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Abstract. We prove the existence of a nodal solution with two nodal domains for the
Dirichlet problem with indefinite nonlinearity

—Apu = AMulP~2u+ f(x)|u|"2u

in a bounded domain () C R”, provided A € (—oo,A]), where A} is a critical spectral
value. The obtained solution has the least energy among all nodal solutions on the
interval (—oco,min{A}, A5}), where A; is the second Dirichlet eigenvalue of —A; in Q).
Moreover, the obtained solution forms a branch with continuous energy on (—oo, /\1‘)
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1 Introduction and main results

Let QO C RN be a bounded domain with the smooth boundary 002, N > 1. We consider the
Dirichlet boundary value problem

—Apu = MulP2u+ f(x)|u|"u, x€Q,
(D)
Ulan =0,
where Apu := div(|Vu|P~2Vu) is the p-Laplacian, A, p, ¥ € R and
PN g
- p <N,
1<p<vy<p*, wherep*=¢ NP 1.1
p<v<p p { too if p>N. (1.1)

The function f € L®(Q)) is assumed to be sign-changing and therefore the nonlinearity of (D)
is called indefinite. Hereinafter we denote

O :={xeQ: f(x) >0}
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2 V. Bobkov

The questions of existence, nonexistence and multiplicity of positive solutions to the prob-
lems of type (D) have been comprehensively studied under various assumptions on differen-
tial operator, spatial domain, coefficients and structure of nonlinearity, see, e.g., [5, 11, 14, 15].
In particular, in [14] the explicit critical value A* was introduced, such that (D) admits at least
one positive solution for any A < A* and no positive solutions for A > A*. In spite of plenty
of references, the multiplicity of solutions on a local interval (A1, A1 + €) was proved in [11]
using the fibering method, and this result was extended in [15] to the interval (/\1,AT) (see
Figure 1.1), where

Vul|Pd
fim g (IO s o (1.2
wew)? || Jo [ulPdx "o

Note that Aj < o0 if v(Q¥") > 0, where v is the n-th Lebesgue measure, and under the
assumption [ f(x)|@1|7dx < 0 one can guarantee that A} > A;, whereas A} = A; in the
opposite case. Here by (Aq, 1) we denote the first eigenpair of the operator —A, on ) with
zero Dirichlet boundary conditions [3].

At the same time, in the last few decades the questions of existence, multiplicity and
qualitative properties of nodal (sign-changing) solutions to the wide class of elliptic equations
have attracted a lot of attention, cf. [1, 4, 6, 8, 9, 17] and survey [19] for historical overview
and references. Nevertheless, to our best knowledge, there are only few articles concerning
the existence of nodal solutions for the problems of type (D). We can mention [1, 9, 17], where
some of existence and multiplicity results have been proved using different topological and
variational arguments. Note that these works deal mainly with the Laplace operator (p = 2).
Moreover, to the best of our knowledge, the questions of the qualitative properties of nodal
solutions to (D) such as the precise number of nodal domains, property of the least energy
among all nodal solutions, formation of branches, etc., have not been concerned.

HO(fa]
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Figure 1.1: Branches of solutions w.r.t the energy E,; v(Q1) > 0, A, < Aj.

In the present article we apply the constructive minimization technique of the Nehari
manifolds with the fibering approach (see, e.g., [4, 8]) for the problem (D), which allows us to
prove the existence of a nodal solution with two nodal domains for any A € (—oo, A}) and the
least energy among all nodal solutions on (—oo, min{A},A,}) (see Figure 1.1). Here by A, we
denote the second eigenvalue of zero Dirichlet —A, in ) (see (1.4)).

A similar approach has been used in [6] to obtain the sign-changing solutions with positive
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energy for the elliptic equations with convex-concave nonlinearity

—Au = Mul"?u+ u]"?u, x€Q,
(1.3)

u=0, x € 9Q),

where 1 < g < 2 < 7 < 2*. The method of proof carries over to the corresponding problem
with the p-Laplacian.

Finally, we note that the disadvantage of the Nehari manifolds method consists in the fact
that it cannot be used in proving the existence of nodal solutions with negative energy for (D)
and (1.3), however the existence of such solutions is known [17].

Before introducing our main results let us recall some common notations.

