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������ � � b& cK''d (ef gh&cf'K% KiK%dgLg (j (i& c%Kgg (j Lif&k'K% (hI
&'Kf('g Kgg( cLKf&l m Lfn j'KcfL(iK% ('l&' lLo&'&ifLK% &peKfL(ig fnKf K'Lg&g
Li J &cnKiLcg + b& &gfKq %Lgn K c(ii&cfL(i q&fm&&i fn& &Lk&i)K%e&g (j fn&g&
(h &'Kf('g Kil fn& r&'(g (j s LffKkIt&u &' fdh& jeicfL(ig + b& kL)& gev cL&if
c(ilLfL(ig j(' c(Jh%&f& i(ig&%jKlw (Lifi&gg Kil c(Jh%&f&i&gg fn& gdgf&J g (j
fn& &Lk&i)K%e&g +

x�y��
�� �
 �
zi {|} fn& gh&cf'K% KiK%dgLg (j (h &'Kf('g (j fn& j('J

A[α,β]
γ u(x) = cα

x∫

0

(x − t)
1
α
−1u(t)dt + cβ,γ

1∫

0

x
1
β
−1(1 − t)

1
γ
−1u(t)dt.

mKg cK''L&l (ef {|} + Y&'&
α, β, γ, cα, cβ,γ

K'& '&K% ieJq&'g ~ Kil
α, β, γ

K'&
h(gLfL)& + �� +s +�eq'&&) c(igLl&'&l gLJ L%K' (h &'Kf('g Li fn& hKh&' {�}� +
*n&g& (h &'Kf('g K'Lg& Li fn& gfeld (j q(eilK'd )K%e& h'(q%&J g j(' lLo&'I
&ifLK% &peKfL(ig (j j'KcfL(iK% ('l&' �g&& {�} Kil '&j&'&ic&g fn&'&Li ~ Li mnLcn
c(''&gh(ilLik �'&&i jeicfL(ig K'& c(igf'ecf&l� +

zi hK'fLce%K' Lf mKg gn(mi Li {|} ~ fnKf fn& (h&'Kf('

Aρu(x) = A[ρ,ρ]
ρ u(x) =

1

Γ(ρ−1)

x∫

0

(x−t)
1
ρ
−1u(x)dt−

1

Γ(ρ−1)

1∫

0

x
1
ρ
−1(1−t)

1
ρ
−1u(t)dt

Lg K%J (gf i(iIg&%jIc(iw ekKf& �g&& {�} j('
ρ > 1

� ~ mnL%& j('
0 < ρ < 1

~ fn&
�&'i&% (j fn& (h&'Kf('

Aρ
Lg i(iIi&kKfL)& Kil fn& �'&ln(%J gh&cf(' (j fn&

(h &'Kf('
Aρ

c(LicLl&g m Lfn fn& g&f (j '((fg (j fn& mn(%& jeicfL(i (j s LffKkI
t&u &' fdh&

Eρ(λ; ρ−1) =
∞∑

k=0

λk

Γ(ρ−1 + kρ−1)
.
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�'(J fn& Kq()& Lf j( %%(m g ~ fnKf K%% fn& &Lk&iieJq&'g (j fn& (h&'Kf('
Aρ

K'& c(Jh%&� j('
ρ > 1,

mnL%& j('
0 < ρ < 1,

fn& (h&'Kf('
Aρ

nKg '&K%
&Lk&iieJq&'g �Li jKcf ~ Lj 1

2 < ρ < 1
fn& g&f (j '&K% &Lk&iieJq&'g Lg �iLf&� ~

L +& + K%% fn& r&'(g (j fn& jeicfL(i
Eρ(λ; ρ−1)

K'& c(Jh%&� j('
ρ > 1,

mnL%&
j('

0 < ρ < 1
fn& jeicfL(i

Eρ(λ; ρ−1)
nKg '&K% r&'(g + *nLg h'()&g fn&

KggdJhfL(i Kq(ef fn& &� Lgf&ic& (j K '&K% r&'(g (j fn& jeicfL(i
Eρ(λ; ρ−1)j(' 1

2 < ρ < 1,
Kg gfKf&l Li fn& J(i(k'Khn {� hk + ���} +

*n& kL)&i hKh&' Lg l&)(f&l Kg m&%% f( gfeld fn& q(eilK'd )K%e& h'(q%&J g
j(' fn& lLo&'&ifLK% &peKfL(ig (j j'KcfL(iK% ('l&' Kil fn& Kcc(JhKidLik fn&J
Lif&k'Kf&l (h&'Kf('g (j fn& j('J

A
[α;β]
γ .zi ('l&' f( gfKf& fn& h'(q%&J g Li c(ic&'i m& Jegf J &ifL(i g(J & c(iI

c&hfg j'(J j'KcfL(iK% cK%ce%eg +
� ��� ���
�� �� ������ ���� � ������ �
t&f

f(x) ∈ L1(0, 1).
*n&i ~ fn& jeicfL(i

d−α

dx−α
f(x) ≡

1

Γ(α)

x∫

0

(x − t)α−1f(t)dt ∈ L1(0, 1)

Lg cK%%&l fn& j'KcfL(iK% Lif&k'K% (j ('l&'
α > 0

mLfn gfK'fLik h(Lif
x = 0

{�} +
$il fn& jeicfL(i

d−α

d(1 − x)−α
f(x) ≡

1

Γ(α)

1∫

x

(t − x)α−1f(t)dt ∈ L1(0, 1)

Lg cK%%&l fn& j'KcfL(iK% Lif&k'K% (j ('l&'
α > 0

mLfn &ilLik h(Lif
x = 1{�} + Y &'&

Γ(α)
Lg �e%&' �g kKJJKIjeicfL(i + zf Lg c%&K' fnKf mn&i

α = 0,
m&

Ll&ifLjd q(fn fn& j'KcfL(iK% Lif&k'K%g m Lfn fn& jeicfL(i
f(x).

$g m& �i(m
{�} ~ fn& jeicfL(i

g(x) ∈ L1(0, 1)
Lg cK%%&l fn& j'KcfL(iK% l&'L)KfL)& (j fn& jeicfL(i

f(x) ∈ L1(0, 1)
(j ('l&'

α > 0
mLfn gfK'fLik h(Lif

x = 0,
Lj

f(x) =
d−α

dx−α
g(x).

