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Abstract. In this paper we consider the rate of convergence of solutions of a scalar
ordinary differential equation which is a perturbed version of an autonomous equation
with a globally stable equilibrium. Under weak assumptions on the nonlinear mean
reverting force, we demonstrate that the convergence rate is preserved when the per-
turbation decays more rapidly than a critical rate. At the critical rate, the convergence to
equilibrium is slightly slower than the unperturbed equation, and when the perturba-
tion decays more slowly than the critical rate, the convergence to equilibrium is strictly
slower than that seen in the unperturbed equation. In the last case, under strengthened
assumptions, a new convergence rate is recorded which depends on the convergence
rate of the perturbation. The latter result relies on the function being regularly varying
at the equilibrium with index greater than unity; therefore, for this class of regularly
varying problems, a classification of the convergence rates is obtained.
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1 Introduction

In this paper we classify the rates of convergence to a limit of the solutions of a scalar ordinary
differential equation

X' (t) = —f(x(t)) +g(t), t>0; x(0)=¢. (1.1)
We assume that the unperturbed equation
y(t) =—fy®), t>0 y(0)=¢ (1.2)

has a unique globally stable equilibrium (which we set to be at zero). This is characterised by
the condition
xf(x) >0 forx#0, f(0)=0. (1.3)
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In order to ensure that both (1.2) and (1.1) have continuous solutions, we assume
feC(R;R), ge€C([0,00)R). (1.4)
The condition (1.3) ensures that any solution of (1.1) is global i.e., that
T:=inf{t >0 : x(t) € (—00,00)} = +o0.
We also ensure that there is exactly one continuous solution of both (1.1) and (1.2) by assuming
f is locally Lipschitz continuous on IR. (1.5)

In (1.2) or (1.1), we assume that f(x) does not have linear leading order behaviour as x — 0;
moreover, we do not ask that f forces solutions of (1.2) to hit zero in finite time. Since f is
continuous, we are free to define

11
F(x :/ ——du, x>0, (1.6)
=)
and avoiding solutions of (1.2) to hitting zero in finite time forces
lim F(x) = 4oco. (1.7)
x—0+

We notice that F : (0,00) — R is a strictly decreasing function, so it has an inverse F~!. Clearly,
(1.7) implies that
lim F~1(t) = 0.

t—o0

The significance of the functions F and F~! is that they enable us to determine the rate of
convergence of solutions of (1.2) to zero, because F(y(t)) — F({) = t for t > 0 or y(t) =
F~Y(t+ F(Q)) for t > 0. It is then of interest to ask whether solutions of (1.1) will still con-
verge to zero as t — oo, and how this convergence rate modifies according to the asymptotic
behaviour of g.

In order to do this with reasonable generality we find it convenient and natural to assume
at various points that the functions f and g are regularly varying. We recall that a measurable
function f : (0,00) — (0, 00) with f(x) > 0 for x > 0 is said to be regularly varying at 0 with
index B € R if

lim L% 08 forala > 0.

x—0* f(x )
A measurable function /1 : [0,00) — [0,00) with h(t) > 0 for t > 0 is said to regularly varying
at infinity with index « € R if

. h(At)

tlggm—)\ , forall A > 0.
We use the notation f € RV((p) and /1 € RV (a). Many useful properties of regularly varying
functions, including those employed here, are recorded in Bingham, Goldie and Teugels [7].

The main result of the paper, which characterises the rate of convergence of solutions of

(1.1) to zero, can be summarised as follows: suppose that f is regularly varying at zero with
index B > 1, and that g is positive and regularly varying at infinity, in such a manner that

i 8 o
im oy = L e 0]
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exists. If L = 0, the solution of (1.1) inherits the rate of decay to zero of y, in the sense that

fim FE®) _ g

t—o0

If L € (0,00) we can show that the rate of decay to zero is slightly slower, obeying

oy ()
and a formula for A purely in terms of L and 8 can be found. Finally, in the case that L = +o0
it can be shown that

tim £ _

t—00 t

If it is presumed that g is regularly varying at infinity with negative index, or g is slowly
varying and is asymptotic to a decreasing function, then the exact rate of convergence can
be found, namely that lim; . f(x(¢))/g(t) = 1. These asymptotic results are proven by
constructing appropriate upper and lower solutions to the differential equation (1.1) as in
Appleby and Buckwar [1].

In some cases, we do not need the full strength of the regular variation hypotheses: when
L = 0, all that is needed is the asymptotic monotonicity of f close to zero; on the other hand,
the hypothesis B > 1 seems to be important in the case when L € (0,00]. If f is regularly
varying with index B = 1, examples exist for which L = +o0, but F(x(t))/t — 1 as t — .
Therefore the conditions under which this asymptotic characterisation holds seem best suited
to the case when f is regularly varying at 0 with index g > 1.

There is a wealth of literature concerning the use of regular variation in analysing the
asymptotic behaviour of ordinary differential equations, and the field is very active. Be-
sides work of Avakumovi¢ in 1947 on equations of Thomas-Fermi type in [6], some of the
earliest work is due to Mari¢ and Tomi¢ [15,16] concerning the asymptotic behaviour of non-
linear second order ordinary differential equations, with linear second order equations being
treated in depth by Omey [19]. An important monograph summarising themes in the re-
search up to the year 2000 is Mari¢ [14]. More recently highly nonlinear and nonautonomous
second-order differential equations of Emden-Fowler type have been studied with regularly
varying state-dependence and non-autonomous multiplier, [12,13,17,18], as well as solutions
of nonautonomous linear functional differential equations with time-varying delay [11] and
higher-order differential equations [9]. Another important strand of research on the exact
asymptotic behaviour of non-autonomous ordinary differential equations (of first and higher
order) in which the equations have regularly varying coefficients has been developed. For
recent contributions, see for example work of Evtukhov and co-workers (e.g., Evtukhov and
Samoilenko [8]) and Koz'ma [10], as well as the references in these papers. These papers tend
to be concerned with non-autonomous features which are multipliers of the regularly-varying
state dependent terms, in contrast to the presence of the nonautonomous term g in (1.1), which
might be thought of as additive. Despite this extensive literature and active research concern-
ing regular variation and asymptotic behaviour of ordinary differential equations, and despite
the fact that our analysis deals with first-order equations only, it would appear that the results
presented in this work are new.

One of the motivations for this work is to consider the asymptotic behaviour of solutions
of stochastic differential equations of Itd type with state-independent diffusion coefficient in
which the drift function is —f and f is regularly varying. In Appleby and Patterson [5] we
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have developed some of the results in the present paper to allow solutions to change sign and
impose integral rather than pointwise conditions on the forcing term to preserve decay rates
to equilibrium. Such extensions are crucial in providing a comprehensive treatment of SDEs
of the type mentioned above. A further motivation for the current work is to extend results
in [5] to deal with SDEs with slowly decaying diffusion coefficient, and the results presented
here which deal with slowly decaying ¢ should form an important ingredient in performing
this analysis.

The paper is organised as follows: in Section 2 the main results of the paper are discussed,
and notation and supporting results outlined. Section 3 contains examples showing the scope
of the theorem. Some of these examples show why the conditions of the main results are
difficult to relax without fundamentally altering the asymptotic behaviour of solutions. The
proofs of the main results are given in the final Section 4.

2 Mathematical preliminaries, discussion of hypotheses and state-
ment of main results

In this section we introduce some common notation and list known properties of regular, slow
and rapidly varying functions. We also discuss the hypotheses used in the paper, and then
lay out and discuss the main results of the paper.

2.1 Notation and properties of regularly varying functions

Throughout the paper, the set of real numbers is denoted by R. We let C(I;]) stand for
the space of continuous functions which map I onto |, where I and | are typically intervals
in R. Similarly, the space of differentiable functions with continuous derivative mapping
I onto ] is denoted by C'(I;]). If h and j are real-valued functions defined on (0, ) and
lim; o h(t)/j(t) = 1, we sometimes use the standard asymptotic notation h(t) ~ j(t) as
t — co. Similarly, if i and j obey lim; .o+ h(f)/j(t) = 1, we write h(t) ~ j(t) as t — oo.

The results quoted in this short section concerning regularly varying functions at infinity
may all be found in Chapter 1 in [7]. They are listed below for the completeness of the
exposition. Properties listed below of functions that are regularly varying at 0 may be deduced
from properties of functions which are regularly varying at infinity by exploiting the fact that
if f € RVy(B), then h : (0,00) — (0, 00) defined by

1

h(t) = Fan t>0

is in RV (B).

(i) Composition and reciprocals: If i € RV (—6) for 6 > 0 and h(t) — 0 as t — oo, and
¢ € RVo(B) for B > 0, then poh € RV (—0B). If h € RV(0), then 1/h € RV (—6),
while ¢ € RV((p) implies 1/¢ € RVy(—p).

(ii) Inverses: If there is # < 0 such that ¢ € RV((#) (so that ¢(x) — o0 as x — 071) and
¢ : (0,6) — (0,00) is invertible, then ¢—! € RVu(1/7). If there is 7 > 0 such that
¢ € RVo(#) (so that ¢(x) — 0as x — 07) and ¢ : (0,6) — (0,00) is invertible, then
¢! € RV((1/7). Similarly, if there is 6 > 0 such that 1 € RV (—0) (so that h(t) — 0 as
t —oo)and h : (T,c0) — (0,00) is invertible, then h~! € RVy(—1/6).



Decay rate classification of reqularly varying ODEs 5

(ili) Preservation of asymptotic order: If x,y € C([0,00); (0,00)) are such that lim;_, x(t) =
limy e y(t) =0, and x(t)/y(t) — 1 as t — oo, and ¢ € RVy(B) for B # 0, then

o (D)
e p(y (7))

Similarly if x,y € C(]0,00);(0,00)) are such that lim;_,e x(t) = +o00, lim;_,e y(t) = 400,
and x(t)/y(t) - last — oo, and h € RV () for 6 # 0, then

. h(x(t)
M ) ~ -

(iv) Integration: If ¢ in RV((p) for B > 1, then
1
1 d
lim —fx l/qb(il) o1

x—07t —

P-1¢(x

~—

(v) Smooth approximation: If % is in RV (—0) for 8 > 0, there exists j € C!((0,0); (0,00))
which is also in RV (—6) such that j'(t) < 0 for all + > 0 and
!
im M 1, i T g
t=eo (1) t=eo f(t)

Similarly, if ¢ € RV((B) for B > 0, then there exists ¢ € C!((0,00),00)) N RVy(B) such
that ¢’(x) > 0 for all x > 0 and

63 | 2O

lim —<£
xg{)lJr ¢(x) =0t @(x)

= B.

