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Abstract

In this paper, we investigate the existence of positive solutions for a class of singular nth-order three-point
boundary value problem. The associated Green’s function for the boundary value problem is given at first,
and some useful properties of the Green’s function are obtained. The main tool is fixed-point index theory.

The results obtained in this paper essentially improve and generalize some well-known results.
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1. Introduction

In recent years, the existence of positive solutions for higher-order boundary value problems has
been studied by many authors using various methods (see [1-4, 7-14] and the references therein). For
example, in paper [3], by using the Krasnosel’skii fixed point theorem, Eloe and Ahmad established
the existence of at least one positive solution for the following nth-order three-point boundary value
problem

u™ () +a(t)f(u(t)) =0, te(0,1),

{ w2 (0) =0, (1) = auly), 4
where 0 < 7 < 1, 0 < an™ ! < 1, a : [0,1] — [0,00) is continuous and nonsingular, f €
C([0,00),]0,00)) is either superlinear or sublinear.

In this paper, we study the existence of positive solutions for a singular nth-order three-point
boundary value problem as follows

{ u™ () + h(t) f(t,u(t)) =0, t€la,b],
u(a) - au(n)7 ul(a) =0,--- 7u(n72)(a) =0, u(b) = ﬁu(n)7

* E-mail address: xiedapeng9@yahoo.com.cn

(1.2)
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wherea <7 <b, 0<a<1,0<Bn—-—a)"t<(1-a)b—a)"t+aln—a) ! feC(ab] x
[0,00),[0,00)) and h € C([a,b], [0, +00)) may be singular at ¢t = a and ¢t = b.

Up to now, no paper has appeared in the literature which discusses the existence of positive
solutions for the problem (1.2). This paper attempts to fill this gap in the literature. In order to
obtain our result, we give at first the associated Green’s function for the problem (1.2), which is
the base for further discussion. Our results extend and improve the results of Eloe and Ahmad [3]
(¢ =a=0,b=1and f(t,u) = f(u)). Our results are obtained under certain suitable weaker
conditions than that in [3]. It is also noted that our method here is different from that of Eloe and
Ahmad [3].

2. Expression and properties of Green’s function
Lemma 2.1. Ify € C|a,b], then the problem

{ W™ (t) +y(t) =0, a<t<bh (2.1)

has a unique solution

b
w(t) :/ H(t,s)y(s)ds, (2.2)

where
(b—s)"(t—a)" ' = (b—a)" (t—s)""
Hit,s) = U A (ol , a<s<t<b, -
b—s)""'(t—a) iy

(b—a)»t(n—-1)"
Proof. In fact, if w(t) is a solution of the problem (2.1), then we may suppose that

n—2

t —s n—1 .
w(t) = — / %y(s)ds +A(t—a)" '+ > At —a)' + B,

i=1
Since w®(a) =0 for i =0,1,2,---,n—2, weget B=A; =0fori=1,2,---,n—2. By w(b) =0, we

have

1 bp— g1
A= g || v

Therefore, the problem (2.1) has a unique solution

t(t — g)n—1 b — g\t — g1 b
wi) = - [ s+ [Ty = [ s,
where H (t, s) is defined by (2.3).

Lemma 2.2. H(t,s) has the following properties
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(i) 0 < H(t,s) < k(s), Vt,s € |a,b], where

s—a)(b—s)" !
(b—a)(n—2)!' "~

(ii) H(t,s) > ¢(t)k(s), Vt,s € [a,b], where

(t—a)nfl )
¢(t){ (n—=1)(b—a)1’ a<t< %b’

k(s) = (

(b—1)(t — a)
n—10b—-—apn1 2

Proof. It is obvious that H(t,s) is nonnegative. Moreover,

(b—s)" 't—a) ' = (b—a) (it —s)"!