*n&i l&i(fLik

g(x) =
dα

dxα
f(x),

m& gnK%% J &Ki Li fn& jefe'& ~ qd

dα

dxα
,
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fn& j'KcfL(iK% Lif&k'K% mn&i
α < 0

Kil ~ fn& j'KcfL(iK% l&'L)KfL)& mn&i
α > 0.

*n& j'KcfL(iK% l&'L)KfL)&

dα

d(1 − x)α

(j fn& jeicfL(i
f(x) ∈ L1(0, 1)

(j ('l&'
α > 0,

mLfn fn& &ilLik h(Lif
x = 1Lg l&�i&l Li K gLJ L%K' mKd+

t&f
{γk}0

n q& Kid g&f (j '&K% ieJq&'g ~ gKfLgjd Lik fn& c(ilLfL(i
0 < γj ≤

1, (j = 0, 1, .., n).
b& l&i(f&

σk =

k∑

j=0

; µk = σk + 1 =

k∑

j=0

γj , (k = 0, 1, ..., n)

Kil m& KggeJ & fnKf

1

ρ
=

n∑

j=0

γj − 1 = σn = µn − 1 > 0.

�(%%(m Lik {�} ~ m& c(igLl&' fn& lLo&'&ifLK% (h &'Kf('g ~

D(σ0)f(x) ≡
d−(1−γ0)

dx−(1−γ0)
f(x),

mnLcn K'& ~ k&i&'K%%d~ (j j'KcfL(iK% ('l&'

D(σ1)f(x) ≡
d−(1−γ1)

dx−(1−γ1)

dγ0

dxγ0
f(x),

D(σn)f(x) ≡
d−(1−γn)

dx−(1−γn)

dγn−1

dxγn−1
...

dγ0

dxγ0
.

Y&'& m& i(f& ~ fnKf Lj
γ0 = γ1 = ... = γn = 1

fn&i (q)L(eg%d

D(σk)f(x) = f (k)(x), (k = 0, 1, 2, ..., n).
*( l&J(igf'Kf& fn& qKgLc Ll&Kg ~ m& gfK'f qd Li)&gfLkKfLik J(gf gLJh%&

cKg&g + *neg ~ m& hef ~
γ3 = γ4 = ... = γn = 0,

Kil c(igLl&' K h'(q%&J mnLcn
Lg Ki KiK%(ke& (j fn& m&%%I�i(mi h'(q%&J (j ,f('J ItL(e)L%%& + *nLg h'(q%&J
mnLcn m& cK%% h'(q%&J �$ � ~ Kg Li {�} ~ J &Kig fn& j( %%(m Lik M

zi c%Kgg
L2(0, 1)(orL1(0, 1))

�il K i(if'L) LK% g( %efL(i (j fn& &peKfL(i

D(σ2)y − [λ + q(x)]y = 0
�|�
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x ∈ (0, 1],
gKfLgjdLik fn& q(eilK'd c(ilLfL(ig

{
D(σ0)y

∣∣
x=0

cosα + D(σ1)y
∣∣
x=0

sin α = 0

D(σ0)y
∣∣
x=1

cosβ + D(σ1)y
∣∣
x=1

sin β = 0,

���

mn&'&
λ, α, β; (Imα = Imβ = 0),

K'& K'qLf'K'd hK'KJ &f&'g ~
q(x) ∈

L2(0, 1).
s +s +�rn'qKgncnw Ki m'Lf&g {�} M

”
pe&gfL(ig (j c(Jh%&f&i&gg (j gdgI

f&J (j fn& &Lk&ijeicfL(ig (j h'(q%&J �$ � ~ (' K J('& l&%LcKf& pe&gfL(i ~
mn&fn&' fn&g& jeicfL(ig j('J K qKgLg Li

L2(0, 1),
K'& eil(eqf%d Lif&'&gfI

Lik + �ef fn&L' g(%efL(ig ~ KhhK'&if%d~ K'& jKc&l m Lfn gLki L�cKif KiK%dfLcK%
lLv ce%fL&g +

”zi {�} �g&& K%g( {�}� ~ Lf nKg q &&i h'()&l fnKf fn& gdgf&J (j &Lk&ijeicfL(ig
(j h'(q%&J �$ � Lg c(Jh%&f& Li

L2(0, 1),
mn&i

q(x) ≡ 0.tKf&' ~ s +s +s K%KJel Kil nLg lLgcLh%&g {|�} I {||} K%g( nK)& &gfKq%Lgn&l
fn& c(Jh%&f&i&gg (j gdgf&J (j fn& &Lk&ijeicfL(ig (j gLJ L%K' h'(q%&J g fn&
cKg& (j mn&i

q(x)
Lg Ki KiK%dfLcK% jeicfL(i +

zi fnLg hKh&' m& kL)& fn& c(Jh%&f& g(%efL(i (j fn& h'(q%&J (i c(Jh%&f&I
i&gg (j fn& gdgf&J (j &Lk&ijeicfL(ig (j h'(q%&J �|�I ��� h'()LlLik

q(x) > 0
+

b& gnK%% c(igLl&' )K'L(eg )K'LKifg (j &peKfL(i �|� + $f
γ0 = γ1 = 1,

&peKfL(i
�|� Lg f'Kigj('J&l Lif( fn& &peKfL(i

1

Γ(1 − γ2)

x∫

0

u
′′

(t)

(x − t)γ2
dt − (λ + q(x))u(x) = 0,

���

mnLcn Lg cK%%&l K j'KcfL(iK% (gcL%%KfL(iK% &peKfL(i {�} ~ Kil fn& (h&'Kf('
D(σ2)

Lg cK%%&l I fn& (h&'Kf(' (j j'KcfL(iK% lLo&'&ifLKfL(i Li �Khef( g&ic& {�} + $f
γ0 = γ2 = 1

~ fn& &peKfL(i �|�Lg f'Kigj('J &l Lif( fn& &peKfL(i

1

Γ(1 − γ1)

d

dx

x∫

0

u
′

(t)

(x − t)γ1
dt − (λ + q(x))u(x) = 0.