A slightly weaker result holds for slowly varying functions at co: if 1 is in RV (0), then
there exists j € C1((0,00); (0,00)) which is also in RV (0) such that

b _,

It is part of e.g., Theorem 1.3.3 in [7].

(vi) Uniform asymptotic behaviour on compact intervals: We observe that if # € RV, (—6),
then for any ¢ > 0 we have

lim At — )

T R

Some further terminology should be introduced. We say that a function ¢ is slowly varying at
0 if ¢ € RV((0) and that a function h is slowly varying at infinity if h € RV« (0). A function
h:(0,00) — (0,00) is said to be rapidly varying of index oo at infinity if

0, A<,
. h(At)
lim —= =<1, A=1,

t—o0 h(t)
+o0, A>1.
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For such a function & we write i € RV (o). Analogously, a function / : (0,00) — (0,00) is
said to be rapidly varying of index —oo at infinity if

400, A <1,
hmw— 1 A=1
t—o0 h(t) N ! o

0, A > 1.

For such a function h we write h € RV (—0c0). Together, these two classes of functions are
described as being rapidly varying at infinity. We can extend naturally this notation to deal
with rapid variation at zero. Suppose that ¢ : (0,00) — (0, 00) is measurable such that

400, A>1,

. $(Ax)
lim =41, A=1,

=0t P(x)
0, A<l

We write ¢ € RV(o0). On the other hand, if

A 0, A>1,

=0+ ¢(x)
400, A <1,

we write ¢ € RVg(—o0). There is a connection between rapidly and slowly varying functions
through inverses. It is a fact that if 1 € RV (c0) (which forces h(f) — oo as t — c0) and h is
invertible, then 11 € RV (0).

2.2 Discussion of hypotheses
In order to simplify the analysis in this paper, we assume that
g(f)>0 t>0;, x(0)=¢>0. (2.1)

This has the effect of restricting the solutions of (1.1) to be positive for all t > 0 and assists us
in characterising convergence rates according to the rate of decay of g. We will show in further
work that this sign assumption can be lifted, and our desired asymptotic characterisation will
be for the most part preserved. Moreover, it transpires that the results in this work can be
used to prove results when the sign restriction is relaxed, by means of comparison proofs.
Our asymptotic results also tacitly assume that g(t) — 0 as f — oo, but in further work
we show that this assumption can also be relaxed, while maintaining results on the rate of
decay of solutions of (1.1). In fact, as mentioned above the analysis in this paper will enable
the almost sure rate of convergence rates of solutions of (Itd) stochastic differential equations
with state independent noise intensity to be analysed.

The results of this paper can rapidly be extended in the case that g(t) < 0 for all + > 0 and
¢ < 0. In this case, consider x_(t) = —x(t) for t > 0, g_(t) = —g(t) fort >0, - = —¢ and
f-(x) = —f(—x) for x € R. Then

X (1) = f(x(1) —g(t) = —f-(x-(0) +g-(B), t>0; x (0)=¢-.

Clearly, g— and ¢_ now obey (2.1) and f_ still obeys (1.3), (1.5), and if g is continuous so is
g—. Therefore, we can prove asymptotic results for x_ using the results given in this paper,
and therefore readily recover those results for x.
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Any discussion of convergence rates of x(t) — 0 as t — oo implicitly assumes that the
desired convergence actually occurs. Rather than making additional assumptions on f and
g in this paper which guarantee convergence, we will assume that the convergence occurs.
One result which guarantees that x(t) — 0 as t — oo is nonetheless recorded below, because
additional hypotheses on g follow from our assumptions in many cases.

Proposition 2.1. Suppose that f obeys (1.3), that f and g obey (1.4), and that g € L}(0,00). Then
every continuous solution x of (1.1) obeys

tlgg x(t) = 0. (2.2)

In the case when g is not integrable, but g(t) — 0 as t — oo, it can be shown that either

(2.2) holds or x(f) — oo as t — o (see e.g., [2]). Solutions of (2.2) exhibit a type of local

stability: if the initial condition ¢ and sup norm of g are sufficiently small, (2.2) is true. A

sufficient condition which rules out unbounded solutions, and therefore guarantees (2.2) for

all initial conditions, is
liminf f(x) > 0. (2.3)

X—r00

See [3] for example. In the case when f(x) — 0 as x — oo, the relationship between the rate of
decay of ¢(tf) — 0 ast — oo and f(x) — 0 as x — oo becomes important: for a given f, if the
rate of decay of g is too slow and the initial condition is too large, then x(t) — oo as t — oo.
However, if ¢ decays more quickly than a certain rate, it can be shown that (2.2) holds for all
initial conditions. Moreover, under some additional hypotheses, a critical rate of decay of g
can be identified, in the sense that if ¢ decays more slowly to zero than this rate, solutions
can escape to infinity, while if it decays faster than the critical rate, solutions obey (2.2) for all
initial conditions. For further details, we refer the reader to [2] and the references therein. It is
interesting to note that a condition of the form (2.3) is unnecessary for almost sure asymptotic
stability in SDEs, and accordingly, this hypothesis is not appealed to in [5].

2.3 Main results

We now state and discuss our results precisely. In our first result, we can show that the
global convergence of solutions of (1.1), as well as the rate of convergence of solutions to 0
is preserved provided the perturbation g decays sufficiently rapidly. In order to guarantee
this, we request only that f be asymptotic to a monotone function close to zero: no regular
variation is needed.

Theorem 2.2. Suppose that f obeys (1.3), (1.5) and that F defined by (1.6) obeys (1.7). Suppose further
that f and g obey (1.4) and that (2.1) holds. Suppose that there exists ¢ such that

xlirg+ ;Ez; =1, ¢ isincreasing on (0,0). (2.4)

If

then the unique continuous solution of (1.1) obeys

lim T0) _ (2.6)

t—o0 t
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Immediately Theorem 2.2 presents a question: is it possible to find slower rates of decay
of g(t) — 0 as t — oo than exhibited in (2.5), for which the solution x of (1.1) still decays at the
rate of the unperturbed equation, as characterised by (2.6)? In some sense, our next theorem
says that the rate of decay of g in (2.5) cannot be relaxed, at least for functions f which are
regularly varying at 0 with index B > 1, or which are rapidly varying at zero.

In the case when f is regularly varying at 0 with index 1 (and f(x)/x — 0 as x — 0),
the condition (2.5) is not necessary in order to preserve the rate of decay embodied by (2.6).
This claim is confirmed by the following example. It also suggests, in the case when f is
regularly varying at zero with index 1, that a more careful analysis is needed to characterise
the asymptotic behaviour of solutions of (1.1).

Example 2.3. Suppose 6 € (e_(ﬁ_l),l) and define f(x) = x/log(1/x) for x € (0,6) and let
f(0) = 0. We see that f € RV((1) and f(x)/x — 0 as x — 0". Suppose that

g(t) = emv2RVa L tt (U N s
A+H¥5 V2— (14116 =

Then g is continuous and g(t) > 0 for all t > 0. Consider the initial value problem
() = —f(x(£) +g(t), t>0; x(0)=e V2D,

It can be verified x(t) = exp(—v/2(1 +t)1/2 + (1 +t)1/3) for t > 0 satisfies this initial value
problem, and is therefore its unique continuous solution. Defining F(x) = ff 1/ f(u)du for
x € (0,9) we see that

F(x) = % (1og(1/x) ~1og*(1/8)), x € (0,5),

F1(x) = exp <—\/2x+log2(1/5)> , x>0.

Hence f o F ~1 is well-defined on [0, ), and we can rapidly show that

(FoE D) _,

fim o Va2 _1
+1/2,/2
Therefore, it follows that
t
lim 8(t) = 400

Since formulae for F and x are known, it is easily checked that F(x(t))/t — 1 as t — oo.
Therefore, it can be seen that (2.5) is violated, f is regularly varying (with index 1) at 0, and
all other hypotheses of Theorem 2.2 are satisfied, but nonetheless the solution of the initial
value problem (1.1) obeys (2.6).

We now turn to asking how the rate of decay changes when (2.5) is relaxed, and f is
regularly varying at 0 with index B > 1 or is rapidly varying at zero.

Theorem 2.4. Suppose that f obeys (1.3), (1.5) and that F defined by (1.6) obeys (1.7). Suppose further
that f and g obey (1.4) and that (2.1) holds. Let x be the unique continuous solution of (1.1). Suppose
that there exists ¢ such that (2.4) holds, and suppose further that there exists L > 0 such that

Then x(t) — 0as t — oo.
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(i) If f € RVy(B) for B > 1, then

lim £ _ A.(L) € (0,1), 2.8)

t—ro0 t
where A, is the unique solution of (1 — A*)A;ﬁ/(ﬁfl) =L
(ii) If fo F~1 € RV (—1) and F~1 € RV (0), then

i 00 _ 1) < 01,

t—roco
where A, is the unique solution of (1 — A )A;Y =L, or Ax =1/(L+1).
If y is the solution of (1.2), we have that y(t)/F~!(t) — 1 as t — oo. Moreover, in the case
when B> 1,as F7! € RVe(—1/(B —1)), we have

—ATVED S g

Therefore, the solution of (1.1) is of the same order as the solution of (1.2), but decays more
slowly by a factor depending on L. In the second case, when F~! € RV (0), we have

. ox(t) L FH(AL
S Oy =T R =T

=1

so once again the solution of (1.1) is of the same order as the solution of (1.2).

The proof of part (ii) of the theorem is identical in all respects to that of part (i), and
therefore we present only the proof of part (i) in Section 4. In fact, there is a greater alignment
of the hypotheses that appears at a first glance. When f € RV (B) for B > 1, it follows that
F € RVy(1 — B) and therefore that F! € RVe(—1/(B—1)) and fo F! € RV&(—B/(B—1)).
Hence we see that the hypothesis of part (ii) are in some sense the limit of those in part (i)
when B — oo. This suggests that part (ii) of the theorem applies in the case when f is a rapidly
varying function at 0, and the solutions of the unperturbed differential equation are slowly
varying at infinity. Moreover, the solution of the perturbed differential equation should also
be slowly varying in this case. We present an example which supports these claims in the next
section. First, we make some connections between the hypotheses in part (ii), especially with
rapidly varying functions.

