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Abstract. We give a complete description of all possible forms of the nonuniform spec-
trum for an evolution family on a Banach space. Moreover, for each form we provide an
explicit example of a nonautonomous differential equation on I?(IN) whose evolution
family has that spectrum. As an application, we show that the asymptotic behavior
persists under sufficiently small nonlinear perturbations, in the sense that the lower
and upper Lyapunov exponents of the nonlinear dynamics are in the same connected
component of the nonuniform spectrum.
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1 Introduction

For an evolution family on a Banach space, we give a complete description of all possible
forms of the nonuniform spectrum. This notion of spectrum is inspired on the one introduced
by Sacker and Sell in [12] in terms of uniform exponential dichotomies. Instead, we consider
nonuniform exponential dichotomies with an arbitrarily small nonuniform part, for which the
conditional stability, although exponential, need not be uniformly exponential on the initial
time. We emphasize that these exponential dichotomies are very common in the context of
ergodic theory—in strong contrast, the notion of uniform exponential dichotomy is much
more restrictive. In particular, almost all trajectories with nonzero Lyapunov exponents of
a measure-preserving flow give rise to a linear variational equation admitting a nonuniform
exponential dichotomy with an arbitrarily small nonuniform part. Our results can also be
considered a contribution to the theory of nonuniform hyperbolicity, which is an important
tool in the study of stochastic behavior. We refer the reader to [1] for a detailed exposition of
the theory, which goes back to landmark works of Oseledets [8] and particularly Pesin [9].
Given an evolution family T(t,s) of linear operators acting on a Banach space, its nonuni-
form spectrum is the set ¥ of all numbers a € R such that the evolution family (=5 T(t,s)
does not admit a nonuniform exponential dichotomy with an arbitrarily small nonuniform
part. Our main aim is to describe the structure of the nonuniform spectrum (see Theorem 2.2):

™ Corresponding author. Email: barreira@math.tecnico.ulisboa.pt


http://www.math.u-szeged.hu/ejqtde/

2 L. Barreira and C. Valls

Main Theorem. The nonuniform spectrum ¥ is either @, R, a finite union of disjoint closed intervals
(possibly unbounded), or there exists numbers

by >a1>by>a,>b3>a3>---

such that

>=hLU U [an,by] or E=10LU U [an, by] U (—00,ac),
n=2 n=2

where I; = [ay1,b1] or I; = [a1, +00), respectively if a, — —co or a, — de.

Moreover, we describe how the nonuniform spectrum relates to certain invariant subspaces
(see Theorems 2.7 and 2.8). In particular, we show that each trajectory of the evolution fam-
ily has lower and upper Lyapunov exponents inside the same connected component of the
nonuniform spectrum. For related work we refer the reader to [3,6,13].

In addition, the asymptotic behavior persists under sufficiently small nonlinear perturba-
tions, in the sense that the lower and upper Lyapunov exponents of the nonlinear dynamics
belong to the same connected component of the nonuniform spectrum (see Theorem 2.10).
More precisely, consider a nonzero global solution x(t) of the nonlinear equation

x(t) = T(t,5)x(s) + /St T(t,7)f(7, x(7)) dT

such that . .
ap < liminf —logl|x(t)|| < limsup —log|/x(t)|| < supZ
t=rfoo t ttoo t
and .
lim a e&M dt =0
tooo Ji 2 (D)

for some § > 0. Then there exists i € {1,..., p} such that
a; < liminfllo |x(t)| < limsu 110 lx(t)]| < b;
T B H+oopt & -

A related result was established by Coppel in [4] for perturbations of a linear differential
equation with constant coefficients. Corresponding results for perturbations of autonomous
delay equations were established by Pituk [10,11] (for values in a finite-dimensional space)
and by Matsui, Matsunaga and Murakami [7] (for values in a Banach space).

Finally, for each possible form of the nonuniform spectrum ¥ we provide an explicit ex-
ample of an evolution family on I?(IN) having that spectrum (see Section 3).