���

*n& &peKfL(i �� � Kg fn& J(l&%%Lik &peKfL(i (j j'KcfL(iK% ('l&'
1 < σ < 2nKg q&&i Li)&gfLkKf&l �g&& {�} Kil '&j&'&ic&g fn&'&Li � +

���
��� x ��74
q(x) �7 4F 7 F :;8 �;5G 547? 8 63045.3 � ZF73 4F 7 /C/47G .8

4F 7 75E 738 63045.3/ .8 9 =.�;7G ��	

1

Γ(1 − γ1)

d

dx

x∫

0

u
′

(t)

(x − t)γ1
dt − (q(x) + λ)u(t)dt = 0,

u(0) = 0, u(1) = 0
5/ 0.G9 ;747 53

L2(0, 1).*n& h'((j (j *n&('&J | Lg qKg&l (i t&JJK |+
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����� x� ZF 7 .9 7=:4.= S,
53 ?607? �C 4F 7 ?5� 7=7345:; 7�9 =7//5.3

l(u) =
1

Γ(1 − γ1)

d

dx

x∫

0

u
′

(t)

(x − t)γ1
dt − q(x)u(x),

:3? �.63?:=C 0.3?545.3/

u(0) = 0, u(1) = 0,

F :/ :3 53>7=/7 .9 7=:4.= �
��

� 
� ����� x � t&JJK | m L%% q & h'()&l Lj m& cKi gn(m ~ fnKf

h'(q%&J �$ � ~ Kf
q(x) > 0

nKg fn& eiLpe& f'L) LK% g( %efL(i
u(0) = 0

+*( h'()&
fn& %Kgf gfKf&J &if m& l( fn& j(%%(m Lik + b& Je%fLh%d q(fn gLl&g (j fn&
&peKfL(i

1

Γ(1 − γ1)

d

dx

x∫

0

u
′

(t)

(x − t)γ1
dt = q(x)u(x)

qd
(x − t)γ1 ,

Kil Lif&k'Kf& j'(J
0
f(

x.
b& (qfKLi

1

Γ(1 − γ1)

x∫

0

(x − t)γ1
d

dt

t∫

0

u
′

(ξ)

(t − ξ)γ1
dξdt =

x∫

0

(x − t)γ1q(t)u(t)dt.

t&f �g cK%ce%Kf& fn& Lif&k'K%

Iu =
1

Γ(1 − γ1)

x∫

0

(x − t)γ1(
d

dt

t∫

0

u
′

(ξ)

(t − ξ)γ1
dξ)dt.

b& nK)&

Iu =
1

Γ(1 − γ1)

x∫

0

(x − t)γ1d(

t∫

0

u
′

(ξ)

(t − ξ)γ1
dξ)

=
1

Γ(1 − γ1)
(x − t)γ1

t∫

0

u
′

(ξ)

(t − ξ)γ1
dξ

∣∣∣∣∣∣

x

0

−
1

Γ(1 − γ1)

x∫

0

[(x−t)γ1 ]
′

t∫

0

u
′

(ξ)

(t − ξ)γ1
dξdt

= −xγ1D(σ1)u
∣∣∣
t=0

−
γ1

Γ(1 − γ1)

x∫

0

(x − t)γ1−1(

t∫

0

u
′

(ξ)

(t − ξ)γ1
dξ)dt

= −xγ1D(σ1)u
∣∣∣
t=0

−
γ1

Γ(1 − γ1)

x∫

0

u
′

(ξ)(

x∫

ξ

(x − t)γ1−1(t − ξ)−γ1dt)dξ

���*�� ~ ���� �( + �� ~ h + �



= xγ1D(σ1)u
∣∣∣
t=0

−
Γ(γ1)γ1

Γ(1)

x∫

0

u
′

(ξ)dξ.

*neg
Iu = −xγ1D(σ1)u

∣∣∣
t=0

− c[u(x) − u(0)].
*n&'&j('&

cu(x) = xγ1D(σ1)u
∣∣∣
t=0

+

x∫

0

(x − 1)γ1q(t)u(t)dt,

c = Γ(1 + γ1).
Y&ic& ~ fn& k&i&'K% g(%efL(i (j fn& &peKfL(i

1

Γ(1 − γ1)

d

dx

x∫

0

u
′

(t)

(t − ξ)γ1
dξ − q(x)u = 0,

gKfLgjdLik fn& c(ilLfL(i
u(0) = 0,

nKg fn& j('J

u(x) = cxγ1 +

x∫

0

(x − t)γ1q(t)u(t)dt = cxγ + Au(x).

*n& %Kgf &peKfL(i %&Klg ~ f( M

u(x) = c(I − A)−1xγ1 = c(xγ1 + Axγ1 + A2xγ1 + ... + Anxγ1 + ...).
,Lic&

Axγ1 =

x∫

0

(x − t)γ1q(t)tγ1dt,

fneg

A2xγ1 = A(Axγ1) =

x∫

0

(x − t)γ1q(t)(

t∫

0

(t − ξ)γ1q(ξ)ξγ1dξ)dt.

�(ig&pe&if%d~ fn& �&'i&% (j fn& (h&'Kf('
A2

Lg &peK% f(

K2(t; s) =

t∫

s

(t − τ)γ1q(τ)(τ − s)γ1q(s)dτ.

*n& �&'i&% (j fn& (h&'Kf('
An

Lg l&�i&l qd fn& �i(mi j('Je%K

Kn(t; s) =

t∫

s

K(t; s)Kn−1(τ ; s)dτ.