Remark 2.5. Suppose f o F! € RV (—1). Then F~! € RV (0). Therefore, we do not need to
assume this second hypothesis in part (ii) of Theorem 2.4.

Proof of Remark. To see this, let z/(t) = —f(z(t)) for t > 0 and z(0) = 1. Then z(t) =
F~1(t). Hence 0 < —Z/(t) = (f o F71)(t). Therefore —z' € RV(—1), and so z(t) — z(T) =
ftT —z'(s)ds. Letting T — oo, we have z(t) = [~ —z/(s) ds. Since —z' € RV(—1), it follows
that z € RV (0). Hence F~! € RV (0), as claimed. O
Remark 2.6. Suppose that f € RVy(c0). Then F~! € RV(0).

Proof of Remark. The hypothesis that f is rapidly varying at zero means by definition that

A>1
lim f(Ax) _ T > 1,
=0t f(x) 0, A<l
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Now by the continuity of f and I'Hopital’s rule, we have

1 1
w7 du
i F(Ax) ~ lim Jix e ™ Af(x) _J oo, A<,
=0t F(x) x>0+ fl 1 g4y xo0t f(Ax) 0, A> 1.
x f(u)
Consider the function F;(t) = F(1/t) as t — oo. Then
. F(At) . F(A™lx) o0, A>1,
lim = lim ———2 =
t—oo Fy(t) x>0+t F(x) 0, A<l

Therefore, F; is in RV (c0) and we have lim;_,o Fy () = lim, o+ F(x) = 400,50 F; ! € RV(0).
Now F~(F(t)) = 1/t. Hence F7'(x) = F1(F(F !(x))) = 1/F*(x). Therefore F! €
RV (0). O

We notice that viewed as a function of L, A, : (0,00) — (0,1) is decreasing and continuous
with lim; o+ Ax(L) = 1 and lim} _,. A« (L) = 0. The first limit demonstrates that the limit in
(2.8) is a continuous extension of the limit observed in Theorem 2.2, because the hypothesis
(2.5) can be viewed as (2.7) with L = 0, while the resulting limiting behaviour of the solution
(2.6) can be viewed as (2.8) where A, = 1. The monotonicity of A, in L indicates that the
slower the decay rate of the perturbation (i.e., the greater is L) the slower the rate of decay of
the solution of (1.1). Since lim; _,o A4 (L) = 0, this result also suggests that

g(t)

M FoE @ T @9)
implies
lim F (xt(t)) —0, (2.10)

so that the solution of the perturbed differential equation entirely loses the decay properties
of the underlying unperturbed equation when the perturbation ¢ exceeds the critical size
indicated by (2.7), and decays more slowly yet. This conjecture is borne out by virtue of the
next theorem.

Theorem 2.7. Suppose that f obeys (1.3), (1.5) and that F defined by (1.6) obeys (1.7). Suppose
further that f and g obey (1.4) and that (2.1) holds. Let x be the unique continuous solution of (1.1).
Suppose that there exists ¢ such that (2.4) holds, and suppose further that f and g obey (2.9). Suppose
finally that x(t) — 0 as t — oco. If f € RVy(B) for B > 1 or fo F~! € RVs(—1), then the unique
continuous solution of (1.1) obeys (2.10).

Remark 2.8. We observe that the hypothesis that x(#) — 0 as  — oo has been appended to
the theorem. This is because the slow rate of decay of ¢ may now cause solutions to tend to
infinity, if coupled with a hypothesis on f which forces f(x) to tend to zero as x — oo at a
sufficiently rapid rate. We prefer to add this hypothesis, rather than sufficient conditions on
f and g which would guarantee x(f) — .

We provide an example in which all the conditions of part (i) of Theorem 2.9 are satisfied
apart from x(t) — 0 as t — oo, and show that it is in fact possible to get x(t) — co. Let f > 1
and 6 € (0,1) and consider the initial value problem

x'(t) = —f(x(t)+g(t), t>0 x(0)=1

where f(x) = xPe " and g(t) = (1 - 0)(1+¢)" + (1 + £)P1=0)e=(1+0""" The solution of this
initial value problem is x(t) = (1 + )17, so x(t) — co as t — co.
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We have shown, when (2.9) holds, that F(x(t))/t — 0 as t — oo, so that the rate of decay
of solutions of (1.1) is slower than that of (1.2). In the next theorem, under strengthened hy-
potheses on g, we determine the exact convergence rate to 0 of the solution of (1.1) when (2.9)
holds, and we will show that the limit (2.10) also holds. Once again, we add the hypothesis
that x(f) — 0 as t — oo.

Theorem 2.9. Suppose that f obeys (1.3), (1.5) and that F defined by (1.6) obeys (1.7). Suppose further
that f and g obey (1.4) and that (2.1) holds.

Suppose further that (2.9) holds and that f € RVy(B) for some p > 1 and § € RVe(—0) for
6 > 0. Let x be the unique continuous solution of (1.1) and suppose that x(t) — 0 as t — oo.

(i) If 8 > 0, then
tim £E0) _ 2.11)
oo g(t)

(ii) If 0 = 0 and g is asymptotic to a decreasing function, then x obeys (2.11).

Remark 2.10. Unlike Theorem 2.9, previous theorems have not assumed that g is regularly
varying, or obeys other regular asymptotic properties, beyond asking that ¢ decays in some
manner related to f o F~!. However, the assumption that g is regularly (or slowly varying)
in Theorem 2.9 is quite natural, as by (2.9) it decays more slowly to zero than a function
which is itself regularly varying at infinity (with negative index —/ (B — 1)). Moreover, it is a
consequence of the hypotheses of Theorem 2.4 that g is regularly varying, as it is asymptotic
to f o F~! which is assumed to be regularly varying (with index —B/(B — 1) in part (i), and
index -1 in part (ii)). We notice moreover that Theorem 2.9 does not deal with the case when
f is rapidly varying at 0.

Remark 2.11. It is interesting to note that (2.11) may be thought of as (2.8) in the limit L — oo.
To see this, notice if (2.8) holds, we have

e FG()
M sy — b B D)

Therefore, if f o F! is regularly varying, we have

o SEW) L (FoF) ()
B (FoF1)(At)  toe (foF L) (Ad)

Therefore, if f > 1, we have

(foE DA _ \—prip-1)

N TS0
Hence
o SOW) W) (FoETY(AY _ pp
BN (FoF () s (FoF (M) (FoF ()
Therefore

im = lim
t—00 g(t) t—o0 (f o F’l)(t) g(t)

In case (i) of Theorem 2.4, we have § > 1 and (1 — A )N/ (B=1) = [, so it follows that

1— A, =L/AP Y Since Ai(L) — 0 as as L — oo, we have

i FEW®) o () (feETH(E) _ %A;ﬁ/(ﬁ—u (2.12)

O AR
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and therefore the limit on the right-hand side of (2.12) as L — oo is unity. In case (ii) of
Theorem 2.4, in place of (2.12) we find that

NGO

toeo g(t) LT

Since A, (L) = 1/(1+ L), we have that the right-hand side once again tends to unity as L — oo.
Therefore, we see that the rate of decay changes smoothly as the parameter L changes from
being zero, to finite, and then to infinity.

Remark 2.12. We remark that under the hypotheses of Theorem 2.9, we have the limit

fim FOW) _

t—o0 t o
which is consistent with the result of Theorem 2.7. To see this, we note that under the hypoth-
esis (2.9), we conclude that (2.11). Multiplying these limits gives

o FEO)

t=eo f(F71(1))
Since B > 1, using the fact that f € RVy(B) we have lim;_, x(t)/F~1(t) = o0, and since
F € RV (1 — B) with B > 1 and F is decreasing, we obtain the limit lim; .o F(x(t))/t = 0, as
required.

We may now consolidate our findings into two theorems which characterise the asymptotic
behaviour of solutions of (1.1): in the first, we make no assumption about the regular or slow
variation of ¢ at infinity, and allow f to be regularly or rapidly varying at zero; in the second,
we assume that both f and g are both regularly varying, and obtain exact asymptotic estimates
on the solution in each case.

Theorem 2.13. Suppose that f obeys (1.3), (1.5) and that F is defined by (1.6). Suppose also that f
and g obey (1.4) and that (2.1) holds. Suppose that f € RVy(B) for some p > 1 or that fo F~1 €
RV (—1), and that f obeys (2.4). Let x be the unique continuous solution of (1.1) and suppose that
x(t) — 0as t — oo. Finally, suppose that
S (O
im iy — Le 0ol
(i) If L =0, then
lim T3 _

t—o0

(i) If L € (0,00), then
tim FEB) _ A 1)

t—o0

4

where A, € (0,1) is given by (I) the unique solution of (1 — A*)A*_ﬁ/(ﬁ_l) = L when f €
RVo(B) for some B > 1 and (I) A* =1/(1 + L) when f o F~1 € RV (—1).

(iii) If L = oo, then
tim FEB) _

t—o0 t
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Theorem 2.13 is established by combining the results of Theorems 2.2, 2.4 and 2.7. On the
other hand, by combining the results of Theorems 2.2, 2.4 and 2.9, we arrive at a classification
of the dynamics of (1.1) when f and g are regularly varying.

Theorem 2.14. Suppose that f obeys (1.3), (1.5) and that F is defined by (1.6). Suppose also that f and
g obey (1.4) and that (2.1) holds. Suppose that f € RV (B) for some p > 1 and that ¢ € RV (—0) for
6 > 0. Let x be the unique continuous solution of (1.1) and suppose that x(t) — 0 as t — oo. Finally,
suppose that

8(t)

lim —2 = € [0,c).

t=oo f(F1(t))
(i) If L = 0, then
R
(ii) If L € (0,00), then
PEQF(ﬁG))::A%(L%

where A, € (0,1) is the unique solution of (1 — A*)A;ﬁ/(ﬁfl) = L.

(iii) If L = oo, then
tim £ _ g
t—ro0 g(t)

We close by remarking that in cases (i) and (ii), the solution of (1.1) is regularly varying at
infinity with index —B/(B — 1), while in case (iii) it is regularly varying at infinity with index

—6/8.

