absolutely continuous and g is uniformly regular locally Lipschitz function
over S we get by part (iv) in Proposition 2.2

Llgon)t) = (9wl 0)
(000) 0, (1)
5017 = (F(0), 5(0).

Consequently

(3.1) o(a)) = glon) = [ To0IPdr~ [ (0 50)a
m) C 9P g(v™) then
9(%‘4—1)_9(“?) > <yza Vit1 U> ﬁHUH-I UmH2

On the other hand, since y* € G(x

Z’Z’Z

= (0n(®) = Fnlt) = et T b(s)ds)
Bllor, — o2

> /tmiﬂ [[0m (s)]|*ds — /tmi+1 (fn(s), Oml(s))ds
_ /ﬁ:ﬂ (em(8), Om(s))ds — B(M + 1)2(t72, — t1)?
>

tﬁl tﬁl
[ omias = [ (o) bm()ds
tm tm

/ti“ (em(5), Dm(5))ds — B(MT“)@L gy,

m
7

By adding, we obtain
9(vm()) — g(vo) / Jon(o)lds - | " (), 6m() Vs
[ oo imts ))ds — B L7

m

Passing to the limit superior as m — oo
limsup/ o ()]s — lim/ (Fun(5), 0m (5) Vs
m 0 m-Jo

limsup/ ||i1m(s)||2ds—/ (f(s),0(s))ds.
m 0 0
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This inequality compared with (3.1) yields

/ l6(8)|2dt > lim sup / 6m(s) 1 2ds,
0 m 0

and so
0[|2, > limsu U 2,.
oz P L
m

On the other hand, the weak lower semi-continuity of the norm ensures
0]z < Hminf |0, || 2.
m

Therefore, we get
[]z2 = tm [ 2,
m

which ensures that v, converges uniformly to © in L?([0,a]; H). By construction
we have for almost all ¢ in [0, a]

((zm(ﬁm(t)), Ui (O (1)) Vm (O ()5 O (8) — fin () — Cm(t)) € graph G,

and since G has closed graph, we conclude that

((@(t), ut),v(t)), 0(t) — f(t)) € graph G,
that is,
o(t) — f(t) € G(z(t), u(t),v(t)) a.e. on [0,al.

Thus, for almost all ¢ in [0, a)
o(t) € G(z(t),u(t),v(t)) + f(t) C Gz(t),u(t),v(t)) + F(t, z(t), u(t), v(t)).
The proof then is complete. O

We end this section with some important corollaries. The first one is an extension
of the main result in [6] from finite dimensional spaces to separable Hilbert spaces
and from the case of convex functions to uniform regular functions. Our proof is
completely different to the one given in [6].

Corollary 3.4. Let S be a nonempty closed subset of H and let g : H — R be a
locally Lipschitz function which is uniformly regular over S with constant 3 > 0.
Assume that
(1) S i4s ball compact.
(2) G:HxHxH — H is a u.s.c. set valued mapping with compact values and
G(z,y,2) C g(2), for all z,y, z € S.
(3) For any (t,x,y,z) € [0,T] x Sx S xS the following tangent condition holds

1
lim inf - 1S) = 0.
Jim in he(:ﬂ—l—h(G(iﬂayaz))vS) 0

Then, for every xo,uy € H, and every vg € S, there exists a € (0,T) and an
absolutely continuous solution of the following third order differential inclusion

2B (t) € G(x(t),#(t),#(t)), a.e. on[0,al,
x(0) = x0, 2(0) = ug, £(0) = vy, and &(t) € S
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Proof. Tt is a direct application of Theorem 3.3 with F' = {0}. O

Now, we are going to prove the existence of solution for third order nonconvex
sweeping processes with a perturbation in separable Hilbert spaces, that is,

v P(t) € N§ (&(t) + F(t, a(t), 2(t), i(1)),

(ThOSPP) { z(0) = z9, #(0) = ug, #(0) = vy.

Corollary 3.5. Let H be a separable Hilbert. Assume that

(1) S is a nonempty uniformly proz-regular closed subset in H;

(2) F:[0,T] xHxHxH — H is an uniformly continuous set-valued mapping
with compact values;

(3) For any (t,x,y,z) € [0,T] x Sx S xS the following tangent condition holds

1

liminf —e(z + h(8%ds(z) + F(t,x,y, 2); S) = 0.
h—0t h

Then, for any xg,up € H and every vy € S, there exists a € (0,T) such that

(ThOSPP) has at least one absolutely continuous solution on [0, a).

Proof. In [1], the author proved in Theorem 4.1 that the function dg is uniformly
regular over S. Thus, we can apply Theorem 3.3 with ¢g := dg and the set-valued
mapping G := 0%ds which satisfies the hypothesis of Theorem 3.3 then we get a
solution z of the third order differential inclusion

e (t) € 9%ds (i(t)) + F(t, (1), &(t), £ (1),

x(0) = xg, ©(0) = ug, £(0) = vo, and &(t) € S, Vt € [0,al.

Now, since i(t) € S we have 0%dg(#(t)) C NS (i(t)) and so z is a solution of
(ThOSPP). O

4. APPLICATION TO DIFFERENTIAL VARIATIONAL INEQUALITIES

In this section we are interested with the following differential variational in-
equality: Given T' > 0 and three points zq, ug, vo € H.

Find b € (0,T), = : [0,b] — H such that Z(¢) € S, on [0,b] and YVw € S
(DVI) (@) (8),w — &(t)) < a(z(t) + @(t) — i(t),w — i(t)), a.e. on [0,b],
x(0) = g, 2(0) = uo, £(0) = vo.

where S = {z € H: A(z) <0} (A:H — R is a C* convex function), a(-,-) is a real
bilinear, symmetric, bounded, and elliptic form on H x H. Let A be a linear and
bounded operator on H associated with a(-, ), that is, a(u,v) = (Au,v), Yu,v € H.
We prove the existence of solutions of (DVI). To do that, we recall first (see for
example [5]) that

(4.1) T(Cyz)={veH: hlim+ h~tdo(x + hw) = 0},Vr € C,
—0

for any closed convex set C. In our case we can check (see for instance [5]) that

(4.2) T(S;z) ={veH: (vA(x),v) =0}Vz e S.
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Proposition 4.1. Assume that H is a separable Hilbert space and that A, and A
satisfy

(4.3) (VA(x),0ds(z) + Aly — 2)) =0, Vz,y,z € H.

Then, for any g, ug,vo € H with A(vy) = 0, there exists b € (0,T) such that (DVI)
has at least one absolutely continuous solution on [0, b).

Proof. Since S is a closed convex set, the variational inequality of type (DVI) can
be rewritten in the form of (ThOSPP) as follows

a®(t) — Ala(t) + () — @(t)) € N§ (@(1)),

x(0) = zg, 2(0) = ug, £(0) = vo, and &(t) € S on [0, b].

Take F(t,x,y,z) = {A(x +y — z)}. Clearly F is uniformly continuous (since A is
bounded linear operator) with compact values. By (4.3), we have

(VA(z),0ds(z) + Alx +y—2)) =0, Vax,y,z € H.

and so (4.2) yields
Ods(z) + Alx +y—z) C T(x;5)
and hence we obtain by (4.1)

1
liminf — A _ . =0.
im in he(:c—l—h(@ds(z)-i— (x+y—2));5) =0

Consequently, all the assumptions of Corollary 3.5 are satisfied and so the proof is
complete. (I
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