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Abstract. Consider the delay differential equation x'(f) = f(x;) with the history
x¢ : (—00,0] — R” of x at ‘time’ t defined by x¢(s) = x(t +s). In order not to lose any
possible entire solution of any example we work in the Fréchet space C!((—co,0],IR"),
with the topology of uniform convergence of maps and their derivatives on compact
sets. A previously obtained result, designed for the application to examples with un-
bounded state-dependent delay, says that for maps f which are slightly better than
continuously differentiable the delay differential equation defines a continuous semi-
flow on a continuously differentiable submanifold X C C! of codimension n, with
all time-t-maps continuously differentiable. Here continuously differentiable for maps in
Fréchet spaces is understood in the sense of Michal and Bastiani. It implies that f is of
locally bounded delay in a certain sense. Using this property — and a related further mild
smoothness hypothesis on f — we construct stable, unstable, and center manifolds of
the semiflow at stationary points, by means of transversality and embeddings.
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1 Introduction

Let U be a set of maps (—o0,0] — R" and let a map f : U — R" be given. A solution of the
delay differential equation

X(t) = f(x) (1)
isamap x : (—o0,0] +1 — R”", with I C R an interval of positive length, such that all its

segments
x¢:(—00,0l 3s—x(t+s)eR", tel,
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belong to U, x is differentiable on I, and satisfies (1.1) on I. In [18] we studied the initial value
problem
x'(t) = f(x) for t>0 and xp=¢ U (1.2)

for a functional f on an open subset U of the Fréchet space C! of continuously differentiable
maps (—oo,0] — R", with the topology of uniform convergence of maps and their derivatives
on compact sets. Let us briefly recall the motivation for working in the Fréchet space C!,
and not in a smaller Banach space of continuously differentiable maps (—oc0,0] — R" : we
did not want to exclude any possible continuously differentiable map satisfying (1.1) on some
interval, neither by growth conditions at —oco nor by integrability conditions.

The main result of [18] says that if f : C! D U — R" is continuously differentiable in the
sense of Michal and Bastiani (we come back to this below) and if its derivatives satisfy a mild
extension property then the initial value problem (1.2) defines a continuous semiflow S on the
continuously differentiable submanifold

X={pelU:¢'(0)=f(¢)}, codimX =n,

with all solution operators S(¢, ) : ¢ — x; continuously differentiable. The extension property
is that

(e) each derivative Df(¢), ¢ € U, extends to a linear map D.f(¢) on the Fréchet space C of
continuous maps (—oo,0] — R”", and the map

UxC3(¢,x)— Def(¢p)x € R"

is continuous.

The topology on C is given by uniform convergence on compact sets, of course. A first
version of property (e) is the notion of being almost Fréchet differentiable due to [10].

A toy example covered by the result from [18] is the state-dependent delay equation

X(t) =g(x(t—A4)), A=d(x(t)),

with ¢ : R — R and ¢ : R — [0, o) continuously differentiable, not necessarily bounded.
Let us recall results on semiflows on submanifolds of Banach spaces which will be used in
the sequel. The Banach spaces are

Cl =C([-4,0,R"), d>0,

with the norm given by

= s "(s)],
[¢lag = max [¢(s)|+ max |¢(s)]

and

§——00

Bl = {cp € Cl: lim ¢(s)e®™ =0, Em ¢ (s)e™ = 0} , a>0,
S —0

with the norm given by
[@la1 = sup [¢p(s)|e™ + sup |¢'(s)[e".
5<0 s<0
In [6,15,16] the initial value problem (1.2) was studied for f defined on an open subset of
Cl, and the results apply to differential equations with bounded state-dependent delay. In
[17] the initial value problem (1.2) was studied for f defined on an open subset of B}, which
covers differential equations with unbounded delay. The hypotheses are that f is continuously
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differentiable and that the extension property holds, with an additional requirement in the
second case: for amap f : Bl D U — R" in (1.1) it is also assumed in [17] that f represents
locally bounded delay in the sense that

(Ibd) for every ¢ € U there are a neighbourhood N(¢) C U and some d > 0 so that f(¢) = f(x)
forall , x in N(¢) with ¢(s) = x(s) on [—d,0].

It may seem surprising that in case of maps f : U — R” on open sets in Fréchet spaces
property (lIbd) is linked to smoothness. In fact, [18, Proposition 1.1] says that property (lbd)
follows from continuous differentiability in the sense of Michal and Bastiani [1,12]. The latter notion
means for a continuous map

g:U— G, UCFopen, Fand G Fréchet spaces,

that all directional derivatives

.1
Dg(u)v = O;Iélgoﬁ(g(u +hv)—g(u)) €eG, uelverF,
exist and that the map
UxF> (u,v)— Dg(u)jveG

is continuous.

This notion of continuous differentiability avoids choosing a topology on the vector space
L.(F,G) of linear continuous maps F — G. In case F and G are Banach spaces it is obviously
weaker than continuous differentiability in the sense of Fréchet (that is, there are derivatives
Dg(u) € L.(F,G), u € U, in the sense of Fréchet and U > u — Dg(u) € L.(F, G) is continuous
with respect to the usual norm topology on L.(F,G)).

In the sequel the labels (MB) and (F) are used in order to distinguish between both notions
of continuous differentiability wherever confusion might arise.

In the present paper we find local invariant manifolds at a stationary point ¢ € X C C!
of the semiflow S, for f continuously differentiable (MB), with property (e), and satisfying a
further mild smoothness assumption (d) which requires that a map induced by f via property
(Ibd) is continuously differentiable (F). In order to state this precisely consider the restriction
map Ry; : C! 3 ¢ — Pli—a0 € C} and the prolongation map P;; : Cj — C! given by
(P11¢)(s) = ¢(s) for —d < s < 0 and (Py1¢)(s) = ¢(—d) + (s +d)¢'(—d) for s < —d. Both
maps are linear and continuous. Choose a neighbourhood N = N(¢) C U of ¢ and d > 0
according to property (Ibd). Set ¢; = R;1¢ and notice that

Pi1pa =¢ €N

(because ¢ is constant, see the preliminaries at the end of this introduction). By continuity
there exist neighbourhoods V of ¢, in C; with P;;V C N, and due to the chain rule the
composition f o (P;1]v) is continuously differentiable (MB), with

D(f o (Pualv))(¢)x = Df (Pa1¢) Pux-

We assume that

(d) there is an open neighbourhood Uy of ¢4 in C} with P41Uy C N so that fg = f o (Pyqlu,) is
continuously differentiable (F).

Combining (e) and (d) we shall see in Proposition 2.2 below that the map f; has an exten-
sion property analogous to (e). Then results from [15,16] apply and show that the equation

X (t) = fa(x) (1.3)
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(with segments x; : [—d,0] 5 s — x(t +s) € R") defines a semiflow S; of continuously differ-
entiable solution operators S;(t, -) on domains in the continuously differentiable submanifold

Xg={peU:9'(0) = fa(9)}, codimX;=n,

of the Banach space CL. The restriction ¢, is a stationary point of S;. From [6] we get local
stable, center, and unstable manifolds of S; at ¢; € X; C C; .

We construct each local invariant manifold of S at § € X C C! in a different way. For
the local stable manifold of S at § € X C C! we need the local stable manifold of S; at
¢4 € X4 C Cl, and make use of a local transversality result in Fréchet spaces which is derived
in the Appendix (Section 7). The local unstable manifold of S at $ € X C C! results from
embedding the local unstable manifold obtained in [17], which sits in a Banach space B;,
a > 0. The construction of a local center manifold of S at § € X C C! begins as in Krisztin’s
Lyapunov-Perron type approach to a local center manifold of S, at ¢; € X; C CJ from [6,8],
and deviates at a certain point.

Section 3 below provides the tangent spaces of the local invariant manifolds of S at ¢ €
X C C!. Using the decomposition of the Banach space Y; = T, X4 C C! into stable, center
and unstable spaces of the linearized solution operators

Tar:Ya 21— DoSy(t, o)y €Yy, >0,
from [6] we construct linear stable, center and unstable spaces in the tangent space
Y =T;X ={xeC:x'(0)=Df(§)x} c C,
for the linearized solution operators
T, :Y>x—DS(t,¢)x €Y, t>0.

This is done without recourse to spectral properties of the operators T;.

Returning to the hypotheses on f : C! D U — R” it may be of interest to note that we
could have started from another arrangement, in order to obtain the desired local invariant
manifolds in C!. As the objectives are local in nature it is possible to begin with property (Ibd)
of f where N(¢) = U. Next one can assume that an induced map like f; on a neighbourhood
of ¢, in C} is continuously differentiable (F) and that an analogue of the extension property
(e) holds for the induced map. It would then follow that a restriction of f to a neighbourhood
of ¢ in C! is continuously differentiable (MB) and has property (e), which means that we are
back at the set of hypotheses which we prefer and actually use in this paper. — Arguing this
way one finds in particular that for the toy example, where

f(¢) = g(¢p(—5(¢(0)))) forallp € C' (withn =1),

all our hypotheses are satisfied.

