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1 Problem statement

We consider the following boundary value problem
x=A(t)x+B(t)f(x,t) +u(t), tel=]tt] (1.1)
with boundary conditions
(x(to) = xo, x(t) = x1) €S C R*", (1.2)
with phase constraints
x(t) € G(t) : G(t) = {x € R" | y(t) < F(x,t) <6(t), t € I}, (1.3)
and integral constraints

3gi(x) <¢j,  j=1,my;

gi(x)=cj, j=m+1my; (1.5)
5]

gj(x) = /fo]‘(x(f)zt) dt,  j=1,my; (1.6)
to
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Here A(t), B(t) are prescribed matrices with piecewise continuous elements of n x n,
n x m order, respectively, u(t), t € I is given n-dimensional vector-function with piecewise
continuous elements, m-dimensional vector-function f(x,t) is defined and continuous in the
variables (x,t) = R" x I and satisfies the following conditions:

|f(x,t) — f(y, )] <Illx -y, V(x,t), (y,t) € R" x I, I = const > 0,
|f(x,8)] < colx|+ci(t), cop = const > 0, c1(t) € Li(I,RY),

, t € I is an r-dimensional

S is a convex closed set. Function F(x,t) = (Fi(x,t),...,F(x,t))
= (m@),...,7(t) and 4(t) =

vector-function which is continuous in arguments, y(f)
(61(f),...,6,(t)), t € I are prescribed continuous functions.

The values cj, j = 1,m; are prescribed constants, foj(x,t), j = 1,m, are given continuous
functions satisfying to the conditions

[foj(x, ) = foj(y, )| < Lilx—yl,  V(xt),  (yt) e R"xI,
|f0]-(x, i’)| S C0j|X’ + Clj(t), Co]' = const, Cl]' S Ll(I, Rl),

=1,mpy;
, My

j
j=1

Note, that: 1) if A(t) =0, m =n, B(t) = I, then the equation (1.1) can be written as

Xx=f(x,t)+u(t) = f(x,t), tel (1.7)

Therefore, the results obtained below remain valid for the equation (1.7) at conditions (1.2)-
(1.6);

2)if f(x,t) = x+ pu1(t) (or f(x,t) = C(t)x + p1(t)), then the equation (1.1) can be written

in form

¥ =A(t)x+ B(t)x + B(t)u(t) + u(t) = A(t)x +7(t), tel, (1.8)
where A(t) = A(t) + B(t), f(t) = B(t)u1(t) + u(t). It follows that the equation (1.8) is a
particular case of equation (1.1).

The following problems are stated.

Problem 1. To find necessary and sufficient conditions for the existence of solutions of
boundary value problem (1.1)—(1.6).

Problem 2. To construct a solution of boundary value problem (1.1)—(1.6).

As it follows from the problem statement, it is necessary to prove the existence of the pair
(x0,x1) € S such that the solution of (1.1) proceeded from the point x( at the time f( passes
through the point x; at the time t;, along with the solution of the system (1.1) for each time
the phase constraint is satisfied (1.3), and integrals (1.6) satisfy (1.4), (1.5). In particular, the
set S is defined by the relation

S= {(x()lxl) S RZTZ | Hj(x()/xl) S O/ ]: 1/]9/ <a]'/x0> + <bj/x1> _d] = O/ ]: p+1ls}l

where H;(xo,x1), j=1,p are convex functions in the variables (xo,x1), xo=x(to), x1=x(t1),
aj € R", b; € R", d; € R!, j = p+1,s are given vectors and numbers, (-, -) is the scalar
product.

In many cases, in practice the process under study is described by the equation of the
form (1.1) in the phase space of the system defined by the phase constraint of the form (1.3).
Outside this domain the process is described by completely different equations or the process
under investigation does not exist. In particular, such phenomena take place in the research
of dynamics of nuclear and chemical reactors (outside the domain (1.3) reactors do not exist.)
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Integral constraints of the form (1.4) characterize the total load experienced by the elements
and nodes in the system (for example, total overload of cosmonauts), which should not exceed
the specified values and equations of the form (1.5) correspond to the total limits for the system
(for example, fuel consumption is equal to a predetermined value).

The essence of the method consists in the fact that at the first stage of research by trans-
formation and introducing a fictitious control the initial problem is immersed in the control
problem. Further, the existence of solutions of the original problem and the construction of
its solution is carried out by solving the problem of optimal control of a special kind. With
this approach, the necessary and sufficient conditions for the existence of the solution of the
boundary value problem (1.1)-(1.6) can be obtained from the condition to achieve the lower
bound of the functional on a given set, and the solution of the original boundary problem is
the limit points of minimizing sequences.