By a weak solution of (D) we mean a critical point u € Wé'p(Q) of the energy functional

Ey (1) = ;HA(u) - ,1yF(u),

where

Hy (1) ::/Q|Vu|de—A/Q|u]”dx, F(u) ::/Qf(x)|u|7dx.

As usual, by W&’p 1= W& 7(Q)) we denote the standard Sobolev space equipped with the norm

1/p
ul| = (/ \wymx> .
Q

By a weak nodal solution of (D) we mean a critical point u & Wg’p of E, such that u™ # 0
a.e. in (), where ut and u~ are the positive and negative parts of u, respectively. Note that
ut e Wé’p(ﬂ) (see, e.g., [16, Corollary A.5, p. 54]). Moreover, using the classical bootstrap
arguments (see, e.g., [10, Lemma 3.2, p. 114]) it is not hard to show that under assumptions
(1.1) and f € L®(Q) each weak solution of (D) belongs to L*(Q)), and therefore to C1#(Q),
by [18]. By a nodal domain of a function u € C(Q)) we denote any maximal connected open
subset of {x € O : u(x) # 0}.

From the definition of a weak solution it follows that any weak solution u & W&’p of (D)
satisfies

Qa(u) :== (DE)(u),u) = Hy(u) — F(u) =0,

and therefore any nontrivial solution belongs to the so-called Nehari manifold
Ni = {u e W,”\ {0} : Q(u) = 0}.
Clearly, each nodal solution of (D) belongs to the nodal Nehari set
M, :={ue W&’p cut e Ny b

The Nehari manifolds method [4, 8] enables one to find a nodal solution of (D) as a min-
imum point of the energy functional E;, on M,. However, due to the fact that E) possesses
critical points both with positive and nonpositive energy (see Lemma 2.2 below), a minimiza-
tion sequence for E, over M, will converge, in general, to a positive solution. To overcome
this difficulty, we distinguish critical points with the different signs of energy and seek for a
nodal solution of (D) as a minimum point of E, on the following subset of M :

NLi={u e Wy? :u* € Ny, Ex(u™) > 0}.

Our main result is the following.
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Theorem 1.1. Assume that (1.1) is satisfied and A < Aj.

1. Ifv(QY") > 0, then there exists a weak nodal solution u, € N of the problem (D) with precisely

two nodal domains. Moreover, uy has the least energy among all weak nodal solutions of (D) on
(—oo,min{A}, A2 }), ie.,

—00 < EA(UA) < EA(wA)

for any weak nodal solution w) of (D) on this interval.

2. If v(Q¥T) = 0, then there are no weak nodal solutions of the problem (D) for any A €
(—oo, min{A}, A2 }).

In the proof it will be convenient to use the following variational characterization of the
second eigenvalue A, of the zero Dirichlet —A, in Q) (see [12], p. 195):

Ap:= inf sup | |Vu|Pdx, (1.4)
A€F ueA/Q

where

Fo = {ACS:HhGC(Sl,A):hisodd}, S = {ueW&’p:/Q]u\”dx:l} (1.5)

and S! represents the unit sphere in R%. By ¢, € W& 7 we denote the corresponding second
eigenfunction and note that gozi # 0.

The second result concerns the formation of branches by the nodal solutions to (D). We
say that the family {u, } of critical points of E, forms a continuous branch on (a,b) (with respect
to levels of E,) if the map

E(.)(u(.)): (a,b) — R
is a continuous function.

Theorem 1.2. Assume that (1.1) is satisfied and v(Q") > 0. Then the set of nodal solutions u, for
(D), given by Theorem 1.1, forms a continuous branch on (—oo, A).

We note that the Nehari manifolds method leads to the similar results as above for more
general class of problems of type (D):

{ —Apu = Ag(x)[ulP"2u+ f(x)|u]"2u, x€Q,

ulpa =0,

where g(x) € L®(Q)) also changes the sign. Nevertheless, we sacrifice this case for simplicity
of exposition.

The paper is organized as follows. In Section 2, we give some auxiliary results concerning
the properties of E,. Section 3 contains the proof of the existence of a weak nodal solution
of (D). In Section 4, we show that the obtained solutions have precisely two nodal domains
and the the least energy property. Moreover, in Section 4 we show the nonexistence result. In
Section 5, we prove that the set of such nodal solutions forms a continuous branch.
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2 Auxiliary results

First we show the following lemma.