Let us mention other recent work on invariant manifolds for equations with unbounded
delay: in [11] Matsunaga et al. obtain local center manifolds for integral equations with un-
bounded state- and time-invariant delay.

Preliminaries, notation. Banach spaces also are Fréchet spaces, that is, locally convex
topological vector spaces which are complete and metrizable. For each k € INy the topology
on the Fréchet space C¥ of k times continuously differentiable maps (—o0,0] — R”" is given by
the seminorms | - | ki, J € N, with

k

[Pl = 3 max [p09(s)],

= -iss<o
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1
= {fP e CFilpl; < j}

forming a neighbourhood base at the origin. In C* we have ¢,, — ¢ as m — oo if and only if
for every j € N, |pm — ¢[x,; — 0 as m — co.

Continuously differentiable submanifolds of Fréchet spaces and continuously differen-
tiable maps on such submanifolds are defined using continuous differentiability (MB). The
reference for results on calculus in Fréchet spaces based on continuous differentiability (MB)
which are freely used in the sequel is [5]. See also the survey [14]. For basic facts about
topological vector spaces, see [13].

In the sequel also the vector space C* = N C¥ occurs, but without a topology on it.

It is convenient to denote the unique maximal solution to the initial value problem

with the sets

x'(t) = f(xt) fort>0, xp=¢€X,

by x?.

Stationary points of the semiflow S are constant. (Proof of this: suppose S(t,¢) = ¢ for all
t > 0. The solution x of (1.1) on [0,00) with xo = ¢ satisfies x(t) = x;(0) = S(t,¢)(0) = ¢(0)
for all t > 0. For all s < 0 we have x(s) = ¢(s) = S(—s,$)(s) = x_s(s) = x(0) = ¢(0).)

For reals a < b and k € Ny let C¥([a,b], R") denote the Banach space of k times continu-
ously differentiable maps [a, b] — R”, with the norm given by

|0l 10,61 = Z max [ (s) .

a<s<b

In case a = —d < b = 0 we abbreviate C5 = C*([—d, 0], R") and | - |4 = | - [ 40k
It is easy to see that the linear restriction maps

Rgp:Cr—Ck, d>0 and ke N,
and the linear prolongation maps

Pyp:Ch—Ck, d>0 and k€N,
given by (P;x¢)(s) = ¢(s) for —d < s <0 and

(Pix¢)(s Ecp S+d)K fors < —d

are continuous, and for all d > 0 and k € N,
Rd,k o Pd,k = ldcg
Solutions of equations
X'(t) = g(x;), with ¢g:Ci>U—R" or g:Bl>U—R"

on some interval I C R are defined as in case of (1.1): with | = [—d,0] or | = (—00,0],
respectively, they are continuously differentiable maps x : ] + 1 — R” so that x; € U for all
t € I and the differential equation holds for all t € I. Notice that x; may denote a map on
[—d,0] or on (—o0,0], depending on the context.

The following statement on “globally bounded delay” for continuous linear maps corre-
sponds to a special case of [18, Proposition 1.1].
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Proposition 1.1. For every continuous linear map L : C° — B, B a Banach space, there exists r > 0
with Lp = 0 for all ¢ € C° with ¢(s) = 0 on [—,0].

Proof. Otherwise there are sequences r, — oo and (¢)° in C° with ¢y (s) = 0 on [—7y, 0]
and 0 # Ly, for all m € N. For ¢,, = |L¢py| > 0 we get Clmq)m — 0 because for each j € N and

for all integers m with r,,, > j,

Cimgbm ‘O,]. = 0. By continuity,

L(lcpm) —0 asm — oo,
Cm
contradicting
'L <1cpm> ‘ =1 forallm e IN.
Cm
O

For results on strongly continuous semigroups given by solutions of linear autonomous
retarded functional differential equations

x'(t) = Ax;

with A : Cg — R" linear and continuous, see [2,4].

2 On locally bounded delay, the extension property, and prolonga-
tion and restriction

This section contains proofs of a few facts which were used already in Section 1, and further
relations between the functionals f and f; and between the semiflows S and S;. Recall that f
is continuously differentiable (MB) and has property (Ibd), with N = N(¢) and d > 0.

Proposition 2.1. For every ¢ € N we have
Df(¢)p =0 forall € C' with (s) = 0 on [~d,0],

and
D.f(¢p)x =0 forall x € C° with x(s) = 0 on [—d,0].

Proof. Let ¢ € N and ¢ € C! with ¢(s) = 0 on [—d, 0] be given. For h # 0 sufficiently small,
¢ + hyp € N (due to continuity of multiplication with scalars), hence f(¢ + hyp) = f(¢), and

thereby,
DF(g)p = lim +(F(p+hyp)— F(§) = lim - (f(9) — f(9)) =0.

0£h— 0£h—0 h
Let € N and x € C° with x(s) = 0 on [—d, 0] be given. Choose a sequence of points x, € C!
with X (s) = 0 on [—d, 0] which converges to x in the topology of C°. (For example, let m > d
and find %, € C'([-m,0],R") with
. 1 .
|Xm(s) — x(s)| < ., on [-m,0] and Xu(s) =0 on [—d,0].
Extend % to xm € C' by xm(s) = Xm(—m) + (Xm)' (=m)(s +m) for s < —m. Conclude that
for each j € N, |xm — Xx|oj — 0 as m — c0.) — We obtain
Def(¢)x = lim Def(¢)xm = lim Df(¢)xm =0,

m—00
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where the last equation follows from the first part of the assertion, with x,(s) = 0 on [—d, 0].
O

With regard to the next result on the extension property of f; observe that each directional
derivative of f;, at a point ¢ € Uy in direction of x € C}, is given by Df;(¢)x with the Fréchet
derivative Df;(¢) € L.(C}, R").

Proposition 2.2. Each Fréchet derivative Df;(¢) € L.(C},R"), ¢ € Uy, extends to a linear map
Defa(¢) : C§ — R"™ and the map Uy x CY > (¢, x) — Defa(¢p)x € R" is continuous.

Proof. 1. Let ¢ € U, be given. By the chain rule for continuous differentiability (MB) in
combination with the remark preceding Proposition 2.2 the Fréchet derivative of f; at ¢ is

givenby Df;(¢) = Df(Py41¢) o Py1. Define Defy(¢) : C§ — R" by Defa(¢)x = Def (Pi1¢) PioX-
The map D, f(¢) is linear. It also is a continuation of Df;(¢) since for x € C} we have

Defa(¢)Xx = Def (Paa) Paox
= D.f(Py1¢)Ps1x (with Proposition 2.1 and P;x(s) = Py1x(s) on [—d,0])

= Df(Pa19)Parx = Dfa($)x-
2. The continuity of the map
Uy x C 3 (¢,x) = Defa(9p)x € R

follows from its definition in combination with property (e) of f and the continuity of P;; and
Py ). O

Proposition 2.3. X; = R;1(XNNNR;1(Uy))

Proof. 1. On X; C Rj1(XNNN R;j(lld)). For ¢ € X; C U; we have P;1¢ € N. Using this
and ¢ = R;1P;1¢ we get Py1p € NN R;j(ud) and

(P11¢)'(0) = ¢'(0) = fu(¢) (by ¢ € Xy)
= f(Paa9),

which means P;1¢ € X. It follows that ¢ = R;1P;1¢ isin Rz1 (XN NN R;j( Uy)).
22.0n R ;1 (XNNN R;j(ud)) C X,. Consider ¢ = R 1p withp € XNNN Rﬁ(ud). Then
¢ = R41¢p € Uy C Py (N), PiiRyap = Pja¢p € N, p € XNN C U, and

¢'(0) = (Ra19)'(0) = 9'(0) = f(¢) (since ¢ € X)
= f(PisaRa1)
(with (Ibd), ¢ € N,P;1R;1% € N, and ¢(s) = P;1R;1¢(s) on [—d, 0])

= f(Pur¢) = fa(9),
which gives ¢ € X;. O
Proposition 2.4. For every ¢ € XN NN R;j (Uy),

Tr,pXa = Ra1 TpX.
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Proof. Let¢p € XN NN R;j (Uy) be given. Using Proposition 2.3 we infer R;1¢ € X; and
Ry1TpX = DR () Ty X C Try 9 Xa,

hence codim R TpX > codim Tg,, X4 = n. As Ry is surjective and codim Ty X = n we also
get n > codim Ry Ty X. It follows that R Ty X and Tg,, X have the same finite codimension
n. Using the previous inclusion we obtain equality. O

Let O C X x [0,00) and Oy C X X [0,00) denote the domains of S and S, respectively.
The unique maximal solutions to the initial value problems

x'(t) = fa(x;) fort >0, xo=x€ Xy,
are denoted by xX (as in case of the initial value problem for (1.1) and data in X).