2 Transformation
We assume that fo(x, t) = (fo1(x,t),..., fom,(x,t)), where

fo(x,t) = C(t)x + fo(x,t), tel, (2.1)

C(t), t € I is known matrix of m, x n order with piecewise continuous elements, f,(x,t) =
(For(x,t), .o fom(x,1)). If the j-th row of the matrix C(t) is zero, then fo;(x,t) = foj(x,t).
Thus, without loss of generality, we can assume the function fy(x,t) is defined by (2.1). By
introducing additional variables d = (dy,...,dy,) € R™, d > 0, the relations (1.4), (1.6) can be
represented as

ty
g](x) = /foj(x(t)l t) dt = Cj - d]/ ] - 1/ myq,
to

where
deT'={deR™|d>0}.

Let the vector ¢ = (C1,...,Cm,), where ¢; = ¢; —d;, j = 1,my, ¢; = ¢, j = m1+1,ma. We
introduce vector-function #(t) = (n1(t), ..., m,(t)), t € I, where

t

7(t) :/fo(x(r),r)dr, t € [to, t1].

Then
7= fo(x(t),t) =C(t)x+ fo(x,t), tel
n(to) =0, n(t)=c, deTl.

Now the initial boundary value problem (1.1)—(1.6) can be written as

&= A1(t)¢+ B1(t)f(PE,t) + Bofo(PE, t) + Bau(t),  te, (2.2)
¢(to) = o = (x0,0m,), (1) = 1= (x1,0), (2.3)
(xo,x1) €S, deT, PE(t) e G(t), tel, (24)

where

c0=(y)  w0=(c o) Bo=(on)
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B, = <OI” ) , B; = <O”"”2> , P = (I, Onm,), P¢ =x,

my,n 17112

Oj,k is matrix of j X k order with zero elements, O, € R is vector g x 1 with zero elements,

é = (él/ o lén/ €n+1; cee 1§n+m2)-

3 Integral equation

The basis of the proposed method of solving problems 1 and 2 are the following theorems
about the properties of solutions of the first order Fredholm integral equation:

ty
Ku = /K(to,t)u(t) dt = a, 3.1)

where K(to, t) = ||Kjj(to, t)||, i = 1,n, j = 1,m is known matrix of n x m order with piecewise
continuous elements in t at fixed to, u(-) € Lp[I, R™] is the source function, I = [to, 1], a € R"
is given n-dimensional vector.

Theorem 3.1. Integral equation (3.1) for any fixed a € R" has a solution if and only if the matrix

C(to, t1) /K to, t)K* (to, t) dt, (3.2)

rya

n x n order is positive definite, where “*” is a sign of transposition.

Theorem 3.2. Let the matrix C(to,t1) be positive definite. Then the general solution of the integral
equation (3.1) has the form

u(t) = K*(to, t)C Y (to, t1)a + v(t) — K* (to, )C(to, t1) /K(to,t)v(t) dt, tel, (3.3

where v(-) € Ly(I,R™) is an arbitrary function, a € R" is an arbitrary vector.

Proofs of Theorems 3.1 and 3.2 are given in [2,3]. Application of Theorems 3.1 and 3.2 to
solve the controllability and optimal control problem is presented in [4-7].
4 Immersion principle

Along with the differential equation (2.2) with boundary conditions (2.3) we consider the
linear control system

y=A1(t)y + Bi()wi(t) + Ba(t)wa(t) + p2(t),  te, (4.1)
( ) CO (XO, ) ( ) ‘:l (xll )I (42)
(xo,xl) € S, deT, 1() S LQ(I,Rm), () € Lz(I,Rm2), (43)

where py(t) = B3u(t), t € 1.



To the boundary value problem of ODEs 5

Let the matrix B(t) = (By(t), B2(t)) of (n + my) x (my + m) order, and the vector-function
w(t)= ( 8) € Lo(I, R™),

It is easy to see that the control w(-) € Ly (I, R"") which transfers the trajectory of system
(4.1) from any initial state ¢y to any desired state ¢; is a solution of the integral equation

/@(to,t)B(t)w(t) dt = a, (4.4)

where ®(t,7) = 0(t)01(7), 6(t) is the fundamental matrix of solutions of the linear homoge-
neous system w = A;(t)w, vector

51
a=a(o,G1) = D(to, t1)[1 — P(t1, t0) o) — / (to, 1)

As follows from (3.1), (4.4), the matrix K(to,t) = (to,t)B(t). We introduce the following
notations

A1(t,Co,C1) = Ti(t)Go + Ta(t)E1 + us(t) = E(t)a, tel,
W(to, t1) / ®(to, t)B(t)B" ()" (to, t)dt,  W(to,t) = / (o, T)B(T)B’ (T)®*(to, T)dT,

Wit = Wikat) W), ) = 000 (08,
) [0l (e, At 20,2 = E(OG0+ Ex(t)s + (1),
E1(t) = @(t )WL )W M to 1), Ealt) = @1 10) Wt HW ™ (10, 1) (00, 1),
() = (e 10) [ Dlto (it — Ex() [ (1, ()

