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Abstract. In this paper we study the centers of projective vector fields Qr of three-
dimensional quasi-homogeneous differential system dx/dt = Q(x) with the weight
(m,m,n) and degree 2 on the unit sphere S2. We seek the sufficient and necessary con-
ditions under which Q7 has at least one center on $2. Moreover, we provide the exact
number and the positions of the centers of Q7. First we give the complete classification
of systems dx/dt = Q(x) and then, using the induced systems of Qr on the local charts
of 2, we determine the conditions for the existence of centers. The results of this paper
provide a convenient criterion to find out all the centers of Qr on 82 with Q being the
quasi-homogeneous polynomial vector field of weight (m,m, n) and degree 2.
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1 Introduction

We consider the polynomial differential systems in IR®

dx

Fri Q(x), (1.1)
where x = (x1,x2,x3) and Q(x) = (Q1(x), Q2(x),Q3(x)). System (1.1) is called a quasi-
homogeneous polynomial differential system with weight (a1, a2, 43) and degree d if Q(x)
is a quasi-homogeneous polynomial vector field with weight (a1, a3, a3) and degree 4, i.e.,

Qi(AMx1, A% xp, A% x3) = AN QO (x50, x3),  1=1,2,3, (1.2)

where A € R and d, a1, 23,03 € Z™. In particular, if (a7, a2, 03) = (1,1,1), then system (1.1) is
a homogeneous polynomial system of degree 4.
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The three-dimensional polynomial differential systems occur as models or at least as sim-
plifications of models in many domains in science. For example, the population models in
biology. In recent years, the qualitative theory of three-dimensional polynomial differential
systems has been and still is receiving intensive attention [1,2,5,7,9,10,13,15].

Just as the author of [16] point out that, the study of three-dimensional polynomial differ-
ential system is much more difficult than that of planar polynomial system. For example, it is
an arduous task to determine the global topological structure of the Lorenz system

X1 =0(x2—x1), X=px1—y—xz, x3=—-Pz+xy (o,B,p>0),

although this system has a simply form, see [14].

An efficient method for studying the qualitative behavior of orbits of system (1.1) is to
project the system to the unit sphere S2. In what follows we will adopt the notations used
in [6] to introduce some basic theory of the projective system on S2.

By taking the transformation of coordinates

x = (x1,%2,x3) = (Fy1, ™y, 7y3),  y=(y1,y2,y3) €S*,  reRT,
we get from system (1.1) that

o 1y, QM) = R(y) 13)

Y _ (5.y)0y) - (v, Q)
where § = (a1y1, @2y, a3y3) and dt = (r*~1/(y,y)) dt.

System (1.4) plays an important role in the analysis of the topology of system (1.1). Indeed,
if we write I', g and C for trajectory, singularity and closed orbit of system (1.4) on the S?,
respectively, and let y = y(7,yo) be the expression of I' (resp. g, C) with initial value yy =
y(70,y0), then y(7,yo) is defined on R and

«
I
@)
>§]
=

(1.4)

T
r(t,m) = roexp [ R(y(s,yo))ds
T0
is the solution of (1.3). Hence we obtain the corresponding trajectory of system (1.1)

Wr (resp. We, We) = {(r"1(7, T0)y1(T, ¥0), 72 (T, T0)y2(T, ¥0), ¥** (T, T0)y3(T, ¥0)) | T € R}.

For any y € S?, we define a curve as S(y) = {(r*1yy, 2y, r%y3) | r > 0}. The orbit T
of system (1.4) on S? can be regarded as the projection of Wr along the family of curves
{S(y) | y € $?}. In this sense, we call Qr(y) the projective vector field of Q(y) on S? and call
(1.4) the projective system of (1.1).

To study the behavior of orbits of system (1.4), we use the local charts of 5?. Denoted by

Hf ={xeR’:x >0}, H ={xeR:x <0}

and
IF={xeR:x=1}, I ={xeR:x5=-1}.

Define respectively the coordinate transformations ¢', : H N S — I and ¢ : H; N S?

— 117
Y v y2 Y
X = (P+(Y) = (y,?cl/(xi’ ytféz/txi’ y?és/uci)
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and

T B Y1 Y2 Y3
X=9h) = <|yz~!“1/“f’ [yif /o Iyil“s/“f> '

for i =1,2,3. It is easy to see that {(Hli N S?, cpli) : i =1,2,3} is the set of local charts of 5.
System (1.4) in these local charts is topologically equivalent to

dx )
= WL(R) = (Ql<>-<> - L Qi(%), Qa(%) ~ 200, Qs(5) - f,szgQi(x)) :
jli =W.L(x) = <Q1(>‘<) + %ﬁQi(i)/ Qa(%) + %@Qi(x), Q3(%) + ‘S@Qi(i)) ,

where i = 1,2,3 and d7 = (y,y)|y;| " V/%dr.

In the literature many authors study the projective vector field of system (1.1) with degree
two (d = 2). Most of them consider the homogeneous case, ie., 1 = ap = a3 = 1. For
instance, Camacho in [1] investigates the projective vector fields of homogeneous polynomial
system of degree two. The classification of projective vector fields without periodic orbits
on §? is given. Wu in [15] corrects some mistakes of [1] and provide several properties of
homogeneous vector fields of degree two. Llibre and Pessoa in [10] study the homogeneous
polynomial vector fields of degree two, it was shown that if the vector field on S? has finitely
many invariant circles, then every invariant circle is a great circle. [11] deals with the phase
portraits for quadratic homogeneous polynomial vector fields on S?, they verify that if the
vector field has at least a non-hyperbolic singularity, then it has no limit cycles. They also
give necessary and sufficient conditions for determining whether a singularity of (1.4) on $?
is a center. Pereira and Pessoa in [12] classify all the centers of a certain class of quadratic
reversible polynomial vector fields on S2.

Under the homogeneity assumption we know that whenever x(t) is a solution of system
(1.1), then so is X = Ax(A?"!t). This conclusion can be extended to quasi-homogeneous
systems. Indeed, from the quasi-homogeneity, X(t) = diag(A*, A%, A%3)x(A?~1t) is a solution
of (1.1) when x(#) is a solution of (1.1). Recently, the authors of [6] study the projective vector
field of a three-dimensional quasi-homogeneous system with weight (1,1,«), with « > 1,
and degree d = 2. Some interesting qualitative behaviours are determined according to the
parameters of the systems. Another meaningful work about the spatial quasi-homogeneous
systems is [7]. In that paper the authors generalize the results of [2,13] by studying the limit
set of trajectories of three-dimensional quasi-homogeneous systems. They also point out, by a
counterexample, the mistake of [2].

However, to the best of our knowledge, there is no paper dealing with the center of the
projective vector field of spatial quasi-homogeneous systems. Motivated by this fact, in the
present paper we study the sufficient and necessary conditions for the projective vector field
Qr of the system (1.1) with the weight (m, m, n) and degree 2 to have at least one center on 82,
We would like to emphasize that, in the above mentioned papers dealing with homogeneous
systems, many authors concern on the periodic orbits of system (1.4), see [1,6,11]. This is
because the periodic behavior of system (1.4) provide a threshold to investigate the periodic
and spirally behaviors of the spatial system. Our work provides a criterion for the projective
vector field associated to system (1.1) to have a family of periodic orbits.

This paper is organized as follows. In Section 2, we prove some properties and establish
the canonical forms of quasi-homogeneous polynomial system (1.1) with weight (m,m, n) and
degree 2. In Sections 3, 4, and 5, we are going to seek the sufficient and necessary condi-
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tions under which the projective system (1.4) has at least one center on $?, where Section 3
(resp. Section 4 and Section 5) deals with the case that n =1 (resp. m > 1,n > 1and m = 1).

2 Properties and canonical forms for quasi-homogeneous systems
with weight (m, m,n) and degree d = 2

The first goal of this section is to derive some properties of the three-dimensional quasi-

homogeneous polynomial vector field with weight (m,m,n) and degree d = 2. The results

obtained will be used in the next sections.
Define a homomorphism ¥ : R® — R3 as (x1, x2,x3) = ((—=1)"x1, (—1)"x, (—1)"x3).