H(t,s) = (b—a)"1(n—1)! , a<s<t<b
b—s)" 't —a)"! a<t<s<b
(b — a)n—l(n — 1)' ) < <b,

(s = a)(b = ){[(t — a) (b — 5)]" "

]
= +(t—a)b—s —a)(t —s)|"
(b—a)"1(n—1)! (b —a)(t — S)]n_Q}, a<s<t<b,
(b—s)""Ht—a)", a<t<s<b,
< L {<”—U@—®®—8Kb—®®—$w2,a§ <t<b,
S —a) T n-DI (b-s)"(s—a)" !, a<t<s<b
s—a)b—s)n !
< ((b — ;()lzn _)2)! =k(s), t,s€]a,b].
Thus, (i) holds.
If s=a or s =b, we easily see that (ii) holds. If s € (a,b) and t € [a, b], we have
(=9t — ) = (=)A= )"
By _ 1 o Demp@-arioar essstsh
k(s) (t—a)"
n—1)(s—a)(b—a)r2’ a<t<s<hb,
1 —
e e OGN (DI G
_ +Ht—a)(b—s)]"3b—a)(t—s)+---
S\ @b )b a)t - 9" +[(b - a)(t— 5], 0
(t—a)" ! .
eIk
(s —a)(b—1t)(t —a)" 2(b—s)" 2
(n—1)(s —a)(b—a)"2 ast<s<b
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(b—t)(t —a)"?

(n—l)(b—af”fl’ - =7
(t—a)

(n—Db—ay 1

>

since,

(b—t)(t—a)" 2> (t—a)" !, for t € [a, 2],
and

(t—a)" 1> (b —1t)(t—a)"2 for t €[4, b],
then

H(t,s) > ¢(t)k(s), for s € (a,b) and t € [a, b].
Thus, (ii) holds. The proof is completed.

Theorem 2.3. Suppose that A =: (1—a)(b—a)" '+ (a—B)(n—a)"~! # 0, then for any y € Cla, b],
the problem

u™t) +y(t) =0, a<t<b,
{ u(@) = aufn), /(@) =0, u2(a) =0, u(b) = Gu(n), (24)
has a solution
b
u(t) = [ Gt.s)yls)ds.
where ¢
G(t,s) = H(t,s) + %{a[(b —a)" ' = (t—a)" '+ Bt —a)" ' }H(n, s), (2.5)

here H(t,s) is given by (2.3).

Proof. The three-point boundary value problem (2.4) can be obtained from replacing u(a) = 0 by
u(a) = au(n) and u(b) = 0 by u(b) = fu(n) in (2.1). Thus, we suppose the solution of the three-point
boundary value problem (2.4) can be expressed by

u(t) = w(t) + 3" 5t — aPuln), (2.6)
=0

where w(t) is given as (2.2), v; (j = 0,1,2,---,n — 1) are constants that will be determined. By
calculating, we obtain

n—1 |

W@ (t) = () + 3 ﬁw — )V Dw(n). (2.7)
Jj=t

Since u(V(a) =0 for i = 1,2,---,n — 2 and (2.7), we obtain
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v =0,forj=1,2,---,n—2. (2.8)
In view of (2.6) and (2.8), we have
u(t) = w(t) + [yo + -1t — a)" " uw(n). (2.9)

Then, by u(a) = au(n) and u(b) = fu(n) (note (2.9)), we get

Yow(n) = aw(n) + alyo + yn-1(n — a)* w(n),
and

0 + n-1(b = a)" w(n) = Bw(n) + Blyo + m-1(n — a)* w(n).
From this

At (2.10)
Y0+ Yn-1(b = )"t = B1+ 50 + yn-1(n — @) :

By calculating, we obtain by (2.10) that
o af-a)n-a
11—« 1-—a)-A ’ (2.11)

_B-a
Tn—1 = A

Y0

Hence, by (2.9) and (2.11), we obtain

a  af-a)n—at  (B-a)(t—a)!
1—oz+ (1-—a)-A * A Jw(n)

u(t) = w(t) +

= w(t) + %{B(f —a)" '+ a(b—a)" T = (t—a)" Tu(n).
Using this and (2.2), we see that
b 1 b
ut) = [ H s + 3030 - 0 +alb— o) — =y} [ Hs)uls)ds.
Thus, the Green’s function G(t,s) for the BVP (2.4) is described by (2.5).

