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1 Introduction
We say that an increasing function : N — (0, +-00) is a growth rate if

lim h(m) = +oo.
m—r+-00
For example, e, m* 4, met™  m? log(b+ m) with a,b > 0 are growth rates. Given a growth
rate h, we can define h-Lyapunov exponent A: C" — R U {—oo} associated with the linear
difference equation
Xma1 = AmXm, m e N (1.1)

by
A(x) = limsup log|A(m, 1)x]
m—s+o00 log (m)
where x € C", (Ay)men is a sequence of n x n invertible matrices with complex entries such
that

(1.2)

sup || An| < +oo,
meN
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and A is the cocycle produced by (A, )nen, that is

Ay_q-- A, if m>|,
A(m, 1) =< 1d, ifm=1,
At AN, ifm <

In this paper, we show that if all #-Lyapunov exponents of (1.1) are limits, the asymptotic
behavior of (1.1) persists under sufficiently small perturbations for the nonlinear equation

Xm+1 = AmXm +fm(xm)/ (13)

where the perturbation f,,: C" — C™ is continuous and small enough. More precisely, if the
sequence (1.3) is not eventually zero, the limit

A= lim Lol
m—+o0 log h(m)

exists and coincides with an h-Lyapunov exponent of (1.1). The required smallness of the
perturbation is that

Z m+ 1) (m +1)% sup Lfm ()] < 400, (1.4)
1 w0 |lxll

or simply

i p(m+ 1) (m + 1)52Hf;’7’1(x71|) H < 400
m=1 Xm

for some 41,0, > 0, where p, v are two given growth rates. When u(m) = v(m) = ™, we
recover the result in [9] and (1.4) becomes

5 o qup (2]

< +oo/
m=1 x#0 HXH

for some 6 > 0.

In the literature, the results related to the above problems are called “Perron-type theo-
rems”. For the case A,, = A being constant, the results were proved by Coffman [13]. A
related result for perturbations of a differential equation x’ = Ax with constant coefficient
can be found in the book [14]. More results can be found in [15-19,22,23]. Recently, Barreira
and Valls established the Perron-type theorems for nonautonomous differential equations [8]
and nonautonomous difference equations [7,9,10], based on Lyapunov’s theory of regularity.
Especially, they considered the cases with nonuniform exponential behavior. In this paper, we
will follow the ideas of Barreira and Valls.

Such problems are also very close to the theory of nonuniform exponential dichotomies,
which was inspired both by the classical notion of exponential dichotomy and by the notion of
nonuniformly hyperbolic trajectory introduced by Barreira and Pesin (see [3]), and have been
developed in a systematic way by Barreira and Valls (see [4-6] and the references therein)
during the last several years. As explained by Barreira and Valls, in comparison to the notion
of exponential dichotomies introduced by Perron in [21], nonuniform exponential dichotomy
is a useful and weaker notion. A very general type of nonuniform exponential dichotomy, the
so-called (u,v) exponential dichotomy, has been considered in [1,2,11,12].

Compared with those results in the literature, the novelty of this work is that we estab-
lish the Perron-type theorem for nonautonomous difference equations with different growth
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rates in the uniform parts and nonuniform parts. More precisely, we consider the (h,k, j,v)
nonuniform behavior and this creates additional complications in the analysis. We refer the
reader to [20] for some results on the so-called (4, k)-dichotomies, which were introduced by
Pinto.

2 Preliminaries

Given a growth rate & and consider a sequence (A )men of invertible n x n matrices with
complex entries such that
1 1
i sup 814G 1)
mos+eo  logh(m)

The h-Lyapunov exponent A: C" — R U {—oo} of equation (1.1) is defined by the formula
(1.2), with the convention that log0 = —oo to illustrate the value A(0) = —co. It follows from
(2.1) that A never takes the value +co. By the general theory of Lyapunov exponents (see [3]
for details), we know that the Lyapunov exponent A can take on only finitely many distinct
values —co < Ay < -+ < Ay, where p < n. Furthermore, for each 1 <i < p, we define

< Hc0. (2.1)

E;i = {x eC": A(x) < )\1}
as a linear subspace over C" (with the convention that Ey = {0}). Obviously,
{0} =E0CE G CEp.