Proposition 2.1. Assume that Q is a quasi-homogeneous polynomial vector field with weight (m,m, n)
and degree d = 2. Then

Q(y(x) = -Dy-Qx),  Qr(p(y)) = —Dy¢-Qr(y).
Proof. Firstly, it follows from the quasi-homogeneity property of Q that
Qp(x)) = Q((=1)"x1, (=1)"x2, (=1)"x3)
= (1" Q1(x), (1) Qa(x), (-1)""1Qs(x))
= =Dy - Q).
Secondly, by the expression of Qr(y) we have

Qr(p(y)) = (W), ¥(¥))Q(¢(y)) — (¥(¥), Qy(¥)))¢(y)-
Since (y) = D -, it follows that ((y), ¥(y)) = (¥,y). Hence

Qr(¥(y)) = —(3,y)Dy - Q(y) + (¢(y), Dy - Q(y)) v (y)
—(3,y)Dy - Q(y) + {y, Q(y)¥(y)
= —D¢'(< 7, y)Q(y) — (y,Q(y))y) = =Dy - Qr(y).
The proof is finished. ]

Proposition 2.2. Assume that Q is a quasi-homogeneous polynomial vector field with weight
(m,m,n). Let L = {(Acosag,Asinag,1) | A € R} be a straight line on II. If S C S*isa
great circle which contains the points (0,0, £1) and (cos ag, sinag,0), then (¢3)~}(L) = Hf N S.

Proof. Since S is a great circle containing the points (0,0, £1) and (cos ag, sin g, 0), we find
Hy NS = {(£cosagsinf, tsinagsinb,cosb) | 6 € [0,71/2)}.

Hence

(HynS) = {( yi , Y2 ,1) ’ (y1,Y2,v3) = (£ cosagsin b, +sinagsin 6, cosh),
P ()7 (o)) |

6 € [0,7'(/2)}

{(Acosoco,)\sinoco,l) | A = +sinf/(cos0)"'",0 € [0, 7T/2)}
= {(Acosag, Asinap, 1) | A € (—o0,00)}.

The proof finishes because the above expression is equivalent to (¢3)~!(L) = Hf N S. O
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The second purpose of this section is to obtain the canonical form for the quasi-homogene-
ous polynomial vector fields with weight (m,m,n) and degree d = 2, where m and n are two
different positive integers.

Lemma 2.3. Every three-dimensional quasi-homogeneous polynomial differential system (1.1) with
weight (m,m,n) and degree d = 2 can be written in one of the following forms:

(1) If m =1, then

dx
— =) ‘11]0x1x2 (1 —sgn(n —2))ag0,1x3,

i+j=2
dXQ
= Y bijoxixh + (1—sgn(n —2))booaxs, 2.1)
dt i+
j=2
dxs _ i j
T f01x1xs + a0,1,1X2X3 + Z Ci,j,0X1X5-
i+j=n+1
(2) If n =1, then
d.’Xl
T f01x1xs + ap,1,1X2X3 + 610,0,m+1xé,”+1,
dXQ
T bi,p1%1%3 + bo11%2%3 + bog mi1xs Y, (2.2)
dX3
W = (1 — sgn(m — 2))(61,0,03(1 + CO,LOxZ) + Co/o/zxé.

(3) If m > 2and n > 2, then

dxy m+1 dxy m-+1 dxs o

ﬁ = aOIOImTH x3” , W = b0,0,% x3" , W = 2 Ci,]-,oxllsz. (23)
=t

Here sgn(-) is the sign function and in (2.3) we define ayy w1 = by ma = 0if (m+1)/n ¢ N¥,

and cjjo =0ifi+j= (n+1)/m ¢ N*.

Proof. Tt follows from (1.2) that Q;(0,0,0) = (0,0,0). Thus we set
1
Qi(x1,x2,x3) = Y _ qix(x1, %2, x3),
k=1
where

_ (i) b1 gkl .
Qie(X1,%2,03) = ) A XX i=1,23.
k1+ky=0

Substituting the above expressions into (1.2) with (a1, a2, a3) = (m, m,n) and d = 2 yields

0 ARkl gy — 0 k=12, m, i=1,2,  (24)

3 —k1—kr—1)—
al(ﬂ,)kz,kfkl*kz (/\M(kl+k2)+n(k firke1)=1 1) =0, k=12,...,ns (25)

We will apply (2.4) and (2.5) to find out all the coefficients which vanish.
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Casel. m=1,n>21If al(C?,kz,k—kl—kz #0, i =1,2, then by (2.4) we have
k1+k2+n(k—k1—k2)—220. (2.6)

Noting that 0 < k; +ky < k, we deduce from (2.6) that ky +k, = 0, k =1, n = 2 or
ki + ko = k = 2. This prove the first and the second equation of (2.1).

If ag ik, 7 0, then by (2.5)
k1+k2—|—n(k—k1—k2—1)—1=0. (2.7)
The equation (2.7) is satisfied if and only if ky + ko =1, k =2 ork; + k, =k =n+1 > 3. This

proves the third equation of (2.1).

Case2.n=1,m>2.1If ﬂ;(c?kz k—ky—

mki+ky—1) +k—kj —ko—1=0. (2.8)

ks #0, i=1,2, then we get

We deduce from (2.8) that ky +k, =0, k =m+1 > 3 or k; + k» = 1, k = 2. This proves the
first and the second equation of (2.2).

If ”lg),)b,k—kl—kz # 0, then
m(ky +ky)+k—ki —ky—2=0. (2.9)
The equation (2.9) is satisfied if and only if k1 + ko =0, k =2 or ky + ko =k =1, m = 2. This

proves the third equation of (2.2).
Case3. n>2, m>21If al(c?,kz,kfklsz #0, i = 1,2, then we have

m(k1 +ky — 1) + Tl(k — k1 — kz) —1=0. (2.10)

Since m(ky +k, —1) =1 —n(k —k; — k) < 1, it is enough to consider two cases: k1 +k, = 0
and ki + k, = 1 < k. Furthermore, k; + ky = 1 < k is impossible because n(k — 1) # 1 for all
n > 2. If ky + k» = 0, then we get from (2.10) that kn = m + 1. This means that Q; and Q, are
two nonzero functions if and only if n|(m + 1). And hence the first and the second equation
of (2.3) are obtained.

If 4y i, 7 0, then m(ky +kz) +n(k — ki —ky — 1) — 1 = 0. This equality holds if and
only if ky +ky = k > 1, km = n + 1. Thus we obtain the third equation of (2.3). O

From the above lemma we get next result.

Theorem 2.4. Suppose that Q; (i = 1,2,3) of system (1.1) are nonzero functions. Then every quasi-
homogeneous polynomial vector field (1.1) with weight (m,m,n) and degree d = 2 can be changed,
under a suitable affine transformation, to:

(i) System
dx1 o 2 2
o = an + axx1x3 + asxy,
dx
— = b+ boixs 0333, (2.11)
dx n+1 . .
d—: = C1X1X3 + C2X2X3 + Z dixyy

i=0
with weight (1,1, n), where n > 3, or
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(ii) system
dx1
dt
dX2
dt
dX3
dt

= b1x} + byx1x2 4 b3x3 + x3, (2.12)

3
= c1x1x3 + Cxox3 + Y dixixny Y,
i=0

with weight (1,1,2), or

(iii) system
dx1
dt
dXQ
dt
dX3
dat

with weight (2,2,1), where y = 0,1, or

= a1X1X3 + axX2X3,
= b1x1x3 + boxoxs + nxg, (2.13)

= 11 + CaXx2 + CoX3,

(iv) system

dxl

T a1x1x3 + axx2x3,

dx

gfzhmm+bmm+nﬁ“, (2.14)
dX3

I

with weight (m,m,1), where y = 0,1, and m > 3, or

(v) system
dxq dxy dxs
ar = X3, at = X3, ar = clx% + cox1x2 + ngg, (2.15)

with weight (2,2,3), or

(vi) system
dx1 2 de 2 dX3

W - X3, — = X3, W = (C1Xq + C2X»p, (2.16)

with weight (3, 3,2).

Proof. Firstly, in the case that m = 1, the canonical forms (2.11) and (2.12) follow from [6]
directly.

Let us consider the case that n = 1 and m = 2. If agpg3 = bopsz = 0, then system (2.2)
becomes (2.13) with = 0. If ”%,0,3 + b%,o,s # 0, then by noting that system (2.2) has the
same form under the change of variables (x1,x2) — (x2,x1), we can assume without loss of
generality that bpgs # 0. Taking the transformation z = (bpgsx1 — a0,03%2, b, 3’3x2, x3), and
then using the symbol x instead of z, we can change system (2.2) to (2.13) with # = 1. The
case n = 1 and m > 3 can be dealt with in a similar way.

