Electronic Journal of Qualitative Theory of Differential Equations
2015, No. 51, 1-13; doi:10.14232/ejqtde.2015.1.51 http: //www.math.u-szeged.hu/ejqtde/

Global asymptotic stability of pseudo almost periodic
solutions to a Lasota—Wazewska model with
distributed delays

Zhiwen Long™1' 2

1College of Mathematics and Econometrics, Hunan University, Changsha, Hunan 410082, PR China
2Department of Mathematics and Econometrics, Hunan University of Humanities, Science and
Technology, Loudi, Hunan 417000, PR China

Received 19 January 2015, appeared 19 August 2015

Communicated by Ivan Kiguradze

Abstract. In this paper, we study a class of Lasota—Wazewska model with distributed
delays, new criteria for the existence and global asymptotic stability of positive pseudo
almost periodic solutions are established by using the fixed point method and the prop-
erties of pseudo almost periodic functions, together with constructing a suitable Lya-
punov function. Finally, we present an example with simulations to support the the-
oretical results. The obtained results are essentially new and they extend previously
known results.
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1 Introduction

To describe the survival of red blood cells in an animal, Wazewska-Czyzewska and Lasota in
[20] proposed the following autonomous nonlinear delay differential equation as their appro-
priate model:

X' (t) = —ax(t) + be ), t>0, (1.1)

where x(t) denotes the number of red blood cells at time ¢, 2 > 0 is the probability of death
of a red blood cell, b and c are positive constants related to the production of red blood
cells per unit time, and T is the time required to produce a red blood cell. As a classical
model of population dynamics, model (1.1) and its modifications have received great attention
from both theoretical and mathematical biologists, and have been well studied. In particular,
qualitative analysis such as periodicity, almost periodicity and stability of solutions of nonau-
tonomous Lasota—Wazewska models have been studied extensively by many authors, we refer
to [5,7,9,11,13,15-19] and the references therein.

¥ Corresponding author. Email: zhiwenlong2012@126.com


http://www.math.u-szeged.hu/ejqtde/

2 Z. Long

Since the nature is full of all kinds of tiny perturbations, either the periodicity assumption
or the almost periodicity assumption is just approximation of some degree of the natural
perturbations [21,25]. A well-known extension of almost periodicity is the pseudo almost
periodicity, which was introduced by C. Zhang in [24,25] and has been widely applied in
the theory of ODEs and PDEs, see [2—4, 10, 14] and the references therein. In addition, it
is well-known that time delays often occur in realistic biological systems, which can make
the dynamic behaviors of the biological model become more complex, and may destabilize
the stable equilibria and admit almost periodic oscillation, pseudo almost periodic motion,
bifurcation and chaos, compared with the effects of discrete delays, distributed delays are
more general and difficult to handle. Therefore, it is important and interesting to study the
almost periodic dynamic behaviors of the Lasota-Wazewska model with distributed delays.

Motivated by the above discussions, in this paper, we will consider the following Lasota—
Wazewska model with pseudo almost periodic coefficients and distributed delays:

x%):—M0ﬂ0+2yﬂﬂ4w&@kﬁﬁm“”$, £>0, (1.2)

where K;(-): [0,00) — [0,00), j = 1,2,...,n, is the probability kernel of the distributed delays,
the other variables and parameters have the same biological meanings as those in (1.1) with
the difference that they are now time-dependent.

The main purpose of this paper is employing fixed point method and the properties of
pseudo almost periodic functions, together with constructing a suitable Lyapunov functional,
to establish some sufficient conditions for the existence and global asymptotic stability of a
pseudo almost periodic solution for model (1.2). The results obtained in the present paper are
completely new and they extend previously known results in the literature.

The structure of this paper is as follows. In Section 2, we give some preliminaries related
to our main results. In Section 3, we present the main results on the dynamic behaviors for
model (1.2). Section 4 gives an example with simulations to demonstrate the effectiveness of
the theoretical results.