2 Nonuniform spectrum

2.1 Preliminaries

Let B(X) be the set of all bounded linear operators acting on a Banach space X. A family
T(t,s), for t,s € R with t > s, of linear operators in B(X) is called an evolution family if:

1. T(t,t) =Id for t € R;

2. T(t,s)T(s,t) =T(t,7) fort,s,T € Rwitht >s > 1.
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We say that an evolution family T(t,T) admits a nonuniform exponential dichotomy with an
arbitrarily small nonuniform part or simply a nonuniform dichotomy if:

1. there exist projections P;: X — X for t € R with dim Ker P; < +oco satisfying
T(t,s)Ps = PiT(t,s) (2.1)
for t > s such that the map
T(t,s)|Ker Ps: Ker Ps — Ker P;
is invertible;
2. there exist A > 0 and for each ¢ > 0 a constant D = D(¢) > 0 such that
I T(t,)Ps|| < De M=s)¥elsl for ¢ > s 2.2)

and
IT(t,5)Qs|| < De *E=t+elsl for ¢ <, (2.3)

where Q; = Id — P; and
T(t,s) = (T(s,t)|Ker P,) " : Ker P, — Ker P,
for t < s.

The sets Im P; and Im Q; are called, respectively, stable and unstable spaces of the nonuniform
dichotomy. We note that the hypothesis that the unstable spaces are finite-dimensional already
appeared for example in [5,13].

Proposition 2.1. For each t € R, we have
ImP; = {v € X :sup||T(s, t)v] < +oo}
s>t

and Im Q; consists of all vectors v € X for which there exists a function x: (—oo,t| — X such that
x(t) = v, x(t1) = T(t1, t2)x(t2) for t > t1 > tp and sup,_,||x(s)|| < +oo.

Proof. By (2.2) we have
sup||T(s, t)v|| < +oo (24)

s>t

for v € Im P;. On the other hand, if v € X satisfies (2.4), then it follows from (2.2) that

sup||T(s, t)Qsv|| < +o0. (2.5)

s>t

By (2.3), for s > t we have
|Qro]| < De Me=DFekl| (s, £)Qyo]|.
Whenever Q;v # 0, taking ¢ < A we obtain

sup||T(s, ) Qo] = +oo,

s>t

which contradicts to (2.5). Hence, Q;v =0 and v € Im P;.
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Now take a vector v € Im Q; and consider the function x: (—oo, t] — X defined by x(s) =
T(s, t)v for s < t. Then x(t1) = T(ty,t2)x(t2) for t > t; > t, and it follows from (2.3) that
sup,,||x(s)|| < +oo. On the other hand, there exists no v € Im P; \ {0} for which there is a
function x: (—oo,t] = X as in the proposition. Indeed, it follows from (2.1) and (2.2) that

o]l = IT(¢,5)Pox(s) | < De =< |12 (s)]|
for s < t. Taking ¢ < A yields that sup__,||x(s)|| = +oo. O

The nonuniform spectrum of an evolution family T(t, s) is the set ¥ of all numbers a € R such
that the evolution family T,(t,s) = e~*(=*)T(t,s) does not admit a nonuniform dichotomy. For
eachae Rand t € R, let

Sa(t) = {v € X :sup (e7"CH| T(s, t)v]|) < —1—00}

s>t

and let U,(t) be the set of all vectors v € X for which there exists a function x: (—oo, ] — X
such that x(t) = v, x(t1) = T(ty, t2)x(t) for t > t; > tp and

sup (e_”(s_t)Hx(s)H) < +o0.

s<t
We note that if a < b, then
Sa(t) C Sp(t) and Uy(t) C Uy(t)
for t € R. By Proposition 2.1, if a € R\ X, then
X =5,(t) ®U,(t) forteR

and the dimensions dim S,(t) and dim U,(t) are independent of ¢.

2.2 Main result

The following theorem is our main result. It describes all possible forms of the nonuniform
spectrum.

Theorem 2.2. For an evolution family T(t,s) on a Banach space, one of the following alternatives
holds:

1. =0
2. 2 =1R;
3. X is a finite union of disjoint closed intervals (possibly unbounded);
4. ¥ = L UUn_slan, by], where Iy = [ay,b1] or I; = [aq, +00), for some numbers
by >a1>b,>a,>b3>a3>--- (2.6)
with limy, 1o 4, = —00;

5. X =L UUps[an, bn] U (—00,as], where I; = [a1,b1] or I = [a1, +00), for some numbers as
in (2.6) with ae = limy_, 1 o ay.
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Proof. We first establish some auxiliary results.

