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Abstract

We consider the existence of positive solutions and multiple positive
solutions for the third order nonlinear differential equation subject to
the general two-point boundary conditions using different fixed point
theorems.

1 Introduction

In this paper we consider the existence of positive solutions to the third
order nonlinear differential equation,

y"(t) + f(t, y(t) =0, t€lab], (1)
subject to the general two-point boundary conditions
any(a) — apy(b) =

0421?/(61) - 0422?/(17)
—ag1y"(a) + asy” (b) =

(2)

I
o o o

where the coefficients aq1, aqa, ao, aos, asq, a3 are positive real constants.
The BVPs of this form arise in the modeling of nonlinear diffusions gener-
ated by nonlinear sources, in thermal ignition of gases, and in concentration
in chemical or biological problems. In these applied settings, only positive
solutions are meaningful.

There is much current attention focussed on existence of positive solutions
to the boundary value problems for ordinary differential equations, as well as
for the finite difference equations; see [5, 6, 8, 9] to name a few. The book by
Agarwal, Wong and O’Regan [1] gives a good overview for much of the work
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which has been done and the methods used. Shuhong and Li [22] obtained
the existence of single and multiple positive solutions to the nonlinear singular
third-order two-point boundary value problem

y" () +Aa(t) f(y(t) =0, 0 <t <1
y(0) =y'(0) =y"(1) =0

by using Krasnosel’skii fixed point theorem [16]. In [23], Sun and Wen consid-
ered the existence of multiple positive solutions to third order equation,

y'(t) =a(t)f(y(t), 0<t <1

under the boundary conditions

ay'(0) = By"(0) = 0,y(1) = ¢'(1) = 0.

We extend these results to general two-point boundary value problems in the
interval [a, b], where b > a > 0. We use the following notation for simplicity,
Yi = &1 — 2, 1= ]_,2, 3 and ﬁz = aqy — bO[Z‘Q, 1= 1, 2.

We assume that throughout the paper:

(A1) f:[a,b] x R — R is continuous, where R" is the set of nonnegative
real numbers.

(A2) % >0, i=1,2,3

(A3) B2 axmy (b—a) <aand % +22B(h—q)<a

72 Q3272 Q3172

—ai11 Q21 _ a3 __ 012 Q2 Q32
(A4) s T2 oy < 0, e+ 2 e < 0.

We define the nonnegative extended real numbers fy, f°, fs and f* by

f(tay)’ fOZ hm max f(tay)’

Y y—01 t€la,b] Yy
t t
fso = lim min / ,y)’ and f*° = lim max f(t,9)
y—00 t€a,b] Yy y—00 t€a,b] Yy

fo= lim min
y—01 t€fa,b]

and assume that they will exist. We note that f° = 0 and f., = oo correspond
to the superlinear case, and fy; = oo and f> = 0 correspond to the sublinear
case. By the positive solution of (1)-(2) we mean that y(¢) is positive on [a, b]
and satisfies the differential equation (1) and the boundary conditions (2).
This paper is organized as follows. In Section 2, as a fundamental impor-
tance, we estimate the bounds for Green’s function corresponding to the BVP
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(1)-(2). In Section 3, we present a lemma which is needed in our main result
and establish a criterion for the existence of at least one positive solution for
the BVP (1)-(2) by using Krasnosel’skii fixed point theorem [16]. In Section 4,
some existence criteria for at least three positive solutions to the BVP (1)-(2)
are established by using the well-known Leggett-Williams fixed point theorem
[18]. And then, for arbitrary positive integer m, existence results for at least
2m — 1 positive solutions are obtained. Finally as an application, we give two
examples to demonstrate our results.

2 Green’s Function and bounds

In this section, we estimate the bounds of the Green’s function for the
homogeneous two-point BVP corresponding to (1)- (2).