Notations: Let BC(R,R) denote the set of bounded continuous functions from R to R,
|| - || denote the supremum norm ||g|| := sup, g |g(f)|, obviously, (BC(R,R), || - ||) is a Banach
space. We generally denote BC* = BC((—0,0],R), BC. = BC((—00,0],Ry) and Ry = [0, 0),
and define x; € BC* as x4(0) = x(t+6), 6 € (—o0,0].

Finally, given a function § € BC(RR,R), let g™ and ¢~ be defined as

+ -
g =supg(t), g =infg(t).

teR

2 Preliminaries

According to the biological interpretation of model (1.2), only positive solutions are meaning-
ful and therefore admissible. Consequently, the following initial conditions are given by

Xt, = @, ¢ € BC:. and ¢(0) > 0. (2.1)

Denote x;(tg, ¢)(x(t; to, ¢)) for a solution of the admissible initial value problem (1.2) and (2.1)
with x4, (o, ¢) = ¢ € BC}. and ty € R. Moreover, let [t,77(¢)) be the maximal right-interval
of existence of x¢(to, ¢).

Let us recall some definitions and notations about almost periodicity and pseudo almost
periodicity. For more details, we refer the reader to [6,22].
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Definition 2.1 (see [6]). Let f(t) € BC (R,R). The function f(t) is said to be almost periodic
on R if, for any € > 0, the set T(f,¢) = {¢: |f(t+¢) — f(t)| < ¢ forall t € R} is relatively
dense, i.e., for any € > 0, it is p0551b1e to find a real number ! = I(¢) > 0, for any interval with
length I(¢), there exists a number ¢ = ¢(¢) in this interval such that |f(t +¢) — f()| < ¢, for
all t € R. We denote by AP(IR,R) the set of all such functions.

In this paper, we denote

T—o0

PAPy(R, R) = {f(t) € BC(R,R) : lim 2—/ B dt = 0}

Definition 2.2 (see [22]). A function f(t) € BC(R, R) is called pseudo almost periodic if it can
be expressed as

f(8) = A(t) + fa(t),
where f1(t) € AP(R,R) and f>(t) € PAPy)(RR,R). The collection of such functions will be
denoted by PAP(RR,R).

Remark 2.3. The functions f; and f, in Definition 2.2 are, respectively, called the almost
periodic component and the ergodic perturbation of the pseudo almost periodic function f.
Moreover, the decomposition given in Definition 2.2 is unique.

Remark 2.4. Notice that (PAP(R,R), || - ||) is a Banach space and AP(]R R) is a proper sub-
space of PAP(R,R), for example, let f(f) = cos V3t + sin 7t + 1 t2' one can easily see that
f(t) € PAP(R,R), however, f(t) ¢ AP(R,R).

Lemma 2.5 (see [4,22]). If f(t) € PAP(R,R),h(t) € PAP(R,R), then f(t) x h(t) € PAP(R,R).

Definition 2.6 (see [6,23]). Let x € R and Q(t) be a continuous function defined on R. The
linear equation

X' (t) = Q(t)x(t) (2.2)
is said to admit an exponential dichotomy on R if there exist positive constants k;, a;, i = 1,2,
projection P and the fundamental solution X(t) of (2.2) satisfying

IX(H)PX71(s)| < kpe™ %), fort >,
IX(£)(1 = P)X7(s)| < kpe™®267H,  fort <s.

Lemma 2.7 (see [23]). Assume that Q(t) is an almost periodic function and g(t) € PAP(R,R). If
the linear equation (2.2) admits an exponential dichotomy, then pseudo almost periodic equation

X'(t) = Q(t)x(t) +g(t)

has a unique pseudo almost periodic solution x(t), and

o]

x(t) = /_tOOX(t)PXl(S)g(S) ds —/ X(t)(1—P)X 1(s)g(s) ds.

t

Lemma 2.8 (see [6]). Let 6(t) be an almost periodic function on R and

Then the linear equation

admits an exponential dichotomy on R.
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The following lemma is from [1] and will be employed in establishing the asymptotic
stability of model (1.2).