We set k; = dim E; — dim E;_;.
Now we describe the assumptions in the paper.

(H1) There exist decompositions
C"=F,0FA®---@F, meN

into subspaces of dimension dim Fi, = k; such that for each m,] € N and i =
1,...,p,
A(m,1)F = F.,.

Thus for a given number b € R which is not a h-Lyapunov exponent, there exist a
decomposition
C'"=E®F, (2.2)

and E; = E; when A; < b < Aj;q, where

E=@F and F=EF

Ai<b Ai>b
for each [ € IN.

ake a2 < b < c such that the interval [g,c| contains no Lyapunov exponent and a
H2) Tak b h that the interval tai Lyap P t and
given constant ¢ > 0, there exists a constant K = K(¢) > 0 such that

| A(m, )Py < 1<(%>> Wy,  m>1, 2.3)
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and
A, Q| < K(’;((’}?) iy,  m<l, 2.4

in which P; and Qy are the projections associated with the decomposition (2.2) and
h, k, u, v are growth rates.

(H3) The growth rates h, k, p, v satisfy
u(m) < h(m), — p(m) <k(m),  v(m) <h(m),  v(m)<k(m), meN,

and h, k satisfy the compensation condition: there exists a constant 0 < # < 1 such

that \ ] e
Take m = I in (2.3)-(2.4), we can obtain
[Pul| < Kp(m)® and  [|Qu|| < Kv(m)*. (2.5)
Moreover, for every m,1 € N, we have
Py A(m, 1) = A(m, )P, QumA(m,1) = A(m,1)Q;. (2.6)

The compensation condition in H3 is very important in our analysis. For the uniform (, k)
behavior, [20, Section VI] illustrate importance of “h and k are compensated”.

In Section 4, we will give two explicit examples of sequences (A )nmen Which satisfy as-
sumptions (H1)-(H3).

3 Main results

The following is our main result. It claims that under sufficiently small perturbations, the
Lyapunov exponent of (1.3) coincides with some Lyapunov exponent of the unperturbed dif-
ference equation (1.1).

Theorem 3.1. Let (X, )men be a sequence satisfying (1.3) and

[ fon () | < vl 2], m € N, 3.1)
where the sequence vy, satisfies
Z m+ 1) v(m +1)%2y,, < +co (3.2)

for some 61,6, > € > 0 and two growth rates y,v are given in (H2). Assume that conditions
(H1)-(H3) are satisfied. Then one of the following alternatives hold:

(1) x4 = 0 for all sufficiently large m;

(2) the limit
- log x|
m—sco logh( )

exists and coincides with a Lyapunov exponent of (1.1).
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Before presenting the proof of Theorem 3.1, we prove several lemmas.
Lemma 3.2. There exists a constant K' > 0 such that

d
e K(’;((’}?) w01 (33)

for every m,1 € N with m > 1 and d > Ay. In particular, given r € IN there exists C = C(r) > 0
such that

C (s +1)r) " lxsqnyll < llxmll < Cpulsr)®|xsrl (3.4)
foralll <sr <m < (s+1)r.

Proof. For each m > I, (1.3) has a solution x,, which can be written as

Xm = A(m,1)x; + nil A(m, j+1)fi(x;). (3.5)
i=
Note that d > A, it follows from (2.3) that
| A(m, )| < K(};(T))>dy(l)e, m > 1. (3.6)
Then by (3.1) and (3.5), we obtain

d d
el < K () ) |rxl||+f<z( 5 ) w1l

and hence,

(m)\ ™ nlsopa) \Y
— = < € En sl
(5E) el < et +x S (25 ) i+ vl
]_
One can use induction to show that

- m—1
<I;l((’?))> 2| < Kp(1)% | g(l + Ku(j + 1))

for m > 1. Hence

m d m—1
ol < K(};f(l))) u(1)7] ]| exp ( L Kl + 1)8%-)
]:
h(m)

§K<h(l)>d 0 flalexp iym %)

Therefore, by using (3.2), we know that property (3.3) holds with
K' = Kexp (K Y G+ 1)87]).
j=1