3 Examples

We next demonstrate the scope of the theorems by studying a number of examples. We have
expressly chosen the examples so that solutions are known in closed form. This enables us to
demonstrate independently of our theorems the breadth of the results in the paper.

We start with an example that demonstrates that when g(f) does not have the same sign
as the initial condition ¢, and the solution x of (1.1) nonetheless retains the sign of the initial
condition, the perturbation g can be small in the sense that (2.5) holds, but the solution x of
(1.1) does not obey (2.6). This shows the importance of retaining the assumption that g be
positive in Theorem 2.2.

Example 3.1. Suppose that 8 > 1,0 > /(8 —1). Let & € (0, (8 — 1)/ (F~1). Suppose that
g =-1+07" (20 -1 - Pa+n PNt

Notice that g(t) < 0 for all + > 0. Let f(x) = sgn(x)|x|f for x € R. Then the unique
continuous solution of (1.1) is x(t) = &(1+t)~~1 for t > 0. In the terminology of this paper,

we have )
— = (Bt
F(x) 1 (x 1) ,
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so lim,_,o+ F(x)/x P*! = 1/(B —1). Hence F7'(t) ~ ((B— 1)t)71/(571) as t — oo and so
(foFH)(t) ~ ((B— 1)t)_ﬁ/(ﬁ_l) as t — oo. Since 6 > B/(p — 1), it follows that ¢ and f obeys
(2.5). However,

Fx(t))

—p+1 —B+1
lim = lim *(t) = 6 lim @ DE-D-1 = 4o
t—o00 t B—1tsc0 t B—1 toeo

4

so the conclusion of Theorem 2.2 does not hold.

The next example concerns an equation of the form (1.1) to which Theorem 2.2 could
be applied, but for which a closed form solution is known, and therefore independently
exemplifies this theorem.

Example 3.2. Let7y >0, >1,¢ > 0,and let A = c1=p, Suppose that

_ A+
= 51
Then g(t) > 0 for all + > 0. Suppose that f(x) = sgn(x)|x|f for x > 0. Then the unique
continuous solution of the initial value problem (1.1) is

$(t) (AQ+n -1 Y o

x(t) = (A + )71+ (B—1)t) /Y

We notice that

: 8(t) _ A g 1))
i G — g1 '
so, as 7 > 0, we have that g obeys (2.5). It can be seen that all the hypotheses of Theorem 2.2
hold. On the other hand, from the definition of F we have that (2.6) holds which we are able
to conclude independently of Theorem 2.2.

We now give an example to which part (i) of Theorem 2.4 applies.

Example 3.3. Suppose that A > 1/(B — 1)!/(F=1). Define ¢ > 0 and

- (v ) {1 e

Then g(t) > 0 for all t > 0. Suppose also that f(x) = sgn(x)|x|? for x > 0. Then the initial
value problem (1.1) has unique continuous solution x(t) = A((A/&)F~1 4+ t)~/ (=1 for t > 0.
Notice that .

s) A paA

p—1 .
AR FoFn® (o 0

Also we have that

I x(t) A
o E1(E)  (B—1)- VD)’
SO "
lim F(x(t) = A =: A,.
t—o0 t ‘B -1

Since A > 1/(8 —1)"#-1, we have A, € (0,1) and moreover, one can check that
(1—A)A, P/(B=Y) — L. Therefore it can be seen that the conclusion of Theorem 2.4 applies.
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Even though our results cover more comprehensively the case when f has “power-like”
behaviour close to zero, our next example demonstrates that when f is rapidly varying at zero
(and in fact has all its one-sided derivatives equal to 0 at 0), we can still determine the rate of
convergence of solutions. Theorem 2.4 part (ii) covers this example.

Example 3.4. Suppose that f(x) = sgn(x)e /¥l for x # 0 and f(0) = 0. Then for x > 0 we
have

1 1/x
F(x) = / e/ du = / v 2e? do.
Jx 1

Therefore by I’'Hopital’s rule we have

F(x) ‘ 1y 07260 do . eyyfz
. =lim~>*———=1Ilm-—~>—— =1
x—0+ e/ ¥x2  y—eo oYy 2 y—oo eYy—2 — 2y~3e¥

Since F~1(t) — 0 as t — co we have

) t
}Ln; el/Ffl(t)p—1<t>2 =1 (3.1)

Therefore
: 1 -1 —
tlg?o{logt—l:_l(ﬂ—ZlogF (t)}—O.

Since lim,_,o+ log(x)/x~1 = lim,_+ xlog(x) = 0, we have

logt

lim
t—o0o

F-1(#)

1,

so F71(t)/(logt)™! — 1 ast — oco. Hence F*! € RV«(0). Moreover, since f(F~1(t)) =
e~ V'), from (3.1) we obtain

(FoF Y _

ST,

and therefore, as F~1(t)/(logt)~! — 1 as t — oo, we get

o F-1
FoED0 _y

t(logt)?

lim
t—o0

Hence fo F~! € RV (—1).
Define

o 3 - 1
8l = (3e +t)log”(e+t)  (3e+t)log*((e+t/3)log?(e+1))
. 2 £>3. (32)
(e+1t)log(e+t)log*((e+1t/3)log*(e +1))" —

Notice that § is continuous and positive on [3,00). Then we have that

B 1
a log ((e—i— t/3)log? (e + t)) ’

(1) t>3
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is a solution of the initial value problem

1

O =) T30, 123 KO =E=

> 0. (3.3)

Now define x(t) = %(t 4+ 3) and g(t) = §(t +3) for t > 0. Then g is continuous and positive
on [0,c0) and x satisfies the initial value problem

1
~ log(e + 1) log*(e +3)

xX'(t) = —f(x(t))+g(t), t>0 x(0)=¢ > 0.

To see that ¥ obeys (3.3), define

n(t) = log(e +t)

_ >3
log ((e +t/3)log*(e + t))

Then e'/*(*) = (e 4 t)1/1() 50 by the definition of & we have
1
(e+1)V/1) = 3 Bet1) log’(e+1t), t>3.

Also f(%(t)) = 1/ (e +t)V/1) = 3/((3e + t)log*(e 4+ t)). This is the first term on the right-
hand side of (3.2). It is easy to check directly from the formula for ¥ that the second and third
terms on the right-hand side equal %' (). Therefore §(t) = f(%(t)) + X'(t), so ¥ obeys (3.3).
Notice that 0
: gt —
M FoE N >

We can determine the asymptotic behaviour of x(t) as t — co using the auxiliary function 7.
Since

/() = pl/R(43) — (o 4 ¢ 4 3)1/n(t+3) = %(33 +t+3)log?(e+t+3),
and x(t)/(logt)~! — 1 as t — co, we can check that

1/x(t) 2 1 ¢ log? ¢ log +) 2
o FG0) e 0x(0)? | J(Bett+3)logiett+3)(logh)* 1

t—>00 t t—o0 t t—o0 t 3

This calculation is independent of Theorem 2.4 part (ii) but confirms it, because here L = 2
and A, =1/(L+1)=1/3.

We now present an example to which Theorem 2.9 applies.
Example 3.5. Let < B/(B—1) and & < (B/6)"/(1=F+F/0) Suppose that

g(H) = (@ P04+ 1) (1 - Z(g—w i t>21+9) o

Notice that g(t) > 0 for all t > 0. Let f(x) = sgn(x)|x|? for x > 0. Then the unique solution
of the initial value problem (1.1) is x(t) = (£#/% ++)=/F for t > 0. We see that ¢ € RV (—6),
and also that ¢ and f obey (2.9). Also x(t) — 0 as t — co. Hence all the hypotheses of
Theorem 2.9 hold. Moreover, we can see, independently of the conclusion of Theorem 2.9 that
(2.11) holds.
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Our final example shows how Theorem 2.9 can detect very slowly decaying (i.e., slowly
varying) solutions of (1.1). This arises when the perturbation g is slowly varying at infinity.
In our example, the perturbation exhibits iterated logarithmic decay.

Example 3.6. Let & > (Bet™)~1/(F=1), Define f(x) = |x|Psgn(x) for x > 0 and

gﬁ 1 1 1

_ L . >0
log, (1 ¢0) B (logy(t+e) 178 (14 ¢)log(i 1 o) ' =

8(t)
Notice that the restriction on ¢ implies that g(t) > 0 for all ¢+ > 0. It can then be verified that

6 t>0

O = gyt r e 2

is the unique continuous solution of (1.1). Notice that

o8
fm —— =1
log, (t+e°)

and that

lim fx) lim &P (logy(t +e°)) "

im0 g(t) i GP(logy(t+ef) !
Therefore once again, we can confirm the conclusion of Theorem 2.9 independently of its
proof. Of course, it can be shown that all the hypotheses of part (ii) of Theorem 2.9 hold for
this problem; in particular, we may take the decreasing function to which g is asymptotic to
be y(t) = &P/ log, (t + ¢°) for t > 0.

4 Proofs

4.1 Proof of Theorem 2.2
Since F~1(0) = 1, we have that F~!(¢) € (0,1) for all t > 0. Let T > 0. Then

Trerenas= [ L) du=1-r(T
[ A ds = [ g (~ i ) du=1-F D),
Since F1(t) — 0 as t — oo, we have that f o F~! € L!(0, o). Therefore as (2.5) holds we have
that ¢ € L'(0, ). Therefore, by virtue of Proposition 2.1 we have that x(t) — 0 as t — co.