Proposition 2.5.
(i) For (t,¢) € Qwith S([0,] x {¢}) € NNR;1(Uy),

(t, Ran¢p) € Qg and  Sy(t,Rap¢) = Rya1S(t, ¢).

(i) If (t, x) € Qqand ifx : (—oo,t] — R" given by x(s) = xX(s) on [—d, t] and by x(s) = (Py1x)(s)
for s < —d satisfies {xs : 0 <s <t} C N then

(t,Pinx) € Q and Ra1S(t Paax) = Sa(t, x)

Proof. On (i): Let x = x? and set y = X|(_g- Each segment y; € Cl, 0 < s < t, equals
Rji1xs € Rdll(XﬂNﬂRﬁ(Ud)) = Xy. In particular, yo = Rj1x0 = Ry1¢ € Uy, and for
0<s<t,

y'(s) = x'(s) = f(xs)
= f(Pa1Raxs)
(by (Ibd), using xs € N, Rg1%s € Uy C Py (N), Py1Ry1%s € N, x5(0) = Py1Ry1x5(0)
on [—d,0])
= fa(Raixs) = f(ys),

which implies that the restriction y = x||_  satisfies (1.3) on [0, t]. Now the assertion becomes
obvious.

On (ii): consider (¢, x) € Q)4 and the maximal solution xX of (1.3) and x : (—oo, ] — R" as
defined in assertion (ii) and assume the segments x; € ClLLo<s<t, belong to N. For such s
we have

x'(s) = (x%)'(s) = fa(xZ) = f(Paaxf)
= f(xs)
(by (Ibd), use P;j1x¥ € N, x5 € N, (P41x%)(v) = x&(v) = x¥(s + v) = x(s + v) = x5(0)
for —d <v<0),

and xo = P;1x € N. It follows that (t,P;1x) € Q and x; = S(s, P;1x) for all s € [0, t]. Finally,
observe R;1xs = xf = Sy(s,x) for 0 < s < t. O

Proposition 2.5 (i) shows that ¢, is a stationary point of the semiflow S;.
For t > 0 consider the operators T; = D2S(t,¢) on TsX and Ty = D2S4(t, ¢a) on T, Xy
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Corollary 2.6.
(i) For (t,¢) € Q as in Proposition 2.5 (i) and for all x € TyX,

Rd,lX - TRd,l(PXd and Rd,lDZS(t/(P)X = DQSd(t, Rd,147)Rd,1X-
(ii) Forall x € TsX and for all t > 0,
Raax € Tp,Xq and  Rga1Tix = TasRaax.

Proof. On (i): for ¢ € X with S([0,] x {¢}) C NN Rd_j(ud) we have S;(t,Rg1¢) = Rz15(t, ¢),
by Proposition 2.5. Let x € TyX be given. By Proposition 2.4, Ry1x € Tr,,9X4- By the chain
rule, D,S;(t, Ri19)Ri1x = Ry1D25(t, ¢)x, which yields the assertion.

On (ii): we have [0,00) X {¢} C O, and forallt > 0, S(t,¢) = € NN R;j(lld), because
of $ € N and Rj1¢ = ¢ € Uy. Using part (i) we conclude that for all + > 0 and x € T3X,
Rd,l)( S T4_7d X, and

TatRa1x = D2Sa(t, Rg1¢)Ra1x = Ry1D2S(t, ¢)x = Ra1Tix. O

3 Decompositions of tangent spaces

This section contains the decomposition of the Fréchet space Y = TgX C C! into the stable,
center, and unstable spaces which in the subsequent sections will become the tangent spaces
of the desired local invariant manifolds at ¢ € X. The construction does not make use of
spectral properties of the operators T; = D;S(t,¢), t > 0, on Y, or of the generator of this
semigroup, but exploits well-known properties of the strongly continuous semigroup on the
Banach space CS which arises from linearizing the semiflow S; at ¢; € X; as follows: in [6] it
is shown that the derivatives T;; = D»S,(t, ¢4), t > 0, form a strongly continuous semigroup
on the Banach space

Yy =T5,Xg = {x € Cj: X'(0) = Dfa(Pa)x},

and they are given by the equations
Titx =Tgerx fort>0, xeY
where T, , ;1 = v; with the continuous solution v : [—d, 00) — R" of the initial value problem
v'(t) = Defy(¢pg)vr fort >0, wvo=ncCY

Here the term continuous solution means that v is continuous, differentiable for t > 0, and
satisfies the delay differential equation for t > 0, as in [2,4]. — In the present section a symbol
like v; above always denotes a segment which is defined on [—d, 0].

The operators T, : C) — C9, t > 0, form a strongly continuous semigroup whose gener-
ator has a discrete spectrum ¢, which consists of eigenvalues of finite algebraic multiplicity,
with only a finite number of them in each halfplane {z € C : Rez > u}, u € R. Then the
stable, center, and unstable spaces of the semigroup are defined as the realified generalized
eigenspaces Cg,s’ Cg/ o Cg,u which are given by the eigenvalues satisfying

Rez <0, Rez=0, Rez>0,

respectively. The operators T,,.;, t > 0, map CJ, into itself and act on C)_and on CY, as
isomorphisms. The center and unstable spaces are finite-dimensional. Initial data x in CY,
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and in Cg,u uniquely define analytic solutions v = v(X) on R of the equation v/ (t) = D, f4(¢,4)v:
with vy = x and with all segments v; : [~d,0] > s — v(t +5) € R", t € R, in C] _and in CJ

du’
respectively. From x € C} and x'(0) = Defy(¢a)x = Dfa($a)x we have x € Y,. This yields
Cg/c C Yy, Cg,u C Yj. For every t > 0 the operator T, given by T, ,; acts as an ismorphism
onY;. = Cg/ candon Yy, = Cg/u. With the closed space Y;; = Y; N Cg/s,

Y=Y @Yy, DYy, and T;;Y;, C Yy, forallt >0,
see [6]. The injective linear maps
I:Cl.2x— U(X)’(_oolo] eC' and I,:CJ,2x~— v(X)|(_oo,0} eC!
with finite-dimensional domains are continuous. Define
Y. =1.CJ. = IY;e and Y, =1,CJ, =1,Yq,.

Notice that
¢ =IRz1¢ onY., and ¢ =I,R;1¢ onY,.

The finite-dimensional spaces Y, and Y, are both contained in Y, because of

(0] () (0) = x'(0) = Dfa(Pa)x
= Df(Ps1¢a)Piax

= DF()(0"](-wg))
(by Proposition 2.1).

The spaces Y, and Y, serve as center and unstable spaces in Y.
Proposition 3.1 (Conjugacy, invariance). For every t > 0,
Tilex = L Tax forall x € Yy, = CSIC and

Tilyx = LT x forall x € Yy, = Cg/u,
and TY, =Y. and T.Y,=Y,.

Proof. Let x € CO’C, v =0o9W,t > 0. Then v; = Taix € Cg,c‘ The translate w = v(t + -) of
v : R — R" also is an analytic solution of the linear equation given by D.fs(¢;) : CY — R",
with initial value wy = v; € Cz(i),c' Hence w](,ooro] = I.vs. Next, I.x = v|(,oo/0}, and for all s > 0,

v'(s) = Defa(Pa)vs = Dfa(Pa)vs = Df (Py1pa) Pa10s
= Df(P)Paavs
= Df($)(v(s + )l (~c0))
(by Proposition 2.1, with (P;1v;)(r) = vs(r) = v(s +r) for —d <r <0),

which gives T (0|(_e,0)) = V(t + )| (—00] = W|(—c00]- Altogether,
Tlex = TH(0](—00]) = W|(—o0j0) = L0t = L TysX-

The proof for x € CY  is analogous. The last assertions follow from the first and second
assertion, respectively. O
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Define the stable space in Y as the closed space
Yo =Y NR; Yy
Proposition3.2. Y =Y B Y. DY, and T;Ys C Y; forall t > 0.

Proof. 1. Proof of Y C Y, @Y. @ Yy: for ¢ € Y, Rj1¢ € Yy, see Proposition 2.4. There exist
Xs € Yasr Xe € Yae = Cy o Xu € Yau = CJ,, s0 that Ry1¢ = xs + Xc + xu- Hence

Raa ((P —leXce — IuXu) = Xs +Xc+Xu— Railexe — Railuxu = Xs € Yas,

which in combination with ¢ — I.x — I, x, € Y yields ¢ — Icxc — Luxu € Ys.

2.1 Proof of YsNY, C {0}: for ¢ € Y;NY. = (YN RE%Yd,s) N 1.Y;. we have Rj1¢ €
YN Yy, = {0}. Consequently, Rs1¢ = 0, and thereby ¢ = I.Rz1¢ = 0.