Lemma 2.1. Assume that (1.1) is satisfied and Q,(u) = 0 for some u € Wé’p . Then the following
equivalences hold:

1. Hy(u) >0<= F(u) >0<= E)(u) > 0;
2. Hy(u) =0<= F(u) =0 <= E,(u) =0;
3. Hy(u) <0<= F(u) <0<=E)(u) <0.

Proof. Letu € W&’p and Q,(u) = 0. Then
Ex(u) = * P Hy(u). (2.1)

Since 1 < p < v, all the statements of the lemma are satisfied. O

Using this lemma it is easy to see that if A < A, then E,(u) > 0 for any nontrivial weak

solution u € W& 7, whereas for A > A; the energy E, (1) may be either positive, or nonpositive.
Let us consider the fibered version of the functional E,, given by

The next lemma describes the structure of critical points of E, (tu) w.r.t. t > 0.
Lemma 2.2. Assume that (1.1) is satisfied and u € W&’p \ {0}.

1. If Hy(u), F(u) > 0, then there exists only one positive critical point t(u) of E)(tu) w.r.t. t > 0,
which is a global maximum point, and E (t(u)u) > 0, Q(t(u)u) = 0.

2. If Hy(u),F(u) < O, then there exists only one positive critical point t(u) of E)(tu) w.r.t. t >0,
which is a global minimum point, and E (t(u)u) < 0, Qx(t(u)u) = 0.

3. If Hy(u) - F(u) < 0and (Hy(u),F(u)) # (0,0), then E)(tu) has no positive critical points.

Proof. To obtain critical points of E, (tu) w.r.t. t > 0, let us find roots of

;EA(tu) = P H (u) — " 'F(u) = t#~1 (Hy(u) — £ PF(u)) = 0.

Hence, if Hy(u) - F(u) < 0 and (H)(u),F(u)) # (0,0), then E,(tu) has no positive critical
points, and if H) (u) - F(u) > 0, then there exists exactly one positive critical point, given by

1

Hu) = (?g)” > 0. (2.2)

Assume first that H) (u), F(u) > 0. Note that

DE(t) = 2Qu(tn),  EA(tn) = & ((p = DHa(t0) — (v 1F().
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Hence, if t(1) > 0 is a critical point of E,(tu), then Q,(t(#)u) = 0 and Lemma 2.1 implies
that E, (f(u)u) > 0. Moreover,

2

g0 = Do) ot <0

Therefore, due to the fact that there is at most one critical point of E,(tu) w.r.t. t > 0, we
conclude that #(u) is a point of global maximum of E, (fu).
The case H)(u), F(u) < 0 of statement 2 may be handled in much the same way. O

In the next result we provide the criterion for nonemptiness of \}.
Lemma 2.3. The following statements hold:

1. Nl # Q@ forall A € R, whenever v(QT) > 0;

2. Nl =@ forall A € R, whenever v(Q+) = 0.

Proof. 1. Let A € R and v(Q)") > 0. Then we are able to choose two open balls By, B, C Q)
sufficiently small such that B N B = @, A1(B1), A1(B2) > Aand v(B; N QT), v(B,NQT) > 0.

Consider now the characteristic function x(B; N Q") of the set By N Q. Since x(B1 N Q)
€ L®(Q), x(B1NQT) > 0 and supp x(B; N Q") C By, the standard approximation arguments
(see, e.g., [13, Lemma 7.2, p. 148]) imply the existence of u, € C§° (Q), ue > 0, such that
u; = x(B1NQ%) in L7(Q) as ¢ — 0, and therefore

/Qf|u£\7dx—>/Qf|)((B1FWQ+)|7dXE/Qf)((BlrWQJ“)dx:/B fdx >0,

1NOQT

ie., F(ug) > 0 for sufficiently small ¢ > 0. The similar argumentation yields the existence
of ve € CP(Q), such that F(v,) > 0 for sufficiently small ¢ > 0. Moreover, due to the
assumptions By N By = @ and A1(By),A1(Bz) > A, we can take ¢ > 0 small enough to satisfy
supp U, Nsuppve = @ and H, (u,), Hy(ve) > 0. Hence, Lemma 2.2 implies the existence of
t(ue),t(ve) > 0 such that

EA(t(us) ”s) >0, QA(t(us) ue) =0,
E)(t(ve) ve) > 0, Qa(t(ve) ve) = 0.