Suppose that { > 1. Since x(t) — 0 as t — oo, it follows that there exists 0 < T; :=
sup{t > 0 : x(t) = 1}. Define z by z/(t) = —f(z(t)) for t > T; and z(T;) = 1. Then
¥'(Th) = —f(z(Th)) + g(Ty) > 2/(T1), because g(t) > 0 for all + > 0. Therefore, we have that
z(t) < x(t) for all t > Ty. If § > 1, notice that ¢p(x(t)) > ¢(z(t)) forall t > Ty. If 6 < 1, we
notice that there is Ty < T, := sup{t > 0 : x(t) = 6}. Moreover, z(t) < ¢ for t > T,. Hence
for t > T, we have ¢(x(t)) > ¢(z(t)) and z(t) < ¢ for all + > T,. Therefore, irrespective of the
level of ¢, there exists Tz > T; such that ¢(x(t)) > ¢(z(t)) and z(t) < ¢ for all t > T3. Next, z
is given by z(t) = F~1(t — Ty) for all > T3 > Ty. Also t — (¢ o F~1)(t — Ty) is decreasing on
[T3,00), and so for t > Ty + T3 we must have that (¢p o F~1)(t — Ty) > (¢ o F~1)(t). Therefore,
for t > T; + Tj it follows that

8(t) 8(t) 8(t) o8

p((0) ~ (1)~ GoF N(E-T) ~ (poF (B’
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Therefore by (2.5), we have that

L8t
MR ()
Since x(t) — 0 as t — co and f(x)/¢p(x) — 1 as x — 07, we have g(t)/f(x(t)) — 0 as t — oo.
Hence
Y

e f(x()
Integration yields
im F) _ g
t—o0 t

In the case that { < 1, define u to be the unique continuous solution of
u'(t) = —f(u(t)) +2g(t), t>0; u(0)=2+1.

Then it can be shown by contradiction that x(f) < u(t) for all + > 0. Since F is decreasing, we
have F(x(t)) > F(u(t)) for all + > 0. We may apply the argument for ¢ > 1 above to show
that F(u(t))/t — 1 as t — oo. Therefore, we have that

1iminfM > 1.
t—o0 t

On the other hand, define z by z/(t) = —f(z(t)) for t > 0 and z(0) := ¢’ < {. Then x(t) > z(t)

for t > 0. Therefore we have F(x(t)) < F(z(t)) for all + > 0. However, F(z(t)) — F({') = t, so

F(z(t))/t — 1 as t — oo. Therefore we have

F(x() _
t

lim sup
t—ro0

Combining this with the limit inferior gives F(x(t))/t — 1 as t — oo as required.

4.2 Proof of Theorem 2.4

Let € € (0,1) and define h(x) = x#/(F~1(1 — x) for x € (0,1]. Then h(x) T o as x | 0
and h(1) = 0, with h decreasing on (0,1]. Therefore, for each L > 0 there exists a unique
A(e) € (0,1) such that

1+e
(1-e)*
Since h(A.) = L, the continuity of & ensures that A(e) — A, ase — 07.

We have already shown in the proof of Theorem 2.2 that fo F~! € L!(0,00). Since
g(t)/(foF1)(t) — L ast — oo, it follows that g € L!(0,00). Therefore it follows from
Proposition 2.1 that x(t) — 0 as t — oo.

Now, there is a § < 1 and an increasing ¢ : (0,0) — (0,00) such that ¢(x)/f(x) — 1 as
x — 07. Hence for every € € (0,1) there exists x2(€) > 0 such that

f(x)

m >1—¢€ forall x € (0,x2(€)).

Since F~1(t) — o0 as t — oo, there exists T;(€) > 0 such that

h(A(e)) = L

g(t) <L(1+e€)(poF1)(t), t>Ti(e).
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There also exists To(€) > 0 such that for t > T(e) we have x(f) < 1 and x(t) < xz(e).
Let T3(e) = max(Ty(€), Ta(€)). Since fo F~! € RVe(—B/(B— 1)), we have that po F~! €
RVe(—B/ (B —1)). Therefore, for each 17 € (0,€) C (0,1) there exists x}(17) > 0 such that

(@0 F)AW@R) - o 1pripnyg
GoF N T

Now fix 7 = €/2. Then

x > x1(1n).

o F-1
(¢(¢Fo F)(ll)\((af))X) > A(e) PP V(1 —e/2), x> xi(e/2).

If x| (e/2) < F(6), define x{(e) = F(5) + 1, so x{(e) > F(¢) and
(¢ o F1)(A(e)x) B/ (b~ //
@oF N =7 PIED(1—e/2), x> (e). (4.1)

If xi(e/2) > F(6), define x{(e) = x{(€/2), so once again x{(e) > F(4) and once again (4.1)
holds. If x}(€) > F(x2(€))/A(e), define x1(€) = x{(e) > F(J), so that

(po FH)(A(e)x) B/ (p—
GoENm 2 MO PPV —e/2), xzmle). (42)

and
F7(A(e)xi(€)) < xa(e). (4.3)

On the other hand, if x”(¢) < F(x2(€))/A(e), define
x1(e) = F(xa(€))/Ae) +1 > F(xa(€)) /Ale),
s0 (4.3) and (4.2) hold. Moreover,
x1(e) > ¥/ (€) > E(5). (4.4)

Define next

Ta(€) = sup {t >0:x(t) = ;Pl(A(e)m(e))} :
If x(t) < 3F 1 (A(€)x1(e)) for all t > 0, set Ty(€) = Ts(e). Finally, set
T(e) =1+ max(Tz(e), Ts(e), x1(€)).

Since T(€) > Ty(e), we have

Then M > 2 > 1. Finally, define

xy(t) =F! (A(e)(t —T(e)) + P(Mx(T(e)))>, t > T(e).
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Thus 1 (T(e) = Mx(T(e)) > ¥(T(c)).
Since F~ ( (€)x1(€)) < x2(€), we have Mx(T(e)) = F'(A(e)x1(€)) < x2(e). Hence
xu(T(e)) = Mx(T(e)) < x2(€). Therefore, it is always the case that x;(t) < x»(€) for all
t>T(e).
Next, for t > T(e), we have F'(xy(t))x};(t) = A(e). Therefore for t > T(e) we have

xy(t) = —A(e)f(xu(t)), or
xy(t) = —flxu(t) + (1= Ale)) f(xu(t)) > —f(xu(t)) + (1= Ae))(1 — )¢ (xu(t)).

Since Mx(T(e)) = F~1(A(e)x1(€)), we get F(Mx(T(e)))/A(e) = x1(€). Therefore for + >

T(e), we have

F(Mx(T(e)))
Ale)

Hence for t > T(e), by using this inequality and (4.2), we have
(1= A(€))(1 = €)p(xu(t))

— (1-A@E)(1—e)(poF ) (A(e) {t —T(e) + W})

> (1— A(e))(1—e)(1—e/2)A(e) P/ B (poF ) <t ~T(e) + F(MX(T(GD)>

t—T(e)+ > x1(€).

= h(A(€)(1~€/2)(1—e)(p o F ) (t () + F<MA<(T><>>>> |

Since T(e) > x1(€), we have A(e)T(e) > A(e)x1(e) = F(Mx(T(¢e))). Therefore ¢ := T(e) —
F(Mx(T(e)))/A(e) > 0. Hence for t > T(€), we have
(1= A(e)) (1 —e)p(xu(t)) > h(A(e))(1—e/2)(1 —€)(po FH)(t—c).

We may also write T(e) = ¢ + x1(€). Therefore, for t > T(e), wehave t >t —c > T(e) —c =
xi(€). By (44), for t > T(e), we have t > t —c > xi(€) > F(6). Therefore for t > T(e),
F~1(t) < F7(t—c) < 6, so as ¢ is increasing on (0, ) we have (¢ o F71)(t) < (po F~1)(t—c).
Hence for t > T(€) we have

(1- A€)) (1 — e)p(xu(t)) > h(A(€))(1—e/2)(1—€) (¢ o FI)(t)
(”j (1—e/2)(1—e)(poFN)(t)
L1+ e)(po F) (1),
(9o

1) (t) for t > T(e), so

=L

Since T(e) > Ti(€e), we have g(t) < L(1+¢)
(1—A(e))(1—e)p(xult)) > g(t), t=T(e).
This implies
xy(t) > —f(xu(t) +g(t), t=T(e); xu(T(e)) > x(T(e)).

A comparison argument now confirms that x(t) < x;(¢) for all t > T(e). By the definition of
xy and the fact that F is decreasing, we have

F(x(t)) > A(e)(t —T(e)) + F(Mx(T(e))), t> T(e).
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Therefore F
liminf(xt(t)) > Ale).

t—o0
Since A(e) — A, as e — 01, we get
Fx(t) -
-

lim inf
t—ro0

ke
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(4.5)

We now construct a lower solution, and obtain a companion limit superior bound to (4.5).
From (4.5), for every € € (0,1), there is a T1(e) > 0 such that F(x(t)) > A(1 —¢€) for all
t > Ty(e). Hence x(t) < F1(A.(1—¢)) for t > Ty(e). Since F~! € RV(—1/(B—1)), we

have

, x(t) , F 1 (A(1—¢))
1 <1
AN T () S S )

— o F(A(1 =€)
T F(p

= (A1 - e))’l/(ﬁ’l).

Therefore

, x(t) ~1/(p-1)
lims < A, .
P En

Hence for any A > 0 we have

. x(t) x(t)  F7Yt)
Hmsup 250y = MU ET G F i)

1/(p-1
< ATVBTD Z1(B-1) = </\> v ).

Define A(e) € (0,1) by

1—¢
(1+e)(1+ ve)

Since h is decreasing, we have A(e) > A,. Thus

A 1/(8-1)
()"

Also we have that A(e) | A, as € — 07. By (4.6), there exists T|(€) > 0 such that

X Ae)\ VD ,
F—l(gtt()e)t)§2</§*)> ::%<M, t> Ti(e).

h(A(e)) = L < L =h(A).

1/(p-1
Clearly M = 4 (%) # > 4.

For every € € (0,1), there is T;(e) > 0 such that
g(t) > L(1—e)(¢poF1)(t), t=>Ty(e).

Define T5(6,€) = F(6)/A(e). Also we have that there is x3(e) > 0 such that

f(x)
¢(x)

<l+4e x<x3(e).
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Since x(t) — 0 as t — oo, it follows that there is a Tj(e) > 0 such that x(t) < x3(e) for all
t > T,(€). Since ¢ o F~1 € RV(—B/(B — 1)), for every 57 € (€,1), there exists x5(17) > 0 such
that
(¢ o F)(A(e)x)
(¢ o F1)(x)
Fix # = /€. Then

<Me) P 41), x> x(n).

((P(EDFO_P)()((?X) < Ae) BB (14 /6), x> xh(v/e) = xy(e).

)
Finally, there is T:(6) > O such that x(t) < J for all + > T.(5). Define T'(e) = 1+
max(Tj(e), x4 (€), T (€), T3(6,€), T5(6), Ty(e)) and

' (Me)t-T(e) +F (H52)), t=T(e).