The Green’s function for the homogeneous problem —y” = 0, satisfying
the boundary conditions (2) can be constructed after computation and is given
by

—a127273(b—5)? —2a2v3 (—B1+t71) (b—s) —az2 (A—2ty1 B2 +t27172)

5 a<t<s<h
Y1273

G(t,s) =

—a1171273(s—a)?+2001 13 (—B1+t71) (s—a)—as1 (A—2ty1 Ba+t27172) a<s<t<hb
2717273 - = = 7
(3)

where A = 23,85 — 72(a?a1; — b*az). We now state two Lemmas to minimum
and maximum values of Green’s function.

Lemma 2.1 Fort < s, G(t,s) attains minimum value at

_a§273ﬁ1 — 120327202
04%27173 - 0é1204327§
Qa1 e + bad,1ys + Qoo yefi — 504120432’72
04227173 - 0z12043272

And also, for s <t, G(t,s) attains minimum value at

t

10317202 — 0317301
0411043173 - 04%17173
042104317152 — a3, Y3 — a1 y2f + aa11a31’y2
0411043172 04217173

Lemma 2.2 Assume that the condition (A4) holds, then G(s,s) has a mawi-
mum value at

t =

_ baiayays — basey1ys — Y31 + a1 B2
Q127273 — 2002277173 + Q327172 '
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The above two Lemmas can be proved easily by considering minimum and
maximum of function of two variables.

Theorem 2.3 Let G(t,s) be the Green’s function for the homogeneous BVP
corresponding to (1)-(2), then
vG(s,s) < G(t,s) < G(s,s), forall (t,s) € [a,b] x [a,b] (4)
where 0 < v = min{my,my} < 1.
Proof: The Green’s function G(t, s) for the homogeneous problem of the BVP
(1)-(2) is given in (3). Clearly
G(t,s) >0 on [a,b] X [a,b]. (5)

First we establish the right side inequality by assuming the conditions given
by (A2)-(A3). For t < s,

(650 9 Q2 -5 32 A B2 2)
Gt,s) S —o(b—s)?— 2 4s)(b—s)— oo [ — —25— +
(5] 271( ) 72 < gt S) b=s) ( ’ ’

= G(s, )
and for s < t,

e e () (4 )
2n Y2 \ N

=G(s, s).

Hence,
G(t,s) < G(s,s).

By assuming the conditions given by (A2)-(A4), we establish the other in-

equality:.
For t < s, from Lemma 2.1 and Lemma 2.2, we have
G(t,s) > min G(t, s) -
G(s,s) — maxG(s,s)
and for s < t, we have
G(t,s) > min G(t, s) S
G(s,s) — maxG(s,s)
Therefore,
vG(s,s) < G(t,s), for all (t,s) € [a,b] X [a,b],
where 0 < 7 = min{my, my} < 1. O
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3 Existence of Positive Solutions

In this section, first we prove a lemma which is needed in our main result

and establish criteria for the existence of at least one positive solution of the
BVP (1)-(2).
Let y(t) be the solution of the BVP (1)-(2), and be given by

b
y(t) = / G(t,s)f(s,y(s))ds, forall t € [a,b]. (6)

Define
X={ylyeClab },
with norm

— 1.
|y |l tem[g}é\y()l

Then (X, | . ||) is a Banach space. Define a set x by

K= {u € X :u(t) >0 on [a,b] and Irfirg]u(t) > w H}, (7)
t€la,

then it is easy to see that k is a positive cone in X.
Define the operator T : Kk — X by

b
T = [ Gt f(s.p()ds, forall € fa.b] )
If y € k is a fixed point of T, then y satisfies (6) and hence y is a positive

solution of the BVP (1)-(2). We seek the fixed points of the operator 7" in the
cone K.

Lemma 3.1 The operator T' defined by (8) is a self map on k.