Lemma 2.9. Let | be a real number and f be a non-negative function defined on [I, c0) such that f is
integrable on [1,00) and is uniformly continuous on [I,00). Then lim;_,« f(t) = 0.

To obtain our main results, throughout this paper, we also need the following assumptions
for model (1.2):

(A1) a(t) € AP(R,(0,00)), and bj(t),cj(t) € PAP(R, (0,00)), where j = 1,2,...,n.

(A2)  Kj(s): [0,00) — [0, 00) is a piecewise continuous function such that

/0 K]-(s)ds<oo, j=12,...,n

3 Main results

In this section, the main results of this paper are stated as follows. For convenience, we divide
this part into two subsections.

3.1 Existence of pseudo almost periodic solution
Lemma 3.1. Suppose assumptions (A1)—(Asz) hold, and BCy = {¢ | ¢ € BC*, S» < ¢(t) < Sy,
forall t € (—o0,0]}. Then, for any ¢ € BCy, all solutions x(t; to, ¢) of model (1.2) in any strip
O, = {(t,x) tER, x € (Rz,Rl)},
which properly contains the strip

O = {(t,x) LER, x € [sz,sl]},

where ; .
00 _ —cts o0
';1 b;’ Jo Ki(s)ds ;1 bre G [5TKi(s) ds
S =1 — , S, =1 - ,
a a

and
+

1 — —C R] ¢}
‘Zl bie T [ Ki(s) ds
j=

at+

R, =
Proof. Clearly, Ry < Sp, S1 < Rj. We first prove that x(t; tp, ¢) of model (1.2) satisfies
Ry < x(t;to, ¢) <Ry, forallt € [ty,n(g)). (3.1)

For the sake of convenience, we denote x(t) = x(t;to, ¢). Let [to, T) C [to,17(¢)) be an interval
such that
x(t) >0, forallte [t,T),
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we first claim that
0<x(t) <Ry, forallte [t T). (3.2)

In fact, if (3.2) does not hold, there exists t; € (to, T) such that
x(t1) =Ry and 0< x(t) <Ry, forallte (—oo,t). (3.3)
It follows from (1.2) and (3.3) that

0 < x,(tl)
n o0
— —a(tl)X(t1)+ij(t1)/ K]-(S)efcj(tl)x(tlfs) ds
=1 0
< —ax(th)+ )bt / Ki(s) ds
j=1 0

n [e3)
= —a’R1+Zb;r/ Ki(s) ds
=170

n [e3)
< —a‘Sl+Zb;’/O K;j(s)ds
j=1
—0,

which is a contradiction and implies that (3.2) holds.
We next show that
x(t) > Ry, forallt e [to,n(¢)). (3.4)

Otherwise, there exists f; € (fp,77(¢)) such that
x(t2) =Ry and x(t) > Ry, forallt e (—oo,tp). (3.5)

In view of (1.2), (3.2) and (3.5), direct calculation produces

0 > x,(tz)
n o0
= —a(ty)x(tr) + ij(tz)/o K].(S)efcj(tz)x(tzfs) ds
j=1
et fe T o
j=1
+ - — —Cﬂ»Rl o
= —a R2+Zb]-e j /o K;(s)ds
j=1

=0,

which is a contradiction and hence (3.4) holds. According to (3.2) and (3.4), one easily see that
(3.1) is true, which implies that x(t) is bounded. Therefore, we know from the continuation
theorem in [8, Theorem 3.2 on page 46] that the existence interval of each solution for model
(1.2) can be extended to [y, ). O

Lemma 3.2. Suppose assumptions (Aq)—(Az) are satisfied. Define the nonlinear operator T as follows,
for each ¢ € PAP(R,R), (T'¢)(t) := x4(t), where

t t
xp(t) = / e~ Fa@anE () gy,
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in which ;
0) = 1000 [ Kils)e s,
j=1 0
then T maps PAP(RR, R) into itself.