In particular, (3.3) implies that property (3.4) holds with C = K’(4)%, where

A= max h(t), B= min h(t).
sr<t<(s+1)r sr<t<(s+1)r

This completes the proof of the lemma. O
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Let b € R be a number that is not an h-Lyapunov exponent. Let also a < b < c be as in
Section 2. We consider the norm

¥l = sup ((G) = A, m)Pux]| ) + sup ()|l AGH, m) Qx|

m'>m m'<m

for each m € IN and x € C". We have

[x /b = ([Pl + | Qumx||m (3.7)
and one can easily verify that
[l < flxflm < K(p(m)" +v(m)*) |- (3.8)
Lemma 3.3. We have
h(m)\"*
| A(m, 1) Pix||m < (h((l))> |Px||; form >1, (3.9)
and L i
m
|G, D) Qu o > (&l))) |Qully form > 1 (310)

Proof. For m > | we have

|| A(m, 1) Pix||m = sup

)_” HA(m’,l)szH)

(
() 2
< (563 ) 2 ((57) "t
(i)

Similarly, for m > [ we have

[ ACm, DQix[|m = sup

) ||A<m’,m>A<m,z>sz||>

sup ((",EZ’P) HA(mCl)szH>

(
(%)

> <k((n;))>upl ((kk% ) IIA(m’,l)szH>
)

This completes the proof of the lemma. O

Now let (x,;)men be a sequence satisfying (1.3). Using the decomposition in (2.2), we can
write X, = Ym + zy, where
Ym = Puxm, Zm = QmXm.
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Applying P, and Q,, to both sides of (3.5) and using (2.6), we obtain,

m—1

Ym = A(m, Dy, + Y A(m, j+1)Piafi(x)),
=1

and

m—1
2w = A(m, Dz + Y Alm,j+1)Qafi(x).
j=I

Lemma 3.4. Let b € R be a number that is not an h-Lyapunov exponent, then one of the following

alternatives holds:

1.
: log |||
limsup —=2—-—< < b
mores. log hi(m)
and
im Wzl g,
s=rtoo [|Ysr ||sr
2. .
liminfM >b
m—+oo log k(m)
and

lim ysr llsr -0

s—+o0 ||Zersr

Proof. For m > sr we have

m—1

Ym = A(m,sr)Pepxsr + Y A(m, j+1)Piia fi(x))

j=sr

and )
zZm = A(m, st)QsrXsr + E A(m,j+ 1)Q]-+1fj(x]-).

j=sr

By (3.8) and (3.10), it follows from (3.16) that for m > sr
m—1 ‘
Y A(m, j+1)Qju fi(x))

j=sr

m ‘ S
> (’;H) Izl = KGeCmy* v (m)) 1, A+ 1) Q)1

HZmHm > H.A(m, Sr)rixerm -

m

Using (2.5), (3.4), (3.6), (3.7) and (3.8), it follows from (H3) that for m < (s +1)r,

m—1

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

c d
Vol > ("“”)) o lor — K3 () + v(m)) 2( im) )u<j+1>€v<j+1>wj||x]-||

k(sr) h(j+1)

> (5 Nzl = Drrtl
k()

c
> (k(sr)) zsr|lsr — D1l (|[Ysellsr + l|Zsrllsr)

j=sr

(3.17)
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with
Dy = K3Cu(sr)®  max (u(m)¢+v(m)f) max <h(m) >d
sr<m<(s+1)r sr<j<m—1 h(j—‘r-l)
and
(s+1)r—1
=Y, p(+Dv(+1)5;
j=sr
By (3.2),

L =0, s— oo (3.18)

Using (2.3), (3.4), (3.7), (3.8), (3.9) and (3.15), it follows from similar estimates that for
sr<m<(s+1)r,

h(m) ! 2 3 € ! h(m) ! ; €
< Ay
Il < (G ) Tl + K2+ w(on)) L (agn) v el
h(m)\* 2
<
< (e ) Mol + Dz
h(m)\" 2
< () Mol DUl + ), (3.19)
with (m) \*
h(m
_ 12 € € €
D2 =K C,H(ST’) srgr{zr;?;grl)r(y(m) —|—1/(Tl’l) )srgl’?;;(—l <”l(]+ 1))
and
(s+1)r—1
=) ni+D
j=sr
By (3.2),