Ni(t) = —E(t)®(to, 1),  No(t) = —Ex(t), teL

Theorem 4.1. Let the matrix W (to, t1) > 0. The control w(-) € Ly(I, R™*™2) transfers the trajectory
of system (4.1) from any initial point o € R"™™ to any finite state §; € R" ™™ if and only if

w(t) eW = {w() S Lz(I, Rermz) ‘ w(t) = U(t) + Al(t, Co, é’l) + Nl(t)Z(tl,U),

(4.5)
tel, Vo() € Lo(LR™™) ],
where function z(t) = z(t,v), t € I is a solution of the differential equation
z = A1(t)z+ B(t)v(t), z(to) =0, tel, o(-) € Lp(I, R™™2), (4.6)

Solution of the differential equation (4.1) corresponding to the control w(t)EW is defined by the formula

y(t) = z(t) + Aa(t, 80, &1) + Na(t)z(ty,0),  teL (4.7)
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Proof. As follows from Theorem 3.1, the matrix W(to,t1) = C(to,t1) > 0, where K(to,t) =
®(ty,t)B(t). Now the relation (3.3) is written in the form (4.5). Solution of the system (4.1)
corresponding to the control (4.5) is defined by (4.7), where z(t) = z(t,v), t € I is solution of

the differential equation (4.6). The theorem is proved. O

Lemma 4.2. Let the matrix W(to,t1) > 0. Then the boundary value problem (1.1)—~(1.6) (or (2.2)—
(2.4)) is equivalent to the following problem

w(t) = (wi(t),wa(t)) €W, wi(t) = f(Py(t),t),  wa(t) = fo(Py(t),t),  (48)

z = A1(t)z+ B1(t)v1(t) + Ba(t)va(t), z(tg) =0, tel, 4.9)

o(t) = (vi(t), v2(t)),  o1()) € La(LR™),  02(+) € Lo(I,R™), (4.10)
(x0,x1) €S, deT, Py(t) € G(t), tel, (4.11)

where v(-) = (v1(+),v2(+)) € La(I, R™*™2) is an arbitrary function, y(t), t € I is determined by the
formula (4.7).

Proof. At relations (4.8)—(4.11) function
y(t) = ¢(t), tel, Py(t) = PE(t) € G(t), tel, w(t) = (wi(t), wa(t)) € W.
The lemma is proved. O

We consider the following optimization problem: minimize the functional

](vll 02, P, d/ X0, X1>

= /le(f) = F(Py(5), ) + [wa(t) = Fo(Py(£), O] + |p(t) = F(Py(t), 1)) dt

4.12)
t
— / Eo(t, 01 (8), 0a(8), p(1),d, x0, %1, 2(1), 2(11)) dt — inf
to
at conditions
2= Ay(H)z+ Bi(Dor() + Ba(Doa(t),  2(te) =0, tel, 4.13)
01(') € Ly(I, Rm), Uz(') € Lz(I,Rmz), (Xo,xl) €S, derT, (4.14)
p(t) € P(t) = {p(-) € Loa(L,R") [ y(t) < p(t) <4(t), t € I}, (4.15)
where
wi(t) = v1(t) + A1 (t, 6o, 1) + Nu(t)z(t,0),  tel,
wy(t) = va(t) + A12(t, Go, 1) + Nia(t)z(t1,0),  te,
_ (Nu(t) ([ A(t,Co,C1)
M) = <N12(t)> ’ Ml 6o 61) = <)\12(t/50,§1)> '
We denote

X =Ly(I,R"™™) x P(t) x T x SC H
= Ly(I,R™) x Lp(I,R™) x Lp(I,R") x R™ x R" x R",

i X
Jo=inf]©),  0=(vrv2pdxox1)EX,  Xi= {6* 706 " O}’
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Theorem 4.3. Let the matrix W(to,t1) > 0, Xx # @. In order for the boundary value problem
(1.1)=(1.6) to have a solution, it is necessary and sufficient that the value J(0,) = 0 = J., where
0. = (v},v5, p«, d«, x5, x7) € X is optimal control for the problem (4.12)—(4.15).

If J. = J(6«) = 0, then the function

xi (1) = z(t,07,05) + Aa(t, di, x5, x7) + Na(t)z(t1, 07, 03), tel

is a solution of the boundary value problem (1.1)—(1.6). If J. > 0, then the boundary value problem
(1.1)—(1.6) has no solution.

Proof. Necessity. Let the boundary value problem (1.1)—(1.6) have a solution. Then it follows
from Lemma 4.2, that the values wi(t) = f(Py.(t),t), w(t) = fo(Py«(t),t), where w,.(t) =
(wi(t), wi(t)) € W, y(t), t € Iis defined by formula (4.7), &5 = (x§,0m,), &i = (x7,¢x),

Ce = (¢ — d;-‘,j = 1,my, cj, j = my+1,my). Inclusion y.(t) € G(t), t € I is equivalent to
p«(t) = F(y«(t),t), where y(t) < p.(t) = F(y.(t),t) < (t), t € I. Consequently, the value
J(6«) = 0. Necessity is proved.