Then x1(T'(€)) = x(T'(e))/M < x(T'(€)) because M > 1. Also as T'(e) > T
that x;(f) < x(T'(e)) < d for all t > T'(e). For t > T'(e), we have F'(xr(t))x
Therefore we have

xL(t)

), we have

(0
L(t) = Afe).

xp(t) = —f(xe(t) + (L= A(e)) f(xe(t)), t=T'(e).

Since f(x) < (14 ¢€)p(x) for x < x3(€), and x1(t) < x(T'(e)) < x3(€) for all t > T’(e) we have
flaw(t)) < (1+e)¢p(x(t)) so

xp(8) < —f(xe(t) + (1= A(e)) (1 +e)p(xL(t), t=T'(e).
Define ¢’ = F(3;x(T'(€))) — A(€)T’(e). Since T'(€) > Ty(€), we have
x(T'(e)) < MFY(A(e)T'(¢)),
so as F is decreasing, it follows that F(&x(T'(¢))) > A(€)T'(¢) or ¢’ > 0. Hence
(1= A(€) (1 +e)p(xe(t)) = (1= A(e))(1+e)(poF ) (Ae)t + ).

Since A(€)T4(d,€) = F(6), fort > T'(e) > T}(6,€) we have A(e)t > F(5). Thus F~1(A(e)t) < 4.
Since ¢’ > 0 and F~! is decreasing, it follows that F~}(A(e)t + ¢') < F1(A(e)t) < & for
t > T'(e), and as ¢ is increasing on (0, 5) we deduce that

(o FTH(Me)t+c) < (poF ) (Ae)t), t=T(e).

Hence

(1= A(€)(1+e)p(xe(t)) < (1= A(e))(A+e)(@oF)(Ale)t), t=T'(e),

and so
(1) < —f(xe(t) + (1= Ale)) (A +e) (o FT)(Ae)), t=T(e).
Since t > T'(e) > T, (e), we have that

(9o F 1) (A(e)t) B/(B-1)
geF N =M@ Ve,
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so by the definition of /1, we obtain
xp (1) < —f(xe(t) +h(A(€)(1+e€) (1+ Ve) (po F)(t), t=T'(e).

Therefore as t > T'(e) > Ts(e), we have g(t) > L(1 —¢€)(¢ o F1)(t) for t > T'(e), so for
t > T'(e) by using the definition of A(e), we get

(1) < ~f (s (0)) + g hAE)(1+€) (L4 V&) 500

= —fac(t) +8(h).

Since x1.(T'(e)) < x(T'(€)), it follows that x1(t) < x(t) as t > T'(e). Since F is decreasing,
using the definition of x;, we arrive at

F(x(t)) < Ale)(t—T'(e)) +F(%x(T’(€)))f t>T'(e).

Therefore F
lim sup (xt(t)) < Ae).

t—o0

Letting € — 07, and recalling that A(€) — A, as € — 0" we get

F(t) _
t

> L.

lim su
t—o0

Combining this with (4.5) yields (2.8) as required.

4.3 Proof of Theorem 2.7

We consider first the proof when B > 1, and then sketch the proof when f o F~! € RV (—1)
and F~! € RV (0). Lete € (0,1/2). Since f(x)/¢(x) — 1as x — 07, we have that there exists
x1(€) > 0 such that f(x) < (1+e€)¢(x) for all x < x;(e). Since f € RVy(p), it follows that
¢ € RV((B) and therefore that h := ¢ o F~1 € RVeo(—B/(B —1)). By (2.9), we have that there
exists Ty (€) > 0 such that h(t) < e"*F/(B-Vg(t) for t > Ti(e). Also, as h € RVe(—B/ (B — 1)),
we have that h(et)/h(t) — e P/(F~1) as t — 0. Hence there exists Th(e) > 0 such that
h(et) < 2eB/(B=Vn(t) for t > Ty(€). Define T(e) = 1+ max(Ti(€), T2(€)) and

(2D (D)
M= max (2,500 iy ) )

Also define
xp(t) = F7! <e(t ~T)+ F(x(T)/M)), t>T. (4.8)
Since M > 1, we have x;(T) = x(T)/M < x(T). Also, the definition of M implies that
x(T)/M < x1(e)/2. Since x is decreasing on [T, o0) it follows that x1(t) < x(T)/M < x1(€)
fort > T. Hence fort > T,
fla(t) < (A+e)p(xe(t)) = (1+e)h(e(t —=T) + F),

where F* := F(x(T))/M. Since M > x(T)/F~1(eT) and F is decreasing, we have eT < F*.
Therefore for t > T we have e(t — T) + F* > €t. Since h is decreasing, we have h(et) >
h(e(t — T) + F*). Therefore

f(xp(t)) < (1+€)h(et), t>T.
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We note by definition that x, is in C1(T, ) and x} (t) = —ef(x.(t)) for t > T. Then for t > T,
we get

xp(t) = —f(xe(t) + (L —e)f (xe (1) < —f(xe(t)) + (1= €*)h(et) < —f(xr(t)) + h(et).

Let t > T. Since T > T, we have that h(et) < 2 #/(F~Dh(t) and as T > T, we have
h(t) < e *B/(B=Do(t). Therefore as € < 1/2 we have

xp (1) < —fxe(t) + h(et) < —f(xr(t)) +2e P/ Vn(t) < —f(xr(t)) +2eg(h)
< —f(xe(t)) +8(8)

for t > T. Therefore we have that x(t) < x(f) for t > T. Since x(t) — 0 as t — oo, and
there exists 6; > 0 such that F(x) > 0 for all x < d;, it follows that there is T’ > 0 such that
x(t) < & for t > T’ and therefore F(x(t)) > 0 for t > T’. Hence for t > max(T’, T) we have
0 < F(x(t)) < F(xL(t)) = €(t — T) + F*. Therefore, we get

0< limian(xt(t)) < hmsupF(xt(t)) <e

t—ro0 t—o0

Letting € — 07 finally gives (2.10), as required.
Suppose now that f o F~! € RV, (—1) and F~! € RV(0). Since f(x)/¢(x) — 1asx — 0"
and F~1(t) — 0 as t — oo, we have

pF)
M Py b

Hence i = ¢ o F~1 € RV (—1). Let € € (0,1/2). By (2.9), we have that there exists T;(¢) > 0
such that h(t) < €?g(t) for t > Ty(€). Also, as h € RV (—1), we have that h(et)/h(t) — e}
as t — oco. Hence there exists T>(€) > 0 such that h(et) < 2e~1h(t) for t > Ty(e). Define
T(e) = 1+ max(Ti(€), T2(e)). Now define M and x; as in (4.7) and (4.8). Proceeding in a
manner identical to that used in the case when B > 1, we can show that once again that

xp(8) < —f(au(t) +8(t), t=T; x(T) <x(T).

Therefore, we have that x; (t) < x(t) for t > T, and proceeding as in the case when p > 1, it
can once more be shown that (2.10) holds.

4.4 Proof of Theorem 2.9

We prove part (i). Since f € RV((B) there is an increasing ¢ € C!(0, c0) such that

im L) 1 g X2 g (4.9)

=0t @(x) 7 x50t @(x)

Since ¢ € RV (—0) and 6 > 0, there exists a decreasing v € C!(0, o) such that

im 8 _ 1 lim tj((:)) — 6. (4.10)

STEP 1: An estimate deriving from (2.9). We will show that (2.9) implies

lim W —0. 4.11)
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Since g(t)/y(t) — 1 as t — oo, we have from (2.9) implies f(F~1(¢))/y(t) — 0 as t — oo.
Thus for every € € (0,1), there exists T(e) > 0 such that f(F~1(t)) < ey(t) for all + > T(e)
or e Lf(F71(t)) < 7(t) for all t > T(e). Since v is decreasing, 7! is also, and therefore
v Y e f(FTY(t))) > tfor t > T(€). Thus
a0
t

Y F () M (feFH(®)

Since f € RVy(B), it follows that fo F~! € RVe(—B/(B—1)). Thus (fo F1)(t) — 0 as
t — 0. Also, as ¥ € RV (—0) and v is decreasing, we have that 7~! € RVo(—1/6). Therefore

t>T(e).

v (e 'x) _ /0
x—07 ’y—l(x) ’

Therefore

lim sup < el/e,

t
toeo ¥ (fO ()

Since € > 0 is arbitrary, we have

e T T B
or . .

e TOENW

t—o00 t

Since F~!(t) — 0 as t — oo, we have f(F1(t))/@(F~'(t)) — 1 as t — oo, and therefore,
because 7! € RVy(—1/0), we have

lim T SETB)
ooy H(FTH(E))

Hence . .
I (X o) [ N
t—o0 t

Since (¢ o F71)(t) — 0 as t — oo and ¢ o F~! is invertible with inverse F o ¢! we get

N e GO N
IR Fop N T

Since f € RVy(B) and f > 1 we have that

lim F(x) = !

=0t x/f(x)  p-1

and hence

w0t x/@(x)  B—1
Since ¢~ '(y) — 0asy — 0" we have

im oo D) _ 1
0t 7 )y -1
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Hence
@ (Foeh(® a7
=0t @ N (x)/x  x=0t @ Y x)/x  (Foge 1)(x) '

Since 7y(t) — 0 as t — oo, we arrive at

. t
lim = +o00,

t=o0 =1 (y(t))/7(t)
which implies (4.11), as required.

STEP 2: Lower bound. We determine a lower bound on the solution. Let € € (0,1). Then,
there exists Ty (e) > 0 such that

Define Ty (€) = sup{t > 0 : x(t) < x1(€)/2}, T(e) =1+ max(Ty(€), T2(¢)), and

Ke:=q71 (go(2*1x(T(e)))) > 0.
Finally, define

xp(t) = @7t <1:'}’(t+Ke)> , t>T(e).

Then as ¢! is increasing, and <y is decreasing we have

n(T(E) = ¢ (1271 +Ke) ) < 97 (1(T(e) + Ko)

<9 (7(Ke)) = 97 (9(x(T(€)/2))) = x(T(e))/2
< x(T(e)).

For t > T(e) we have that x.(t) < x.(T(e)) < x(T(e)) and because T(e) > Ti(e) we get
x(T(€)) < x1(€)/2 < x1(€). Therefore for t > T(e), we have x; (t) < x1(€). Thus

Flul®) ]
plu(py =T 12T

Hence by the definition of x;, and the fact that -y is decreasing, we have for t > T(¢)

flan(®) < (A +e)g(xe(t)) = (1 —e)y(t+Ke) < (1—e)y(t) <g(h).