2.2 The proof of Y; NY, C {0} is analogous.

2.3 Proof of Y, NY, C {0}: forp € YcNY, = Yy, NIL,Y,, hence Ry1¢p € Y. N Yy, = {0}.
Consequently, R;1¢ = 0, and thereby ¢ = I.R;1¢ = 0.

3. Lett >0, ¢ € Y;. Then R;j1¢ € Y;,. Using this and Corollary 2.6 one finds

RaiTip = TaiRan¢ € Yy,

which gives T;¢p € Y. O

What will be used from this section in the sequel are only the definitions of the spaces
Ys, Y., Y, and the inclusion
I,C§, =Y. C B,

which follows from v (t) — 0 and (vW))'(t) — 0 as t — —oo for all x € thi),u'

4 The local stable manifold

We begin with the local stable manifold Wj C X, of the semiflow S; at the stationary point
$s € X; C C] as it was obtained in [6]. It is easy to see that W5 is a continuously differen-
tiable submanifold of the Banach space C} which is locally positively invariant under S, with
tangent space

T5, W3 = Yus

at ¢, and that it has the following properties (I) and (II), for some § > 0 chosen with

—B > Rez forallz € oy, with Rez <0

and for some y > B.

(I) There are an open neighbourhood W; of ¢; in W5 such that [0,00) x W; C )y and
S4([0,00) x Wj) C Wj, and a constant ¢ > 0 such that for all ¢ € Wj and all t+ > 0,

1Sa(t, ) — Palay < eV |9 — Palan-
(II) There exists a constant ¢ > 0 such that each ¢ € X; with [0,00) x {¢} C Q; and

ePtSy(t, ) — Pala1 < ¢ forallt >0
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belongs to W3.

The codimension of W5 in C} is equal to
n+dim Yy + dim Yy, = n 4+ dim Cj, + dim Cj .

As the continuous linear map Ry, : C! — CJ is surjective we can apply Proposition 7.3 from
the Appendix and obtain an open neighbourhood V of ¢ in N C U C C! so that

W* = W*(§) = VN R (W)

is a continuously differentiable submanifold of C! with codimension 7 + dim Cg, . +dim Cg,u
and tangent space

TsW* = Ry 1 (Tp,W3) = Ry (Yas)-
The next propositions show that W* is the desired local stable manifold of S at ¢.
Proposition 4.1. W* C X and TsW® = Y;, and W* is locally positively invariant.

Proof. 1. Let ¢ € W°. Then ¢ € V C N and Rj1¢ € W C Xy C Uy C Pt;f(N) and
¢(t) = P41R41¢(t) on [—d,0]. Using Rj1¢ € X, the definition of f;, and property (Ibd)
we infer
¢'(0) = (R419)'(0) = fa(Ra19) = f(ParRa19p) = f(¢)
which means ¢ € X.
2. The first assertion yields T;W® C TgX =Y C C!. Hence

TW* = YN R (Yas) = Ve

3. (On local positive invariance) Choose an open neighbourhood V; of ¢; according to local
positive invariance of W5. Then choose an open neighbourhood V C V of ¢ with R;;V C Vj.
Consider t > 0 and ¢ € W* NV with S([0,#] x {¢}) C V. Then R;;5([0,¢] x {¢}) C V; and
Ry1¢ € WiN V. For 0 <'s < t the solution x : (—oo,t] — R" of the initial value problem (1.2)
satisfies

x'(s) = f(xs) = f(P41R41%s) (with (Ibd); we have
Rd,1XS S Ud, Pdrlellxs S N, Xs € V - N, Pd/lellxs = Xg On [—d,O])
= fa(Raxs),

which shows that y = x||_44 is a solution of (1.3) on [0, ], with initial value yo = Ryj:1¢ €
W5 NV, and with the segments ys = Ry1x5, 0 < s < t, in Rd,1‘7 C V4. By local positive
invariance of Wy, ys = R;1xs € Wj for 0 < s < t. It follows that for such s, x5 € vn R;j (W3) C
VR (W) = We. O

Proposition 4.2.
(i) There are an open neighbourhood V of ¢ in V with [0,00) x (V N W?) C Q and a constant & > 0
such that for all ¢ € V. N W* the solution x : R — R" of the initial value problem (1.2) satisfies

lx(t) — p(0)| + |/ (t)| < ée™"|Ry19 — Palar forall t > 0.

(ii) There are an open neighbourhood V of ¢ in V and a constant ¢ > 0 such that for every solution
x : R — R" of the initial value problem (1.2) with ¢ € V N X and

lx(t) — @(0)| + |/ (t)| < ce Pt forallt >0
we have ¢ € W°.
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Proof. 1. Consider y > B > 0 and W, ¢, ¢ from statements (I) and (II) above. There is an open
neighbourhood V; C Uy of ¢ with W5 N V; = W5.

2. On (i). Choose an integer j > d so that for all x € C} with |x — $4la1 < % we have y € Uy,
and for all ¢ € C! with | — ¢|;; < ; we have § € N. Choose an open neighbourhood V C V
of ¢ so that for all ¢ € V we have

_ 1 - -
—flii<—— and Ry VC TV,
U 4”1'f<2j(c~+1) and. RapV C Vd

For ¢ € W NV we obtain Ry ¢ € Wwin V= W;. By statement (I), [0,00) x {R;1¢} C )y and
forallt >0,

1Sa(t, Raid) — Palas < €e” " [Ra1¢p — Palaa
. - 1
<ce Mgl < 2
Then the solution y : [—d, %) — R" on [0, %) of (1.3) with initial value yo = Ry1¢ € W5 C W5

satisfies :
ly(s) — ¢(0)] + |y (s)] < % for all s > —d.

The map x : R — R” given by x(t) = y(t) for t > —d and x(t) = ¢(t) for t < —d is
continuously differentiable. Using x(s) = ¢(s) for s <0, ¢ € V, and the previous estimate we
infer

[x(s) = §(0)| +|¥'(s)] < 21] forall s > —j,

which yields |x; — ¢|;; < % for all segments x; : (—00,0] > u — x(t+u) € R", t > 0.
Consequently, x; € N for all t > 0. Using

- _ 1
|Raixt — Raa@las < |x: — Plyj < 7 forallt >0

we obtain for all + > 0 that R;,x; € Uy, hence P;1R;1x; € N, and

X(t) =y (t) = falyr) = fa(Raaxt) = f(Pa1Ra1x:) = f(x¢) (with (Ibd)).

It follows that x is the solution of the initial value problem (1.2), and for every t > 0,

1x(t) = @(O)| + |X'(t)] = |y (t) — P(O)| + |y ()]
< |S4(t, Ri1¢p) — Palas < ée” "|Ry1p — Palas-

3. On (ii). Choose an integer j > d with

1 c
o b,pd
],<2€
so that
. ] 2 . _ 2
peC 3’¢_¢‘l,j<7 CV and Xecd:|7(_¢d’d,l<} C Uy
Set

. - 1 1
V= {cp cCt: lp—Pl1,; < ]} and choose ¢ > 0 with ¢ef? < 7
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Let ¢ € XNV be given with [0,00) x {¢} C Q and assume that the solution x : R — R" of
the initial value problem (1.2) satisfies

|x(t) — §(0)| + |x'(t)| < ée P forall t > 0.

Notice that all segments x; : (—o0,0] > u +— x(t +u) € R", t > 0, belong to V. Next, consider
the restriction y = x|[,d,oo). Fort > 0 and —d < s < 0 we have in case t +s < 0 that

e Pt

IA
N oy

_ - 1
y(t+5) = PO)[+ 1y (t+5)[ < |p—Pl1; < 7

< %e‘ﬁd
while for 0 < t + s,
y(t+5) = O]+ |y (t+5)| = [x(t+5) = O)] + |¥'(t+5)| < ce FUT)
< cePlePt < ge’ﬁt.

It follows that for all segments y; : [—d,0] > u — y(t+u) € R", t > 0, we have eft|y; — Pgls1 <
¢. Notice that we also obtained

[y — Pala1 < ? forall t > 0,

which yields y; € U, for all t > 0, hence P;1R;1xt = Py1y: € Nforallt > 0. Asx; € VCN
we can apply (Ibd) and find

y/(i’) = X/(i') = f(xt) = f(Pdllellxt) = fd(Rdlle) = fd(yt) for all ¢ > 0.