���*�� ~ ���� �( + �� ~ h + �



,Lic& ~ fn& �&'i&%g (j fn& (h&'Kf('g

A, A2, ..., An

K'& h(gLfL)& ~ fn& jeicfL(i

u(x) = c(xγ1 + Axγ1 + A2xγ1 + ... + Anxγ1 + ...),

Kf
x = 1,

cKii(f q& &peK% f( � ~ mnLcn h'()&g *n&('&J � + �(m m& kL)& fn&
c(Jh%&f& h'((j (j *n&('&J |+

��

� 
� ���
��� x � *n& h'((j (j *n&('&J |~ Lg qKg&l (i � +� +t Llg�LL �g
�i(mi fn&('&J

����
��� 
� � �� � � ���� �� � ��� � ������ 
� ����
�
C

� � �
���������	� � �� ��� �  ���� � ��� � ������ 
� ������ ��
� ��
��� 
�� �� ��
� 
� ��� 
� ����
� � � ��  
������ � ��� �
� ��

� ��� 
� ����
� � �� {|�} + $cc('lLik f( � +� +tLlg�LL �g {|�} fn&('&J ~ Lf Lg
&i(ekn f( &gfKq%Lgn ~ fnKf fn& (h&'Kf('

S−1
Lg lLggLhKfL)& Kil f'Kc& c%Kgg +

t&f
u(t)

q& Kid jeicfL(i j'(J fn& l(J KLi (j
D(S) ⊂ L2(0, 1).

*n&i

Re(Su, u) =
1

Γ(1 − γ1)
Re

1∫

0

(
d

dx

x∫

0

u
′

(t)

(x − t)γ1
dt + q(x))u(x)dx

=
1

Γ(1 − γ)
Re

1∫

0

(
d

dx

x∫

0

u
′

(t)

(x − t)γ1)
dtu(x)dx+

1

Γ(1 − γ1)
Re

1∫

0

q(x)u(x)u(x)dx.

,Lic&

1

Γ(1 − γ1)
Re

1∫

0

d

dx

x∫

0

u
′

(t)

(x − t)γ
dt)u(x)dx

=
1

Γ(1 − γ1)
Re

1∫

0

u(x)dx

x∫

0

u
′

(ξ)

(x − ξ)γ1
dξ

=
1

Γ(1 − γ1)
Re[u(x)

x∫

0

u
′

(ξ)

(x − ξ)γ1
dξ

∣∣∣∣∣∣

1

0

−

1∫

0

{

t∫

0

u
′

(ξ)

(t − ξ)γ1
dξ}u′(ξ)dx]

= −
1

Γ(1 − γ1)
Re




x∫

0

u
′

(ξ)

(x − ξ)γ1
dξ, u′(x)


 .
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b& fK�& Kl)KifKk& (j fn& s KfgK&)I�(%Kif �g fn&('&J {|� ~ |�}
����
��� 
� � �����	��
��� � ��� � � � � ���������	� 
� ����
� �

��� � ��� 	����� 
� ��� �
��
(Aνf ; f), (0 ≤ ν ≤ 1),

��� � ��� ����
0 ≤ argλ ≤ πν

�� � ��x�� �
*n&('&J (j s KfgK&)I�(%Kif gfKf&g ~ fnKf fn& )K%e& (j fn& j('J

( d−α

dx−α f, f)%L&g Li fn& Kik%&
|argz| < πα

2 .
,( ~ Lf j( %%(m g j'(J fn& fn&('&J (j s KfgK&)I

�(%Kif fnKf fn& (h&'Kf('

Tu =





1
Γ(1−γ1)

d
dx

x∫
0

u
′

(t)
(x−t)γ1

dt

u(0) = 0, u(1) = 0

Lg i(f (i%d lLggLhKfL)& ~ qef K%g( g&cf('LK% � fn& )K%e&g (j fn& j('J
(Su, u)%L&g Li fn& Kik%&

|argz| ≤ πγ1

2 .
�(m fn& lLggLhKfL) Lfd (j fn& (h&'Kf('

SLJh%L&g fn& lLggLhKfL) Lfd (j fn& (h&'Kf('
S−1.

�&�f m& &gfKq %Lgn ~ fnKf fn&
(h&'Kf('

S−1 Lg f'Kc& c%Kgg + t&f
λ1, λ2, ..., λn, ..

Kil
µ1, µ2, ..., µn...

q& fn&
&Lk&i)K%e&g (j fn& (h&'Kf('g

S
Kil

T
c(''&gh(ilLik%d~ ieJ &'Kf&l Li fn&

i(iIl&c'&KgLik ('l&' (j J (le%eg + *n&i {� } m& �i(m ~ fnKf
|λn − µn| ≤

||q(x)||.
�(m ~ fK�Lik Lif( Kcc(eif fnKf fn& &Lk&iieJq&'g (j fn& (h &'Kf('

Tc(LicLl& ~ m Lfn r&'(g (j fn& jeicfL(i
Eρ(λ; ρ−1)([1], [8])

Kil fn& KgdJhf(fLc
(j r&'(g (j fn& s LffKkIt&u &' jeicfL(i

Eρ(z; µ) =

∞∑

k=0

zk

Γ(µ + kρ−1)
, ρ > 0

Lg m&%% gfelL&l �g&& {|�} h +|��� ~ m& (qfKLi ~ fnKf fn& (h&'Kf('
S−1

nKg K �iLf&
gh&cf'K% f'Kc& ~ L +& + fn& (h &'Kf('

S−1
Lg f'Kc& c%Kgg +

,Lic& fn& (h&'Kf('
S−1

Lg lLggLhKfL)& Kil Lg f'Kc& c%Kgg Kcc('lLik f(
� +� +t Llg�LL �g fn&('&J ~ fn& (h&'Kf('

S−1
nKg fn& c(Jh%&f& gdgf&J (j &Lk&iI

jeicfL(ig Li
L2(0; 1).�
�
����� x � � ; ; 75E 73>:;67/ .8 4F 7 .9 7=:4.= S ;57 53 4F 7 :3E ;7 |argz| ≤

πγ1

2 ;
53 9 :=4506;:= :; ; � 7=./ .8 4F 7 8 63045.3

Eρ(z; ρ−1) :;/. ;57 53 4F 7 :3E ;7
|argz| ≤ πγ1

2 .zi K gLJ L%K' mKd m& cKi Li)&gfLkKf& Kid )K'LKifg (j h'(q%&J �$ � + b&
gn(m n(m f( l( Lf + b& c(igLl&' fn& � L'Lcn%&f h'(q %&J j(' fn& j'KcfL(iK%
(gcL%%KfL(iK% &peKfL(i ~ L +& + h'(q%&J

(Ã1)

1

Γ(1 − γ2)

x∫

0

u
′′

(t)

(x − t)γ2
dt − (q(x) + λ)u = 0

u(0) = 0, u(1) = 0.
���
���

1′
� ZF 7 /C/47G .8 75E 738 63045.3/ .8 9 =.�;7G (Ã)

5/ 0.G9 ;747
53

L2(0; 1).