=0, s oo (3.20)

Inequalities (3.17) and (3.19) yield that

zm|lm > al|zse||sr — DTsl(H]/ersr + || zsr[[sr) (3.21)
and
Ymllm < Bllysellsr + DTsz(Hyersr + [1zsr llsr) (3.22)
with (m) . (m) .
k(m h(m
— <k(sr)> , B= <h(sr)> and D = Dy + D».
Now we claim that either
|lzsellsr < ||ysrllsr  for all large s, (3.23)
or
lYsrllsr < ||zsr|lsr  for all large s. (3.24)

We shall show that if (3.23) fails, then (3.24) holds. Let us assume that (3.23) does not hold.
Then
lysellsr < ||zsr|ls+  for infinitely many s. (3.25)
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By (3.18) and (3.20), given T > 0, there exists s’ such that 7}, 72 < T for s > s’. By (3.21)
and (3.22), we find that for infinitely many integers s > s/,

HZ(erl)rH(erl)r > (as — DT)||zsr[lsr — DTl[ysr s (3.26)
and
||y(s+1)r||(s+1)r < (Bs + D) lysellsr + DTl|zsr[[ 5 (3.27)
. K((s+ 1)\ H((s+ 1))
s+ 1)r s+ 1)r
ucs—< K(sr) > , ﬁs—< n(sr) > and D = D+ D».

By (3.25), there exists s” > s’ such that

[Yysrellsrr < llzsrellsr-
We show by induction on s that
||ysr||sr < ||zsr|lsr foralls > s". (3.28)

Let us assume that ||ys||ss < ||zsr||sr for some s > s”. By (3.26) and (3.27), we have

||Z(s+1)r||(s+1)r > (a5 —2D7)|zsr[[sr

and
H]/(s+1)r“(s+1)r < (Bs +2D7)||zsr |sr

provided that 7 is sufficiently small.
Under the assumption (H3), it is easy to see that

+ 2Dt
sl < Bl < Besenrllssy

This shows that (3.28) holds. Thus, we show that if (3.23) fails, then (3.24) holds. As a
consequence, we have the following two cases.

Case 1. Let us assume that (3.23) holds. We show that (3.11) and (3.12) hold.
Given T > 0, there exists s such that 7}, 72 < T and ||zs/||s» < ||ysr||sr for s > so. By (3.27),
we find that for s > s,

||y(s+1)r||(s+l)r < (:BS + ZDT) HySVHSf/
which implies that

s—1
1Ysellsr < Nysorllsor T T(Bj +2D7).

J=50
Together with (3.4),(3.7) and (3.8), this yields that for for s > sp and sr < m < (s+1)r,

[26m]| < Cp(sr)®|[xsr|| < Cp(sr)®||xse [|sr
= Cu(sr)*(llysrllsr + l|zsrllsr)

< 2Cu(sr)*|lysellsr
s—1
< 2C||ysorllsorpt(s7)° T [ (Bj +2D1).

J=%0
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Under the assumptions (H3), thus we have
—2——_ < limsu

m——+oo logh(m) - S—>+oop

Since T is arbitrary and provided that ¢ is sufficiently small, we obtain

logIT_} B
< log h(sr) “)

log ;;30([7’]- +2D17) e
log h(sr) '

, log [[xm| _ .
1 2 - <lim
e logh(m) = 52

=a-+e<bh.

This establishes (3.11). Now we prove (3.12). We know that ||ys||s» > 0 for all large s, since
otherwise (3.7) and (3.23) yield

2w |l < Cp(sr)®||xsr|lsr < 2Cu(sr)*||ysellsr = 0

for all large m, contradicting the hypothesis that x,, > 0 exists for some large m.
Define

S = limsup strHsr‘
S— 400 HyerST

By (3.23) we have 0 < § < 1. It follows from (3.22) and (3.23) that for all large s
H]/(s+1)r”(s+1)r <(Bs+ ZDTs2>H]/ersr-
Together with (3.21), this yields that for all large s,

||Z(s+1)r||(s+l)r 0(5 - DT51 ||Zsr||sy _ DTSl
||y(s+1)r||(s+l)r ~ Bs +2D72 |lyssllsr  Bs +2D72

Taking the limit superior on both sides and using (3.18) and (3.20), we obtain S > (as/Bs)S.
Under the assumption (H3) we have

this implies S = 0, and (3.12) holds.