Lemma 2.3. The set ©. C R is closed and for each a € R\ X we have S,(t) = Sy(t) and U,(t) =
Uy (t) for all t € R and all b in some open neighborhood of a.

Proof of the lemma. Given a € R\ X, there exist projections P for t € R satisfying (2.1), a con-
stant A > 0 and for each ¢ > 0 a constant D = D(e) > 0 such that

Hefa(tfs)T(t/ S)Ps H < De*/\(tfs)+£|s|

fort > s and
He_a(t_S)T(t,S)QsH < De—/\(s—t)+£|s|

for t < s. Therefore, for each b € R,

Hefb(tfs)T(t’S)PSH < De—(A—a+b)(t=s)+els|
for t > s and

He—b(t—s)T(t’S)QsH < De—()\+a—b)(s—t)+s|s\

for t < s. Hence, b € R\ £ whenever |a — b| < A and it follows from Proposition 2.1 that
Sp(t) = Sa(t) and Uy(t) = U,(t) for t € R. O

Lemma 2.4. Take ay,a; € R\ X with a; < ap. Then [ay,a;] N X # @ if and only if dim U,, (f) >
dim Uy, ().

Proof of the lemma. Assume that dim U, (t) = dim Uy, (t). Then Uy, (t) = U,,(t) and S,, (t) =
Sa,(t) for t € R. Hence, by Proposition 2.1, there exist projections P; for t € R satisfying (2.1),
constants Aq, Ay > 0 and for each ¢ > 0 constants D1 = D;(¢), D, = Dy (e) > 0 such that for
i = 1,2 we have

||e*“f(t*s)T(t,s)PsH < DjeNilt=s)telsl for t > g (2.7)

and
le= 9T (t,6)Qs]| < Die” M-Il fort <. 28)

For each a € [a1,a3], by (2.7) we obtain

e~ =) T(t,5)Py|| < Dye~MU=9)Felsl for ¢ > s
and similarly, by (2.8),

e~ =5)T(¢,5)Qs|| < Dpe 2=+l for ¢ <'s.

Taking A = min{Ay, A2} and D = max{D;, D,} yields that [a1,42] C R\ Z.
For the converse, assume that dim Uy, (t) > dim U,, (f) and let

b=inf{a € R\ X:dimU,(t) = dim U, (t)}.

Since dim Uy, (t) > dim Uy, (t), it follows from Lemma 2.3 that a; < b < a;. Now assume
that b ¢ X. Then either dim U, (t) = dim U,, (t) or dim Uy (t) # dim Uy, (t). In the first case,
by Lemma 2.3, there exists ¢ > 0 such that dim Uy (f) = dim Uy, (t) and V' € R\ X for V' €
(b — ¢, b]. But this contradicts to the definition of b. In the second case, again by Lemma 2.3,
there exists ¢ > 0 such that dim Uy (t) # dim U,,(t) and b’ € R\ X for b’ € [b,b + ¢), which
again contradicts to the definition of b. Hence, b € X and [a1,a2] NE # @. ]
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Lemma 2.5. For each ¢ ¢ %, the set ¥.N [c, 4+00) is the union of finitely many closed intervals.

Proof of the lemma. Let
d = dim U, (t) = dimKer P,
where P; are the projections associated to the nonuniform dichotomy of the evolution family

e~¢(=9)T(t,s). We assume that £ N [c, +00) has at least d + 2 connected components I; = [a;, 8],
fori=1,...,d+ 2, where

ap < B <ap < P <-cr <wgyo < Bago < oo
Fori=1,...,d+1, take ¢; € (Bi,a;+1). It follows from Lemma 2.4 that
d > dim U, (t) > dim U, (t) > --- > dim U, (¢),
which is impossible. O