In particular, yp € X;. It follows that y; = S;(t,yo) for all t+ > 0. Now statement (II) gives
Rj41¢ = yo € W;. Consequently, ¢ € VN R;j(Wj) = W°. O

5 The local unstable manifold

In this section segments x; are always defined on (—oo,0]. Fix some a > 0 and consider the
Banach space B! C C! introduced in Section 1, and let BY C C° denote the Banach space of
continuous maps ¢ : (—oco,0] — R" satisfying

Sli}r_noocp(s)e”ZS =0,
with the norm given by [¢[,0 = sup,_, [¢(s)[e™. It is easy to see that the linear inclusion maps
jo:BY—=C% and j,:B} — C!
are continuous, as well as the restriction and prolongation maps
Ryg1:Bl>¢+— Ry¢€Ch and P,4;:CL>x— Piix € BL.
The set U, = j; ' (N) N R;;,l(ud) C B} is open and contains ¢, and the map
fo:Ua = R, fa(p) = f(j19),
satisfies f,(¢) = 0. Notice that every solution of the equation
X'(t) = fa(x) (5.1)

on some interval also is a solution of (1.1) on this interval.
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Proposition 5.1. For all ¢ and ¢ in U, with ¢(s) = ¢(s) on [—d,0] we have f,(¢) = fa(¢). The
map f, is continuously differentiable (F), each derivative Df,(¢) : Bl — R", ¢ € U,, has a linear
extension D, f,(¢) : BY — R", and the map

U, X Bg > (¢, x) = Defa(¢)x € R"
1s continuous.

Proof. 1. For ¢, in U, with ¢(s) = ¢(s) on [—d,0] we have j1¢p € N, j1p € N, and R, 419 =
Reapp € Us C Py 11(N ). Using (Ibd) we infer

fa(@) = f(1¢) = f(PiaRaa19) = f(Pi1Raa1p) = f(1yp) = fa(9).

2. Using fa(¢) = f(Pi1R,419) = fa(Rya1¢) we see that f, is continuously differen-
tiable (F).
3. For ¢ € U, and x € BY define D, f,(¢)x = Def (j1)jox- O

Now results from [17] show that X, = {¢ € U, : ¢'(0) = fa(¢)} is a continuously dif-
ferentiable submanifold of U, C B%, that the solutions of (5.1) define a continuous semiflow
Sp:[0,00) X X, D Qp — X, and that there is a local unstable manifold W¥ C X, at the sta-
tionary point ¢ € X,, which has the following properties: W/ is a continuously differentiable
submanifold of Bl, § € WY, each ¢ € W¥ is a solution on (—oo,0] of (5.1) with ¢ — ¢ as
s — —o0, and

TsW, = Y.
(In order to verify the last equation observe that in [17] the tangent space of W at ¢ is obtained
as the vector space of all maps % : (—oo,0] — R" with o = x € Cj,, which for some ¢ > 0
and for all integers j < 0 satisfy
Xit = Nx

where A : Cg/u — Cg/u is the isomorphism whose inverse is given by T;, _;. The maps in the
vector space I, Ct(i),u = Y), share the said property. The dimension of both vector spaces equals
dim Cg,u )

Moreover, there exist B > > 0and ¢, > 0 so that

D) |¢ps — Plar < cueP|¢ — p|aq for all p € WY and s < 0,

and

(1) for every solution ¢ € Bl of (5.1) on (—o0,0] with

sup [ih; — Plase ™ < o0
s<0
there exists sy < 0 with ¢s € W} for all s < sy.
From a manifold chart at ¢ we obtain € > 0 and a continuously differentiable (F) map

w' : Y, (e) = BL, Yule)={pcYy:|plo1 <e}

with w%(0) = ¢, wk(Yu(€)) an open subset of W¥, and Dw!(0)y = 5 for all 4 € Y,. Propo-
sition 7.4 applies to the continuously differentiable (MB) map j; o w}. So we may assume
that

W = W¥($) = jrwg (Yu(e))

is a continuously differentiable submanifold of C! with

TsW" = jiDw!(0)Y, = Y.
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Proposition 5.2.
(i) Every ¢ € W" is a solution of (1.1) on (—oo,0], with ¢s — ¢ as s — —oo, and for all s < 0,

p(s) = HO)] < cue|p = Plag and |¢'(s)] < cueP|p — Pl
(ii) For every 1 € X which is a solution of (1.1) on (—o0,0] with

supe P|Y(s) — (0)| < oo and supe |y (s)| <

5<0 s<0
there exists s(¢) < 0 with s € W for all s < s(1p).

Proof. 1. On (i). Let ¢ € W* C jW¥ = W¥ C B! be given. From the properties of W
combined with the remark preceding Proposition 5.1 we infer that ¢ is a solution of (1.1) on
(—0,0]. Using ¢s — ¢ for s — —oo in B} and continuity we get ¢ — ¢ for s — —oo also
in C'. The exponential estimate in assertion (i) is obvious from the exponential estimate of
|ps — P|aq for s < 0 in statement (I).

2. On (ii). Consider ® € C! which is a solution of (1.1) on (—o0,0] and assume there is
some ¢ > 0 with

e Plp(s) —p(0)| <c and e |P'(s)|<c foralls <O.
Then ¢ and ¢’ are bounded, hence s € B} for all s < 0. For each s < 0 we have

s — Plag = sup [(s +v) — ¢(0)[e" + sup [¢'(s + o) [e*

v<0 v<0
< sup (s +v) — ¢(0)] + sup [¢'(s + )|
v<0 v<0

< 2csup T+ < 2078
v<0

hence ¢ — ¢ in Bl as s — —c0. Choose 51 < 0 with Ps € U, for all s < s1. For s < s; we also
have

P'(s) = (95)'(0) = f(¢s) (since ¥ is a solution of (1.1))
= fa(¢s) (since s € U,),

hence ¢ also is a solution of (5.1) on (—oo,s1]. It follows that ¢ = 15, € B is a solution of (5.1)
on (—o0,0]. For s < 0 we get

e Vs = Plag =€ s 45 — Plan

< 2ce” < oo,

Property (II) shows that there exists s, < 0 with s € W} for all s < s,. Using s — ¢ in
B! for s — —oo once again we find s3 < s, with ¢s € w%(Yy(e)) for all s < s3. For such s,
P45 = J1Psy4s = ]'11,55 € jle(YH(e)) = Wr O

6 Local center manifolds

In this section we assume
{O} ?é Cg,c = Yd,C'
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First we perform the translation ¢; — 0, in order to use constructions from Section 4.2 in [6]
and from [8]. Consider the continuously differentiable (F) map

81 :CiD V=R, Vi=Us—¢a, 8ald) = falp+ Pa),

which satisfies g;(0) = 0 and Dg,(¢) = Dfs(¢ + ¢,) for all ¢ € V;. In particular, Dg;(0) =
Dfi(¢4). Setting D.gy(¢p) = D.f4(¢p + ¢4) for ¢ € V; we observe that the derivatives of g; have
an extension property as in Proposition 2.2. The set

Xgy ={p € Va:¢'(0) = ga(¢)} = Xa — a4

is a continuously differentiable submanifold of X;, with codimension 1, and a map x :
[-d,0] +1 — R", I C R an interval, is a solution of

X' (t) = ga(xt) 6.1)

on I if and only if the map [—d,0] +1 > t — x(t) + $(0) € R" is a solution of (1.3) on I. It
follows that the relations

di = {(t,(l)) € [O,oo) X ng : (t/¢+(i_)d) € Qd}/ Sgd(t'(l)) = Sd<t/¢+4_)d)

define a continuous semiflow on X, with all solution operators Sg,(f,-) continuously differ-
entiable (F). Now 0 € X, is a stationary point of S, the tangent space of X,, at 0 is

Yo, = ToXg, = {x € C}: x'(0) = Dg4(0)x} = {x € Cy: X'(0) = Dfa(¢a)x} = Ya,
and the derivatives D>Sg,(£,0) : Yy, — Yg,, t > 0, are given by
Tyt = DaSg,(£,0) = DaS(t,¢4) = Tyy.

For every x € Yg, and for all t > 0, Ty, :x = v{ with the continuously differentiable solution
v* : R — R” of the initial value problem

v'(t) = Dg4(0)vr = Dfy(Pa)vr fort >0, vg=x € Yg, = Ya. (6.2)
In particular,
ng,t)( = ng,e,t?(
with the operator Ty, .+ = Ty, from the strongly continuous semigroup on the space CJ which
is given by the continuous solutions of the initial value problem

' (t) = Deg4(0)vs = Defg(Pa)vr fort >0, vy =1 € C. (6.3)

The operators Tg, .+ = Ty.:, t > 0, leave the stable space Cg , invariant and define isomor-
phisms of the center and unstable spaces Cy , CY . In the sequel we need certain constants re-
lated to the behaviour of the semigroup on these invariant spaces: there are K > 1,2 < 0,b > 0
and € € (0, min{—a, b}) such that

| T etPlao < Ke”t|qb|d,0 for all ¢ € Cgls, t>0,

|Taeiplao < Kell|plag  forallp € CY,, t € R,

| Taeiplao < Ke"|plao  forallgp € CF,, £ <0.
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Next we recall the first part of the construction of a continuously differentiable local center
manifold of Sg, at 0 € X, from [8]. (Be aware of different notation: the space C in [8]
corresponds to the space CJ in the present paper, etc.)