Finally, consider the case that m > 2,n > 2. Since Q; (i = 1,2,3) is nonzero function, it
follows that (m+1)/n, (n+1)/m € N*. Thusm =n—1lorm=n+1 If m =n—1, we
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get from n|(m+1) and m|{(n+1) thatn =3, m = 2. If m = n+1, thenn =2, m = 3.
Consequently, we obtain

dxq dxy dxs

g axs, I bxs, T clx% + cox1x2 + C3x%, ab #0
with weight (2,2,3) and
dx; 5 dx; . 5 dxz
W — LZX3, W — x3, W — Clx] + C2x2, [lb 75 0

with weight (3,3,2). By taking an affine transformation of variables, we get systems (2.15)
and (2.16). O

The systems (2.11) and (2.12) are considered in [6]. It is shown that the projective system
of system (2.11) has no closed orbits on $2. But the authors do not give the conditions for
projective systems of system (2.12) to acquire at least one center. The purpose of the rest of
this paper is to find the sufficient and necessary conditions for all the projective systems (1.4)
of the systems in Theorem 2.4 to have at least one center.

3 Center of the quasi-homogeneous systems with weight (m, m, 1)

In this section we deal with the canonical forms of (2.13) and (2.14). The main results of this
section are the following two theorems.

Theorem 3.1. Suppose that Qr is the projective vector field of system (2.13), then the following
statements hold.

(A) Forn =0, Qr has at least one center if and only if one of the following two conditions is satisfied:

(1) a1 + by = 4cy, (bz — a1)2 + 4arb; < 0;
(2) J(c1,¢2) = axc? + (ba — ay)cica — by # 0.

In addition,

(i) If (1) is satisfied and c3 + ¢ # 0, then Qr has exactly three centers respectively at (0,0,1),
(0,0,—1) and E(cz/ 2+c3, —c1/\/c3+c3, O) when [(c1,¢2) > 0 or —E when
J(c1,¢2) <O.

(ii) If (1) is satisfied and ¢c1 = ca = 0, then Qr has exactly two centers at (0,0,1) and (0,0, —1),
respectively.

(iii) If (2) is satisfied but (1) is not satisfied, then Qr has a unique center at E when J(c1,¢2) >0
or at —E when J(cq,¢2) < 0.

(B) For 5 =1, Qr has at least one center if and only if (c1,c2) # 0 or one of following conditions is
satisfied:
(1) a =0, l_)z = 24d41, @161 — b1cp 75 0, ﬁ% 4+ 2cp < 0;
(2) a» 7& 0, Ez = —1, C1dp = A1Cy, (ﬁzll + Zﬁ%azb] + ﬂ%b% + 2a2blcz)(a2b1 + ﬁ%) <0

(3) ay # 0, 26_1% — 367%1_72 + 9d1a,b1 — 35[15% — 36dicr + 09(121711_72 + 25% + 54a5c1 + 181_72C2 =0,
9d2ayc1 + 27a3bic1 — 9d1axbac1 + 9asb3cq — 8a3cy — 27a1a2bico + 12a%2bycy — 6a1b3c) +
1 2 2 1 1 2
E%Cz) . (3a2c1 + EzCz — 2@162) <0,
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with 4, = ay — 2co, by = by — 2¢y.

Moreover, if J(c1,¢2) > 0 (resp. J(c1,¢2) < 0), then on the equator Qt has a unique center at E (resp.
—E). If the condition (i) (i € {1,2,3}) of (B) holds, then Qr has a unique center at y; on S* N Hy

and it has a unique center at —y; on $* N Hy which satisfies > (y;)

(x7,y5,1), where

= ﬁ%—f—ZCz . aiby 4 2c;

1= 2d1c1 — 2b1C2/ 1= 2d1c1 — 2b1C2/

* a2 * a
Xo = ———F—— 5, = T 5

2 a>by + ﬁ% Y2 abi1 + ﬁ% (3.1)
o= az(a; + by) . (ba—2a)(ba+ )

3 =

N 2(3(12(11 + 1_7262 — 2171C2) ’

6(311261 + 1_7262 — 2171C2) )

Theorem 3.2. The projective vector field Qr of system (2.14) with m > 2 has at least one center on S
if and only if
A = (bz — ll1)2 + 4a,by < 0.

Furthermore, if (3.2) is satisfied then QT has exactly two centers at the points

naAg' n(m —an) Ay 3 naz(—Ao)" n(m —ar)(—Ao)" B
( Al ’ A] /77/\0+ 1 n and A] ’ A] ’ 77/\0+77 1 ’

a1+ by =2m, (3.2)

where A = Ay is the unique positive solution of equation

(a3 + (m — a1)?)A*" + AIA? = A2 (3.3)

3.1 Quasi-homogeneous systems with weight (2,2,1)

In this subsection we assume that Q7 is the projective vector field of system (2.13). We will
firstly study the centers on the Hf N $?. The centers on H; N S? can be obtained by the
symmetry (see Proposition 2.1). By straightforward calculations we find that the induced
system of Q7 on IT] is

dx
d’fl = ()_() —2x Qg()_() = (LZ1 — ZCO)fl + axxy — 2C1f% — 2c0X1%2,
! (3.4)
dx
d; = Qu(X) — 2%2Q3(X) = 17 + by &y + (by — 2c0)%p — 201%1 %2 — 20285, 1 =0,1.

Proposition 3.3. Assume that p = (p1, p2, p3) € $* N H with p3 # 0, £1 is a singularity of Qr.
If n =0, then p is not a center of Qr.

Proof. Since Qr(p) = 0, it follows that

{q,p)Qi(p) —2{p,Qp))p: =0,
where q = (2p1,2p2, p3)- Thus

i=1,2,

0= p1(Q2 +2p2Q3) — p2(Q1 +2p1Qs) = p1Q2 — p2Q1 = p3[I(p1, p2) + 1p3), (3.5)
where I(x,y) = bjx® + (by — a1)xy — axy>.
Let I1 = {(p1A, p2A, 1)|A € R} be a straight line on I17, where p1 = p1/4/1—p3, P2

=pa/+4/1— p%. By direct computation we obtain that on [, writing x = (p1A, 24, 1), we have

f(A) == p1(Q2(X) —2%:Q3(X)) — P2(Q1(X) — 2%1Q5(X)) = Al(p1, p2) + P17, 1 =0,1.
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If 7 = 0, then it follows from (3.5) that (71, p2) = I(p1, p2)/ (1 — p3) = 0. This means that
f(A) = 0. Therefore, I, is an invariant straight line of W, . Let S be the great circle containing
the points (1, p2,0) and (0,0, £1). Clearly, p € S. By Proposition 2.2, the half-great circle
SN H3+ is an integral curve of the vector field Qr. Thus p can no be a center of Qr. O

Next consider the critical point (0,0, £1) of Qr with # = 0. We need the following result.

Lemma 3.4 ([8]). The origin is a center of the following system

dx 2 2
I = ax + by + axx” + anxy + apy”,

d
% =cx—ay+ byox? + biixy + b02y2/

with a* + be < 0, if and only if one of the following conditions holds:
(1) Ax —BB=v=0,

2) a=B=0,

(3) 5A—B=5B—a=0=0,

where A = a»g + agp, B = byg + by, &« = a11 + 2bop, ‘B = b1 + 24y, ¥ = b20A3 — (Elzo — bll)AzB +
(boz — llll)ABz — ElozB3, and 6 = 1132 + b%O + agp A + byoB.

Proposition 3.5. Assume that 7 = 0. The points (0,0, +1) are centers of Qr on S? if and only if
a1 +by=4cy, (b —a1)? +4axb; < 0. (3.6)

Proof. To study the singularity (0,0, 1), we will use the induced system on I1;, which is (3.4)
with 77 = 0.

Clearly, q)i(O, 0,1) = (0,0,1). The characteristic equation of the linear approximation
system of (3.4) at the singularity (0,0) is

A2 — (a1 + by — 4C0)/\ + (ﬂl — 2C0)(b2 — 2C0) —asb; = 0.
The singularity (0,0) is a center or focus of the system (3.4) if and only if
a1+ by —4cy =0, (a1 — ZCO)(bZ — 2C0) —ab; >0,

which is equivalent to (3.6). By straightforward calculations, we find that Ax — B =y =0,
where A = —2¢1, B = —2cp, &« = —6¢2, B = —6¢1. Therefore, (0,0) is a center of system (3.4) if
and only if the relation (3.6) is satisfied.

By applying the Proposition 2.1, we can conclude that the relations (3.6) are also the suffi-
cient and necessary conditions for (0,0, —1) to be a center of Qr on s2. O

Let us consider the case 7 = 1.