Now we assume that X is not given by one of the first three alternatives in the theorem and
take c; ¢ X. By Lemma 2.5, the set X N [c1, +-00) is the union of finitely many disjoint closed
intervals, say I,...,Iy. We note that X N (—oco,c1) # @, since otherwise ¥ = [ U--- U,
which contradicts to our assumption. Moreover, there exists c; < c; such that c; ¢ X and
(c2,c1) NE # @. Otherwise, (—co,c1) NX = (—o0, 4| for some a < ¢; and thus,

%= (—c0,a] UL - U,

which again contradicts to our assumption. Proceeding inductively, we obtain a decreasing
sequence (¢ )nen C R such that

cp €% and (cpq1,00) NE# QD

for n € IN. Now either lim;,,_, 1o ¢;; = —00 or limy,_, 1 oo ¢ = doo fOr some a. € R. In the first
case, it follows from Lemma 2.5 that X is given by alternative 4. In the second case, it follows
from Lemma 2.5 that -
(Ao, 0)NE =L U U [an, byl,
n=2
where I} = [ay,b1] or I; = [a1, +0), for some sequences (a,),en and (by)nen as in (2.6) with
Aoo = limy s 00 ;. Again by Lemma 2.5, we have (—o0,4.| C X and so X is given by the last
alternative. O

The finite-dimensional case is simpler.

Theorem 2.6. For an evolution family on a finite-dimensional space, the nonuniform spectrum is given
by one of the first three alternatives in Theorem 2.2.

Proof. Assume that the ambient space has dimension d. We will show that ¥ is the union
of at most d + 1 disjoint closed intervals. This implies that X is never given by the last two
alternatives in Theorem 2.2.

Assume that ¥ has at least d + 2 connected components. Then there exist numbers
€1,...,64+1 € R\ X such that ¢; < ¢;41 and (¢j,¢iy1) NE # @ fori = 1,...,d. It follows
from Lemma 2.4 that

d > dim U, (t) > dim U, (t) > ... > dim U, (t),

which is impossible. O
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2.3 Further properties

In this section we assume that X is neither @ nor R. Let (¢x)r C R be a finite or infinite
sequence such that ¢; € (b1, ax) for each k, with the numbers a; and Uy as in (2.6) and define

Ei(s) =S¢ (s) NUe, , (s), k=1,2,...
Moreover, when ¥ N IR* is bounded, take ¢y > b; and define
Eo(s) = S¢,(s) N U (s).
By Lemma 2.4, the subspaces Ei(s) are independent of the numbers c.

Theorem 2.7. Assume that ¥. is neither @ nor R. Foreachk =1,2,...,s € Rand v € E(s) \ {0},
we have

1 1
liminf — log||T(t, s)v||, limsup — log||T(¢,s)v|| | C [aks1, bxs1]-
totoo f ttoo t

When £ N IR™ is bounded, this statement also holds for k = 0.

Proof. Since ¢ ¢ X, the evolution family e~ (=) T(t,s) admits a nonuniform dichotomy and
so there exist projections P; for ¢t € R satisfying (2.1), a constant A > 0 and for each ¢ > 0 a
constant D = D(¢) > 0 such that

| T(t,8)Ps|| < DelkME=s)telsl for t > 5 (2.9)

and
| T(t,5)Qs|| < De~Me)ls=HFelsl for t <,

where Q; = Id — P;. By Proposition 2.1, we have ImP; = S, (t) for t € R. Hence, each
v € Ex(s) belongs to Im P; and so, by (2.9),

1
limsup - log||T(t,s)v| < ¢cx — A < ¢k
t—+o0 t
Letting ci ™\ bx4+1, we obtain
1
limsup = log||T(¢t,s)v| < bgs1.

t—+o00 t

Similarly, since ;41 ¢ X, there exist projections P/ for t € R satisfying (2.1), a constant y > 0
and for each ¢ > 0 a constant D = D(¢) > 0 such that

| T(t,s)P|| < Delkn1=mtE=s)Felsl  gort > g
and
| T(t,s)QL|| < De™(HFers)ls=tFelsl for t <, (2.10)

where Q; = Id — P/. By Proposition 2.1, we have ImQ; = U, (f) for t € R. Hence, each
v € Ex(s) belongs to Im Q! and so, by (2.10),

lol] < De~ e =+ T (8, 5)o]| for t > s.