Proof: If y € k, then by (4)
b
Tt = [ Glt.s)s(su(s)ds

< [ G(s,8)f(s,y(s))ds,

then
17y l< [ Glooo) (s.uo)ds, 1€
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Moreover, if y € &,
(Ty)(t) = / G(t, 5) (s, y(s))ds

> / 2G(s, 5)f(s, y(s))ds

b
>~ | max G(t,s)f(s,y(s))ds

- o t€lab]

b
>y max/ G(t,s)f(s,y(s))ds

tela,b]
=71 Ty |-

Therefore,

min (Ty)()) > 7 | Ty |
tela,b]

Also, from the positivity of G(t,s), it clear that for y € &, that (Ty)(t) >
0, a <t<b, and so Ty € k; thus T': kK — k. Further arguments yields that
T' is completely continuous. O The

existence of at least one positive solution of (1)-(2) is based on an application
of the following fixed point theorem [16].

Theorem 3.2 (Krasnosel’skii) Let X be a Banach space, K C X be a
cone, and suppose that Qs are open subsets of X with 0 € Oy and Q; C Q.
Suppose further that T : K N (Q,\Qy) — K is completely continuous operator
such that either

(i) || Tu||<||u|], we KNOQY and ||Tul||>||w], ue KNI, or
(i) || Tu |Z]|ul|l, vwe KNoY and || Tu||<||u|, uve KNoQ,
holds. Then T has a fized point in K N (Q2\€2).

Theorem 3.3 Assume that conditions (A1) — (A4) are satisfied. If f© =0
and fs = 00, then the BVP (1)-(2) has at least one positive solution that lies
in K.

Proof: Let T be the cone preserving, completely continuous operator defined
as in (8). Since f° =0, we may choose H; > 0 so that

fty)

max <m, for 0<y<Hy,

t€la,b] Yy
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where 77 > 0 satisfies
b
771/ G(s,s)ds < 1.

Thus, if y € k and || y ||= Hy, then we have
b
T = [ Glt.)7(su(s)ds
ab
< [ Gls s u(s)ds
b
< [ Gl smy(s)ds

b
Sm/G@$MH%
<Nyl

Therefore,
Ty <yl

Now if we let
O ={ye X:[yl< H},

then
I Ty lI<[lyll, for ye€rnoQ. (9)
Further, since f,, = oo, there exists H, > 0 such that
t _
min f(t.y) > 19, for y> Ho,

t€la,b] Y

where 75 > 0 is chosen so that

b
7}272/ G(s,s)ds > 1.
Let )
H2 — Imax {2H17 —Hg} y
fy

and
Qy ={y € X [y |l< Ha},

then y € xk and || y ||= H» implies

min y(t) > v || y [|> Ha,
t€la,b]
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and so

awmz/amwwmm@
ab
z/vaww@wm@
27/ G(s, s)n2y(s)ds

b
zfm/G@ﬂHmws

2yl
Hence,
[ Ty IZ[[y [, for ye N, (10)
Therefore, by part (i) of the Theorem 3.2 applied to (9) and (10), 7" has a

fixed point y(t) € kN (Q2\Q) such that H; <| y ||< H,. This fixed point is
a positive solution of the BVP (1)-(2). O

Theorem 3.4 Assume that conditions (A1) — (A4) are satisfied. If fo = oo

and f* =0, then the BVP (1)-(2) has at least one positive solution that lies
m K.

Proof: Let T be the cone preserving, completely continuous operator defined
as in (8). Since fy = 0o, we choose J; > 0 such that

_ f(ty)
min
t€la,b)] Y

>, for 0<y< Jy,

where 77;7? fab G(s,s)ds > 1. Then for y € x and || y ||= J1, we have

b
awmz/awwwwm@
ab
z/vaww@wm@
> [ Gl smyts)ds

b
ZW%H/G@ﬁWyH%
>yl
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Thus, we may let
O ={yeX:lyl< A}

so that
| Ty =l y |l, for ye€rno. (11)

Now, since f> = 0, there exists J, > 0 so that

max <mn,, for y> Js,

where 77, > 0 satisfies

It follows that
f(t,y) <My, fory > Jo.