By Theorem 2.3, we obtain the following corollary.

Corollary 2.4. Suppose that A =: (1—a)(b—a)" ' +(a—B)(n—a)*~! # 0, then for any y € C|a,b],

the problem (2.4) has a unique solution

b
u(t) = [ Gts)yls)ds.
where G(t, s) is given as in (2.5).

Proof. We need only prove the uniqueness. Suppose that wu;(t) is also a solution of the problem
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(2.4). Let
x(t) = ur(t) —u(t), t € [a,b)].

Obviously,

@ (a) = ugi)(a) —uW(a)=0,i=1,2,---,n—2,

z(b) = u1(b) — u(b) = Bui(n) — Pu(n) = Bz(n).

In view of (2.12), we have

r(t)=co+ci(t—a)+ea(t —a)’ 4+ +cp1(t —a)"t,
where ¢; (j =0,1,2,---,n — 1) are undetermined constants. By calculating, one has
n—1 j'
O(t) = ' t—a) ), = 1,2, m—
' (t)_jzl(.]_l)'c](t a) y1=1,2, ,n—1.

From (2.14) and (2.17), we get
cp=cpg="=cp2=0,
By (2.13), (2.15), (2.16) and (2.18), one has

co = aleg + en_1(n —a)" 1]

)

and
o+ cn1(b—a)" 1 = Bleg + cno1(n —a)" .

Thus, by (2.19), (2.20) and A # 0, we can easily know that ¢o = ¢,—1 = 0. So z(t) =0, t €
which implies that the solution of the problem (2.4) is unique.

Theorem 2.5. G(t,s) has the following properties
() G(t.) > 0, V1,5 € [a, 1]

(i1) G(t,s) < Myk(s), Vt,s € [a,b], where k(s) as in Lemma 2.2, and

(2.12)
(2.13)
(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

[a’ b]’

M; = max {%[(b — o aly - )" S {0 - @ Bl - )" - a)"‘l]}};

(iii) mirib G(t,s) > Mak(s), Vt, s € [a,b], where T € (a, %2) and
tE[T,aT}
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n—1 1 (2n—1 _ 1)(b _ a)n—l

(TL _(7—1)_(;)_ a)nfl + Z[ﬂ(T - a)nil + > on—1 ]¢(77),

here ¢(t) and k(s) as in Lemma 2.2.

Mo =

Proof. It is clear that (i) holds. Next we will divide the proof of (ii) into two cases.
Case (1) If @ <t <, then, by Lemma 2.2 (i), we have

Glt,5) = H(t,5) + 1Bt~ a)"" +allb—a)' ™" — (t — )"} H (0, 5)

< k(s) + < [B01 — )" + a(b — a)"Mk(s)

Case (2) If n <t < b, similarly, we obtain

Glt,5) = H(t,5) + 1Bt~ a)" "+ al(b—a)' ™" — (¢ — )"} H (0, 5)
< k(s) + 5 1B — )" 4 al(b— )" — (7~ )" }k(s)

= %{(b —a)" 4 Bl(b—a)"t — (- a)"'}k(s) < Mik(s).

By the inequality above, we know that (ii) holds.
(iii) By Lemma 2.2 (ii), we have

min  G(t,s) = min {H(t,s)+ %{ﬂ(t — a)”f1 + af(b— a)"i1 —(t— a)"fl]}H(n, s)}

tE[T,aT”'b} tE[T,aT"'b]
a n—1 _ —a n—1
> min, {6(0k(s) + 513t — ™!+ S0tk
T_anfl a n—1 _ _anfl
— (g + 50— o e
= MQ]{)(S)

Thus, (iii) holds.
3. Main results

Throughout this paper, we assume the following conditions hold.

(Hy) h:[a,b] — [0,+00) is continuous, and
b
0< / (b— )" h(s)ds < 4o0.