Sufficiency. Let J(0.) = 0. This is possible if and only if wj(t) = f(Py.(t),t), wi(t) =
FoPy-(8),8), pa(t) = F(y.(8),8), (x5,%) € S, d. € T, 9i() € La(LR™), 03() € La(L,R™),
Sufficiency is proved. The theorem is proved. O

The transition from the boundary value problem (1.1)—(1.6) to the problem (4.12)—(4.15) is
called the principle of immersion.

5 Optimization problem

We consider the solution of the optimization problem (4.12)—(4.15). Note, that the function
Fo(t, o1, 03, p, d, X0, 11, 2, 2) = [w1 — f(Py,£)* + [wa = fo(Py, £)[" +|p — F(Py, 1)
=F(t,0,2,z2) = Fy(t,q), qg=1(0,z2,z2),
where
w1 = vy + A1 (¢, x0,x1,d) + Nip(8)Z, = z(t,v1,v2),

z
wy = vy + A1a(t, x0,x1,d) + Ni2(H)z, y =z + Aa(t, x0,x1,d)+Na(t)z,
P = (I, Opmy), Py = x.

Theorem 5.1. Let the matrix be W(to,t1) > 0, the function Fy(t,q) is defined and continuously
differentiable in q = (0,z,z), and the following conditions hold:

|Foz(t,0 + A6,z + Az,Z + AZ) — Fy,(,0,2,2)| < L(|Az| + |Az| + |A6]),

|Foz(t,0 + A0,z + Az,Z + AZ) — Fz(t,0,2,2)| < L(|Az| + |AZ| + |A6]),

|Foa(t,0 + A8,z + Az, Zz 4+ AZ) — Fyg(t,0,2,2)| < L(|Az| + |AZ| + |A6]),
V@ e RMHmatrtmitndn Yz € R"™2, vz € R"t"2,

Then the functional (4.12) at conditions (4.13)—(4.15) is continuous and differentiable by Fréchet
in any point 0 € X, and

J'(6) = (J1(6), 12(6), J5(6), J1(6), J5(6), J&(0)) € H,
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where OFo(t.q) ORu(t.d)
R0) = =5~ By, B6) = Z5 - B (0y(),
t
oy OF0(t,q) ;o [ OF(tq)
B0 =",~ ]4(9)_/ od (5.1)
tl tl
/ _ aFO(tr(]) , o apo(t,q)
J5(0) —to Tdet: J6(0) —to Tcldt'

q = (0,z(t),z(t,v)), function z(t), t € I is solution of differential equation (4.13) at v1 = v1(-) €
Ly(I,R™), vy = vy(+) € La(I, R™), and function (t), t € I is solution of the adjoint system

1]

= aFO(gZ‘/(t)) —Aj (), p(t) = —/Wdt. (5.2)

to
In addition, the gradient J'(6), 0 € X satisfies to Lipschitz condition
17'(61) = J'0,) || < K||61 — 62|, V01,6, € X, (5.3)
where K > 0 is Lipschitz constant.

Proof. Let 6, 0 + A0 € X, where A6 = (Avy, Avy, Ap, Ad, Axg, Axy). It can be shown that
Az = Aq(t)Az + By (t)Av1 + By (t)Avy, increment of the functional

A] =](0+A0)—](0)
= (J1(8), Av1) 1, + (J5(0), Ava), + +(J5(0), Ap)p, + (J4(6), Ad) gy
+ (J5(0), Axo) gn + (J6(0), Ax1) gu + R1 + Ro + R3 + Ry + Rs + R,

6 R
where |R; + Ry + R3 + Ry + R5 + Rg| < c*||A9||§(, ¢, = const > 0, % — 0 at ||Af]|x — 0.

From this, the statement of the theorem follows. The theorem is proved. ]

Using the relations (5.1)—(5.3) we construct a sequence {60, } = {v(t), v2,(t), pn(t)} by the
following algorithm:

Vint1 = V1n — &nJ1(6n), Vont1 = Von — 0o (0n),

Pni1 = Pp[pn — wnJ3(600)], dni1 = Pridy — anJ3(6,)],
Xon+1 = Ps[xon — anJ5(0n)]
X1n+1 = Ps[x1, — anJe(0n)], n=0,1,2,...,

(5.4)

where 0 < a,, = ﬁ, e > 0, K > 0is Lipschitz constant of (5.3). We introduce the following
sets

Mo={0€X|JO) <O},  Xu= {6 €X][J(6.)= inf JO)}.