Case 2. Now we assume that (3.24) holds. We show that (3.13) and (3.14) hold.
Given T > 0, there exists sg such that 7}, 72 < T and ||ys||sr < ||zsr||sr for s > so. By (3.26),
we find that for s > s,

||Z(s+1)rH(s+1)r > (as —2D7)||zsr |5,
which implies that

S

||Z(s+1)r||(s+l)r > ||ZSUT||501‘ H(Oﬁj - ZDT).

J=s0

Together with (3.4), (3.7) and (3.8), this yields that for for s > sp and sr < m < (s+1)r,

Il > (s +1)7) ~*[lx (s, |
> CTIKT (s + D)+ v((s + D)) " (s + 1)r) ~llx syl s
> CTIK T (p((s + 1))+ v((s + D)) (s + 1)1) "zl sy

S

l|Zsor || sor
= CR(p((s+ Dnf +v((s + D) p((s + Dr)e ]l—slo(“j —2D1).
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Under the assumptions (H2), thus we have
log H]ff;slo (aj —2D7) s
logk((s + 1)r) )

Since T is arbitrary and provided that ¢ is sufficiently small, we obtain

liminf w > lim inf
m—+oo log k(m) 5—-+00

s—1

. dog el log [T, &
1 f—=——>1 fl ————— —
s too logk(m) — o logk((s+1)r) 3¢

=c—3e>0b.
This establishes (3.13). Now we prove (3.14). We define

T = limsup [Ysr v

s—r—+00 HZersr

By (3.24) we have 0 < T < 1. It follows from (3.21) and (3.24) that for all large s
Hz(s+1)r||(s+l)r > (as — 2DT51)||ZST||SV-
Together with (3.22), this yields that for all large s,

Hy(s—l-l)rH(s—H)r < ,Bs‘f’DTsz ||yersr DTSZ ‘
1zl ey = as = 2DT [zer|lsr s —2D7T!

Taking the limit superior on both sides and using (3.18) and (3.20), we obtain T < (Bs/as)T.
Under the assumption (H3) we have

lim&§n<1,

S—00 (g

this implies T = 0, and (3.14) holds. O

Proof of Theorem 3.1. Let (xu)men be a sequence satisfying the hypotheses of Theorem 3.1. If
xp = 0 for some K/, then it follows from (3.3) that x; = 0 for all k > k’, and hence, the first
alternative in the theorem holds. Now we assume that x; # 0 forallk > k’. Let A; < --- < A,
be the Lyapunov exponents of the sequence (A)meN-

On both sides of A;, take real numbers b; such that

)\]‘_1 < b]'_l < )\]
and
/\] < b] < )\]'+1.
Take by < A1 when A # —co and b, > A,.
Applying Lemma 3.4 to each number b = b;, we conclude that there exists j € {1,...,p}
such that

< b;

lim sup 71055 e j

m—s-+eo l0gh(1m)

and |
liminfw
m—+oo log k(m)

Considering h(m) = k(m) and letting b; "\, A; and b; 1 /* A;, we find that

> bj—l-

. logllxwm| _
s Tog hi(m) "

Now the proof is finished. O
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4 Examples

In this section, we present the following examples which will show the (I, k, u, v)-dichotomies.
To show the difference with different values of h, k, y and v, we follow the ideas of Naulin
and Pinto in [20]. In order to make precise statements, we first introduce some notations and
concepts for difference equations.

Now, we introduce the sequence spaces

I := {x: N — C" | sup | txm| < oo},
meN

o= {X el ‘ n%ﬂ%ohf;le = 0},

which equipped with the norm
Il = sup [h, x|
meN

It is easy to see that the spaces (I, || - ||) and (I0, | - ||) are Banach spaces. Let V}, be the
subspace of C" defining by the following property: if ¢ € Vj,, then the solution of the linear
difference system (1.1) with initial condition xy = ¢ belongs to I;,. Analogously we introduce
the subspace Vo of the initial conditions by the following property: if { € Vo, then the
solution of the linear difference system (1.1) with initial condition xo = ¢ belongs to I, .