���*�� ~ ���� �( + �� ~ h + �



*n& h'((j (j *n&('&J
1′

Kg Li fn& cKg& m Lfn *n&('&J |~ Lg qKg&l (i
t&JJK

1′.�����
1′.

ZF 7 .9 7=:4.=A 53?607? �C 4F 7 ?5� 7=7345:; 7�9 =7//5.3

˜̀(u) =
1

Γ(1 − γ2)

x∫

0

u
′′

(t)

(x − t)γ2
dt − (q(x) + λ)u

:3? �.63?:=C 0.3?545.3/

u(0) = 0, u(1) = 0

F :/ :3 53>7=/7 .9 7=:4.= �
��

� 
� �����

1′.
t&JJK

1′
mL%% q & h'()&l Lj m& gn(m fnKf h'(q%&J

(Ã1),
j('

q(x) > 0,
nKg fn& eiLpe& f'L) LK% g( %efL(i

u(x) = 0.
*( h'()& fn&

eiLpe&i&gg (j fn& f'L)LK% g(%efL(i ~ m& Je%fLh%d q(fn gLl&g (j fn& &peKfL(i

1

Γ(1 − γ2)

x∫

0

u
′′

(t)

(x − t)γ2
dt = (q(x)u(x))

qd
(x − t)γ1

Kil fn&i Lif&k'Kf& j'(J
0
f(

x.
*n&i m& k&f

1

Γ(1 − γ2)

x∫

0

(x − t)γ2

t∫

0

(
u′′(ξ)

(t − ξ)γ2
dξ)dt =

x∫

0

(x − t)γ2q(t)u(t)dt.

� gLik fn& � L'Lcn%&f h&'JefKfL(i j('Je%Kg ~ m& f'Kigj('J fn& Lif&k'K%

1

Γ(1 − γ2)

x∫

0

(x − t)γ2(

t∫

0

u′′(ξ)

(t − ξ)γ2
dξ)dt.

� %&K'%d~

1

Γ(1 − γ2)

x∫

0

(x − t)γ2(

t∫

0

u′′(ξ)

(t − ξ)γ2
dξ)dt

=
1

Γ(1 − γ2)

x∫

0

u′′(ξ){

x∫

ξ

(x − t)γ1(t − ξ)−γ1dt}dξ

=
Γ(1 + γ2)Γ(1 − γ2)

Γ(1 − γ2)

x∫

0

u′′(ξ)(x − ξ)dξ

= u′(0)Γ(1 + γ1)x + u′(x)Γ(1 + γ2) − Γ(1 + γ2)u(0).

���*�� ~ ���� �( + �� ~ h + �



*neg ~ fn& k&i&'K% g(%efL(i (j fn& &peKfL(i

1

Γ(1 − γ2)

x∫

0

u
′′

(t)

(x − t)γ2
dt − q(x)u(x) = 0,

gKfLgjdLik fn& c(ilLfL(i
u(0) = 0,

nKg fn& j('J

u(x) = cx +

x∫

0

(x − t)γ1q(t)u(t)dt = cx + Ãu.

�(ig&pe&if%d

u(x) = c(I − Ã)−1x = c(x + Ãx + Ã2x + ...).

,Lic&
q(x) > 1

Lf Lg c%&K' fnKf
y(1) 6= 0,

Kil j'(J n&'& j( %%(m g fn& h'((j
(j t&JJK

1′.
�(m m& kL)& fn& h'((j (j *n&('&J

1′.
b& fK�& Kl)KifKk&

(j � +� +tLlg�LL �g fn&('&J {|�} KkKLi + b& m L%% h'()& ~ fnKf fn& (h&'Kf('
S̃

Lg
lLggLhKfL)& + t&f

u(x)
q& Kid jeicfL(i j'(J fn& l(J KLi (j fn& (h&'Kf('

S
D(S) ⊂ L2(0, 1).

*n& jeicfL(i

uε(x) =

{
v(x), x ∈ [0, ε]
u(x), x ∈ [ε, 1]

,

mn&'&
ε > 0,

Kil fn& jeicfL(i
v(x),

Lg gecn ~ fnKf

v′(x)|x=0 = 0

Kil Lg geJJKq%& m Lfn gpeK'& Li
[0; ε].zf Lg h(ggLq %& f( gn(m ~ fnKf

lim
ε→0

(S̃uε; uε) = (S̃u, u).

�(' fnLg he'h(g& Lf Lg &i(ekn f( fK�& Li Kcc(eif {|�} �h + ��� �� fn& j('Je%K

dα

dxα
f(x) =

f ′(0)

Γ(1 − α)
x−α +

1

Γ(1 − α)

x∫

0

(x − t)−αf ′(t)dt.

Y&'&
f ′(x) ∈ L(0, 1), (0 < α < 1).

$jf&' fnKf ~ '&h&KfLik fn& h'((j (j *n&('&J | m('l qd m('l ~ m& (qfKLi ~ fnKf
fn& )K%e&g (j fn& j('J

(S̃u, u)
%L& Li fn& Kik%&

|argz| ≤ πγ2

2 .
fn& &� Lgf&ic&

(j fn& �&'i&% Li (h &'Kf('
S̃−1

cKi q& &gfKq%Lgn&l Li K mKd gLJ L%K' f( fnKf (j

���*�� ~ ���� �( + �� ~ h + |�



fn& &� Lgf&ic& (j fn& �&'i&% Li (h &'Kf('
S−1.

�(' fnLg he'h(g& Lf Lg &i(ekn
f( '&J &Jq&' ~ fnKf ieJq&'

λj

Lg fn& &Lk&i)K%e& (j fn& (h&'Kf('
T̃

(i%d Li
fn& cKg& ~ mn&i

λj

Lg K r&'( (j fn& jeicfL(i
Eρ(λ, 2).