Theorem 5.2. Let the conditions of Theorem 5.1 be satisfied, the functional J(0), 6 € X be bounded
from below, the sequence {6, } C X be defined by (5.4). Then:

1) J(0n) — J(Our1) > €)|0s — 0a]>,  n=0,12,...; (5.5)
2)  lim [0, — Oyl =0,  n=012,.... (5.6)
n [ee]



To the boundary value problem of ODEs 9

Proof. Since 6,41 is the projection of the point 6, — a,,J'(6,), then
<9n+1_9n+lxn],(9n)/ gn_9n+1>H > 0/ Vo e X.
Then with taking into account J(6) € C(X) we get

1 K
J(60) — J(6us1) > ( - ) 165 — B2 > ellfh — B2

o, 2
Consequently, the numerical sequence {](6,)} is strictly decreasing, and the inequality
(5.5) is valid. Equality (5.6) follows from the boundedness below of functional J(6), 6 € X.
The theorem is proved. O

Theorem 5.3. Let the conditions of Theorem 5.1 hold, the set Ag be bounded, ]J(6), 6 € X be convex
functional. Then the following statements hold.
1) The set Ag is weakly bicompact, X, # 0.
2) The sequence {6, } is minimizing, i.e.
ion, J(8n) = I, = Jnf 106).
3) The sequence {6, } C Ao weakly converges to the point 0., € Xy.
4) The following convergence rate is satisfied

OS](Gn)—]*g%, ¢1 = const > 0, n=1,2,...

5) The boundary value problem (1.1)—(1.6) has a solution if and only if

N J(0u) = ]« = inf J(6) = J(6:) = 0.
Proof. The first assertion follows from the fact that Ag is bounded closed convex set of a
reflexive Banach space X, as well as from the weak lower semi-continuity of functional J(6)
on weakly bicompact set Ag. The second assertion follows from estimation J(6,) — J(6,41) >
€)|6, — 041>, n =0,1,2,... It follows that [(8,11) < J(6,), ||6s — Ousa || — Oatn — oo, {6,} C
Ag. Hence from the convexity of functional J(6,) at A follows, that {6,} is minimizing.
The third assertion follows from weak bicompactness of set Ag. Estimation of convergence
rate follows from inequality J(6,) — J(0.x) < c1]/6n — 0n+1]|. The last statement follows from
Theorem 4.3. The theorem is proved. ]

We note, that if f(x,t), foj(x,t), j = 1,ma, F(x,t) are linear functions with respect to x,
then the functional J(0) is convex.
Example

The equation of motion of the system is
¢+ ¢ = cost, 0<t<m, ¢(0) =0, () =0, (5.7)

where the phase constraint is given as

37t A4t
P _om<on <, tel=(on] (5.8)
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Integral constraint is defined by

/go(t) dt < 1. (5.9)
Denoting ¢ = x1, ¢ = %1 = X, the equation (5.7) can be written in vector form
%= Ax+ Bx+ u(t),x(0) = xo = <(5)> € So, x(m) =% = (2) € Sy, (5.10)

where
_(*x (0 1 = (0 0 (0
= <x2>’ A= <O 0>’ b= (—1 O)’ p(t) = (cost)’

X0 € So = {(x1(0),x2(0)) € R* | x1(0) =0, x,(0) =6 € R'},
x1 €Sy = {(x1(7),x2(7)) € R* | x1(71) =0, x2(71) = B € R},
phase constraint (5.8) has the form

0.37¢ 0.44+
S0 sm()< T, tel (5.11)

integral constraint (5.9) can be written as

/ x(t)dt < 1. (5.12)
0

For this task F(X,t) = X1, ’)’(t) = @ — 0.37, (S(t) == , gl x1 fO f01 x1 dt fO x1
c1=1m =1,my =0, for = x1.

Transformation

The function #(t) = #1(t), t € I where 5(t fo x1(7)dT, 7(t) = x1(t), 7(0) =0, () =
1—4dy,dp > 0.

The set T = {d; € R' | dy > 0}. Let &(t) = (&1(t),&(t),&(t)), where &1(t) = x1(t),
8a(t) = xa(t), ¢3(t) = 7(t). Then

E(t) = A1+ Bl +m(t = [0, 7], (5.13)

(1) tel
x1(0) 0 x1(77) 0
¢(0) =G0 = (xz(o)) = (5) ;o dm)=a= (X2(7T) = ( p ) , (5.14)
7(0) 0 n(m) 1—d

010 0 00 0
Ai=100 0], Bi=|-10 0], p(t) = | cost |,
1 00 0 0O 0
(1 0 0 (¢ B -

b (100, we(B). meo -0

The phase constraint can be written as

0.37t 0.44t
-0 <am <,  tel=[onl. (5.15)

where

Hered € R}, Be R, dy e T ={d; € R' | d1} > 0.
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Immersion principle