We consider two cases:
Case(i) f is bounded. Suppose L > 0 is such that f(¢,y) < L, for all
0 < y < o0. In this case, we may choose

b
JQ:maX{ZJl,L/ G(s,s)ds},

so that y € k with || y ||= Js, we have

(Ty) (1) = / G(t, 5)f (5, y(s))ds
ab
< / G(5.5)f (5, y(s))ds
< L/bG(s, s)ds

<J=[yl

and therefore
I Ty ISyl -

Case(ii) f is unbounded. Choose J; > max{2.J;, J>} be such that f(¢,y) <
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f(t, Jy), for 0 <y < Jy. Then for y € k and || y ||= Jo, we have
b
T = [ Glt.9)7 (s u(s)ds

b

< [ G591 u(s))ds
b

< / G(s,8)f(s, Jo)ds
b

< / G(s, 8)TyJods

b
< ﬁQ/ G(s,s)Jads
<h=lyl.
Therefore, in either case we put
O ={ye X:lyl< L},

we have
| Ty <l yll, for y € rMIy. (12)

Therefore, by the part (i) of Theorem 3.2 applied to (11) and (12), T" has a
fixed point y(t) € kN (22\) such that J; <|| y ||< J;. This fixed point is a
positive solution of the BVP (1)-(2). O

4 Existence of Multiple Positive Solutions

In this section, we establish the existence of at least three positive solutions
to the BVP (1)-(2). And then, for an arbitrary positive integer m, existence
of at least 2m — 1 positive solutions are obtained.

Let E be a real Banach space with cone P. A map S : P — [0, 00) is said
to be a nonnegative continuous concave functional on P, if S is continuous
and

Sz + (1= A)y) = AS(z) + (1 = A)S(y),

for all z,y € P and A € [0,1]. Let o and (3 be two real numbers such that
0 < a < @ and S be a nonnegative continuous concave functional on P. We
define the following convex sets

Po={yecP:|yl<a},
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and
P(S,a,f)={yeP:a<5S@y)lyl<ps}
We now state the famous Leggett-Williams fixed point theorem [18].

Theorem 4.1 Let T : P,, — P,, be completely continuous and S be a non-
negative continuous concave functional on P such that S(y) <|| y || for all
y € P,,. Suppose that there exist 0 < d < a; < ay < as such that the following
conditions hold.

(i) {y € P(S,ai,as): S(y) > a1} #0 and S(Ty) > ay for all
Y c P(S, al,aQ);

(ii) || Ty ||< d for all y € Py;
(iii) S(Ty) > ay fory € P(S,a1,as) with | Ty ||> as.
Then, T has at least three fived points yi,ys, ys in P, satisfying
[y < dyar < S(y2), || ys [[> d, S(ys) < ai.

For convenience, we let
tela,b] t€(a,b]

b b
D = max/ G(t,s)ds; C= min/ G(t, s)ds.

Theorem 4.2 Assume that the conditions (A1) — (A4) are satisfied and also
there exist real numbers dy, di and ¢ with 0 < dy < di < % < ¢ such that

Flt(e) < . for y € [0,do], (13)
Fw(0) > G for y € fdn, ), (19)
F(t.y(0) < 5. fory € 0.l (15)

Then the BVP (1)-(2) has at least three positive solutions.

Proof: Let the Banach space E = Cla, b] be equipped with the norm

= t)|.
|y |l tern[aa}éw()l

We denote
P={yeFE:y(t)>0,teclab}.
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Then, it is obvious that P is a cone in E. For y € P, we define

S(y) = min | y(t
(v) = min [y(®) |,

and ,
awmzfamwwmmwtemw

It is easy to check that S is a nonnegative continuous concave functional on
P with S(y) <| y || forall y € P. Further the operator T': P — P is a
completely continuous by an application of the Ascoli-Arzela theorem [12] and
the fixed points of 7" are the solutions of the BVP (1)-(2).

First, we prove that if there exists a positive number r such that
f(t,y) < 5 fory € [0,7], then T : P, — P,. Indeed, if y € P,, then for
t € [a,bl,

awwz/G@w«m»w

< — max G(t, s)ds =r.

Thus, || Ty ||< r, that is, Ty € P,. Hence, we have shown that if (13) and
(15) hold, then T maps Py, into Py, and P, into P,.