Setting C(}l, ,=Cin Cg/ s we obtain a decomposition

Cz}l = C;!,s ® Ct(i),c ® Ct(i),ll (6.4)

of the space C! into closed subspaces. The associated projections C; — CJ onto C;,S’ Cg/c, Cg/u
are denoted by P}, P, P}, respectively.

Following [8] we choose a norm | - |; . on the finite-dimensional space Cg, . Whose restriction
to CJ .\ {0} is C*-smooth. Then

19lla1 = max{|PjPlac, |(Pis + Piu)¢plar}

defines a norm on C} which is equivalent to | - |;1. The continuously differentiable (F) remain-
der

ra: Va2 ¢ ga(¢) — Dga(0)¢p € R
satisfies r;(0) = 0 and Dr;(0) = 0. Using analogues of the formulae for 7, in [8] we introduce

a family of maps
ras:Cqi—R", 0<6<4,

which are defined on the whole space C} and have the property that for all § € (0,6;] and for
all ¢ € C! with ||p]la1 <9,
¢€Vy and ra5(P) = ra(e).

(The preceding property is obvious from the definition of r; ; but was not stated for rs in [8].)
In particular, 7;5(0) = r4(0) = 0. There is a continuous non-decreasing function y : [0,61] —
[0, 1] with 1(0) = 0 such that for all § € (0,41] and all ¢, ¢ in C} we have

ras(@)| < 6 pu(d)

and

ras(9) = ras(®)| < u(d)ll¢ — llaa-

(For the construction of y compare, e. g., the proof of [9, Proposition 11.2].)
For a given Banach space E and # > 0 let E; denote the Banach space of all continuous
maps u : R — E satisfying sup,.g e "l |u(t)| < oo, with the norm given by

Jul ey = supe”u(t)].

teR
For E = CY and E = C, abbreviate Cg,ry = (CY), and Cclw = (Chys | lapy = |- ]C% and
| a1y =1 ‘C}M’ respectively. In case 77 > € the map

S’7 : Ct(i),c — C;,U’ (Sﬂq))(t) = Td,e,t¢/

is injective, linear, and continuous. This follows easily from the facts that the operators
Tiqetr,t > 0, form a strongly continuous semigroup and define isomorphisms of the space
Cg/ . in combination with the growth estimate on Cg/ . and with the equivalence of all norms
on the finite-dimensional space Cg/ . CClL
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In the proof of [8, Theorem 2.1] it is shown that there exist A € (0,4;] and #; > 7o in
(e, min{—a, b}) with the following properties: for every ¢ € Cg/ . there is a uniquely deter-
mined curve u = u(¢) € C;/m which satisfies the integral equation

u(t) = Taess(s) + [ T2 Jran(u(e))dr, —o<s<t<oo, 65)

and the condition P} .u(¢)(0) = ¢. (For the correct interpretation of (6.5), for the integral in it,
and for the maps T, . and I see [8].) We have #(0) = 0, and the map u: Cj_ > ¢ > u(¢) €
Ccll,m is continuously differentiable (F) with Du(0) = S,,,.

Because of P;,Cu(qJ)(O) = ¢ the map u : Cg,c S¢—u(ep) € C:}l,m is injective.

It is important to notice that in the preceding statement A can be chosen so small that,
taking into account the Lipschitz constant y(A) of 75 and the equivalence of the norms || - ||41
and | - |41, we also get

raa(@) —ran()| <Al —lgy forallg € Clp € Cy

with a constant A = A(A) > 0 strictly less than 1. (In [8] only the related estimate u(é) < 1
occurs, which is not enough for the present purpose. We need A < 1 for the application of
Proposition 7.1 in Part 1 of the proof of Proposition 6.4 below.)

(6.5) is equivalent to the differential equation

X' (t) = Dga(0)x; + ran(xr) (6.6)

in a certain sense, see [6, Section 4.2]. We only need that given ¢ € Cg, . there is a continuously
differentiable function x/#! : R — R" which satisfies (6.6) for all t € R and

xw =u(¢)(t) forallt € R,

and conversely, that for every continuously differentiable function x : R — R" which satisfies
(6.6) for all t € R the continuous curve R 3 t +— x; € C}l satisfies (6.5).
Define open balls

Cen = {0 € Chct llgpllan < A},
C;,su,A = {(P € Cali,s D Cg,u : H‘PHd,l < A}l
Na=Chon+Chan (={p€Ch:lpllir <A}).
From here on, we deviate from the proof of [8, Theorem 2.1]. The next aim is to show that
the map Cg, D¢ x[‘i’]\(_mro] € C! is continuously differentiable (MB) with the derivative at

¢ = 0 given by the map
I.:Cj. —C'

from Section 3, with image I.C) =Y, C Y = T3 X. This requires some preparation.
Notice that the differentiation and evaluation maps 9 : C; — C9, 95¢ = ¢/, and ev, : C)
¢ — ¢(s) € R", —d < s <0, are linear and continuous.

Proposition 6.1.
(i) The set

Z=A{ze¢ C(}l,m forall t € Rand s € [—d,0], z(t)(s) = z(t+5)(0)}
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. . 1
is a closed linear subspizce of Cipy- )
(ii) For each z € Cd,m, djoz € Cd,m, and the linear map
1 0
Cay 22 0d40z€Cy,

is continuous.
(iii) The linear maps

emo : Cglm >z (€05 02)| (o] € C? —-d<s<0,

are continuous.
(iv) For every z € Z the map evg o z is continuously differentiable with

(EUO @) Z)/(t) = (62}0 o ad o Z)(t)

forallt € R.
(v) The linear map
emy : C}Lm DZ3zw (ev0z)|(—] € c!

is continuous.

Proof. 1. On assertion (i). For every t € R and s € [—d, 0] the maps C}l,m >z z(t)(s) € R"

and C} w2z z(t+5)(0) € R" are linear and continuous. The set Z is the intersection of
the kernels of their differences.

2. In order to prove assertion (ii) recall the norm on CJ ” and use that given z € C} " and
teR,

194 02) (D) laoe ™" = |(2(£)) age 1"
< (|Z(t)|d,0 + |(Z(t))/|d,0)€_’71‘t| = |Z(t)|d,1e_]71|t|
< |Z|d,l,171

3. Proof of assertion (iii). Let —d < s < 0 and j € IN. For every z € Cg/m and for all
te[—j},0],

[(evs 0 2)(£)] = |z(£)(s)|e"MIHemlH
< ‘Z(t)‘dloe*’hwe’hj
S ‘Z|d,0,1113’71jz
which shows
lemos(2)]o,; = [(€vs ©2)[ (a0 < eﬂljfz\d,o,ql forall z € Cglm.

Now continuity follows easily.
4. Proof of assertion (iv). Let z € Z and t € R be given. For 1 € R with 0 < || < %,

z(t+;l> (—Z+h> —z<t+;l> <—g>
:z(t+§—§+h> <0)—z<t+‘21—;l> (0)

since z € Z and —;%—h € [-d,0] > —g)

= (evpoz)(t+h) — (evg 0 z)(t)
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which shows that

((evgoz)(t+h) — (evgo2)(t)) — Z<t+g>'<_;l>

= -

as h — 0, and ev o z is differentiable. For —d < h < 0 we have

(evgoz)(t+h)— (evgoz)(t) =z(t+h)(0) —z(t)(0)
= z(t)(h) — z(t)(0)
(asz€ Zand —d <h<0).

This yields (evg 0 z)’(t) = (z(t))"(0) = 94(z(t))(0) = (evg 0 94 © z)(t). The formula shows that
(evg 0 z)" is continuous.
5. Proof of assertion (v). From assertion (iii) in combination with the continuity of the
inclusion map
C;'/’h - Cgﬂh

we infer that the map
C;,m D Z >z emgp(z) € C

is continuous, and for every z € Z, emz(z) = (ev0 0z)|(—o0] = €Mo,0(z). According to assertion
(iv), each map emyz(z), z € Z, is continuously differentiable with

(emz(z)) (t) = (evpoz) (t) = (evgo (d302))(t) = (emgp(dg0z))(t)

forall t <0, or (emz(z))" = emg(9d,; o z). Using assertions (ii) and (iii) we conclude that the
map
Cé,m DZ 3z (emz(z)) € C°

is continuous. Recall |¢[1,; = [¢[o,; + |¢'[oj for all j € N and all ¢ € C'. Now it follows easily
that the map
emz : C}l,,h >Z—C!

is continuous. ]

Observe that we have S, Cj. C Zas forall y € Cj , t € Rand s € [—d,0],

(S (0)(5) = (Tuerx)(s) = 0¥ (s) = 00 (¢ +5) = 07 (0) = ((Syx) (£ +5))(0).
Also, for every x € Cg/ .and forall t <0,

ev0(Sy, (X) (1)) = €vo(Tuesx) = evo (o) = 00 (1) = (Ix) (t).