Linear controlled system (see (4.1)—(4.3)) has the form
j= A+ Bt +1(H),  tel=1[0n], (5.16)
y(0)=¢, y(m)=6, (6B €R>  w()eL(LRY),

where the matrix B; and linear homogeneous system w = Ajw are

0 w1
Bi=|-1]1, w=|w |, w1 = wy,wr =0,w3 = wi.
0 w3

The fundamental matrix of solution of the linear homogeneous system w = Ajw is deter-
mined by the formula

1 t 0 1 —t 0
O(t)eAlt(O 1 o), 91(t)eA1f(o 1 o), o(t,T) = 0(1)0 (7).

t /2 1 t 22 1
Vector
Vs _nﬁ_z
— O~ [ @O m(dt= | p-o
0 %ﬁ—kl—dl—{—n
Matrix

T 71,’3/3 —7'[2/2 —7'[4/8
/Cb (0,t)BB*®*(0,t)dt = | —2/2  n  7%/6
0 —n*/8 m/6  m°/20

192/ 36/m% 360/t t3/3 —t2/2 —t*/8
wL0,m) = (36/7r2 9/m 60/7[3), W(0,t) = (—t2/2 t t3/6),
360/t 60/7 720/ —t4/8 /6 /20
(> —13)/3 (2 —m?)/2 (t*—n*)/8
W(t, ) = ((tzﬂz)/z T —t (n3t3)/6).
(tt—m*)/8 (1> —+t3)/6 (m°—1+)/20
Then

AM(t,&, &) = E(t)a = B} (£)®*(0,t)W1(0, 7)a
(—mB —2)(—180t> + 1927t — 367%) (B — &)[—30t> + 367t — 977?]
- Visi + 3
—360t% 4 3607tt — 60772
7-[5

+(7i+1—d1—7r>-

4

E1(t)go = @(t,0)W(t, m)W (0, 7)o

[12t(87tt—37% —5t2) + 7t (3 +187t2 — 972t —1013)]
73
- [ +187‘(t2 97'(t 10#3]

[242 (87t —3 % —5¢%) + 7t (7 +18m2 92t —108%)+37t3 (3t — w2 —24%)]
274
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(=87t 43212 +5t4) (—607£3 4307242 4-30#*)
IB. 27.[3 +(1_d1) 0
_ 2 2 3 _ 2 2 3
Ex(t)& = B- (—127t +7§>37r t+108°) +(1—dy)- (—1807t +f£n t4+120£%)
(—2ntt+ B+ — 1574 1022 +61°)
B- T) +(1—dp) - p

3202
t n —cost+ 1+ %
1a(t) = D(t,0) / ®(0, )2 (T)dT — Ea (1) / O(m, pa(t)dt = | sint+ L2neojar’s
. 4 242
0 0 t—sint + mn#
Here
E(t) = 10, 1)
_ 180t2 + 1927rt 36m> —30#2 + 367t — 9> —360¢> + 3607t — 607>
- 7 7_(3 7 7_[5 7
287t — 1271 2121544 —8nt3+37§2t2+5t4 60nt3+30571 2430t
2
E (t) _ | 84nr— 24n2t 6013 —12nt2+73Tn2t+10t3 —180m2+60n2t+120t3
2 - 3 ’
7t — 4n 243345 2t PP 157'(t4+107'r 246>
27.[3 7-[5
Ni(t) =

7

B —180t2 + 1687rt — 2472 301 — 247t + 372 3601 — 36071t + 6072
4 ’ 73 0 ’
Na(t) = —Ea(t).

As follows from Theorem 4.1, the control

w(t) = o(t) + A1(t, o, 61) + Ni(t)z(t, v)
(—mB —2)(—180t2 + 1927t — 3672) N (B — 0)(—30t> + 367t — 971%)

= 'Z)(t) + o 3

2B (=360t + 3607t — 6077°)
+ <? +1—dy+ 7‘[) 5 (5.17)

—180t% + 1687t — 247 302 — 247t + 371
+ ( 1 )zl(n,v) + ( 3 >zz(7r,v)

s T
2 2
. (3601 36057Tt+607'c )23(7r,v), fel=(0n]
T
where z(t,v), t € I = [0, 7t] is solution of the differential equation
z=Aiz+Bo(t), z(0)=0, o) € Ly(I,RY). (5.18)

Solution of the differential equation (5.16) corresponding to equation (5.17) equals

(m(ﬂ)
y(t) = | ya(t) | = z(t,0) + Aa(t, G0, G1) + Na(t)z(7, )
y5(t)

= z(t,v) + E1(t)&o + Ea(£)&1 + ma(t), tel=10,m,
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where

[12¢(87tt — 3712 — 5¢%) + 7tt(7® + 18712 — 97t — 10£3)]

7'[3
(—87t® 4 371212 + 5t%) p (—607tt3 + 307T%% + 30t*)
P 273 T1-d) o (5.19)
4rtt® — 62t (2873 — 12772 — 15¢*) '
+———F— —cost+1—- 7}
7T 7T
(87tt® — 3722 — 5t%) 607tt> — 30722 — 30+
7.3 zy (11,0) +

yl(t) = Zl(t,U) + )

z1 (7, 0)