Thus, (i) ue — t(ve) ve € N7
2. Let now v(Q") = 0. Then for any u € Wg’p \ {0} we have F(u) < 0, which is impossible
for functions from N} in view of Lemma 2.1. O

Lemma 2.4. Assume that (1.1) is satisfied, A < Aj and u € N j Then
1. Ex(uF) — +ooas ||u™|| — +oo, i.e., E, is coercive on N;
2. |[u®]| > ¢1 > 0and Ey(u™) > ¢y > 0, where the constants ¢y, c, do not depend on u.

Proof. 1. Let u € N}. From Lemma 2.1 it follows that F(u*) > 0. Hence, u* are admissible
functions for the minimization problem (1.2), and

Jo |Vu|Pdx

fQ [u®|pdx 239)

A<
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Using this fact and (2.1) we get

Ea(u¥) = T PH,(ut) > AT ’“/ |Vt |P dx, (2.4)
Yp M
if A >0, and

Exw) = TP ) > TP P/ Vut|? dx 25)

for A < 0. Therefore, by the assumption A < A}, we conclude that E, (u*) — + as ||u™| —
+o00.
2. Using (2.3) and the Sobolev embedding theorem we have the following chain for the

case A > O:

A=A
S I < ) = P) < €
Since v > p and A < A] we get

1

A — A\ 77
> (A= = ) 2.
i = (5 ) = e >0 26)

Combining this estimation with (2.4) we get the desired result. The case A < 0 can be handled
in the same way using the estimation (2.5). O

3 Existence of nodal solution

In this section we prove the existence of a nodal solution for the problem (D). As noted above,
we seek for a solution of (D) as a minimizer of the problem

{ Ej(w) — inf,

3.1
w € Nj. G

Lemma 3.1. Assume that (1.1) is satisfied, v(Q)") > 0 and A < Aj. Then there exists a minimizer
ue W,” of 3.1)and u e N,

Proof. Since v(Q*) > 0, Lemma 2.3 implies that N} # @ for any A € R and therefore there
exists a minimizing sequence u; € N3, k € N for (3.1). Let us denote

¢y :=inf{E;(w) : w € Ni}.

We have ¢, € (0,+0), since Ey > ¢; > 0 on N, j by Lemma 2.4. Hence, using the coercivity of
E) on N}, given by Lemma 2.4, we conclude that u;- are bounded in WO1 7. Hence, there exist
u,u,w € Wé’p such that, up to subsequence,

U — U, ul =, U, —w,
weakly in Wg’p and strongly in L7 (Q).

Let us introduce the map h: LY — L7 by h(u) = u*. From [8, Lemma 2.3, p. 1046] it
follows that h € C(L?,L"). Hence, u* = v > 0 and u~ = w < 0 in Q). Moreover, u* # 0 in Q.
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Indeed, using Lemma 2.4 and Nehari constraints Q) (") = 0 we get

0<co< lim / |Vuif|P dx
k—+o00 JO

= tim (A [ x| i7d>
kiToo< P+ | flug|Tdx
:A/ ]uﬂ”dx—k/f]uﬂ"’dx.

Q Q

Now we show that uki — u* strongly in W&’p . For this end note that F(u*) > 0. Indeed, since
F (u,f) > 0, u* are admissible functions for (1.2). Combining this fact with the weak lower

semi-continuity of the norm in Wo?, we get
0< (A —A) / kP dx < / IVt |P dx — /\/ 1t [P dx
Q Q Q

< liminf </ |Vuki|pdx—)t/ |uf|”dx> = / flu®|" dx.
k—+oo [¢) Q O

From here it follows also that Hy (u*) > 0.

Suppose now, by contradiction to the strong convergence in W, ", without loss of general-
ity, that [[u™| < liminfy_ . ||u;"]|. Since F(u") > 0 and H,(u") > 0, Lemma 2.2 implies the
existence of exactly one critical point #(u") > 0 of E;(tu™) w.r.t. t > 0, such that

Ex(t(u)u™) >0, Qa(t(u")u™) =0.