*neg fn& (h&'Kf('

(S̃−1)
~ mn&i Lf Lg f'Kc& c%Kgg Kil lLggLhKfL)& ~ nKg K c(Jh%&f& gdgf&J (j

&Lk&ijeicfL(ig +
�
�
�����

1”.
� ; ; 75E 73>:;67/ .8 4F 7 .9 7=:4.= S̃ ;57 53 4F 7 :3E ;7 |argz| ≤

πγ2

2 .
23 9 :=4506;:=A :; ; � 7=./ .8 4F 7 8 63045.3

Eρ(z; 2) :;/. ;57 53 4F 7 :3E ;7
|argz| ≤ πγ2

2 .�d J&Kig (j (h &'Kf('g
A

[α,β]
γ

Lf Lg h (ggLq%& f( (qfKLi gfKf&J &ifg gLJ LI
%K' f( t&JJKg | Kil

1′,
Li K lLo&'&if mKd+ b& j('Je%Kf& Kil h'()& fn&

j(%%(m Lik gfKf&J &if + �(' gLJh%LcLfd m& hef
||q(x)|| ≤ 2

Γ(1+γ1)
.���
��� � � ZF7 .9 7=:4.= S

5/ 53>7=45�;7 :3? 0.G9 :04A :3?

||S−1||L2 ≤
1

Γ(1 − γ1) − ||q(x)||
.

� '((j (j *n&('&J � cKi q& (qfKLi&l j'(J fn& j(%%(m Lik �i(mi fn&('&J +
���
��� �x�� �� � ���� ��74

T :3? A �7 :3C .9 7=:4.=/ 8 =.G
X

53 4.
Y. �7 ://6G 7 4F :4 T−1 7� 5/4/ :3? �7;.3E/ 4.

B(Y, X). �7 :;/. ://6G 7A

||A|| ≤ a||u|| + b||Tu||

u ∈ D(T ),
1F 7=7 4F 7 0.3/4:34/ a :3? b

/:45/8 C 4F 7 537�6:;54C a||T−1||+b < 1.
ZF 73 4F 7

.9 7=:4.= S = T +A
15; ; �7 0;./7? :3? G :C �7 53>7=45�;7A :3? S−1 ∈ B(Y, X):3?

||S−1|| ≤
||T−1||

1 − a||T−1|| − b
,

||S−1 − T−1|| ≤
||T−1||(a||T−1|| + b)

1 − a||T−1|| − b.
B6=4F 7=G .=7A 58 4F 7 .9 7=:4.= T−1 5/ 0.G9 :04A4F 73 S−1 5/ 0.G9 :04 4.. �

��

� 
� ���
��� � � �h&'Kf('
S
~ Li (e' cKg& ~ nKg fn& j('J

Su =





1
Γ(1−γ1)

d
dx

x∫
0

u′(t)
(x−t)γ1

dt + q(x)u(x)

u(0) = 0, u(1) = 0

zf Lg h(ggLq%& f( '&h'&g&if fn& (h&'Kf('
S

Li fn& j('J
Su = Tu + Aumn&'&

Tu
Lg i(f K lLgfe'q&l (h&'Kf(' ~

Tu =





1
Γ(1−γ1)

d
dx

x∫
0

u′(t)
(x−t)γ1

dt

u(0) = 0, u(1) = 0

���*�� ~ ���� �( + �� ~ h + ||



Kil
Au

Lg fn& c(''&gh(ilLik lLgfe'qKic&

Au =

{
q(x)u(x)
u(0) = 0, u(1) = 0

.

$g Lf mKg K%'&Kld i(f&l fn& (h&'Kf('

Aρu(t) =
1

Γ(ρ−1)




x∫

0

(x − t)
1
ρ
−1u(t)dt −

1∫

0

x
1
ρ
−1(1 − t)

1
ρ
−1u(t)dt


 ,

Lg fn& Li)&'g& (j fn& (h &'Kf('
T

mn&i 1
ρ

= 1 + γ1
{�} ~ L +& +

T−1u = Aρu
Kil

Lf Lg (q)L(eg fnKf

||Aρu|| ≤
2

Γ(ρ−1)
=

2

Γ(1 + γ1)
,

||Au|| ≤ ||q(x)||||u|| ≤
2

Γ(1 + γ1)�(m

||S−1|| ≤

2
Γ(1+γ1

)

1 − ||q(x)||

2

Γ(1 + γ1)
=

2

Γ(1 + γ1) − 2||q(x)||

zi fn& h'((j (j t&JJK |~ Lf Lg c&'fKLi%d &gg&ifLK% fnKf
q(x)

Lg h(gLfL)& + zi
fn& h'((j (j fn& *n&('&J � ~

q(x)
Lg i(f '&peL'&l f( q& h(gLfL)& + zi &�Kcf%d

fn& gKJ & mKd m& cKi (qfKLi gLJ L%K' '&ge%fg j(' fn& h'(q %&J
(Ã),

Kgg(gLKf&l
m Lfn h'(q%&J

(A).
*( gfKf& h'(q%&J

(Ã)
m& l&�i&

σ̃k =

k∑

j=0

γ2−j − 1,

µ̃k = σ̃k + 1 =
k∑

j=0

γ2−j

(k = 0, 1, 2),

D
(σ̃0)
1 f(x) ≡

d−(1−γ2)

d(1 − x)−(1−γ2)
f(x),

D
(σ̃1)
1 f(x) ≡ −

d−(1−γ1)

d(1 − x)−(1−γ1)

dγ2

d(1 − x)γ2
f(x),

D
(σ̃2)
1 f(x) ≡

d−(1−γ0)

d(1 − x)−(1−γ0)

dγ1

d(1 − x)γ1

dγ2

d(1 − γ)γ2
f(x).