Proposition 3.6. Assume that 1 = 1, then Qr has at least a center on S* N\ Hy if and only if
one of the conditions of Theorem 3.1 (B) is satisfied. Moreover, if the condition (i) (i € {1,2,3}) of
Theorem 3.1 (B) holds, then Qr has a unique center y; on $*> N Hy and has a unique center —y; on
S2N H; which satisfy ¢3 (y;) = (x},y},1), where x; and y} are defined in (3.1).
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Proof. Suppose that p € Hy N $? is a singularity of Qr, and let (xo,y0,1) = ¢35 (p). It is easy to
see that (xg, o) is a singularity of system (3.4). By taking the transformation u = ¥; — x9,v =
¥ — yo, we change system (3.4) to

d
d—: = (a1 — 4c1x0 — 2¢2Y0)u + (a2 — 2c2%0)v — 2c1u% — 2couv,
(3.7)
d _
d—z = (by — 2c1y0)u + (by — 2c1x0 — 4cayo)v — 201UV — 2¢,0°.

In what follows we will consider the singularity (0,0) of system (3.7).
One can check directly that system (3.7) satisfies the condition (1) of Lemma 3.4. Thus the
point (0,0) is a center of system (3.7) if and only if the following two equalities hold

a1 — 4c1xo — 2c2y0 + by — 2c1x0 — 4y = 0, (3.8)

A = (a —4c1xp — 2czy0)2 + (a2 — 2¢2x0) (b1 — 2c1y0) < 0, (3.9)

where xp and y, are the isolated solutions of the following equations
1% + a2y0 — 201x§ — 2c2x0Y0 = 0, (3.10)

1+ bixg + Ez]/o — 2c1X0Y0 — ZCZy% =0. (3.11)
By equations (3.8) and (3.10), we get 3azyo = (b2 — 241)xo. We will now split our discussion
into two cases.

Case 1. ay = 0. By the inequality (3.9) we know that xq # 0. It follows from 3a2y9 = (by — 241)x
that b, = 24;. Hence under the condition a, = 0, (3.8)—(3.11) are equivalent to

by, = 2a4, 2c1x0 + 20040 — @1 =0, bixo+aiyo+1=0, A= (2@161 — 2b1C2)xO <0. (3.12)

In view of 2d;c1 — 2bic; # 0, we can get the solution (xg,yp) and then find that (3.12) is
equivalent to

Ez = 2dy1, @101 — bicy #0, ﬁ% +2¢p <0,

o ﬁ%+2C2 g _ ab1 +2¢4
0= 2d1c1 — 2b1co o Yo = 2d1c1 — 2bicr

*

=Y

Consequently, under the condition 4, = 0, the origin of system (3.7) is a center if and
only if
by =2a;,  djc1—bico #0, a3 +2c; <0. (3.13)

And if the above conditions are satisfied, then Qr has a unique center y; € SN H; such
that cpi’r (y1) = (x],y;,1). By the symmetry, we know that Qr also has a unique center —y; €
S% N Hj if the condition (3.13) is satisfied.

Case 2. a; # 0. By 3azyo = (b — 2a71)x0 and (3.8) we obtain
az(ﬁl + Ez) = (6612C1 + 21_?2C2 — 4671C2)X().
If 6ascq + 2bacy — 4dicy = 0, then @1 = —b, and thus (3.8)—(3.11) are equivalent to

cixo+cyo =0, @mxo+ayo=0 1+bixo—diyo=0 A= ﬁ% +ayb1 —2b1coxp < 0. (3.14)
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Further, by using (3.14), (3.8)—(3.11) are equivalent to

_ ﬁzll + Zﬁ%azbl + ﬂ%b% + 2a>bycy

- 7 - 2
a = —bz, c1apy = a1C2,ﬂzb1 +El1 75 0, A A ﬁz < 0,
201 1
X0 = az — X yo = ay . y*
00— —— 7 5 —+ A2 00— -5 —-Yo-
arby + a% abi1 + a%

It turns out that, under the condition a; # 0 and 6axc; + 2bycy — 4dic, = 0, the origin of
system (3.7) is a center if and only if

6_141L + Zﬁ%ﬂlzbl + ﬂ%b% + 2asb1co
arby + El%

iy = —by, 18y = @10, 421 + 7 #0, <0. (315

If (3.15) is true, then Qr has a unique center y, € >N Hy such that ¢3 (y2) = (x3,5,1).
By the symmetry, we know that Qr also has a unique center —y, € >N H; if the condition
(3.15) is satisfied.

Next assume that
6ayc1 + 25262 —4d1cp 75 0.

The equations (3.8) and (3.10) have a unique solution

az(ﬁl + Ez) * (Ez — Zﬁl)(Ez + 171) *

= — = X P = — ==
0 6ayc1 + 2bycy — 4adqco 3 Yo 6(35[2C1 + bycy — 251C2) s

Substituting into (3.11) yields
243 — 3a3by + 9ad1axby — 3163 — 36d,co + 9asbyby + 23 + 54ascy + 18bacy; = 0.
Moreover, it follows that

1 - -
A= 7 - (9a3azcq + 27a3b1c1 — 9a1azbacy + 9axbier — 8asc
9(3azcq + bycy — 2a;1co) (9azc: 29161 1420201 2b3¢1 162

— 27@axb1c0 + 125%52C2 - 66711_?%C2 -+ E%Cz) < 0.
This complete the proof. O
Next we are going to study the singularities of Qr on the equator.

Proposition 3.7. (i) If c; = co = 0, then the equator is a singular circle of Qr. In other words, each
point of the equator is a singularity of Qr.

(ii) If c3 + ¢ # 0, then on the equator Q has two singularities at Ey = E and E; = —E respec-
tively, where E (cz/ 3 +c3,—c1/ /2 + 3, O). The direction of Qr on the equator is shown
in Figure 3.1.

Proof. The conclusion follows directly from

QT’(ipl,ipz,O) = (O, O, :|:2C1p1 + 2C2p2>. [

Proposition 3.8. Qr has centers on the equator if and only if J(c1,c2) # 0. Moreover, if J(c1,c2) > 0
(resp. J(c1,c2) < 0), then Qr has a unique center at Ey (resp. Ej).
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T 1o

Figure 3.1: The direction of Qr on the equator.

Proof. By Proposition 3.7, the equator contains centers only if ¢Z + ¢35 # 0. In what follows we
will split our discussion into three cases.
Case 1. ¢ > 0. Obviously, Ey € H, E; € H; . By taking the transformation ¢! : H N $? —
IT], we obtain the induced system of Qr on I :

dxy - 22 2y . (5 %

—= = X3(by 4 (b2 — a1) %2 — a2%5 + 17x3) =: py (%2, %3),
(3.16)

d
dax 1 1
% = (1 + 02Xy + (Co — 2a1> f% — 55[23?2)?% =: q?_(fz, f3),

where 7 = 0,1 and dT = (2y3 + 2y} + v3),/tadt. In particular, ¢! (Ez) = (1, —c1/c2,0).
The characteristic equation of the linear approximation system of (3.16) at the critical point
(—c1/¢2,0) is A%+ J(c1,¢2) /c2 = 0.

Therefore, if J(c1,¢c2) < 0, then (—c1/¢2,0) is a saddle of system (3.16). If J(c1,c2) > 0, then
(—c1/c2,0) is a center or a focus. Noting that

(py (%2, —%3), 47 (%2, —X3)) = (—pi (%2, X3), 47 (X2, 3)),

we conclude that the critical point (—c;/c,0) is a center. If J(c1,c2) = 0, then the equation
(3.16) becomes

dx, Y 1 _ bico 3
FEa X3 <XQ + C2> (llzXz ) + X3,

(3.17)

dx 1 c c
7_3 = — [ZC% (fz + 1) + (El2C1 —aicy + 2COC2)f% — asCy <f2 + 1> f%:| .
at Ca Co C2
In the case 17 = 0, the straight line X, = —c;/c; is an invariant line of system (3.16) when

axc; — aica + 2cocr # 0 and it is a singular line when ac; — a1¢2 4+ 2cpcz. In any case, the
critical point (—c1/¢2,0) cannot be a center.

When # = 1, on the straight line ¥, = —c1/c, we have dx,/dT = fg, meaning that the

orbits of system (3.17) pass through the straight line X, = —c;/c; from the left to the right on
the upper half-plane and from the right to the left on the lower half-plane. On the other hand,
noting also that the direction of vector field (3.17) at the X, axis is upward on the right-hand
side of the critical point (—cj/¢2,0) and is downward on the left-hand side of the critical point
(—c1/¢2,0). See Figure 3.2. We conclude that there is no closed orbit around the singularity
(—c1/¢c2,0). So the singularity (—c1/c2,0) is not a center.
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>
X
| A >
£7 |
4._
X = —c1/c2

Figure 3.2: The direction of system (3.17).