7_(5 23(7T/ U)/

3+ 187t — 92t — 1082 (—127t? + 37t + 108°)
3 + ﬁ 3
7T 7T

(- )(—1807rt2 + 607t +1208) | 1278 — 127
—dy - 1ont” — 12mt
7T 7T
5.20
84712 — 247%t — 6013 (—1272 + 37%t + 108°) (5-20)
- o Z1(7T, U) - 3 Z2(7T, U)

(—1807tt? + 6072t + 120¢°)
— z3(7, v),

7-[5

ya(t) = zp(t,0) + 6

ya(t) = z3(t,v)
2412 (87t — 372 — 5t%) + w12 (7® + 18712 — 97r?t — 10t3) + 373 (37t — 2t — 712)]
274

(=27t + 283 + 1°) (—157t* 4+ 107212 + 61°)
IB 27.[3 + (1 d]) 7_[5

tr =22t 7tt — 4?8 - 30 (—27mtt + 728 + 1°)

p — o z1(m,0) — 3

(—157tt* +1077%t% + 6t°)

- - z3(7,v), tel (5.21)

Note that y1(0) =0, y2(0) =6, y3(0) =0, y1(7r) =0, y2 (1) = B, y3(r) =1 —dj.

14l

+t—sint

zp(7,0)

27T

Optimization problem

As for this example f =y, F = v, then optimization problem (4.12)—(4.15) can be written as:
minimize the functional

(0, p,d1,6, ) = (OF +[p(t) = ()] dt

(5.22)

o\:: o\:z

t),d1,9,B,z(t),z(m))dt — inf

at conditions (5.18), where

o(-) € Loy(I,RY),  p(t)eP(t), diel, &R, BeR!, (5.23)
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function w(t), t € I is determined by the formula (5.17), and the function y; (t), t € I is defined
by relation (5.19), set

P(t) = {p() € La(L,R) | %7 —0.37 < p(t) < %44, e 1}, (5.24)

The partial derivatives of Fy read as follows:

T —afo -], Y =20~ (o),

Fo(tq) 3602 — 3607t + 602 607t> — 3072 — 30t
o = 2wt =) = - =

—607t3 + 3072t + 304\
7 ’

+2[p(t) =y (1)) (

dFo(t,q) 2e(t) — ya (1) <—30t2+367tt — 9772

00 3
[12¢(87tt — 37t% — 5¢%) + 7t (> + 187wt — 9%t — 1043)]
_ =
12t(87t — 3712 — 5t2) + 7t (m® + 187t? — 9%t — 1083
+2p(t) - ()] -2 R 1,
oFo(t,q) (—30t% + 367t —97%)  (—180t% + 1807t — 30712)
55 = 2l — ()] = - =
(1802 + 1927t —3672)  —8mt> 4 3 + 5t
73 273
8mt® — 32t% — 5t
+2[p() ~ ()] ( o ) ;
aFo(t,q) _ B B B BFo(t,q) . apo(t,q) A
5= 2 -n@]-2p0 -nm], =gt =0 SErE =0
oFo(t,q) —180t% + 1687t — 247> 287> — 12772t — 15t
821(71) —Z[W(t) yl(t)] 4 + T4
287t — 127022 — 15t
F20p(t) ~ y (6)]- ( g )
oFo(t,q) 2w(t) — 3082 — 247t + 31> 8nt — 37’ — 5t
dzp(m) 3 273
L 20p(t) — ()] [ 8t — 32t — 5t4] .
2 ’
oFo(t,q) 360t> — 3607rt +607* 607t — 307> — 30"
dz3(m) o
607tt® — 307t2> — 30t
+20p(t) (1) ( o ).

It is easy to verify that the functional (5.22) at conditions (5.18), (5.23), (5.24) is convex.
Therefore, the sequences below are minimized.
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Minimizing sequences

To this problem control 8 = (v, p,d1,0, ) € X. We choose the initial control

0o = (vo(t), po(t),d10, %0, Po) € X,

where vo(-) € Ly(I,RY), po(t) € P(t), dio € T, & € RY, Bo € Ry. In particular vp(t) = 1,
po(t) = 245 —0.185 € P(t), dip = 05,60 = —Z, Bo = —%. We find the solution of the
differential equation z = Az + Byv(t), z(0)=0, at v=vy(t), i.e. Z10 = Z20, Z20 = —vo(t), Z30 =
z10, t € [0, 7t], where z10(0) = 0, z20(0) = 0, z30(0) = 0. Thus, z10(t), z20(t), z30(t), t € [0, 7] are
known. Then qo = (o, po,d3, 6o, Bo, z0(t),z0(77)), zo(t) = (z10(t),z20(t),z30(t)). We compute
the partial derivatives

aFQ(t,QQ) aFQ(t,qO) aFQ(t,qo) apo(t,qo) apo(t,tm)
o0v ! ap ! od; ' 51 ! a‘B ’

apo(t,qo) aFo(t,qo) —0 aFo(t,qO) —0 apo(t,qo) aFo(t,qo) apo(t,qo)

azlo ’ aZZO ! 8230 ! 8210(7'[) ’ 8220(7'[) ! 8230(7'() ’