Proof. Firstly, we claim that F(s) € PAP(R,R). In fact, let § € PAP(R,R) and e ? is a
uniformly continuous function for v > 0, we know from Lemma 3.1 and [22, Corollary 5.4 on
page 58] that gy(v) £ ¢~5(“)9(*) € PAP(R,R), and therefore, g5 can be expressed as

89 (v) = 84(v) + 83(v),
where g(},(v) € AP(R,R) and g?,(v) € PAPy(R,R). We know from the almost periodicity of
g(},(v) that for any ¢ > 0, there exists a number /(¢) such that in any interval [a, « + I(€)] one

can find a number ¢, with the property that
€

veER

Sup‘gfpv‘*‘g) 84> ‘ fo

and

lim i/T ‘ 5(v)| do =
750 2T J 7189 -
Then, we have

/Ooon(s)g(},(ijg— s)ds — /Ooo K]-(s)g(},(v— s)ds

< [ K6)ghpo+c—s) —gy(o—s)| ds
<g forallveR,

which implies that

/0 Ki(s)gh(v —s)ds € AP(R,R). (3.6)
On the other hand, one sees that
1 B < lim » B
zllflozT/ / (5)g (v = 5) ds) dv zllflozT/ / #lgy(v = 5)] dedo
:T_sz/ / (s)|85(v —s)| dvds

= 11m ﬁ/ /T ] '(s)|g§,(u)|duds

< ]lgroloﬁ/ /T+S '(s){gé(u){duds

. T+s 1 T+s
= lim K'(s)—i) /7T75|gé(u)‘duds

which means that -
/0 Ki(s)g3 (v — s)ds € PAR(R, R). (3.7)

Combining (3.6) and (3.7), we derive that
/ K;(s)e®9(0=) g5 — / Ki(s)gh (0 — s) ds + / (5)2(v — 5) ds € PAP(R,R).
0 0

Then, by a standard argument as Lemma 3.2 in [4], we can prove that I' maps PAP(RR, R) into
itself. O



Lasota—Wazewska model with distributed delays 7

Our first main result can be stated as follows.

Theorem 3.3. In addition to (A1)—(As), suppose further that

n (o)
]gl b;“c;’ Jo Ki(s)ds

= <1 (3.8)

a

Then the model (1.2) admits a unique pseudo almost periodic solution in the region
B = {x|x € PAP(R,R), S» < x(t) < Sy, t € R}.

Proof. For any ¢ € PAP(RR,R), we introduce the following auxiliary equation
n [
K (1) = —a(t)x(t) + Y by(t) [ Kj(e)e 9000 ds.
0

Notice that M[a] > 0, we know from Lemma 2.8 that the linear equation

x'(t) = —a(t)x(t)

admits an exponential dichotomy on R. Therefore, by Lemmas 2.5 and 2.7, we know that
model (1.2) has exactly one solution expressed by

t ¢ n 00
xg(t) = / e~ Joatwdu [Z bj(v)/ Kj(s)e_cf(”)¢(”_s) ds| dv, (3.9)

one can observe from Lemma 3.2 that x4(t) € PAP(R,R).
Set
B :={x|x e PAP(R,R), S, < x(t) < S, t € R},

obviously, B is a closed subset of PAP(RR,R).
Define an operator I' on ‘B by
ot ¢ n 00
(To)(t) = / o~ Jatw)du {Z b;(v) / K;(s)e~51 %= ds | do, (3.10)

Obviously, to show that model (1.2) has a unique pseudo almost periodic solution, it suffices
to prove that I' has a fixed point in B.