Taking e sufficiently small, we obtain

.1
I}Qigf?logHT(t,s)UH > U+ cp1—€>
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and letting cx1 " ax41 yield that
.1
I}Qﬁgf : log||T(t,s)v| > axs1-

This completes the proof of the theorem. O
A similar argument yields a corresponding statement for negative time.

Theorem 2.8. Assume that ¥. is neither @ nor R. Foreachk =1,2,...,s € Rand v € Ei(s) \ {0},
there exists a function x: (—oo,s] — X such that x(s) = v, x(t1) = T(t1,t2)x(t2) for s > t1 > t,
and

C [axs1, brsa)-

liminfllogﬂx(t) ||, lim sup ! log||x(t)]]
t——oco t t——o00 t

When ¥ NIR™ is bounded, this statement also holds for k = 0.
The following example illustrates Theorems 2.7 and 2.8.

Example 2.9. Consider the evolution family T(t,s) obtained from the nonautonomous linear

equation x’ = A(f)x with
1 0
Al = (0 3t2>'

For each a > 1, the evolution family T,(t,s) = e—alt=s) T(t,s) admits a nonuniform dichotomy
with projections P¢(x,y) = (x,0) (see Example 3.1 below for details). On the other hand, for
a < 1 the evolution family T,(t,s) admits a nonuniform dichotomy with projections P; = 0.
Clearly, T;(t,s) does not admit a nonuniform dichotomy and so £ = {1}.

Now take c; < 1 < ¢p (which corresponds to take a; = by = 1). Then

Eo(t) = Se, (1) N UL, (t) = (R x {0}) NR? = R x {0}

and by Theorems 2.7 and 2.8, for s € R and v = (x,0) € R x {0} with x # 0, we have

.1 _
tgrfoo n log||T(t,s)v| = 1.

2.4 Nonlinear perturbations

It turns out that the asymptotic behavior described in Theorem 2.7 persists under sufficiently
small nonlinear perturbations. Given an evolution family T(t,s) on a Banach space X, we
consider the nonlinear equation

x(£) = T(ts)x(s) + / T, 7 (7, x(7)) dr 2.11)

for some continuous map f: R x X — X. Repeating arguments in the proof of Theorem 6
in [2] we obtain the following result.

Theorem 2.10. For an evolution family T(t,s) on a Banach space such that % is neither @ nor R, let
x(t) be a nonzero global solution of equation (2.11) such that

1 1
< liminf — <l — <
ap < I%Qj?of ; log||x(t)]] < limsup ; log||x(¢)|| < supX

t—-+oo
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for some integer p and
e lf (@@,

lim e

T=0
t—4o0 Jt [|x(T)|

for some & > 0. Then there exists i € {1,...,p} such that

1 1
< liminf - < 1i = < b
a; < l}gglof ; log||x(t)]] < limsup ; log||x(t)|| < b,

t—-+oo

with the convention that by = +o0 when I; = [a1, +0).

3 Examples

In this section we provide explicit examples of all possible forms of the nonuniform spec-
trum X given by Theorem 2.2. Let X = (?(IN) be a separable infinite-dimensional Hilbert
space with the orthonormal basis {ey, e, ...}.

Example 3.1. Consider the evolution family T(t,s) on X given by

P—s3

e e;, n=1,
T(ts)en =1 5 5
e ey, n>2.

It is obtained from the linear equation x’ = A(t)x, where A(t)e; = 3t%¢; and A(t)e, = —3t%¢,
forn > 2.

We claim that ¥ = @. We first consider the evolution family T!(,s) = ¢~ on R. Given
a € R and A > 0, consider the function g: R — R given by

g(t) = —at + 2 — At.
There exists C > 0 such that g is increasing on the intervals (—co, —C) and (C, +c0). Hence,

efa(tfs)+t3fs3+2\(sft) _ eg(t)fg(s) <1

whenever t <s < —C or C < t <s. This implies that there exists D > 0 such that

e—a(t—s)+t3—s3+A(s—t) <D
for t <sand so
(TYa(t,s) < De M=)

for t < s. Hence, (T"),(t,s) = e *=5)T'(t,s) admits a nonuniform dichotomy with projec-
tions P; = 0. Now we consider the evolution family Tz(t, s) = s, Proceeding as above, one
can show that (T?2),(t,s) admits a nonuniform dichotomy with projections P; = Id. Therefore,
Ta(t,s) admits a nonuniform dichotomy with projections P; given by Pie; = 0 and Pre, = e,
forn > 2.