Next we study the singular point E, of Q7. With the transformation ¢ : H; N S? — I1;,
we obtain the induced system of Qr on I1; :

ax o
d'2 = %3(—b1 + (by — a1) %2 + 12%5 + 1153) =1 p (%2, %3),
r (3.18)
dX3 _ 1 ) 1 _ 2 = =
=G + %o + (co — Eal)x3 + 12X X5 =1 4, (%2, %3),

where § = 0,1 and d7T = (ZyTZy% + y%)\/deT. Moreover, ¢! (E;) = (1,¢1/¢2,0). The char-
acteristic equation of the linear approximation system of (3.18) at the critical point (¢1/c»,0)
is

A% — Cl](Cl,Cz) =0, where J(x,y)= apx> + (b —aq)xy — blyz. (3.19)
2

In the same way, we can easily verify that the critical point (c1/c3,0) is a center if and only
if J(c1,¢2) <O.

Case 2. c; < 0. Obviously, E; € H; and E; € Hfr . We make the transformation 4;1_ cH N 82
IT; and then we obtain the induced system of Qr on I1;, which is system (3.18).

By direct calculation we get ¢ (E1) = (1,¢1/c2,0). The characteristic equation of the linear
approximation system of (3.18) at the critical point (c¢1/c2,0) is the equation (3.19). Thus the
critical point (c1/c2,0) is a center if and only if c;](c1,¢2) < 0.

Using analogous arguments we conclude that E; is a center of Qr on S? if and only if
c2J(c1,¢2) > 0.

Case 3. ¢ = 0,¢1 # 0. That is, E; = (0, —sgn(c1),0), E2 = (0,sgn(c1),0). Suppose firstly that
c1 > 0. By taking the transformation ¢ : H, N $* — II,, we obtain the induced system of
QOronll;:

dx
d'l = X3(—ay + (a1 — by) %1 + 0133 + 71 53),
r (3.20)
% _ ot (co— 2R+ Uy et
dr 2 /78 T s T

Obviously, ¢ (E1) = (0,0).

The characteristic equation of the linear approximation system of (3.20) at the critical point
(0,0) is A2 + azcq = 0. By similar arguments as above, we find that the critical point (0,0) is a
center of system (3.20) if and only if a,c; > 0, i.e., ¢1](c1,0) > 0.

Analogously, the singularity E; = (0,1,0) is a center of Qr on S? if and only if ¢1](c1,0) < 0.

The case that ¢; < 0 can be studied in a similar way, we omit the discussion for the sake
of brevity.
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In conclusion, the vector field Q7 has a center on the equator if and only if J(c1, ) #0. O

Remark 3.9. If 7 = 0 and a; + by = 4co, (b — a1)? + 4azh; < 0, then J(cy,c2) = azc% +
(by — ay)c1co — blcg and it is different from zero except for c; = ¢ = 0. It follows from
Proposition 3.5 that Qr has exactly three centers at (0,0,1), (0,0,—1), and E or —E.

Proof of Theorem 3.1. The proof follows from Propositions 3.3, 3.5, 3.6, 3.8 and Remark 3.9. [

3.2 Quasi-homogeneous systems with weight (m,m, 1)

Throughout this subsection we suppose that Qr is the projective vector field of system (2.14).

Proof of Theorem 3.2. 1t is easy to see that the equator of S? is a singular great circle of Qr.
Thus, the center (if exists) is located on S? N H3i.

A direct computation shows that, the induced systems of Qr on II and I1; are respec-
tively

dx dx
T; = (611 — m)fl + axxo, T; =1+ bx1 + (bz — m)fz (3.21)
and iz i
x x . _ _
dfl = (m —ay)% — %, dTZ = (=)™ — by % 4 (m — by) %y, (3.22)

where 7 = 0,1 and dT = (my? + my3 + y3)|ys|dt.

System (3.21) (resp. (3.22)) has a center if and only if a1 + by = 2m, (a3 —m) (b, —m) —
aby > 0, which is equivalent to (3.2). If (3.2) is true, then the center is (qaz/A1, n(m—aq) /Al)
(resp. ((—1)"naz/ D, (—1)"y(m —a1)/A1)).

Lety" = (y{,y5,y3) € S* such that

naz n(m—a) >_3 +_(y1 Y2
<A1’ a1 e = (3™ (y3

Then o ( A
an m —ap
(yr’y;’y;): 0/ O/AU ’ 77:1/
A M

or (yi,y3,y5)=1(0,0,1), 7 =0. Similarly, let y~ = (y;,y,,y5 ) € S* such that

(=1)"az (=1)"n(m — a) - N Y ;
< A117 % 17A1 1 ,_1>) =907 = <(y3_1)m, (y;)m,_1> , =

Then
(=) MapAn (—1)"(m— ag) AL
(%;]/z,%): Al s A ,_)\0 , 7’]:1
or (y;,Y,,¥3)=1(0,0,—1), 7 =0, where A is the unique positive solution of (3.3). O

4 Center of the quasi-homogeneous systems with weight (2,2,3)
and (3,3,2)

This section is devoted to derive the sufficient and necessary conditions for the projective
vector field Qr of systems (2.15) and (2.16) to possess at least one center. The main results of
this section are the following two theorems.



16 H. Liang and ]. Torregrosa

Theorem 4.1. Suppose that Qr is the projective vector field of system (2.15), then Qr has at least one
center on S? if and only if one of the following conditions holds:

(1) ¢1 #0, Ay = c3 —4c1c3 > 0,201 + 2+ /Ay #0,
(2) c4=0,co<00rci =0,c0 >0,c0 +c¢3 > 0.
Moreover,

(i) If (1) is satisfied and 2c1 + c2 + /B > 0 (resp. < 0), then Qr has exactly two centers at £G;
(resp. £Gy), where

i=12 (4.1

G — —Cy + (—1)i\/ AY) 201 0
[ - ’ - 7 7
\/4C%+((—1)1C2—\/A2)2 \/4.C%—|— ((—1)1C2— \/Az)z
(ii) Suppose that (2) is satisfied. If c; < 0,cp + c3 > 0, then Qr has exactly four centers at +(0,0,1)

and £D; If c; < 0,¢2 + ¢3 < 0, then Qr has exactly two centers at £(0,0,1); if co +c3 > 0,
c2 > 0, then Qr has exactly two centers at £D. Here

p=|-——2_, 2 o).
V3+3 \/3+3
Theorem 4.2. The projective vector field Qr of system (2.16) has no centers on S2,

To prove our results, we need the following lemma, which is a part of the Nilpotent
Singular Points Theorem. The readers are referred to [3] for the complete result.

Lemma 4.3. Let (0,0) be the isolate singularity of system

dx _ dy B
E - y + A(x’y)/ E - B(x/y)/ (4.2)

where A and B are analytic in a neighborhood of (0,0) and also j;A(0,0) = j1B(0,0) = 0. Let
y = f(x) be the solution y + A(x,y) = 0 in a neighborhood of the point (0,0). And let F(x) =
B(x, f(x)), G(x) = (0A/9dx 4+ 0B/dy)(x, f(x)). If F(x) = ax™ + 0(x™) and G(x) = bx" + 0(x")
with m,n € N,m > 2,n > 1and ab # 0, then we have

(i) if m is even and m < 2n + 1, then the origin of system (4.2) is a cusp.
(ii) if m is even and m > 2n + 1, then the origin of system (4.2) is a saddle-node.
Let us consider firstly system (2.15).

Proof of Theorem 4.1. The induced systems of Qr on I1] is

dx 2
21— In(a B +onit + i),  (43)

dx 2
L= 11— S5 4 coxi %) + 0353), = =1-3

at =~ 3
System (4.3) has an isolated singularity if and only if ¢; + ¢ 4¢3 # 0. Assume that ¢ + ¢, +
c3 # 0, then system (4.3) has a unique isolated singularity at the point

E (31/3(2c1 +2cp +2¢3) 7 1/3,3/3(2¢) +2¢5 + ZC3)’1/3> .
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The characteristic equation of the linear approximation system of (4.3) at the singular-
ity E is
31/3)\2 + 27/3(C1 +c+ C3)1/3A + 62/3(C1 +co + C3)2/3 =0.
Hence it is easy to see that E is not a center of system (4.3). This mean that Q7 has no centers
on SN Hy. By the symmetry of system (2.15), we know that Qr has also no centers on
SN H; .
By direct computation, we have

Q1|0 = 2(0,0,c1y7 + covaya + cay3),  with yi+y3 = 1.