Corollary 6.2. The map | : Ct(i),c > ¢ ¢+ xld) | (—00] € C! is continuously differentiable (MB) with
DJj(0) = L.

Proof. For every ¢ € C . we have u(¢) € Z, because of
(w(@)(1))(s) = 21 (s) = 21 (£ + 5) = 17, (0) = (u(9)(t +5))(0)
forall t € R and s € [—d,0]. For each t <0,

x?(t) = (u(9)(1))(0) = evg(u(9) (1)) = (evo 0 u($))(t) = (emz(u(9)))(1).
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Hence J(¢) = ¢ + emz(u(¢p)) for all ¢ € Cg, .- An application of the chain rule to the linear
continuous map emz from Proposition 6.1 (vi) and to the continuously differentiable (F) map

Ci.o2¢p—u(p)ezc C(;m

yields that the map | is continuously differentiable (MB) with DJ(0)x = emz(S;,x) for all
X € Cg,y For such x and for all t <0,

(emz (S x)) (1) = evo((Syx) (1)) = 0 (0) = 00 (1) = Lx (1),

see the statement preceding the corollary. O

As J(0) = ¢ € N C U and DJ(0) is injective Proposition 7.4 applies. It follows that there
is an open neighbourhood Ng/ .of 0in Cg, . so that the set

We=]J(Nj.)cNcU
is a continuously differentiable submanifold of C!, with
;W = 1.Cy, = Y.

As 1(0) = 0 and as the map Cg,c > ¢ — u(¢)(0) € C} is continuous we may assume that for
every ¢ € Ng, . we have

|lu(¢)(0)]|41 < A, orequivalently, u(¢)(0) € N,
which implies u(¢)(0) € V.

Proposition 6.3.
Wec X

Proof. For ¢ € Ny and x = J(¢) = ¢ + x[‘f’”(,wlo} eWCCNCU,

x'(0) = (1) (0) = Dgy(0)x 4 7 5 (x)
(by (6.6), with the segment x([;b] defined on [—d,0])
= Dga(0)x + ra(x)
(as xlas = (@) (0)[la1 < A)
= ga) = fu@+ 1) (@sx € Vi =Us—§)

= f(Paa(§+x4)
= f(x) (by (Ibd), with arguments in N C C')
= f(x9) (with the segment defined on (—oo0,0]). O

Choose an open neighbourhood U, of ¢ in N C U so small that
Rdllu* C Ud N (NA + 4_),1)

and for all ¢ € U,,
Pt},cRd,l(lp - 4_)) € Ng,c'
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Proposition 6.4 (Local positive invariance). For every (t,) € Qwith p € W C X and S([0,t] x
{y}) C U, we have S([0,t] x {y}) C W°.

Proof. 1. Let (t,1p) € Q with p € W C X and S([0,¢] x {¢}) C U, be given. Lets € [0, t]. We
have to show S(s, ¢) € W¢. There exists x € Ny with ¢ = J(x) = ¢ + x[ | (—o0,0- Consider the
maximal continuously differentiable solution y : (—oo,t,) — R" of (1.1) on (0,t,), 0 < t, < oo,
with yo = ¢ € X. Then t < t, and y, = S(v, ¢) for 0 < v < t,. Obviously,

y(v) — $(0) = p(v) — $(0) = xW(v) forallv <0.
Proof of y(v) — ¢(0) = xl¥l(v) for 0 < v < t : consider the map
z:[—d,ty) > v y(v) —$(0) € R".
For0 < v <,

Z'(v) =y'(v) = f(vo)

(with the segment v, defined on (—oo,0])

= f(Pa1Ra1y0)

((Ibd) applies since y, = S(v,¥) € U. € NN R;{(Us), Raryo € Uy, PiaRa1yo € N)
= fa(Rayo) (since Ry1yo € Uy)

= 8a(Ra1yo — Pa)
(with V; = Uy — ¢4 and the definition of g,)

= Dga(0)(Ra1yo — ¢a) + ra(Ra1yo — Pa)
= Dga(0)(Ra1yo — Pa) + ran(Raiyo — Pa)
(using Ry1¥o € Na + ¢a, [[Ra1vo — Pallia < B),
and R;1Y» — ¢g is the segment z, : [—d,0] 3 s — y(v+5s) — ¢(0) € R". Proposition 7.1 now

yields y(v) — ¢(0) = z(v) = xW(v) for 0 < v < t.
2. Due to autonomy the shifted copy

F:R3v— xW(v+s)eR"
of xIx satisfies (6.6) for all + € R. The continuous curve
R0~ & €C)

is a solution of (6.5) and belongs to the space C} y, as we have the estimate

Eolan = 12,101 = |1(x) (0 + 5)|gze M Hslemlots

< enlvlgms sup |u(X)(w)]d,1e”71‘w‘ forall v € R.
weR

It follows that for all v € IR,
G0 = u(¢)(0) = =
with
¢ = P; .Co,
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and we observe that & = x[?!. - In order to show that ¢ belongs to the domain Ng, . of ], notice
that Part 1 yields

E(w) = xW(v+s) =y(v+s)—@0) forallv<0.

Using this in combination with the fact that the segment ys : (—00,0] 3 v — y(s +v) € R”
belongs to U, and the choice of U, we infer

(P = Pdl,cgo = P;,cRd,l (g‘(,oo,g}) = Pdl,cRd,l (]/s - 4_)> € th,c'

Finally,
Ys = P+ & (_ewp = ¢+ X9 o) = J(p) € W O

Proposition 6.5. For every solution y : R — R" of (1.1) on R with y; € U, for all t € R we have
ye € Weforall t € R.

Proof. Let a solution y : R — R" of (1.1) on R with y; € U, for all t € R be given. Because of
the autonomy of (1.1) it suffices to show yp € W¢. Define x : R — R" by x(t) = y(t) — ¢(0).
Then Rd/lxt = Rd,1 (yt — 4_)) = Rd,lyt — Rd,14_) = Rd,lyt — 4_7,1 S Rd/lu* - (l_)d C NA forall t € R.
The continuously differentiable map x is a solution of (6.6) on R because similar as in Part 1
of the proof of Proposition 6.4 we have

X (t) =y (t) = f(yr) = f(PaaRay)
(withy; € Uy C N, Ry1y: € Uy, P11Rg1y: € N and (Ibd))
= fa(Raay:) (since Ry € Uy)
= ga(Rayt — ¢u)
(with Rj1y¢ € Uy = V; + ¢4 and the definition of g,)
= Dgy(0)(Ra 1yt — Pa) + ra(Ray: — Pa)
= Dgi(0)(Ra1yt — ¢a) + ran(Raayr — Pa)
(with Rj1yt — pa € Na)
= Dga(0)(Raaxt) + raa(Raaxe)

for every t € R, and R;x; is the segment [—d,0] > s — x(t +s) € R" for each t € R. Then
the curve R > t — Rj1x; € C(}l is continuous and solves (6.5). As all Rj1x; = Ri1yt — ¢q € Na
are uniformly bounded the curve belongs to the space C}Lm = Cy, (R, C}). It follows that

Ryixe =u(x)(t) = xyd forallt € R

with
X = Pz},cRdﬂxO = P{},cRd,l (yO - 4_)) € Nz(i),c'

Notice that x(t) = (Rz1x:)(0) = de(O) = xW(t) for all t € R. Finally,
Yo = ¢+ x|(oog) = P+ 2| p = J(x) € WE. O

Some comments on the choice of the different methods used in Sections 5 and 6 seem
in order. The proof in Section 5 embeds a local unstable manifold W* C X, C B} into the
space C!. The basic unstable manifold W/ is taken from [17]. Center manifolds in X, are
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not addressed in [17], and seem unavailable anywhere else. This precludes the application of
the embedding technique from Section 5 in the present Section 6. Instead the construction in
Section 6 borrows from the work in [6,8] on center manifolds in X; C C}i.

Let us mention that the present construction of a center manifold in X C C! can be modi-
fied in order to establish first the local center manifolds in X, C B} which are missing in [17].
Upon that, one could use the embedding technique from Section 5 and proceed to local center
manifolds in X C CL.

It also is possible to establish unstable manifolds in X C C! in the same way as here in
Section 6, without recourse to results from [17] and starting from the construction of unstable
manifolds in X; C Cgll in [7]. The different route chosen in Section 5 is much shorter. Moreover
it saves us from a discussion how to change technical details in the proof in [7], in order to get
rid of unnecessary hypotheses which are hyperbolicity and the assumption that the functional
in the delay differential equation considered is the restriction of a map on a subset of CJ.