By the same reason there exists t(u~) > 0, possibly equals to 1, such that

Therefore, t(u™)u™ + t(u")u~ € N}, and since ux € N}, we get
Ex(tuDu® +tu u™) < lliminf (Ea(t(u™)ul) + Ex(t(u)u))
—+00
< lim inf (Ex(u) + Ex(u)) = inf{Ex(w) : w € N}} =c).
—+o00

Thus, we get a contradiction. Consequently, ;> — u~ strongly in W&’p and u € V. O

Now we adapt the proof of [4, Proposition 3.1, p. 8] to show that the minimizer u € N} of
(3.1) is, in fact, a solution of (D).

Lemma 3.2. Assume that (1.1) is satisfied. If u € NAl is a solution of (3.1), then DE(u) = 0 in
W*LF’,(Q), i.e., u is a critical point of E, in Wé’p.

Proof. Let u € N} is a solution of (3.1), i.e.,
Ex(u) = ¢y := inf{Ey(w) : w € N1} > 0.
By Lemma 2.2, t(u*) = 1 are the global maximum points of E, (fu*) w.r.t. t > 0 and hence

Ex(ru®™ +su™) = Ex(ru™) + Ex(su™) < Ex(ut) + Ex(u™) = Ex(u) (3.2)
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for all (r,s) € R% \ {(1,1)}. Moreover, due to the fact that E;(u*) > 0, we are able to choose
x > 0 small enough, such that

min  E,(tu®) > 0. (3.3)
te[l—x,1+x]

Consider now the function
g:A=(1-x1+x)?CR>— Wé’p, g(r,s) =ru® +su".
Hence, from (3.3) and (3.2) it follows that

0<cp:= (7%23(14 Ex(g(r,s)) <cp.
Assume now, by contradiction, that DE, (1) # 0. Hence, using the continuity of DE, we con-
clude, that there exist some constants &, 6 > 0, such that || DE,(v)|| > a for all v € Uzs(u) :=
{weW,” : |Ju—wl| <36}
Let us take some ¢ < min {%5%, %‘5} and denote S5 := Ups(u). Then the deformation
lemma (see [20, Lemma 2.3, Parts (i), (v), (vi), p. 38]) implies the existence of homotopy
n € C([0,1] x Wé’p,Wol’p), such that

1) 5(t,v) =vforallt € [0,1],if Ey(v) < c) — 2¢,

2) Ex(5(t,0)) < Ex(0) forallv € W,” and t € [0,1];

3) Ex(y(t,v)) <cpforallv e {we Ss: Ex(w) <c}andt e (0,1].
From 3) it follows that

max E t,g(r,s))) <cp, Vte(01]. 3.4
{(r,s)€A: g(r,5)€S5} A(n(t,8(r,5))) A (0,1] (3.4)

On the other hand, 2) and (3.2) imply that for all t € [0, 1]

ek aazsy IS S e oyesy &) < 0
Furthermore, from 1) it follows that #(t, g(r,s)) = g(r,s) for (r,s) € 0A and all t € [0, 1], since
cop < ¢y — 2¢.

Now, due to the continuity of # and E,, (3.3) implies the existence of ¢y € (0, 1], such that
Ex(n%(t,g(r,5))) > 0 forall t € [0,t] and (r,5) € A.
Let us denote for simplicity

h(r,s) = 1(to,g(r,5)),

and consider the maps

1 A= R, gi(r,s) = (Qu(h"(r,5)), Qi(h™ (1,5))),
Yo A — R?, Po(r,s) 1= (QA(””JF)/QA(S’/‘*)) .

Note that ¢ (r,s) = (0,0) if and only if h*(r,s) € N,. On the one hand, deg(y»,0,A) = 1,
since there exists only one point (r,s) = (1,1) € A such that Q,(ru™), Q\(su™) = 0 and the
Jacobian determinant

aQ(ru™)

d0(su~

0.
ds >

s=1

r=1
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On the other hand, since h(r,s) = g(r,s) for all (r,s) € A, we get

¥i(r,8) = yo(r,s), (r,s) € 9A.

Consequently, using the homotopy invariance property of the degree (see [2, Theorem 3,
(iv), p- 190 and Remark 7, (a), p. 192]), we get deg(¢1,0,A) = deg(y»,0,A) = 1. Hence,
there exists (rg,50) € A such that Q)(h*(ro,80)) = 0. Furthermore, from the fact that
EA(7%(to,8(r0,50))) > 0, we conclude that h(rg, s9) € N7.