Therefore,
(i) if ¢ —4cic3 < 0, then Qr has no singularities on the equator; (ii) if ¢3 —4cic3 = 0
5 5 . . —c 2c
and cf +c; # 0, then Qr has exactly two singularities at Go( \/@, \/‘@,0) and —Gy,

respectively; If ¢; = ¢, = 0, then Qr has exactly two singularities at (1,0,0) and (—1,0,0),
respectively; (iii) if c3 — 4cic3 > 0, then Qr has exactly four singularities +G; and +G; on the
equator, where +G; (i = 1,2) are defined in (4.1).
Suppose that ¢; > 0. The induced system of Qr giving by ¢% : Hy N $? — I1J is
dx dxs

—— = X3 — X1X3,

_ o 3.
7z i c3+ X% + clx% — Ex%. (4.4)

Let
(50,1,0) = 3 (G;), i=1,2, if ¢3—4cic3 >0,
" (])ﬁ_(Go), i=1,2, if c% —4cic3 = 0.

Taking the transformation u = ¥; — Xy, v = X3, system (4.4) changes to

du

b
The singularity G;(i = 0,1,2) is a center of Qr if and only if the origin is a center of sys-
tem (4.5).

If C% —4cic3 = 0, then ¢ +2c1%) = 0. Obviously, in this case the origin of system (4.5)
is not a center if 1 — Xy = 0. Thus we assume that 1 — Xy # 0, which means that, by the
time rescaling, system (4.5) can be transformed to the same form as (4.2). By the result of
Lemma 4.3 we know that the origin of system (4.5) is a cusp.

If C% —4cic3 > 0, then ¢ 4+ 2¢1%9 # 0. By Lemma 3.4, the origin is a center of system (4.5)
if and only if (¢ +2c1%0)(1 — Xp) < 0. Therefore, using the explicit expression of xy, G; (and
hence —G;) is center of Qr if and only if

(—1)i\/C%—T163<261+C2— (—1)i\/m> <0 10
y r=1,2

2C1

dv 3
= (1—%p)v— uv, FEi (ca +2c1%0)u + cyu® — 502. (4.5)

In other words, +G; are centers of Q7 if and only if

5 —4cic3 > 0, 1 (201 + o+ /3 — 4C1C3> >0,

and +G; are centers of Qr if and only if

5 —4dcic3 > 0, 1 <2c1 +o— /5 — 4C1C3) < 0.
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Similarly, if ¢; < 0, then by the induced system of Q7 on I, , we conclude that £G; are
centers of Qr if and only if

5 —4cic3 > 0, 01 <2C1 +o+ /3 — 4C1C3> <0,

and +G; are centers of Qr if and only if

5 —4cic3 > 0, c1 <2C1 +o— /3 — 4C1C3> > 0.

Finally consider the case that c; = 0. If c; # 0, then Qr has two pairs of singularities
on the equator: +(1,0,0) and £D. Using the procedure as above, we conclude that =D are
centers of Qr if and only if ¢; +¢3 > 0.

To study the singularities +(1,0,0), we use the induced system of Qr giving by ¢} :
H{ N §* — I, which is

Zx; = X3 — 173, % = o) + C3%5 — gx%,. (4.6)
And ¢! (1,0,0) = (0,0,0). If ¢z # 0, then by the result of Lemma 3.4 we know that the origin
is a center of system (4.6) if and only if c; < 0. If c; = 0, then +(1,0,0) is the unique pair of
singularities of Qr on the equator. By Lemma 4.3, the origin is not a center of system (4.6),
meaning that Qr has no centers in this case. O

We are now in the position to prove the result for system (2.16).
Proof of Theorem 4.2. The induced system of Q7 on IT] is

at

dx>

3. - T
=1- §X1(C1x1 + c2%2), e 1 §x2(61x1 + c2%2). (4.7)

System (4.7) has an isolated singularity if and only if ¢; +¢c; > 0. And if ¢; + ¢ > 0, then
system (4.3) has a unique isolated singularity at

2 2
3¢1+3c2" \/ 3c1 +3c0 |

By direct computation, we obtain that the eigenvalues of the linear approximation of system

of (4.7) at that singularity are
A=Ay = w > 0.

Hence it is not a center of system (4.3), meaning that Qr has no centers on 82N H3+ . By the
symmetry of (4.7), we know that Qr also has no centers on $* N H; .
At the equator, we have

Qrl(y1,0) = 3(0,0,c1y1 +c2y2),  with y7 +y3 = 1.

Therefore, Qr has two singularities at E( — 0/ C% + c%, c1/ C% + c%, O) and —E respectively.
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Assume firstly that ¢; > 0. Then E € H, N $% The induced system of Qr giving by
¢3 : Hy N'S? — II is
dxy _ o
Fra X3 — %173,
And ¢% (E) = (—c2/¢1,0,0).
Taking the transformation u = ¥3,v = c1%; + ¢, system (4.8) changes to

du 2 5 v 5 o
— =0—sU" = A — = — =:B . 4.
7=V gl u+ A(u,v), Iz (1 +c)u”—uv (u,v) (4.9)
The singularity E is a center of Q7 if and only if the origin is a center of system (4.9).

Let f(u) = %u® and F(u) = B(u, f(u)) = (c1 + c2)u? — 3u5, G(u) = (0A/0u + 0B/9v)(u,
f(u)) = —3ud. By the result of Lemma 4.3, we know that the origin of system (4.9) is a cusp.
Therefore, E (and hence —E) is not a center of Qr. O

X3 . 3
FE3 =+ X — Exg (4.8)

5 Center of the quasi-homogeneous systems with weight (1,1, 7)

In this section we will study the centers of projective vector field Qr of system (1.1) with
weight (1,1,7) and degree d = 2. By Theorem 1.1 of [6], the corresponding Qr of system
(2.11) has no centers on S2. Thus in the rest of this section we assume that Qr is the projective
vector field of system (2.12). The main result of this section is the following theorem.

Theorem 5.1. The Qr of system (2.12) has at least one center on S? if and only if one of the following
conditions is satisfied:

(1) as = 0, 233 —|—C2 75 0, G(xi‘) = 0, Fl(xi‘) = 0, Fz(xik) = 0, (233 — C2)2 —|—8d0 < 0, with
xik = —(Bz + Cl)/(ZBg + Cz),

(2) az = 2B3+C, = B, +C = 0, G(xi) =0, Fl(x;) =0, ZB?Z)—I—dO < 0, with xE‘ =
—(3B2Bs + 1)/ (6B2 + 3dy),

(3) a3 =0,2B3+C2 #0,G(x3) =0, Fi(x}) <0, F(x3) =0, withx} = —(B2+C1)/(2B3 + C2),
(4) a3 = 2B3 + C, = By + Cy = 0, and there exists x} such that G(x;) =0, Fi(x}) <0,
(5) a3 # 0, and there exists x% such that D(x%) = Fy(x%) = F3(x%) = G(x3) =0, F(x%) <0,
where Bz = bz —aq, Bg = b3 —dy, C1 = — 2&1, Cz = () — 2612, and
G(x) = d3 - blcl + (dz - b1C2 — B2C1)x + (dl + 25[3[71 — B3C1 — BzCz)xz
+ (d() + 2a3By 4+ a3Cy — B3C2)x3 + 113(233 + Cz)x4 - ZH%XS,
D(x) =B+ Ci+ (233 + Cz)x — 5a3x2,
Fi(x) = B3 — byCy +do + (4ByB3 — BoCy + 4asby + 2d;)x
+ (4B32) — B3C2 — 26!3B2 + 3d0)x2 — 03(833 — CZ)X3 + 5a§x4,
Ey(x) = — BaBs + ByCy — dy + (2B3C; — 2B3 — 3dp)x,
Fg(x) = bazF (x) — (Bg +C — 7H3X)F2(X),
Fy(x) = 13B3C; — 25a3B, — 12B3 — 3C3 — 25d — 15a3(2B3 + Co)x + 75a3x>.

Moreover, if the condition (i) (i € {1,2,3,4,5}) holds, then (Ly7, xy3,y3) € S2 are two centers of
Qr if and only if yi = yix; and v = (y})?f(x]), where f(x) = azx® — B3x> — Box — by.
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We obtain from Theorem 5.1 the following corollary.

Corollary 5.2. The set of number of centers of the projective vector field Qr of system (2.12) on S?, for
all possible Q with weight (1,1,2) and degree 2, is {0,2,4}.

Condition (5) of Theorem 5.1 can be replaced by the following criterion which is more
convenient to be manipulated with a computer.