Next, we show that {y € P(S5,d;, %) :S(y) > di} # 0 and S(Ty) > d; for
all y € P(S,dy, %) In fact, the constant function

dy+ % d
S e{versatysw > a).

hence it is nonempty. Moreover, for y € P(S,d;, %), we have

d
71 >y > y(t) > ang]y(t) S(y) > d,

for all ¢ € [a,b]. Thus, in view of (14) we see that

Ty—mm/Gts (s,y(s))ds

te(a,b]

— t,
>C£f£/ Gt 5)d
_d17
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as required.

Finally, we show that if y € P(S,d,c) with || Ty ||> %, then S(Ty) > d;.
To see this, we suppose that y € P(S,d;,c) and || Ty ||> %, then, by Theorem
2.3, we have

tela,b]

S(Ty) = min/ G(t,s)f(s,y(s))ds
> [ 6o s, (s))ds

b
> 4 / G(t, 5)f (s, y(s))ds,

for all ¢ € [a,b]. Thus

S(Ty) > v max / Gt 5)f (5. y(s))ds

t€la,b)]

=71 Ty |l

Hence the hypotheses of the Leggett Williams theorem 4.1 are satisfied, and
therefore T has at least three fixed points, that is, the BVP (1)-(2) has at least
three positive solutions u, v and w such that

|ul<dy, dy< mino(t), |[w]|>dy, minw(t)<d.
t€(a,b] t€la,b]

Theorem 4.3 Let m be an arbitrary positive integer. Assume that there exist
numbers d;(1 <i<m) and a;(1 <j<m—1) with0 < dy < a; < % <d, <
ay < %2 <<l < A1 < % < d,, such that

flty®) < 5 yedli<i<m (16)
fy@) >yl 1< j<m1 (17)

Then, the BVP (1)-(2) has at least 2m — 1 positive solutions in Py, .
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Proof: We use induction on m. First, for m = 1, we know from (16) that
T : Py, — Py, then, it follows from Schauder fixed point theorem that the
BVP (1)-(2) has at least one positive solution in P, .

Next, we assume that this conclusion holds for m = k. In order to prove
that this conclusion holds for m = k + 1, we suppose that there exist numbers
dl-(lgigk—i—l)andaj(lgjgk)with0<d1<a1<%<d2<a2<%<

L<dy < a < “7’“ < dp41 such that

f(t,y(t))<%, ye0,d],1<i<k+1, (18)
Fty(0) > G e ly, Zh1<i<h (19)

By assumption, the BVP (1)-(2) has at least 2k — 1 positive solutions y;(i =
1,2,...,2k — 1) in P,_. At the same time, it follows from Theorem 4.2, (18)
and (19) that the BVP (1)-(2) has at least three positive solutions u, v and w
in Py, , such that

| wl||< dg, ax < min v(t), || w ||>dk, min w(t) < a.
t€(a,b] t€la,b)]
Obviously, v and w are different from y;(i = 1,2,...,2k — 1). Therefore, the
BVP(1)-(2) has at least 2k + 1 positive solutions in P, , which shows that
this conclusion also holds for m = k + 1. O

5 Examples

Now, we give some examples to illustrate the main results.

Example 1

Consider the following boundary value problem
L 9e)

6y(0) — —y(l)

)

3y'(0) —2y'(1
—y"(0) +3y"(1) =

It is easy to see that all the conditions of Theorem 3.3 hold. It follows from
Theorem 3.3, the BVP (20) has at least one positive solution.

(20)

0
0
0
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Example 2

Consider the following boundary value problem

" 100<y + 1) o
16(y%2+1)
5y(0) = 5y(1) =0
3y'(0) = 2y/(1) =0
—y"(0) +2y"(1) =

9
2

A simple calculation shows that v = 0.1757. If we choose dy = %, d; = 19,
then the conditions (13)-(15) are satisfied. Therefore, it follows from Theorem
4.2 that the BVP (21) has at least three positive solutions.
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