Following the ideas of [20] (see also Chapter 2 in [15]), we consider the nonuniform be-
havior, and then we have the following property:

If (1.1) has the (h, k, p, v)-dichotomy

| AGm, P < K’;((f))m "ol @)

and L
A DGl < K, m<t @2)
and (H1) is fulfilled, then

Vh,O C Vk,() C P[Cm] cCWVCVg,

where P: C" — C™ is a projection such that PP = P.
Now two linear difference systems, which admit (4, k, p, v)-dichotomies but does not admit
(h, k)-dichotomies, will be given to illustrate the relation of Vo, Vi, P[C™], V}, and Vj.

Example 4.1. Now we consider the system

e~ 1Him(=)" =3 (m-1)(-1)"" 0
Xl = 0 1 0 Xm (4.3)
0 i

0

and define the projection matrices
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4

mle

Since
(m=1=1)+§ (m=1-1) (=)™ + ()" D+ 1(-1)" o ¢
0 10
0 00
and
( (m=1-1)+}(m—-1-1)(-1)" 4+ (-1 V+1i(-1) 5 ¢

then (4.1) holds with

and (4.2) holds with
K =ei, k(m) < ei", and v(m) > e,

Besides, it is easy to verify that the nonuniform part can not be removed, see [24] for details.
Thus we can list the following (A, k, p, v)-dichotomies:

D1’. With projection P = P; the system (4.3) has an (I, k, 4, v)-dichotomy with h(m) =
k(m)=1, u(m) =v(m) = e2™ and the property Vj, o = Vio # P[C"] =V}, = V¢

D2’. With projection P = P, the system (4.3) has an (h, k, u, v)-dichotomy with h(m) =
k(m) =1, u(m) = v(m) = e2™ and the property V,o = Vio = P[C"] # V, = Vi

D3’. With projection P = P; the system (4.3) has an (4, k, y, v)-dichotomy with h(m) =1,
k(m) = eim, u(m) =v(m) = e2™ and the property Vj, o # Vo = P[C"] = V), # Vi

D4’. With projection P = P; the system (4.3) has an (I, k, u, v)-dichotomy with h(m) =
k(m) = eim, u(m) =v(m) = e2™ and the property Vj, o = Vo = P[C"] # V), = Vj

Example 4.2. Now we consider the system

mT—&-leflJr%m(fl)’”f%(mfl)(fl)"”l 0 0
X1 = 0 1 0 X (4.4)
0 0 "%rlelf%m(*l)"’%(m*l)(*1)'”’1

with projections P;, P> defined in the Example 4.1.

Since
%ef(mfzfl)ﬁ(me)(71)*"*1+§1(71)<m4>+51(71)1 0 0
A(m, )P, = 0 1 0
0 00
and

%ef(mflfl)Jri(mflfl)(71)’”’1+%l(71)(’”’1)+£l(71)’ 0 0

.A(m,l)Pz = 0
0 0 0

(@)
(@)
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then (4.1) holds with

and (4.2) holds with
K =ei, k(m) < mei™,  and v(m) > e,
Thus we can list the following (h, k, i, v)-dichotomies:
D1”. With projection P = P; the system (4.4) has an (h,k, y, v)-dichotomy with h(m) =
k(m) =m, u(m) =v(m) = e2™ and the property Vo = Vi = P[C"] =V}, = V,.
D2”. With projection P = P; the system (4.4) has an (h, k, pt, v)-dichotomy with h(m) =
k(m) = mei™, u(m) =v(m) = e2™ and the property Vj, o = Vo = P[C"] # V), = Vi

Remark 4.3. From the analysis above, it is easy to verify that hypotheses (H1)-(H3) can
be satisfied in D4” of Example 4.1 and D2” of Example 4.2 respectively, and, consequently,
Theorem 3.1 are applicable to these examples.
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