Corollary 5.3. The Qr of system (2.12) with a3 # 0 has at least one center on S? if and only if one of
the following conditions is satisfied:

1. B1 #0,D(x3,) =0, Fi(x};) <0, F3(x3;) =0, Fa(x3,) = 0, with x5, = a1/p1,

2. B =wa1 =0,03 >0, Fi(xi,) <O, F(xi,) =0, Fa(x3,) = 0, with x5, = (2Bs + C2 +
VA3)/(10a3) or x%, = (2B3 + C2 — +/A3)/(10a3),

where Az = (2B3 + Co)? + 20a3(B, + C1),

a1 = 250a3by By + 110a3B5 B3 + 24B, B3 — 375a3b1Cy + 45a3B,B5C;
+ 24B3Cy — 65a3B3C? — 70a3B5C, — 14BoB3Cy — 40a3B,C,C, — 14B3C,Co
+30a3C3Cy — 7ByB3C3 — 7B3C1C3 + 3BoC5 + 3C1C5 + 50B,Bsdy
+ 50B3C1do + 25B,Cad + 25C1 Codg + 125a3Bod; + 125a3C1d; + 625a3ds,

and

B1 = — (200a3B3 + 500a3b, B3 + 280a3B, B + 48B3 — 350a3B,C; — 70a3B3C;
+ 75a3C3 — 375a3b1Cy — 95a3B,B3Cy — 4B3C, — 70a3B3C1Cy — 55a3B,C3
— 28B3C3 + 45a3C1C3 — B3C5 + 3C5 + 125a3Bod + 100B3d + 125a3C1dy
+ 100B3Cadp + 25C3dg + 250a3B3d; + 125a3Cad; + 625a3d,).

Before proving the above results, we give some necessary information about the projective
vector field Qr. Firstly, we have

Qrly—0 = (22(1 —y3),y3 — y2pa(y2,v3),9s(y2,y3)), with y3+15=1,

where p4(y2,y3) and qa(y2, y3) are two polynomials of degree not more than 4. Therefore, Qr
has no singularities at S; := {(y1,y2,y3) € S?|y1 = 0} if ap # 0. Suppose that a; = 0, then
the first component of Qr is identically zero. This means that S; is invariant under the vector
field Qr. In any case, Qr has no centers at S;.

Next let us study the singularity of Qr on 2\ S;. By the symmetry (see Proposition 2.1),
it is enough to study the singularity on $> N H;". The induced system of Qr on I1} is

ax
22 — by + Bofty + 3 + B3¥ — 353,
a (5.1)
T; = d3 + dp%y 4 C1¥3 + d1 55 + CrXo®3 + do X5 — 235553,

Suppose that (xo, yo) is a singularity of system (5.1), i.e.,

yo = f(x0) = azxg — by — Boxo — Baxj,
G(XQ) =d3 — bic] + (dz — 01 G — BzCl)xO + (dl + 2a3b; — B3Cy — BzCz)x(z) (5.2)
+ (do + 2a3By + azCq — B3C2)x8 + a3(2B3 + Cz)xé — 2a%x8 =0.
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Taking the transformation u = X, — xp, v = X3 — Yo, we change system (5.1) to

Zi = au+ v + bu® — azu®, ;l: = cu + av + du® + euv + dou® — 2a3u*v, (53)

where

a= B2+2B3XO—3EI3JC(2), a= C1+C2x0—2a3x§, b = Bz —3a3xy,
c=dr—b1Co+ (4ﬂ3h1 —B,(C, +2d1)X0—|— (4a3B2 —B3;Cy +3d0)x% +as3 (433 —|—C2)X8 —4&1%3(3, (5.4)
d=d; +2a3b1+(2a3B2+3d0)x0+2a3B3x(2)—2a§x8, e = Cy—4azxp.
Thus, the point (xo, o) is a center of system (5.1) if and only if system (5.3) has a center at the
origin.

By regarding xo and yo as the parameters of system (5.3), we have the following result.

Lemma 5.4. The origin is a center of system (5.3) if and only if (xo,yo) satisfies one of the following
conditions:

(1) a3 #0, D(xp) = 0 and a; — B1x0 = 0;
(2) a3 =0,2B3+C, #0,x9g = —(Ba+ C1)/(2B3 + Cy) and G(xp) = 0;
(3) a3 =2B3+C, =B+ C; =0, Go(x0) =0,
where Gy = G|a3=2B,+C,=B,+C,=0, 1-€.,
Go(x) = b1By +d3 + (2b1By + B3 + da)x + (3B2B3 + d1)x?* + (2B2Bs + do) x°.

Proof. Tt is easy to see that system (5.3) has a center at the origin only if (xo, o) satisfies the
relations (5.2) and

a+a=By+ Cy+ (2B3 + Ca)xo — 5azxd = D(xp) = 0. (5.5)

If we regard the equality (5.5) as an equation in the variable xy, then (5.5) has solution if and
only if one of the following three conditions is satisfied:

(i1) a3 #0, A3 = (2B3 + C3)? +20a3(B, + C1) > 0,
(i2) a3 =0, 2B3 + C2 # 0,
<i3> a3 =2B3+C, =B, +C; =0.

If a3 # 0, then we use (5.5) to reduce the power of x( in (5.2) and we obtain that
N — ‘51XQ =0.

If a3 = 0, 2B3 + C; # 0, then we get from (5.5) that xg = —(B2 + C1)/(2B3 + C2). Then,
substituting into (5.5) yields that G(— (B, + C1)/(2Bs + C3)) = 0.

Finally, if a3 = 2B3 + C; = B +C; = 0, then a +a = 0 holds automatically and the
function G reduces to Gy. O

Remark 5.5. We would like to point out here that if a3 = 2B3 + C; = By + C; = 0, then the
divergence of system (5.3) is identically zero.
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Next, to obtain the sufficient and necessary conditions under which the origin is a center
of system (5.3), we will apply a result of [4], which provides a criterion to decide whether the
origin is a center of the following Liénard differential equation

Xx=y— (mx+ ax% + a3x® + agx* 4 asx°), y=—(hx+ box? + b3x® 4 byx* + bsx®).  (5.6)

Lemma 5.6 ([4]). A system of type (5.6) has either a center or a focus at the origin if and only if one
of the following three conditions holds:

(i) a2 —4by < 0,
(ii)) ay = by = by :0and2a%—4b3 <0,
(iii) aq :a2:b1:b2:b3:b4:0and3a§—4b5<0.

The next lemma gives the sufficient and necessary conditions under which system (5.6) has
a center at the origin. By using the result of the above lemma and for the sake of simplicity
we only consider the cases that by =1orby =by =0,b3 =1,0rby =by =b3 =bs =0,b5 = 1.

Lemma 5.7 ([4]). A system of type (5.6) has a center at the origin if and only if one of the following
conditions holds:

(i) by =1and

(a) a3 = as = by = by =0,

(b) ap =a3 =a4 =a5 =0,

(c) ag = a5 = 0, 3az = 2a>b,, 3bs = 2b%b3 and 3by = 5by b3,
(d) bs =0, 3a3 = 2a5b,, 2a4 = arbsz and 5as = 2a,by.

(ii) b1:b2:0,b3:1,a%<2and

(a) a3 =a5 =by =0,

(b) ap =a3 =a4 =as =0,

(c) ap = a3 = bs =0, 5as = 4asby,

(d) a4 = a5 =0, 5az = 2a,b4 and 25bs = 6bi.

(iii) b1:b2:b3:b4:0,b5:1anda1:a2:a3:a5:0.

Proof of Theorem 5.1. From now on we assume in (5.3) that one of the conditions of Lemma 5.4

is satisfied and hence @ = —a. By taking the transformation x = u, y = v — (au + jeu® —

%a3u3 ), system (5.3) is changed to the Liénard differential system

dx dl__

— =y— (ﬁ2x2 + ﬁ3x3), ” = —(byx + box? + b3x® + byx* + 553(5), (5.7)
at dt
where
m=-b-%, m=2m, hi=-f-c h=al—b-d

53 = be — asa — do, 1_74 = —03(217 + 6) = 203@2, 1_75 = 2a§.

We apply Lemma 5.7 to prove our results. Noting firstly that a3 = 0 implies by = bs = 0,
we find that the condition (iii) of Lemma 5.7 is not true for system (5.7). Consider the case



Centers of projective quasi-homogeneous vector fields 23

that by = b, = 0,b3 # 0. By the second condition of Lemma 5.6 we assume that b3 > 0. Taking
the transformation X = v/bsx, Y = J?gy, we change system (5.7) to

ax _
at

dy - 5
Y — (X +33X°), = = — (X3 4+ by X* + b5 X°),

where

7 \1/2
)

ap =ay/(bs) ", iz = a3/ bs, by =by/(03)*?, and bs = bs/B3.