Example 3.2. Consider the evolution family T(t,s) on X given by
ectcost—cscoss—csint—&-csinsel’ n=1,

T(t,s)e, = {653—t3

€, n>2,
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where ¢ > 0. It is obtained from the linear equation x’ = A(t)x, where A(t)e; = —ctsinte;
and A(t)e, = —3t%, for n > 2.
We claim that X = IR. For this it is sufficient to prove that the nonuniform spectrum of the

evolution family
Tl (t/ S) — ect cost—cscoss—csint4-csins

is R. Take a € R and assume that the evolution family (T!),(t,s) admits a nonuniform
dichotomy with projections P;. There are two possibilities: either P4 = Id for all t € R or
P, = 0 for all t € R. In the first case, there exist A > 0 and for each ¢ > 0 a constant
D = D(e) > 0 such that

e’“(t’s)Tl(t,s) < De MEm9)telsl for ¢ > g,
In particular, for t = 2I7r and s = (21 — 1) with I € IN, we obtain

e(/\—a+c)7r+2cs < De,

which is impossible for ¢ < 2c. In the second case, there exist A > 0 and for each ¢ > 0 a
constant D = D(e) > 0 such that

e’“(t’s)Tl(t,s) < De Ms=OHelsl for t < g,
Taking t = 2l and s = (2] + 1) with I € IN, we obtain

—c+A)T+2
e(a c+A)T+2cs < De*,

which again is impossible for ¢ < 2c. In other words, for each a € R the evolution family
(T1),(t,s) does not admit a nonuniform dichotomy. Thus, £ = RR.

Example 3.3. Take numbers
by >a1>by>a,>bs>a3>---> b >a;

for some integer k > 1. For each j € {1,...,k}, let ¢j: R = R be a smooth function such that
¢;(t) = aj for t < —1 and ¢;(t) = b; for t > 1. We consider a linear equation x’ = A(t)x on X,
where A(t)e; = aj(t)e; for each j, taking

¢j(t) + s Az sint + V1 +tcost, >0,

ai(t) =
]() 4;].(13)_# Tsint+\/ﬁcost, t<0

for 1 <j < kand aj(t) = =3t for j > k. The corresponding evolution family T(t,s) satisfies
T(t,s)ej = T/(t,s)e; for each j, where

eb]-(tfs)+\/1+tsintf 1+ssins, t,s >0,
T](t,S> — eb]vt—ajs—&-vl—&-tsint—\/1+\s\sins, > O,S < 0, (31)

eaj(t—s)+\/1+|t|sint—\/l—&-\s sins’ ts<0

for1 <j<kand T/(ts) = et =s’ forj > k.
We claim that for each j € {1,...,k} and a ¢ [a}, b;], the evolution family (T/),(t,s) admits
a nonuniform dichotomy. Take a > b;. Since a; < bj, we have

e_a(t_s)Tj(t,S) < e—(a—b/)(t—s)+\/l+|t|+\/l+|s\ (3.2)
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for t > s. Moreover, since
1+ |¢]

i — 0 when [t| = oo,

given ¢ > 0, there exists D = D(6) > 0 such that
VI < DAl for t € R.

Hence, it follows from (3.2) that

e_a(t_S)Tj(t,S) < Dze—(a—b/)(t—s)+z5\t|+§\s\

S DZE—(a—b/—(S)(t—S)+25|s\

for t > s. Since a — b; > 0 and ¢ is arbitrary, this shows that (T/),(t,s) admits a nonuniform
dichotomy with projections P; = Id. Similarly, for a < 4; and t < s, we have

efu(tfs)Tj(t,S) < Dze(al-fufé)(tfs)+2§|s|.