(H) f :[a,b] x [0,400) — [0,400) is continuous.
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Let C|[a, b] be Banach space with the norm ||ul| = Jnax |u(t)]. Define the cones K and P by
t

K ={u € Cla,b] : u(t) >0, t € [a,b]},
and

P ={ueCla,b]:u(t) >0, t€ la,b], and mirib u(t) > yl|ull},

te[T7T}
where 7 € (a, “—H’), v = @ (here M; and M are defined as in Theorem 2.5). Obviously, K and P
are cones of C|a, Deﬁne the operators Ay, As and T by
(Ayu)(t / G(t,s)h(s)u(s)ds, Vt € [a, ], (3.1)
2
(Agu)(t) = / G(t, $)h(s)u(s)ds, Vt € [a, B], (3.2)
and
b
:/ G(t,s)h(s)f(s,u(s))ds, Vt € [a,b], (3.3)

It is clear that the problem (1.2) has a positive solution u = w(t) if and only if u is a fixed point of
T.

Lemma 3.1. Suppose (Hy) — (Hz) hold. Then

(i) The operator A : Cla,b] — Cla,b] is completely continuous and satisfies A;(K) C K.
(ii) The operator Ay : Cla,b] — Cla,b] is completely continuous and satisfies Ay(K) C K.
(iii) The operator T : P — C'a, b] is completely continuous and satisfies T'(P) C P.

Proof. It is obvious that (i) and (ii) hold. By Theorem 2.3, we know that T'(P) C P. Next, we will
prove that the operator T is completely continuous.

For m > 2, define h,, by

: am+b
1nfa<s<am+b h( ), a/<t< am

m—+41 "
hn(t) = & h(t), amth < ¢ < a+bm,
ln a+bm<s<b ( )7 m+1 < t -~

and define the operator T}, as follows

b
_ / G(t, 5)hun(s)f (s, u(s))ds, t € [a,b].

It is easy to show that the operator T, is compact on P for all m > 2 by using Arzela-Ascoli theorem.

In addition, the continuity of G(t,s)hy,(s) on [a,b] X [a,b] implies the continuity of T,, : P — P.
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Therefore, T}, is a completely continuous operator. It follows from (H;) that

b
ﬁ/ (b—8)""h(s)ds < cc.

b
0< / E(s)h(s) <
a
Using this and by the absolute continuity of the integral, we have

lim k(s)h(s)ds =0,

m—00 e(m)

b b
S aa st

For each R >0, set Qr = {u € P : |lu[| < R} and M = maxyc(q],ue(o,r] f(t,u). Then fix R > 0 and
u € Qg, we have from Theorem 2.5 and (Hz) that

where k(s) is given as in Lemma 2.2, e(m) = [a

b
(T u)(t) — (Tu)(t)] = / G(t;8)(hm(s) — h(s))f (s, u(s))ds

am+b b

< MlM/ " k(s)|h(s) — hm(s)|ds + MM b k(s)|h(s) — hpm(s)|ds

< MlM/( ) k(s)h(s)ds — 0, (m — o0).

Hence, the completely continuous operator T,, converges uniformly to 7" as m — oo on any bounded

subset of P, and T': P — P is completely continuous.
By Virtue of Krein-Rutmann theorems, It is easy to see that the following lemma holds.

Lemma 3.2 [6]. Suppose A is a completely continuous operator and A(K) C K. If there exists
¢ € Cla,b]\ (—K) and a constant ¢ > 0 such that cK1p > 1), then the spectral radius r(A) # 0 and A
has a positive eigenfunction ¢ corresponding to its first eigenvalue A\ = (r(A))™!, that is, ¢ = M.

Lemma 3.3. Suppose that (Hy) and (H;) hold. Then the spectral radius r(A;) # 0 and Ay has a

positive eigenfunction corresponding to its first eigenvalue Ay = (r(A1))~1.