Following approximations

o1 =v9—aoJ1(60),  p1="Pplp,—a0f5(60)],  di = Pr[dly — aoJ3(60)];

61 = 8 — aoJy(ao), B1 = Bo— aoJ5(60),

where

J1(60) = aFOE()th) Biyo(t) = aFOéZqO) + oo (1), o = (P10, P20, ¥30),

s oy 9Fo(t,q0) 9Fo(t,q0)
o) = o, (6 = O/ S,

T

T
oF t dF(t,
J4(60) = / OFoll,q0) gy J5(60) Z/Og ) 4t
J p
Here ¢ (t) = (¢10(t), P20(t), P30(t)), t € I is solution of the adjoint system

aFo(t, qO) aFo(t, QQ)

1o = T o0, Yoo = 9720 =0,
. dFy(t,
P30 = %(Z?)OL]O) — P10 = — Y10,
7T 7T
aFo(t, qo) aFO(t/ q0)

Pro(T) = — J () dt,  o(m) = — / 0z20(71) dt,

T 9Fo(t, 90)

17030(7-() = - / 6230(7[) dt.

The quantity ay = % = const = 0,1. As a result, we find that 6; = (v, p1,d11,91, B1)-

Further the process of constructing is repeated {6, } with the initial point 6;, with the value
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a, =0,1,n=0,1,2,... It can be shown, that v, — vs, py = ps«, din = dix, 0n — 0+, Pn — B+«
at n — oo, the value | = (vy, p«, d1+, 6+, B«) = 0, where
t

v*(t)zisint—%sint, te[0,m];

t . T, T
p« () zismt—zsmt, t €0, 7], di, =1, (5*:—2, B =—

N

Functions

1 . 7T . 7T
z1(vs) = cost — 14 =tsint — —sint + —t, tel,

2 4 4
1
z2(vy) = —E(sint — tcost) — %cost—i— %, tel,

1 2
z3(vy) = sint — t + E(sint —tcost) — —(—cost+1) + %tz, tel,

SE

where 21(7'[,'0*) = %2 -2, 22(7-[/0*) =0, Z3(7T’U*) = %3 -
Then (see (5.20)-(5.22))

1
yio(f) = ~tsinf — Zsint = x1,(f), t€ L

2 4
T 1. 1 T T
yz*(t):x2*(t):—Z—i—ismt—i—itcost—zcost—l—g, tel;
1. 1 T T
y3.(t) = Esmt - EtcosH— Zcost vy tel
Solution of the initial boundary value problem (5.8)—(5.10):
o(t) = x1.(t) = yiu(6), tel, %?—anmgﬂg%?,teb

T

/n(p(t)dt: /xl*(t)dtzog 1, x= (0,—%), T = (0,—%),
0

0

6 Conclusion

In general, the optimization problem (4.12)—(4.15) can have an infinite number of solutions
{6.}, for which J({6.}) = 0. Depending on the choice of the initial approximation the mini-
mizing sequences converge to an element of the set {6, }. Let 6. = (v}, 05, p«, d+, x§, x]), where
J(6) = 01is a solution. Here x§ = x(to), x] = x(t1), (x§, x}) € S, x{ is the initial state of the sys-
tem. The requirements imposed on the right-hand side of the differential equation (1.1) under
which the initial Cauchy problem has a unique solution are represented in the formulation of
the problem. Consequently, the differential equation (1.1) with the initial state x(fop = xj) has
a unique smooth solution for the values t € [to, t1]. Moreover, x(t;) = x; and all constraints
(1.2)—(1.6) are satisfied. No matter what solution is allocated by iterative procedure, in the
case of J(6,) = 0 we find the appropriate solution to the problem (1.1)—(1.6).

For this example x(0) = x5 = (0,—%), x(t1) = xj = (0, —F). The differential equation
(5.10), where x = (A + B)x + u(t), x(0) = x5 = (0, —%) has a unique solution

x14(t) = [2tsint — 7tsint] /4, Xo.(t) = [2sint + 2t cost — 1t cos t] /4, t €10, m,
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where J(6.) = 0. Functions x1.(t), x2.(t), t € [0, 7t] satisfy the constraints (5.10)—(5.12), where
(x1.(70), 20 (7)) = ;.
The proof of the solvability and construction of solution of the boundary value problem
based on solving of the optimization problem (4.12)—(4.15), where
lim J(6,) = inf J(8) =0

gives the solvability condition, and the solution of the boundary value problem is determined
though the limit points of the sequence {6, } equal to {0, }.
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