Hence, (T/),(t,s) admits a nonuniform dichotomy with projections P; = 0. We also show
that for each j € {1,...,k} and a € [a;, bj], the evolution family (T/),(t,s) does not admit a
nonuniform dichotomy. Since b; —a > 0, the first branch of

e(bi—a)(t=s)+VIFisint—/1tssins t,s >0,
(Tj)a(t,5> = e(bj_”)t—(”i‘”)5+\/m5mt_\/r|s|sms/ t>0,5 <0,
e(a=)(t=s)+/Tt|t]sint—/Tt[ssins 4 o

precludes the existence of a nonuniform dichotomy with projections P; = Id. Moreover, since
aj —a < 0, the third branch precludes the existence of a nonuniform dichotomy with projec-
tions P; = 0. We conclude that for each j € {1,...,k}, the evolution operator (T7),(t,s) admits
a nonuniform dichotomy if and only if a ¢ [a;, b;]. On the other hand, for each j > kand a € R,
the evolution family (77),(t,s) admits a nonuniform dichotomy with projections P; = Id.

Finally, we show that ¥ = U;-‘Zl[aj, b;]. Take a € R\ U;-‘Zl[a]-, b;]. From what is proved,
it follows that for a > b; the evolution family T,(t,s) admits a nonuniform dichotomy with
projections P; = Id. Moreover, for a < a; it admits a nonuniform dichotomy with projections
P; given by

Pej=0for1<j<k and Pe;=¢;jforj>k.

Finally, take j € {1,...,k — 1} such that a; > a > bj;1. Then T,(t,s) admits a nonuniform
dichotomy with projections P; given by Pre; = 0 for 1 <i < jand Pie; = ¢; for i > j. Therefore,
Y. C U;';l [a]-, b]-]. Conversely, take a € [a]-, b]-] for some j =1,...,k and assume that a ¢ X. Since
T,(t,s) admits a nonuniform dichotomy, the same happens to (T/),(t,s), but this is impossible
since a € [a;, bj].

A similar construction can be effected for the case when the spectrum has unbounded
connected components.

Example 3.4. Take numbers 4, and by, as in (2.6) with lim; , |, a; = —co. We consider the evo-
lution family T'(t,s) given by T(t,s)ej = T/(t,s)e; for j € N with T/(t,s) as in (3.1). Proceeding
as in Example 3.3, one can show that for each a > b; the evolution family T,(¢,s) admits a
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nonuniform dichotomy with projections P; = Id. Moreover, for a € (bj;1,a;) with j € IN it
admits a nonuniform dichotomy with projections P; given by

Piej=0for1<i<j and Pwe; =¢;fori>j+1.

Finally, in a similar manner to that in Example 3.3, we have [a;, b;] C X for each j € N and so
Y = U5 q[an, by]. A similar construction can be effected for the case when I = [a1, +00).

Example 3.5. Take numbers 4, and b, as in (2.6) with lim; ,,  4; = 4 € R. For each n € N,
let ¢,: R — R be a smooth function such that ¢, (t) = a, for t < —1 and ¢,(t) = b, for t > 1.
We consider the linear equation x’ = A(t)x on X, where A(t)e; = a;(t)e; and

‘ 1 g
a(t) - ¢i(t) + s/ sint + V1+tcost, t>0,
oi(t) — N%Sint—i— V1—tcost, t<0
for j € IN. The corresponding evolution family T(t,s) satisfies T(t,s)e; = T/(t,s)ej, for j € N,
with T/ (t,s) as in (3.1). Proceeding as in Example 3.3, one can show that for each a > b; the

evolution family Ta(t,s) admits a nonuniform dichotomy with projections P; = Id. Moreover,
for a € (bj;1,a;) with j € IN it admits a nonuniform dichotomy with projections P; given by

Pie;=0for1<i<j and Pe; =¢;fori>j+1.

As in Example 3.3, we have [a;,b;] C X for each j € IN. Finally, by Lemma 2.5, (=00, dc] C =
and so X = Uj—1[an, by U (—00, 4. Again, a similar construction can be effected for the case
when I} = [a1, +0).
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