Proof. It follows from (2.5) that
(-t (t—a)
(b—a)"1(n—1)!
From this and (H;), we know that there exists ¢ty € (a,b), such that G(to,to)h(to) > 0, then there is
[a, ] such that tg € (o, §) and G(t, s)h(s) > 0, Vt, s € [a, 5]. We take ¢ € Cla,b] such that ¢(t) > 0,

Yt € [a,b], ¥(tp) > 0 and ¢ (t) =0, Vt ¢ [, 5]. Then for all ¢ € [a, ], we have

G(t,t) > H(t,t) = >0, Vt € (a,b).

b B
(A (t) = / G(t, s)h(s)b(s)ds = / G(t, s)h(s)(s)ds > 0.

Then there exists a constant ¢ > 0 such that ¢(Aj)) > 9, Vt € [a,b]. By Lemma 3.2, we see that the

spectral radius r(A;) # 0 and A; has a positive eigenfunction corresponding to its first eigenvalue
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)\1 = (’I“(Al))_l.

To establish the existence of positive solutions of the problem (1.2), we will employ the following
lemmas.
Lemma 3.4 [5]. Let E be Banach space, P be a cone in E, and 2 be a bounded open set in E.
Suppose that T : PN §Q — P is a completely continuous operator. If there exists ug € P\{#} such
that

u—Tu # pug, Yu € PNOQ, > 0.
Then the fixed point index i(T, P N Q, P) = 0.

Lemma 3.5 [5]. Let E be Banach space, P be a cone in E, and Q2 be a bounded open set in E.
Suppose that T : PN — P is a completely continuous operator. If

Tu # pu, YVu € PNoQ, u> 1.
Then the fixed point index i(T, PN, P) = 1.

For convenience, we introduce the following notations

fO = lim infuﬂoerinagtgb(f(t? u)/u), fO = lim Supu—>0+maxa§t§b(f(t7 u)/u)7

foo = liminf, _oming<;<p(f (¢, u)/u), f> =limsup,_,, max.<i<p(f(t,u)/u).

Theorem 3.6. Let \; be the first eigenvalue of Ay defined as in (3.1). Suppose the previous
hypotheses (Hy) — (Hz) hold, in addition we assume fy > A1 and f°° < A\;. Then problem (1.2) has

at least one positive solution.
Proof. In view of fy > Ay, there exists Ry > 0, such that

f(t,u) > Au, for all ¢ € [a,b], u € [0, Ry]. (3.4)
Let Qpr, = {u € Cla,b] : ||u|| < Ry}, for u € PN ONR,, we have by (3.4) that

(Tu)(t) = / " Gt () s, u(s))ds > Ay / ' Gt )h(s)u(s)ds = A (Ayu) (), Vi € [a.b]. (3.5)

Let u* be the positive eigenfunction of Ay corresponding to Aq, thus u* = A\{Aju*. We may suppose
that 7" has no fixed point on PNOSQR,, otherwise, the proof is finished. In the following we will show
that

u—Tu # pu*, Yu € PN OQR,, p > 0. (3.6)

If (3.6) is not true, then there is ug € P N INg, and po > 0 such that ug — Tug = pou*. It is clear
that po > 0 and
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up = Tug + pou™ > pou’™.
Set
w* =sup{p : ug > pu*}. (3.7)
Obviously, u* > uog > 0. It follows from A;(K) C K that
AMAjug > A Ajut = prut.
Using this and (3.5), we have
ug = Tug + prou™ > A\ Arug + pou™ > p*u™ + pou™,
which contradicts (3.7). Thus, (3.6) holds. By Lemma 3.4, we have
i(T,P N Qp,, P) = 0. (3.8)
On the other hand, it follows from f* < A; that there are 0 < p < 1 and Ry > R; such that
f(t,u) < pAu, Vt € [a,b], u> Rs. (3.9)
Put
B={ueK:u=0Tu, 0<o <1} ,u(t) = min{u(t), Re} and w(t) = {t € [a,b] : u(t) > Ra}.