By a careful manipulation we find that the condition (ii) of Lemma 5.7 is equivalent to the
following condition (keeping in mind that 43 = 0 implies by = bs = 0)

*+c=ale—b)—d=0, (2b +€)? < 8(be — aza — dy) = 8b3, and
(1) a3 =0, or (b)25(be—aza—dy) =3(2b+e)>.

Furthermore, as condition (b) can not be satisfied, it follows that the above condition is equiv-
alent to

az =0, i*+c=ale—b)—d=0, and (2b—e)?+8dy <O. (5.8)

Using the expressions (5.4), (5.8) turns out to

az =0,

Fi(xg) = B3 —b1Co+dy+(4ByB3—ByCo+2d1 ) xg+ (4B3 — B3Cy+3dg) x3 = 0,
Pz(X()) = —BzB3+B2C2—d1+(2B3C2—2B§—3d0)3€0 = 0,

(283—C2)2+8d0 < 0.

(5.9)

Therefore, if 2B3 + C, # 0, then according to Lemma 5.4, we conclude that system (5.3)
has a center at the origin if

a3 =0, 2B3+Co#0, G(xi)=0, F(x})=0, F(xj)=0, (2B3—Cy)>+8dy <0,

where x] = —(By + C1)/(2B3 + () is the unique solution of D(x) = 0. This confirms condi-
tion (1) of the statement.
If 2B; + C, = B, + C; = 0, then (5.9) reduces to

a3 =0, Fi(xo) = B3+ 2b1Bs +dy + (6B2B3 + 2dq)xo + 3(2B3 + dg)x% = 0,
Fy(x0) = —3ByBs —dy —3(2B3 +do)xo =0, 2B3+dy <O.

Thus F>(xp) = 0 can be replaced by xo = —(3B2Bs + d1)/3(2B3 + dp) =: x;. This confirms
condition (2) of the statement.

Next consider the case that b; # 0. By the first condition of Lemma 5.6 we assume that
by > 0. Taking the transformation X = \/Ex, Y =y,dt = \/Edi', we change system (5.7) to

ax
at

‘% = — (X + D5 X? +53X3 + by X* + b5 X°),

=Y — (B X* +33X°),

Ga=dy/b1, a3=as/(01)%?, by=ba/(01)%?, by=b3/b3, by=bs/(01)*'?, bs=bs/b3.
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By a careful inspection we find the condition (7) of Lemma 5.7 is equivalent to the following
condition (also keeping in mind that 43 = 0 implies by = b5 = 0):
i*+c<0and (a)az=0,a(e—b)—d=0, (b)az=0,2b+e=0,
(c) 5az(a®+c) = (2b+-e)(ae—ab—d), 3a5(a*+c)* = (ae—ab—d)?*(be—aza—dy), (5.10)
3a3(a*+c)(2b+e) = 5(ae—ab—d)(be—aza—dy), a3 # 0.

Noting further that the three equalities of (c¢) in (5.10) are equivalent to the more simple
equalities

(c): 5az(a®+c) = (2b+e)(ae—ab—d), 25(be — aza — doy) = 3(2b +e)*.
Consequently, using (5.4), the condition (5.10) turns out to

Fi(x0) = a* +c = B3 — b;Cy + dy + (4B2Bs — BoCy + 4azby + 2d1)xg
+ (4B% — B3Cy — 2a3B, + 3dg)x3 — a3(8Bs — Cp)x3 + 5a3x; < 0 and

(a) a3 =0, Fa(xo) = ae —ab —d = —ByBs + ByCy — dq + (2B3C — 2B3 — 3dg)xo = 0,
(b) a3 =0, 2B3+C, =0,
(c) a3 # 0, F3(xq) = 5a3F;(xo) — (2b+e)F2(xg) = 5a3B3-+4azb; B3 +2BoB3—3a3b,Cy

— ByB3Cy—BoC3+2B3d; +Cady +5a3da + (2B3+Cy ) (8a3 B2 +2B3 —2B3Co+3dp ) xo

— a3(40a3 By —2B3 —22B3C, —3C3+15d0) x5 —30a3 (2B3+Ca) x3+75a3x5 = 0,

Fy(x0) = 13B3Cy — 25a3B, — 12B3 — 3C3 — 25dg — 15a3(2B3 + Ca)xo + 75a3x5 = 0.

(5.11)

A comparison between (a) and (b) means that we can assume in (a) that 2B3 + C, # 0,
and hence condition (3) of Theorem 5.1 follows from condition (a) of (5.11) and Lemma 5.4.

Suppose that F;(xg) < 0 and (b) is true. Then by Lemma 5.4 we must impose another
condition B, + C; = 0 on (b). Thus we obtain condition (4) of Theorem 5.1.

Similarly, conditions (5) of the statement of Theorem 5.1 are obtained by using also
Lemma 5.4 and the condition (c) of (5.11).

Finally, if the condition (i) (i € {1,2,3,4,5}) of Theorem 5.1 is true, then system (5.1) has
a center at (x/, f(x/)). Hence by the relationship of systems (2.12) and (5.1) as well as the

1

symmetry of Qr, we know that (£y}, 25, y3) € S? are two centers of Qr if and only if
o1 (£yi, 2y, v3) = (Lx}, f(x])), fori=1,2,3,4,5,6. O

Proof of Corollary 5.2. In Theorem 5.1, if one of the conditions (1), (2), (3) is satisfied, then it is
clear that Qr has exactly two centers on S2. If condition (5) is satisfied, then by deg D(x) <2
we know that Q7 has at most four centers on S2.

Suppose that condition (4) is true. Noting, in this case, that F3(x) = G'(x). If G(x) =0,
then there exists no x; such that F3(xj) < 0. So we assume that G(x) is a nonzero polynomial
and hence it has at most three zeros. Suppose that G has three differential zeros xj ;, x;, and
xj3. It is obvious that the polynomial F3(x), as the derivative of G(x), can not be negative
simultaneously at xj,,x;, and xj ;. This means that there are at most two xj satisfying the
conditions (4). Thus Qt has at most 4 centers.

The proof finishes showing that, under condition (4), Qr could possess 0, 2 or 4 centers on
S2. This is done in Propositions 5.8, 5.9, and 5.10. O

Proposition 5.8. Let a3 = by =dy =0,dy =1,d3 = —1, by = a1, b3 = ap, c1 = 2ay, and ¢y = 2ay.
Then Qr of system (2.12) has no centers on S2.
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Proof. 1t is easy to check that in Theorem 5.1 only condition (4) is true. A directly computation
leads to F3(x) = 3x%, G(x) = x® — 1. Since G(x) has a unique real zero x; = 1 which does not
verify F;(x}) < 0, we conclude from Theorem 5.1 that Qr has no centers on 5. O]

Proposition 5.9. Let a3 = 0, by = by —a; =bs—ay =1,¢c1 —2a; =do = —1,cp —2ap = -2,
dy =3,dy = —16, and d3 = —43. Then Qr of system (2.12) has exactly two centers on s2,

Proof. Obviously, the parameters only satisfy condition (4) of Theorem 5.1. By direct compu-
tation we have F3(x) = 3x? 4+ 12x — 13 and G(x) = (x +2)(x +7)(x — 3). Then G(x) has a
unique zero x; = —2 which verifies that F3(x;) < 0. Hence by Theorem 5.1, Qr has exactly
two centers at

( \/(ﬁ— /18¢\/2 —5)/9, —(@—5)/6). O

Proposition 5.10. Let a3 = by = d3 = Co =0,dp = =5,d1 =9,dy = =5, b —a1 =1,
—2a1 = —1, cp = 2ay, b3 = ay. Then Qr of system (2.12) has exactly four centers on 52,

Proof. By direct computation we have F3(x) = —15x% + 18x — 4, G(x) = —x(5x —4)(x — 1).
G(x) has exactly two zeros x; = 0,1 which verify that F3(x;) < 0. Hence by Theorem 5.1, Qr
has exactly four centers at (+1,0,0) and (j:\/ V2 -1, i\/ V2 —-1,1-+/2) respectively. O

Proof of Corollary 5.3. Suppose that x( is a common zero of D(x) and G(x). By the expression
of D(x) we have x3 = (B, + C1 + (2B3 + C2)x¢)/(5a3). Using this formula we can derive
by computation that G(xg) = a3 — B1x¢. Therefore, if f; # 0, then xo = w;/B1 and hence
condition (5) of Theorem 5.1 is equivalent to condition (1) of Corollary 5.3. If f; = a3 = 0,
then G(x) vanishes whenever D(x) = 0. Thus the common zeros of D(x) and G(x) are (2B3 +
Ca + v/A3)/(10a3). Consequently condition (5) of Theorem 5.1 is equivalent to condition (2)
of Corollary 5.3. O
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