7 Appendix on uniqueness, preimages and embeddings

Proposition 7.1. Suppose L : Cj — R" is linear and continuous with a linear continuous extension
Lo : C) — R", and r : Cj — R" satisfies |r(¢) —r(p)| < Alp — ¢laq for all ¢, ¢ in C), with
0 < A < 1. Then any two continuously differentiable maps x : [—d, t,) — R" and y : [—d, t,) — R",
0 < t, < oo, satisfying x(t) = y(t) on [—d, 0] and
Z(t) =Lzt +1(z) forO<t<t,

coincide.

Proof. 1. Assume x(t') # y(t') for some t' € (0, t.). Let tg = inf {t € [0, t.) : x(t) # y(t)}. Then
0 <ty <te,x(t) =y(t) on [—d, tp] and for every € > 0 there exists t' € (to, to +€) with t/ < t,
and x(#') # y(t'). The curves [0,t) > s — x; € Cj and [0,%) 3 s — ys € C} are continuous.

Letc = |L€’LC(CS,]R”) = SUp|,|, <1 |Lex|-
2. A preliminary estimate. For tp < v <t < t, with t <ty + d, we have

(o)~ y(o)| = | [ (<) ~ ¥/ (£)ds| = | [ (Ll =) 1) = r(y)ds

— /:(Le(xs —ys) +r(xs) —r(ys))ds

< (v—to)(c max |xs —yslao+A max |x: — yslia)
tg<s<v
/ /
= (v )((C+A) max |xs —yslao+A max [(x')s = (y)slao)
<

t—to)((c+ A)|xe — yelao + A (X)) — (¥)elao)

where the last estimate follows from tp < v < t < ty+d and x(s) = y(s) on [—d, tp]. Using
this once more we get

%t — yelao < (t—to)((c+ A)|xr — yelao + M () — (¥)tlao)
fortg <t <t,witht <ty+d.
3. Estimate of derivatives. For tg < v < t < t, with t < f; + d, we have
X' (v) =¥ (v)| < clxo = Yolao + M|xo = Yolao + [(x)o — (¥ )olap)
< (c+M)xe = yelao + A )e = Y )tlao,
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where the last estimate follows from v < t < fp+d and x(s) = y(s) on [—d, to]. Using this
once more we see that in case tg < t < t, and £y < t < tg+ d we have

|(x')t - (y/)t!d,o < (c+A)|x — yt|d,0 + /\|(x/)t - (]/)t|d,0/

hence A
C
[(x)e = (Y )tlao < i _A!xt —Ytlao-

4. The result of part 3 inserted into the result of part 2 yields

c+A
Xt = yelao < (£ —to) <(C+)\)|xt ~Ytlao + AT |x _]/t|d,0>

for tog <t < t, with t < to+d. It follows that |x; — y¢|40 = O for t > f¢ sufficiently small, hence
x(u) = y(u) on [—d, t] for some t > ty which is a contradiction to the properties of ;. O

We turn to maps in Fréchet spaces which are continuously differentiable (MB). For the
proof of a local transversality result which is familiar in case of continuously differentiable (F)
maps in Banach spaces we need the following implicit function theorem.

Theorem 7.2. Let a Fréchet space F and finite-dimensional normed spaces B and E and a continuously
differentiable map (MB) f : F x B D U — E, U open, be given with f(x,y) = 0 and assume that
Dyf(x,y) : B — E is an isomorphism. Then there exist convex open neighbourhoods N of x in F and
Npg of y in B and a continuously differentiable (MB) map g : Np — Np with y = g(x) and

(Np X NB) ﬂfﬁl(O) = {(Z,b) € NpxNg:b= g(Z)}

For a proof see [3], or [18, Theorem 7.3] in combination with the remark preceding this
theorem.

Proposition 7.3. Let F, G be Fréchet spaces, U C F open, f : U — G continuously differentiable
(MB), and consider a continuously differentiable submanifold M C G of finite codimension m. Assume
that f and M are transversal at a point x € f~1(M) in the sense that

G = Df(x)F + Tf(x)M'

Then there is an open neighbourhood V of x in U so that V N f~1(M) is a continuously differentiable
submanifold of codimension m in F, and T,(f ~'(M) N V) = Df (x) ' T,yM.

Proof. 1. There are an open neighbourhood N, of f(x) in G and a continuously differentiable
(MB) diffeomorphism g : N, — G onto an open set U, C G such that g(f(x)) = 0, g(Ng N
M) = UgNT¢yM, and Dg(f(x)) = id. (The last property can always be achieved by replacing
¢ with Dg(f(x))~! o g. Notice that Dg(f(x)) maps T¢(x)M onto itself.)
2. By transversality and codim M = m we find a subspace Q C Df(x)F of dimension m
which complements Ty, M in G,
G=T)M®Q.

The projection P : G — Q along Tf(,)M onto Q is linear and continuous (see [13, Theorem
5.16]), and PDg(f(x))Df(x) = PDf(x) is surjective. The preimage Uy = f~!(Ny) is open,
with x € Uy C U. For z € Uy we have

z€ fM)NUf < f(z) € MN Ny & Pg(f(z)) =0.
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For the continuously differentiable (MB) map & = Pogo (f[u,) we infer f~'(M)NUs =
h=1(0). The derivative Dh(x) : F — Q is surjective. It follows that there is a subspace R of F
with dim R = dim Q = m and

F = Dh(x)"1(0) ® R.

The restriction Dh(x)|g is an isomorphism.
3. The continuously differentiable (MB) map

H:{(z,r) € Dh(x) "' (0) xR:x+z+7r¢€ Us} 3 (zr) = h(x+z+71) €Q

satisfies H(0,0) = 0. Because of D,H(0,0)? = Dh(x)? for all # € R and dim R = dim Q the
map D,H(0,0) is an isomorphism. Theorem 7.2 yields convex open neighbourhoods Vi of 0
in Dh(x)~'(0) and Vg of 0 in R, with x + Vi + Vg C Uy, and a continuously differentiable
(MB) map w : Vg — Vg with w(0) = 0 and

(Vg x VR)NHY0) = {(z,7) € Vg x Vg : ¥ = w(z)}.
Foreveryy € x + Vg + Vg, y = x +z +r withz € Vg and r € Vg, we have
yef ' MNUseh(y) =0 h(x+z+r)=0& H(z,r) =0 r=w(z),

and f~1(M) N (x + Vg + Vg) is a shifted continuously differentiable (MB) graph, hence a
continuously differentiable submanifold of F, with codimension equal to dim R = dim Q = m.
Set V =x+4 Vg + Vr.

4. (On tangent spaces) From f~!(M)NUy = h=1(0) and h(x) = 0we get hi(f (M)NV) =
{0}, hence Dh(x)T(f~Y{(M)NV) = {0}, or

T.(f '(M)NV) C Dh(x)~*(0).
As both spaces have the same codimension m they are equal. For every v € F we have

v € Dh(x)1(0) < Dh(x)v =0 < PDf(x)v =0
& Df(x)v € P71(0) = Tp(yM < v € Df (x) ' T M.

Using this we obtain
To(f~1(M)NV) = Dh(x)"}(0) = Df(x) ' T, M. O

Proposition 7.4. Suppose W is an open subset of a finite-dimensional normed space V,and j : W — F,
F a Fréchet space, is continuously differentiable (MB), b € W, and Dj(b) is injective. Then there is an
open neighbourhood N of j(b) such that N N j(W) is a continuously differentiable submanifold of F,
with Tjp (N Nj(W)) = Dj(b)V (hence dim(N N j(W)) = dim V).

Proof. 1. The finite-dimensional subspace Y = Dj(b)V has a closed complementary space
Z C F, see [13, Lemma 4.21], and the projection P : F — F along Z onto Y is continuous ([13,
Theorem 5.16]). The map P o j is continuously differentiable (MB) and defines a continuously
differentiable (F) map W — Y since V and Y are finite-dimensional. Its derivative at b is an
isomorphism V' — Y (use Py = y on Y and the injectivity of Dj(b)). The Inverse Mapping
Theorem yields a continuously differentiable (F) map ¢ : YNU — V, U open in F and
P(j(b)) € YNU, such that g(P(j(b))) = b, and an open neighbourhood W; C W of b in V such
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that g(YNU) = Wy, (Poj)(Wi) =YNU, (go(Poj))(v) =von Wy, and ((Poj)og)(y) =y
on Y NU. It follows that the map i : Y N U — Z given by

h(y) = ((idr = P) o jog)(y)

is continuously differentiable (MB).

2. Proof of j(W1) ={y+h(y):yeYNU}: (@ ForyeYNU,

y+h(y) =y+ ((ide —P)ojog)(y)
= ((Poj)og)y)+(jog)y) — ((Poj)og)(y) =j(gy)) € j(Wi).
(b) For x € j(Wq) there exists y € Y N U with

(8(y)) = ((Poj)og)(y) +j(gly)) — (Poj)(g(y))
=y+ ((idr —P)ojog)(y) =y +h(y).

X

The graph representation of j(W;) now yields that it is a continuously differentiable subman-
ifold of F. O
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