���*�� ~ ���� �( + �� ~ h + |�



$il i(m ~ h'(q%&J
(Ã)

JKd q& hef Kg j( %%(m g + zi c%Kgg
L2(0, 1)

�('
L1(0, 1)

�
m& �il i(if'L)LK% g(%efL(i (j fn& &peKfL(i

D(σ̃2)z − {λ + q(x)}z = 0, x ∈ [0, 1),

gKfLgjdLik fn& q(eilK'd c(ilLfL(ig

D
(σ̃0)
1 z

∣∣∣
x=0

cosα + D
(σ̃1)
1 z

∣∣∣
x=0

sin α = 0

D
(σ̃0)
1 z

∣∣∣
x=0

cosβ + D
(σ̃1)
1 z

∣∣∣
x=0

sin β = 0.

fn& Kgg(cLKf&l h'(q%&J kL)&g &gg&ifLK%%d~ i&m '&ge%fg ~ Li fn& cKg& mn&i
fn& ('l&' (j fn& j'KcfL(iK% lLo&'&ifLK% &peKfL(i Lg %&gg fnKi (i& + *( fnLg
cKg& m& gnK%% l&)(f& g&hK'Kf& hKh&' + *( gn(m ~ n(m f( f'Kigj&' fn& (qfKLi&l
'&ge%fg (i K cKg& (j fn& lLo&'&ifLK% &peKfL(ig (j ('l&' nLkn&' fnKi fm( ~ m&
c(igLl&' fn& j( %%(m Lik h'(q%&J +

zi c%Kgg
L2(0, 1)

m& �il i(iIf'L) LK% g(%efL(i (j fn& &peKfL(i

D(σ3)y − {λ + q(x)y = 0, }(7)

gKfLgjdLik fn& c(ilLfL(ig

D(σ0)y|x=0 = 0; D(σ1)y|x=0 = 0; D(σ0)y|x=1 = 0; (8)

b& hef
γ0 = γ2 = γ3 = 1.

σ3 =
1

ρ
= γ0 + γ1 + γ2 + γ3 − 1 = 2 + γ1

zi fnLg cKg& h'(q %&J
(7) − (8)

mL%% q & '&m'Lff&i Kg j( %%(m g

1

Γ(1 − γ1)

d2

dx2

x∫

0

y′(t)

(x − t)γ1
− {λ + q(x)}y = 0(7′)

y(0) = 0; D(σ1)y|x=0 = 0; y(1) = 0(8′)
b& �i(m j'(J {�} ~ fnKf fn& (h&'Kf(' ~ Li)&'g& f( fn& (h&'Kf(' Lilec&l qd
lLo&'&ifLK% &�h'&ggL(i

ly =
1

Γ(1 − γ1)

d2

dx2

x∫

0

y′(t)

(x − t)γ1
dt

Kil gKfLgjd Lik f( q(eilK'd c(ilLfL(ig
(8′)

Lg &peK% f( fn& (h&'Kf('
Aρ

j('
1 < ρ < 2

�Li hKh&' {|} ~ fn& &Lk&iieJq&'g Kil fn& &Lk&i)K%e&g (j fn& &� I
h'&ggL(i j('

Aρ
Kf &)&'d

Aρ.
��(eilK'dI)K%e& h'(q%&J g j(' fn& &peKfL(ig (j

���*�� ~ ���� �( + �� ~ h + |�



('l&' nLkn&' fnKi � K'& Li)&gfLkKf&l i(f &i(ekn + �fn&'& Lg s +s +sK%KJel �g
'&J K'�Kq%& hKh&' {|�} Li fnLg f(hLc� + *n&'&j('& fn& Kefn(' m(e%l %L�& f(
lm&%% (i fnLg h'(q %&J Li J('& l&fKL%g +

���
��� � ��74
q(x) ≡ 0,

4F 73 4F 7 36G �7= λj

5/ 4F 7 75E 73>:;67 .8
9 =.�;7G (7′)− (8′),

5�
λ

5/ : � 7=. .8 4F 7 8 63045.3
Eρ(λ; ρ−1), :3? 8 63045.3/

x
1
ρ
−1Eρ(λjx

1
ρ ;

1

ρ
)

:=7 75E 738 63045.3/ .8 4F 5/ 9 =.�;7G �
��

� � *n& k&i&'K% g(%efL(i (j fn& &peKfL(i

(7′)
gKfLgjd Lik fn& c(ilLI

fL(i g
y(0) = 0, D(σ1)y|x=0 = 0; D(σ2)y|x=0 = y0

2(q)L(eg%d gKfLg�&g fn& &peKfL(i

y(x; λ) =
y0
2

Γ(2 + γ1)
x1+γ1 +

λ

Γ( 1
ρ
)

x∫

0

(x − t)
1
ρ
−1y(t; λ)dt; (9)

b& m'Lf& (ef fn& g(%efL(i (j fn& &peKfL(i ��� Kcc('lLik f( fn& �i(mi j('I
Je%K {{|�} h +|��} �

y(x; λ) =
y0
2

Γ(2 + γ1)
x1+γ1+λ

x∫

0

(x−t)
1
ρ
−1Eρ(λ(x−t)

1
ρ ;

1

ρ
)(

y0
2

Γ(1 + γ1)
t2+γ1)dt

Kil cK%cce %Kf& fn& Lif&k'K%

1

Γ(1 + γ1)

x∫

0

(x − t)
1
ρ
−1Eρ(λ(x − t)

1
ρ ;

1

ρ
)t1+γ1dt

Kcc('lLik f( s +s +�rn'qKgncnw Ki �g j('Je%K {� h +|�|}

l∫

0

xα−1Eρ(λx
1
ρ ; α)(l − x)β−1Eρ(λ

∗(l − x)
1
ρ ; β)dx

=
λEρ(l

1
ρ λ; α + β) − λ∗Eρ(l

1
ρ λ∗; α + β)

λ − λ∗
lα+β−1

(α > 0, β > 0)

1

Γ(ρ−1)

x∫

0

(x − t)
1
ρ
−1Eρ(λ(x − t)

1
ρ ;

1

ρ
)t

1
ρ
−1dt

���*�� ~ ���� �( + �� ~ h + |�



= Eρ(x
1
ρ ;

2

ρ
)x

2
ρ
−1.