Let us first prove that the operator I' is a self-mapping from B to B. In fact, for any ¢ € B,
we have

(3.11)

=5y, forallteR.
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On the other hand, we have

/ Jya du[Zb]/O' K;(s) Cslds}d
j=1

/ e (-0 [ b;e—%*sl/o K;i( )ds] dv
j=1

Loy

=S,, forallteR.

which, together with (3.11), means that the mapping I’ is a self-mapping form ‘B to ‘B.
Next, we show that the mapping I is a contraction mapping on B. For any ¢, ¢* € B, one
has

I(Tg)(£) — (Te") (D)
= sup |(['p)(t) — (T¢") ()]

teR (3.12)
t ¢ n %)

— sup / e~ Jont) d Y p () / Kj(s) [e~i(®1#00=5) — ¢=6i(09"(0=9)] ds dp

teR o =1 0

Since
7% Y] = )y
(3.13)
<|x—y|, wherex,y € (0,+), 0<6<1.

It follows from (3.12) and (3.13) that

ot n %)
|T@)(E) — (T )| < sup [ e ot Y (o) [ Ky(s)|emO00=) — g0 (0] s o
teR v/ — =1 0
t _ n 00
<sup [ e (t*”)Zb;rcj*/ Ki(s) dsdv||p — ¢*||
teR / —© j=1 0
Z bJr +f0 s)ds
= pe I — ¢"] (3.14)
Note that .
L bfcf Jo K
r=1 <1,
o

(3.14) shows that I is a contraction mapping. Therefore, by virtue of the Banach fixed point
theorem, I' has a unique fixed point which corresponds to the solution of model (1.2) in
B C PAP(R,R). This completes the proof of Theorem 3.3. O

3.2 Asymptotic stability of pseudo almost periodic solution

In the following, we give the analysis of global asymptotic stability of model (1.2).

Theorem 3.4. If all the assumptions in Theorem 3.3 are satisfied, then, all solutions of model (1.2) in
the region B converge to its unique pseudo almost periodic solution.
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Proof. Let x(t) be any solution of model (1.2) and x*(f) be a pseudo almost periodic solution
of model (1.2), consider a Lyapunov function defined by

[ t n

V(t) :\x(t) — x*(t)’ —|—/ K]<S){ / Z b](u + 5)|e—Cj(u+s)x(u) e_C/(lH-s { du} ds.
0 t—s i —
j=1

A direct calculation of the right derivative DV (t) of V(¢) along the solutions of model (1.2),
produces

DTV (t) = sgn{x(t) — x*(¢)}

X { —a(t)[x(t) —x*(H)] + ) bj(t)/o Ki(s) [/ 0¥0-5) — o 0x(-9)] ds}
j=1
0 "
+ [ Ki(s) Yobj(t+s)|eaitHxO) _ oot (0)] g
0 ‘
j=1

= K)o yn]e a0 - om0 )
0

=1
< —a(t)|x(t) — x* ()| + i bi(t) /OOO 5)[e=ci(x(t=8) _ gmej(x(t=5) | g (3.15)
=1
4 [T R (e) B by o) e R0 a0 g
=1
—/Ooon(s)ib]-(tﬂe_C/(t) x(t=8) _ o= (0¥ (E=9)| g
=1
< —a|x(t \+2b+ 7K dslx(e) — (o)

IN

( }:b /0 )ds>|x() Yo (1) for > f.

It follows from (3.8) and (3.15) that there exists a positive constant y; > 0 such that
DYV(t) < —mx(t) —x*(1)],  t=>to. (3.16)

Integrating on both sides of (3.16) from ty to t yields
—|—}11/ \x —x* ’dS < V(to) 0o, t > to,

then ,
/ x(s) — x*(s)|ds < uy; 'V (tg) < oo, t > to,
fo

and hence |x(t) — x*(t)| € L([to, 0)).