Since ¢ € C1(0,00), ¢'(x) > 0 for all x > 0, v € C}(0,00) and 7/(t) < 0 for all t > 0, we see
that x/ (¢) is well-defined for all t > T(e) and is given by
1 1—e€

xp(t) = RO +€7’(t+K6) <0.

Therefore we have
xp(t) < —f(xe(t) +g(t), t=>T(e),
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and since x1(T(e)) < x(T(e)), we have that x () < x(t) forall t > T(e). Since ¢ is increasing,
we have ¢(x1(t)) < ¢(x(t)) for all + > T(e). Hence

1—e¢
1+e

Since ¢y € RV (—0), it follows that y(f + K¢)/7y(t) — 1 as t — oo. Therefore

p(x(t)) > Y(E+Ke), t=T(e)

liminf
t—o0 ’)/(

Letting € — 0" and recalling that f(x)/¢(x) — 1asx — 0" and g(t)/v(t) — 1 as t — oo, we
arrive at
lim infm >1. (4.12)
oo g(t)
STEP 3: Upper bound. We need a limit superior to companion (4.12). For every € € (0,1/2),
there exists xp(€) > 0 such that

f(x)

l—e< == <1+¢ x<xo(e).

¢(x)

Let Mc :=1+¢€ > 1. Since x(t) — 0 as t — o0, and ¢(x) — 0 as x — 07, it follows that there
is To(€) > 0 such that

Meg(x(1)) < 1;€ : g”l(’fﬁ(;g), E> Tye).

Since g(t)/(t) — 1 as t — oo, there exists T;(e) > 0 such that

8(t)
W <l4e€ t>T(e).

By (4.10), there also exists T (€) > 0 such that
—t7'(1)
()

Furthermore, by STEP 2, there exists a Tz(€) > 0 such that

M1 1
- > )
) >1+€ Me, t_T3(€)

<O+e, t>The).

@ (x(
v(t

By (4.9), we have that x¢'(x)/¢(x) — B as x — 07. It therefore follows that there exists x; > 0
such that ) )
PLx <
X¢/(X) < ﬁ/ x < Xq.

Since @(x(t)) — 0 as t — oo there exists Ty(€) > 0 such that

—~

Meg(x(t)) < 31(Ta(e)), 2 Tile),

and Ts(e) > 0 such that
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Since ¢~ € RV((1/p), there exists x2(€) > 0 such that
—1 (1+2¢ 1/B
P ( 1—e x) 1+2e
o 1) <2 T , x < x(€).

Since ¢(x(t)) — 0 as t — oo, there exists Ts(€) > 0 such that

Mep(x(t)) < x2(€)/2, t> Te(e).

Since (4.11) holds, it follows that there is T;(€) > 0 such that

e (v(1) 1 €
h) 28m@et2)p 2 e

and because ¢(x(t)) — 0 as t — oo we have that there exists Tg(€) > 0 such that
Meg(x(t)) < v(T7(€))/2, t = Ts(e).
Now define
T(e) =1+ max (To(e), Ti(e), Ta(€), Ts(€), Tu(e), Ts(€), To(€), T7 (€), Ts(€)),
and with ¢;(¢e) := ¢(x(T(€))), we further define

1+ 2e

() =9 (Tt T+  (Mepn(€) ), 12 TCo)

Since (p_l is increasing and M, > 1, it follows that

w (1) = ¢ (T2 px(T(E) ) > 97 (plx(T(E)) = #(T(e))

Since T(e) > Tp(e), have that

Mep(x(T(e))) < 15 < - PR - 7€ e,

Therefore

o (TS Mep(e(r(e) ) < xale),

for all t > T(e).

1
so x;(T(€)) < xo(€). Hence xy(t) < xo(€)
u(t)) +g(t) for all t > T(e). Since xy(t) < xo(e) for all

We start by estimating —f(x
t > T(e), we have

—(1—e)pxu(t)) > —f(xu(t)) > —(1+e)p(xu(t)), t=T(e).
Define g1 (€) := @(x(T(€))) and
c:=T(e) =7 (Megi(€)).
Since t > T(e) > Ty(€), by the definition of x,;, we have

—fleu(t) +8(t) < —(1 —€)p(xu(t)) + (1 +e)y(t) = —(1+2€)y(t —c) + (1 +€)y(h).
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Since t > T(e) > T3(€), we have ¢1(€) = ¢(x(T(€))) > 7(T(e))/Me. Hence 7~ (Megi(e€)) <
T(e). Thus ¢ = T(e) — v 1 (Mcgpi(€)) > 0. Moreover T(e) = ¢+ 7~} (Mcg1(€)). Hence for
t > T(e), we have t — ¢ > 0 and so y(t —c) > (t) for all t > T(€). Therefore for all t > T/(e),
we have

— flxu(t)) +8(t) < —(1+2e)y(t =) + (1 +e)v()
—(14+2e)y(t—c)+ (A +e)y(t—c) = —ey(t—c). (4.13)

We now seek to estimate x/,(t) for all t > T(e). Since (¢~ 1)'(x) = 1/¢'(¢~1(x)), for
t > T(e) we have

, _ 1 . 1+2€ , .

—xu(t) - qD/(xU(f)) 1—¢ v (t )/
o 142 gu®) w1 —(t—ont-o) .
) = T e @) t-c o) at-o T

Since T(e) > Ts(€), we have that

Meg(x(T(e))) < 57— p(x)

Also
P(ru(T(€))) = = Meg(x(T(€))) < 39(x1) < p(x),

so xyy(T(€)) < x1. Hence xy(t) < x1 forall t > T
p(xu(t))
xu(t)g' (xu(t))
Since @(xy(t)) = (14+2¢)/(1 —€)y(t —c) for t > T(e), we arrive at
2 ¢t ((A+2e)/(1—e)y(t—c)) —(t—c)¥(t—¢)
p (E=c)y(t—c) 7(t—=¢)

Now for t > T(e), we have t —c > T(€) — c = 7~ (M@ (€)). Since T(€) > Ty(e) > T(e) we

have ¢(Mcg(x(T(€)))) < 7(Ta(€))/2. Hence Me@l( ) < (Tz( ). Hence v~ ! (Megi(e)) >
T>(€). Thus for t > T(€), we have t — ¢ > 7~ (Mc@1(€)) > Ta(e). Hence

(t=o)Y(t=o¢)
Y(t—rc)

—

€). Hence

< t > T(e).

™I N

—xy(t) < ~y(t—c).

<0+e€ t>T(e).

Thus
2(0+e€) ¢ ' ((1+2€)/(1—e)y(t—c))

P (t=c)y(t—c)
Next, we note for t > T(e) that t —c > ¢~ (Mcgi(€)). Thus y(t —c) < Mcgi(€). Since
T(e) > Ty(€), we have that Mco(x(T(€))) < x2(€)/2 < x2(€), or Mc@1(€)) < x2(€). Thus for
all t > T(e) we have y(t — ¢) < x2(€). Hence

QD (11+2€e,)/( )) 1+ 2¢ 1/B
(1t =) <2<1—e> |

—xy(t) < ~y(t—o).
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Hence for t > T(e), we have

L 2(0+e) 2(22) P ori(y(t—0))
—x () < 5 1(t_c)7(t_c) “y(t—c),

p

Since t > T(e), we have t —c > T(e) —c = 7 }(Me@i(€)). Since t > T(e) > Tg(e), we
have that Mc¢(x(T(€))) < v(T7(€))/2 < ¥(T7(¢)). Hence 7 1(Mcgi(€)) > Ty(e€), and so
t—c > Ty(e) for all t > T(e). This yields

“L(y(t—c 1 €

Hence for t > T(e) we arrive at

Ly 49+2 1, ¢ ' (v(t—0))
ult) < =g o= o)

Using this inequality and (4.13), it follows for t > T(e) that

cy(t— c)%e'y(t —0).

i) > —ser(t =) > —exlt =) > —Flau(e)) +3(6)
Since x7(T(e)) > x(T(e)), we have that xy;(t) > x(t) for all + > T(e). Therefore by the

definition of xy;, we get

p(x(1) < plxu(t) =~

y(t—c), t>T(e).

Since v € RV (—0), it follows that y(t —c)/y(t) — 1 as t — oo. Therefore

)) < 1+2€.
— 1—¢€

lim sup px(
t—o0 Y t

t
)
Letting € — 07, and recalling that x(t) — 0 as t — co and that f(x)/¢(x) = 1asx — 07, we

get
, fx(t))
limsu <1.
t—)oop ’Y(t)
Since y(t)/g(t) — 1 as t — oo, we have

lim sup fx(t)) <1.
t—o0 g(t)
Combining this limit with (4.12) yields (2.11), as required.
We now turn to the proof of part (ii). It is assumed that ¢ is asymptotic to a decreasing
function; this function must be positive. Call it ;. The fact that g is slowly varying implies
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that there exists a positive function 7, € C!(0,00) such that ¢(t)/72(t) — 1 as t — co and
ty5 () /v2(t) — 0 as t — co. We note that the estimate (4.11) derived in STEP 1 holds, with 7,
in the role of 7y even though the proof above does not apply in the case § = 0. In fact, in this
slowly varying case, the proof is much easier. Since 71 € RV (0) and ¢ € RVy(B), we have
that ¢! 071 € RV (0). On the other hand, t — tv1(t) is a function in RV (1). Therefore we
have that t — @~ 1(y1(t))/(ty1(t)) is in RVe(—1). Thus ¢ 1 (71(t))/(ty1(t)) — 0 as t — oo.

We start by establishing a lower bound on the solution of (1.1), just as in STEP 2 above.
Since g(t)/y1(t) — 1 and g(t)/v2(t) — 1 as t — co, we have that y»(t)/y1(t) - 1l ast — oo,
and so ¢ 1(72(t)) /¢ 1 (71(t)) = 1 as t — co. Hence

¢~ (12(t))

lim X———22 = 0.
Pt tya(t)

We construct the following estimates. Let € € (0,1/4). Then there exists T;(€) > 0 such that

glt) _ 1—e 72(t)

, l1l—€e<

() = 1+e€/2 71(t)

Since x¢'(x)/¢(x) — Basx — 0" and f(x)/¢(x) — 1 as x — 0T, for every € € (0,1/4) there
exists x1(€) > 0 such that

<1l-+e, t2T1(€).

f(x)
— L <1l+4+e x<x(e
9(x) 1)
and there is an x, > 0 such that
p(x) 2
xq)/(x) < ﬁ’ x < Xp.