�'(J n&'& m& k&f

y(x; λ) =
y2

0

Γ(ρ − 1)
x

1
ρ
−1 + λy0

2Eρ(λx
1
ρ ;

2

ρ
)x

2
ρ
−1

= y0
2x

1
ρ
−1[

1

Γ(ρ−1
) + λx

1
ρ Eρ(λx

1
ρ ;

2

ρ
)]

= y0
2x

1
ρ
−1Eρ(λ x

1
ρ ;

1

ρ
).

*neg ~ m& nK)& h'()&l ~ fnKf fn& k&i&'K% g(%efL(i (j &peKfL(i
(7′)

~ gKfLgjdLik

y(o) = 0; D(σ1)y|x=0 = 0; D(σ2)y|x=0 = y0
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nKg fn& j('J

y(x; λ) = y0
2x

1
ρ
−1Eρ(λx

1
ρ ;

1

ρ
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λ
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y(1; λ) = y0
2Eρ(λ;

1

ρ
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L +& + &Lk&iieJq&'g (j h'(q%&J
(7′) − (8′)

c(LicLl& m Lfn r&'( (j fn& jeicfL(i

Eρ(λx
1
ρ ; 1

ρ
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Kil &Lk&ijeicfL(ig nK)& fn& j('J

Eρ(λx
1
ρ ;

1

ρ
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mnLcn h'()&g *n&('&J � + zf Lg Lif&'&gfLik n(m K%% fnLg nKg K h'&cLg& w eicfL(i
m Lfn fn& cKg& (j 1

2 < ρ < 1,
mnLcn m& Li)&gfLkKf&l Kq()& +
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1
ρ

53?607? �C 4F 7 ?5� 7=7345:; 7�9 =7//5.3

1

Γ(1 − γ0)

d2

dx2

x∫

0

y′(t)

(x − t)γ
dt + q(x)y

:3? 4F 7 �.63?:=C 0.3?545.3/
(8′)

5/ ?5//59 :45>7 �
��

� �

(D
1
ρ y, y) =


 1

Γ(1 − γ1)

d2

dx2

x∫

0

y′(t)

(x − t)γ1
dt, y(x)


 + (q(x)y, y)

���*�� ~ ���� �( + �� ~ h + |�



=
1

Γ(1 − γ)

1∫

0




x∫

0

y′(t)

(x − t)γ
dt




′′

y(x)dx

+(q(x)y, y) =
1

Γ(1 − γ)

1∫

0

yd




x∫

0

y′(t)

(x − t)γ0
dt




′

+ (q(x)y, y)

=
1

Γ(1 − γ)


y(x)

x∫

0

y′(t)

(x − t)γ
dt
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b

a

=
1

Γ(1 − γ)

1∫

0

d

dx

x∫

0

y′(t)

(x − t)γ1
y′(x)dx + (q(x)y, y)

= −

(
dγ

dxγ
z, z

)
+ (q(x)y, y),

mn&'&
z = y′.

,Lic&
z ∈ A0

γ [0, 1]
�fn& g&f (j K%% jeicfL(ig

z(x)
~ nK)Lik

Kqg(%ef&%d c(ifLie(eg (i {� ~|} j'KcfL(iK% Lif&k'K% (j ('l&'
1 − γ
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gfK'fLik h(Lif

0
Kil fn& &ilLik h(Lif

x
~ mnLcn )KiLgn g Kf

x = 0
� ~ fn&'&j('&

Kcc('lLik f( *KJ K'�Li �g fn&('&J �{|�} h +���� fn&'& Lg K eiLpe& jeicfL(i

u ∈ L(0, 1)
gecn ~ fnKf

z(x) = d−(1−γ)

dx−(1−γ) u.
Y&ic&

(
dγ

dxγ
z, z

)
=

(
u,

d−(1−γ)

dx−(1−γ)
u

)
,

Kil fn& )K%e&g (j fn& %Kgf j('J ~ Kcc('lLik f( s KfgK&)I�(%Kif �g fn&('&J ~
J &ifL(i&l Kq()& %Kdg Li fn& c(''&gh(ilLik g&cf(' + �'(J fnLg j(%%(m g fn&
h'((j (j (e' fn&('&J + �(m nK)Lik K lLggLhKfL) Lfd~ m& cKi h'()& c(Jh%&f&I
i&gg (j fn& gdgf&J (j fn& &Lk&ijeicfL(ig (j h'(q%&J

(7′) − (8′)
~ '&)&'g& Kg

Kq()& ~ Lj fn&'& Lg Ki (h&'Kf(' ~ Li)&'g& f( fn& (h&'Kf('
D

1
ρ u,

Kil &peK% f(

D
1
ρ u =





1
Γ(1−γ)

d2

dx2

x∫
0

u′(t)
(x−t)γ dt, 0 < γ < 1

u(0) = 0; D(σ1)u
∣∣
x=0

= 0; u(1) = 0

*n& (h&'Kf('
Aρ

Kf 1
ρ

= 2 + γ
Lg fn& Li)&'g& f( fn& (h&'Kf('

D
1
ρ

{�} +
$il Li k&i&'K% ~ fn& (h &'Kf(' Li)&'g& f( fn& (h&'Kf(' ~ k&i&'Kf&l qd fn&
lLo&'&ifLK% &�h'&ggL(i

lu =
1

Γ(1 − γ)

dn−1

dxn−1

x∫

0

u′(t)

(x − t)γ
dt, (γ0 = 1, γ1 = γ, γ2 = 1, ..., γn = 1
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Kil iKfe'K% q(eilK'd c(ilLfL(ig

u(0) = 0; D(σ1)u
∣∣∣
x=0

= 0, ..., D(σn−1)u
∣∣∣
x=0

= 0, u(1) = 0

Lg &peK% f(
Aρ

Kf 1
ρ

= n− 1 + γ.
*nLg cKi q& cn&c�&l lL'&cf%d Kg Li {�} �Lf Lg

i&c&ggK'd f( gn(m ~ fnKf
AρD

1
ρ u = u

� Kil
D

1
ρ Aρu = u.

� $il i(m ~ w e gf Kg
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~ fn&
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fn& (gcL%%KfLik h'(h&'fd (j fn& (h&'Kf('
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{�} $ %&'(&) * +, + *n& q(eilK'd h'(q %&J g j(' lLo&'&ifLK% &peKfL(ig m Lfn
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