Now we will show that B is bounded. For all w in B, we have by (3.9) and Theorem 2.5 (ii) that
b
u(t) = o(Tw)(t) < | Glt,5)hs)f (s, uls))ds

= G(t,s)h(s)f(s,u(s))ds —i—/ G(t,s)h(s)f(s,u(s))ds
w(t) [a,b]\w(t)

b b
< p)\l/ G(t,s)h(s)u(s)ds + M, / kE(s)h(s)f(s,u(s))ds
= pAi(Aru)(t) + M = (Ayu)(t) + M.

where Aju = pA\1Aju, u € Cla,b] and M = M, SUDy ¢ Py, fab E(s)h(s)f(s,u(s))ds.
Thus, ((I — Ay)u)(t) < M, t € [a,b]. Since A; is the first eigenvalue of A; and 0 < p < 1, then the
first eigenvalue of Ay, (r(A1))~! > 1. Thus, the inverse operator (I — A;)~! exists and

T ) N A PR

In view of A;(P) C P, we get that (I — A;)~}(P) C P. Then we have u(t) < (I — A1) "' M, t € [a, b]
and B is bounded.
Take R3 > max{Ra,sup B}, let Qp, = {u € Cla,b] : ||u]| < Rs}. Then by Lemma 3.5, one has
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i(T,PNQgr,, P) =i(0, PN Qg,, P) = 1. (3.10)
It follows from (3.8) and (3.10) that
i(T, (PN Q) \ (PNQg,),P) =i(0,PNQg,, P) —i(0, PN Qg,, P) = 1.

Hence, T has at least one fixed point on (P N Qg,) \ (PN Qg,). This implies that the problem (1.2)

has at least one positive solution.

Theorem 3.7. Let A\ be the first eigenvalue of Ay defined as in (3.1), Ay be the first eigenvalue of
Ay defined as in (3.2). Suppose the previous hypotheses (Ho) — (Ha) hold, in addition we assume
fO < A1 and fo > Ao. Then problem (1.2) has at least one positive solution.

Proof. From f° < A\, we know that there exists R4 > 0, such that
f(t,u) < Au, Vt € [a,b], u € [0, Rq]. (3.11)

Let Qg, = {u € Cla,b] : ||u|| < R4}, for u € PN ONR,, we have by (3.11) that (Tu)(t) < A1(Aiu)(t).

Now we show that
i(T,PNQpg,,P)=1. (3.12)

We may suppose that 7" has no fixed point on P N 0Qpg,, otherwise, the proof is finished. In the

following we will show that
Tu # ou, Yu € PNOQR,, 0 > 1. (3.13)

If otherwise, there exist ug € P N 0SQg, and gp > 1 such that Tuy = goug. So oo > 1 and poup =
Tug < AAjug. From induction, we get that géuo < )\{A{uo, Vj € N. Therefore, we have by
Gelfand’s formula that

i1 Afuoll _ ) golluoll

Juoll = =00 \| M luo|

r(Ar) = lim /|| 4] > Jim

which is a contradiction with r(A;) = )\%, and so (3.13) holds. It follows from Lemma 3.5 that (3.12)
holds.
On the other hand, by fo > A2, there exists R5 > R4 > 0 such that

f(t,u) > Aau, Vt € [a,b], u > yRs. (3.14)

Let Qp, = {u € Cla,b] : |u|| < Rs}, then, for all u € PN IQg,, we have that mirib u(t) > yllul| =
tG[T,aT}

vR5. Using this and (3.14), one has

a+b
2

(Tu)(t) > )\2/ G(t, s)h(s)u(s)ds = Aa2(Au)(t), ¥Vt € [a, b].

T
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Hence, by the same way as in Theorem 3.6, we obtain

i(T,PNQg,, P)=0. (3.15)
According to (3.12) and (3.15), we have

i(T,(PNQg)\ (PNQR,),P) =i(0,PNQg,, P) —i(0,PNQg,, P) = —1.

Consequently, 7" has at least one fixed point on (PN Qg.)\ (PNQg,). Hence, the problem (1.2) has

at least one positive solution.
Corollary 3.8. Assume that (Hy) — (Hg) hold. If either

(i) =0, foo = 00, or
(i) fo = o0, f>*=0.

Then problem (1.2) has at least one positive solution.
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