Since ¢! (72(t))/ (t72(t)) — 0 as t — oo, we have that there exists T(€) > 0 such that

¢ (1a2(t) _ Ve
t{yz(zt) < 20/B’ t > Ty(e).

Since 1 (t) — 0 as t — oo, there exists T3(e) > 0 such that
() <o(xa), () <o(xile)), t=Ts(e).
Since v, obeys t5(t) /72(t) — 0 as t — oo, it follows that there exists Ty(€) > 0 such that

‘tvé(t)
72(t)

Define T(e) = 1+ max(T1, Tz, T3, T4). Finally, define

’ < Ve, > Ty(e).

K=" (¢(x(T)/2)) >0,
(so 11(K) = ¢(x(T)/2)) and

1—¢

XL(t) = (P_1 <(1+€)3’)’2(t+K)) , t>T.

For t > T, we have 7,(t + K) < (1+€)y1(t + K) < (1+¢€)y1(K). Thus as ¢! is increasing,

we have
1—¢

xL(T) < (P_l <(1 +€)2

MK)) < o M (m(K)) =x(T)/2 < x(T).
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For t > T > T3, we also have

() <o (et +K) <o7n(m) <xfe)
and also
w(t) < 97 (n(T) <

Since K > 0, for t > T by the definition of x; and the monotonicity of y; we have

1—¢ 1-—
——c K
(1+€)272(t+ ) < 1+

On the other hand, for t > T we have

flan(®)) < (A +e)g(xi(t)) = T

€ €
t+ K .
e%( +K) < e’h(t)

1—
8(t) > 1o ami).

Hence

11 o t 1—e
1+e 1+€/2}%<>__€71()2(1+e/2)(1+e)'

Fa(t) — g(t) < (1—e) {

Since € € (0,1/4), we have that

1—¢ < 4
2(1+e/2)(1+¢€) ~ 15

Therefore 4
fla(t) —g(t) < —e-zm(t), t=T.
On the other hand, since x; € C!(T, o) and has derivative given by

A (Dl (1) = et +K)

using the definition of x; we have for t > T

PP 10 A Crr s i)
=5 0e @ p el R)
¢ ((t+K))  (t+K)7(t+K)

T KMtk mirk  EEK.

Since x1 (t) < x1(€) for t > T, the first factor is bounded above by 2/B. Since ¢! is increasing,
the second factor is bounded above by unity. Since t + K > t > T, the absolute value of the
fourth factor is bounded by /€. Hence

X ()] < 2 9 (n(t+K)  m(t+K)

B U Rmit ik Yenerr) MUETK:

and as 72(t +K) < (14+¢€)y1(t +K) <5/4- 7 (t + K) and 71 is decreasing, we have

~1
10)] < o2 Ve ().
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Since t + K > t > T we have
e n(t+K) _ Ve
(t+ K)y2(t+K) ~20/p’

SO €
(0] < En(b)

Hence for t > T we have

X (6) > ~5m() > e 2o (6) > f(u () - g(0)
Hence
Y1) < —f((0) +8(0), 12 T; x(T) < x(T).

Thus x1(t) < x(t) for t > T. Hence ¢(x(t)) > ¢(x.(t)) = (1 —€)(1+€) 372(t + K). Therefore
as 72(t+ K)/7v2(t) — 1 as t — oo, we have

lim inf (p(x(:)) >(1—e)(1+e)°.

t—o00 ’)/2( )
Letting € — 0" and noting that f(x)/¢(x) — 1as x — 07 and g(t)/72(f) — 1 as t — oo, we
have
liming /W) >
t—o0 g(t)

To obtain the upper bound, set m = 4172/f /B, let e € (0,1/2) and define M, = 1 +e.
There exist xg, x1 and x, such that

— € & € X Xol€
1 <q)<x><1+, < xo(€),

p(x) 2
xqo’(x <ﬁ’ x < Xx1,

)
—1 ( (142¢)?
@ X 2/p
((1 2) 2(1+2e> , x < x(e).

IO
¢~ (x) 1—e
For every € € (0,1/2), there exists a T;(€) such that

8(t) 72(t)
m1(t) 71(t)

Similarly, for every e € (0,1/2), there exists a T>(€) such that

<(1+e€)? 1-e<

’ <\E, t> Tz(é‘).

From the lower bound, there is T3(e) > 0 such that

px(t)) _ 1 L >,

71(1) l+e M

Since ¢(x(t)) — 0 as t — oo, we may define Ty(€) > 0 such that

Mo(x(t) < 3n(Ti(e), Mp(x(t) < 3m(Ta(e)), > Tule),
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and similarly there is a Ts(e) > 0 such that

B 2
o) <5 (i) PEAR), 12T,

where, as is conventional, a A b denotes the minimum of the real numbers a and b. Further-
more, there exists Ts(€) > 0 such that

M < ﬁ/ t> T6(€)-

tya(t) m
We define Ty(e) > 0 such that

Mo(x(t)) < 3n(Te(e)), 2 Tr(e).

Since 7(t) — 0 as t — oo, there is Tg(€) > 0 such that

1l1) < 302(e), £2Te)

and finally there is a To(e) > 0 such that

Mep(x(t)) < %’n(Ts(e)), t > To(e).

.....

and define

xy(t) =7t <<(11t2€€))2272(t - T+K)> , t>T.

Since T > Tz(€), we have 1 (K) = M¢@(x(T)) > y1(T), and because 7, is decreasing, we have
that K < T. Define c:=T — K > 0.

Since T > Ty(e), 71(K) = Mo(x(T)) < 11(Ti(€))/2 < 71(Ti(€)), so K > Ti(€). Thus
Y2(K) > (1 —€)y1(K). Hence as ¢! is increasing and M > 1 we have

€ 2 € 2
xu(T) = ¢! <((11+_2€)>272(1<)> > ¢! <(11+_2€)71(K)> > 971 (11(K)) > x(T).

Fort > T,wehavet—T+K > K > Ty(€),s0 12(t —c) < (1+¢€)y1(t —T+K) < (1+¢€)r1(K).
Thus for t > T we have

2 2 2
wi <o (GEFaromw) o (EEEE L gmy)).

Since T > Ts(¢), the argument of ¢! is less than ¢(xo(€)) and also less than ¢(x;). Therefore

xy(t) < xo(e), xy(t)<xy, t>T.
Hence for t > T, we have

1+ 2¢)?
Flxu(®) > (1 - p(au(h) = 172
Sincet > T,t—c>T—c =K > Ti(e), we have y,(t —c¢) > (1 —€)y1(t —c). Hence for t > T,
we have

T2(t — ).

Flxu(t)) > (1+2€)y1(t —c) > (14 2€)>y1(t)
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as ¢ > 0 and 1, is decreasing. Since t > T > Ty (€), we have g(t) < (1+¢€)?y1(t), so
—f(xu(t)) <{=(1+2e)*+ (1+¢€)*} 11(t) = —2e(1 +3e/2) 11 (t) < —2e71(t).

Next, we can use the definition of x{; to obtain the identity

o (1426 plu®) 1 (t—omt-osul), .
x“(”‘<1—e> (O u @) pa@) malt—a)  t—c 0

fort > T.Fort>T,t—T > K= 9, (Mg(x(T))). Since T > Ts(e), Mo(x(T)) < 11(T2(€)),
so K > Ty(e). Thus t > T implies t — ¢ > T(€). Hence

(t=c)mn(t=¢)
\

<+e, t>T,
Y2(t —c)

and because x;(t) < x1 for t > T, we have

o)) 2, .

xu(t)'(xu(t)) B’

Using these estimates and the definition of x{;, we obtain

xu(t)] < ;ﬁw(l}_d’;”_(?wt—c), t>T,

and again using the definition of x; we have

(t=c)7a(t =) (vz(t—C))

Fort > T,t—c > K. Since t > Ty(e), Mp(x(T)) < 71(Ts(€)), so K > Ty(e). Hence t > T
implies t — ¢ > Ty(€), we obtain

-1 1+2€ _
[y ()] < qu) (nlt=c) # S} 2 c)>'rz(t—c), t>T.

g (nlt-0) _ Ve
(—omi—o <m 2T

Fort > T,t—c > K. Since t > Ty(€), Mp(x(T)) < 71(Ts(€)), so K > Tg(e). Hence t > T
implies t — ¢ > Tg(e), so we have 1,(t —c) < x2(€)/2 < x;(€) and therefore

>T.

o ((%)272(1‘—0» 14 2e\2/F
¢ 12t —¢)) <2<1—€> o

Using these estimates, we get

2/B
) Yo(t—c), t>T.

4 14 2¢
1w (1)) < (

,Bime 1-¢€
Since € < 1/2, ¢ > 0, 1 is decreasing, by the definition of m, we get

%), ()] < i€42//3m.%(t) _ €’Y2(t—6§‘7l(t), t>T.

pm Y1(t —c) T1(t—c
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For t > T we have t — ¢ > K. Since T > Tu(€), Mp(x(T)) < v1(T1(€)), so K > Ti(e). Hence
t —c > Ty(e), which implies y,(t —¢)/71(t —c) <1+e€ < 3/2 for t > T. Hence

(0] < Sen(), =T,
so x);(t) > —371(t) for t > T. Recall that —f (xy(t)) + g(t) < —2e71(t) for t > T. Hence
3
(1) > —om(t) > —2em(t) > —flxu(®) +3(0), +>T,
and since xy;(T) > x(T), it follows that xy;(¢) > x(¢) for t > T. Hence

1+ 2e

(31 < plaut)) = (2

2
> Yo(t—c), t>T.

Since 72 € RV (0), we have

o(x(t)) - (1 —|—2e>2,

lim sup T ¢

t—o0 72(t)

and letting € — 0" yields

: p(x(t))
hrtnjo?p (D) <1.

Since x(t) — 0 as t — oo, we get

Combining this with the lower estimate gives f(x(t))/g(t) — 1 as t — oo as required.
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