From Lemma 3.1, we can obtain that x(t), x*(¢) and their derivatives remain bounded on
[to,00) (from the equation satisfied by them). Then it follows that |x(t) — x*()| is uniformly
continuous on [ty, o). By Lemma 2.9, we conclude that

lim |x(t) —x*(t)| = 0.

t—o0

The proof of Theorem 3.4 is complete. O
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Remark 3.5. Very recently, J. Shao in [16] studied the following Lasota-Wazewska model with
an oscillating death rate

n
X (t) = —a(t)x(t) + Y Bi(t)eaOxE=Tlt), (3.17)
j=1
where a: R — R is an almost periodic function which is controlled by a non-negative function,
b]-, ¢, R — [0, +00) are pseudo almost periodic functions, if there exist a bounded and
continuous function a*: R — [0, 00) and constants F ! FS,« such that

Fie~ Ji o (du < o= [fa(wdu < pSp= [(a"(du  forallt s e R and t—s >0, (3.18)

m

+

< —a* () +F Y bj(t)cj<t)e—ff<f>'<> <0, (3.19)
j=1

the author proved that equation (3.17) has a pseudo almost periodic solution which is globally

exponentially stable.

One can find that the function of death rate a(f) in equation (3.17) is more general than
equation (1.2). However, if Kj(s) = (s — 1), where 4(s) denotes the Dirac-6 function, then
equation (1.2) becomes equation (3.17) with constant discrete delays, on the other hand, as
pointed out by L. Duan et al. in [5] and Y. Kuang in [12], it is more reasonable and realistic to
establish delay-dependent criteria ensuring the dynamics of a system because the delays have
important effect on a system, one can clearly see that the stability criteria established here are
delay-dependent and the method used here is different from [16]. This indicates that these
results are complementary to each other. Therefore, our results are new and complement the
existing ones. Moreover, it seems that condition (3.8) is easier to verify than (3.18)—(3.19).

4 An example

Here we give an example that illustrates the pseudo almost periodic behavior of the Lasota—
Wazewska model with distributed delay.

Example 4.1. Consider the following pseudo almost periodic differential equation with dis-
tributed delays:

X(t) = — (9.5 + %sin f3t> x(t)

+ (075+551nft+—]cosft’+ 1 )/ K (5)e (06+04sm\ft+1 t2) x(t=s) 4

41+12
1 b 11 )y(4—
—l—(08+—51n\/_t+—\cosx/_t\+51+t2>/ K2<s)e(1'2+0‘3cos\/§t+§ll,z)X(t S) ds,
(4.1)

where

x if0<s<1, s, if0<s<2
Ki(s) = . Ka(s)=9% .
2 jf]1<s< oo, 55, if 2 <5 < o0

3es/

Choose S; = 0.5, S = 0.02, one can easily realize that

bl [y Ki(s)ds + by [, Ka(s)ds
e

~ 0.4444 < 0.5,
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bye TR [ Kq(s)ds +bye 3R [ Ky(s)ds
at

~ 0.0202 > 0.02,

and
bict [ Ky(s)ds +bict [ Ko(s)ds
r= 1o o Kils) a_22f0 28045 0,889 < 1.

Therefore, by the consequence of Theorems 3.3-3.4, equation (4.1) has a unique positive
pseudo almost periodic solution x(t) which is globally asymptotically stable (see Figure 4.1).

05
0.45
04}

Z o35t
03
025

0.2+

L L L L L L
0 5 10 15 20 25 30 35
t

Figure 4.1: Time-domain behavior of x(t) for model (4.1)
with initial value ¢(s) = 0.35, s € (—o0,0].

Remark 4.2. In recent years, many in-depth research results of the Lasota—Wazewska model
mainly focused on the dynamics of the equilibrium point or periodic solution or almost pe-
riodic solution [5,7,9,13,15,17,19], in particular, one can easily see that the obtained results
extend the corresponding ones in [18]. To the best of our knowledge, on the other hand, fewer
authors have considered the existence and stability of pseudo almost periodic solutions to
model (1.2). Therefore, the main results in the present paper are essentially new and they
extend previously known results.
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