Finally, from (3.4) and (3.5) we obtain

EA(h(ro,So)) <cp = mf{E/\(w) Tw e N)%},

but it is a contradiction. Thus, DE,(u) = 0 in W_Lf’/, ie, u e N )% is a critical point of E, on
WP H
i

4 Least energy and number of nodal domains

Let us consider other subsets of the nodal Nehari set M ,:

N)% = {u € W&'p : Mi S N/\, EA(M+) . E,\(Ll*) < O},
N ={ue W(}’p cut € Ny, Ex(u?) <0}

It is easy to see that M, = N1 UNZUN3.
Lemma 4.1. N2 = Q@ forall A < A} and N3 = @ for all A < A,.

Proof. 1. First we show that N/ 2—0Qfor A < A]. Assume, contrary to our claim, that for some
A < A} there exists w € N?2. Suppose first that Ey(w™') - Ex(w~) < 0. From Lemma 2.1 it
follows that F(w™) - F(w™) < 0. Therefore, there exists t > 0, such that

F(tw" +w™) =t"F(w") + F(w~) = 0.

This implies that tw™* + w™ is an admissible function for minimization problem (1.2), which
yields a contradiction, since A < AJ.

Suppose now, without loss of generality, that Ey(w®) = 0. Lemma 2.1 implies that
F(w™) =0, and consequently w™ is also an admissible function for (1.2), a contradiction.

2. Let us show that N? = @ for A < A,. For this end we consider the critical point

= inf max f [V |P dx f [V~ |V dx 4.1)
2 e JTwtrdx” Jlu-fpdx f]° |
uy Z0

Proposition 4.2. u; = A,.

Proof. Note first that y, < A,. Indeed, using the second eigenfunction ¢, € W,”, which
corresponds to Ay, as an admissible function for (4.1), we get

[Feelin [Ve x| _ [ePa_,
[loFrdx " [ |y |Pdx [ oz |r dx

2 < max{ 5.
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Now we show that A, < pp. Arguing as in the proof of [7, Proposition 4.2, p. 8] it is not
hard to obtain a nonzero minimizer ¢, € Wé’p of (4.1), such that 1[]5—L # 0 and, due to the
homogeneity of (4.1), [ 2|7 dx = 1. Consider the set

A= {u € W,” :u = spj +tp;, wheres,t € R, such that / sy + tp, [P dx = 1}.
o)

By construction, A C S, where S is defined in (1.5). Moreover, taking

2 A 2 3
iy = ety
(J Iy IPdx)? (J Iy [P dx)?
we conclude that 1 : S' — A is continuous and odd, and consequently A € JF,. Therefore,
A <sup [ [VulPdx=  sup <|s|r’/' |V¢2+\de+|t|i’/ |V¢2—|de)
ueA/Q s,teR: Q Q

Jo s gy [P dx=1

< osap (1P f P e [ g dx) =
s,teER: Q (@)
Jo |59y +tpy [P dx=1

Hence, pp = M. ]

To finish the proof of Lemma 4.1 suppose a contradiction, i.e., there exists w € N for
some A < A. Lemma 2.1 implies that H, (w*) < 0, and therefore

[ |Vw*|Fdx
TTorpar

[|Vwt|Pdx [ |Vw™|Fdx
Jlwt|pdx " [lw-|Pdx |’

<A <Ay = pup <max

which is impossible. O
The property of the least energy is given in the following lemma.

Lemma 4.3. Assume that (1.1) is satisfied, v(Q") > 0 and u) € N)} is a nodal solution of (D) given
by Lemma 3.2. Then u, has the least energy among all nodal solutions of (D) on (—oco, min{A], A2}),
ie.,

—00 < E;L(u)\) < E)L(ZU)\),

for any nodal solution w) of (D) on this interval.
Proof. Lemma 4.1 implies that NZ, N3 = @ for A < min{A},A,}. Therefore, M, = N} # @

for such A, due to Lemma 2.3, and thus any nodal solution of (D) belongs to N}. Since u, is
obtained by minimization of E, over N}, we get the desired result. ]

In the next lemma we prove nonexistence result for (D).

Lemma 4.4. If v(Q)") = 0, then there are no weak nodal solutions of the problem (D) for any A €
(—oo, min{A}, Az }).

Proof. From the proof of Lemma 4.3 it follows that M, = N /% However, Lemma 2.3 implies
that V. )% = @ for any A € R, whenever v(QQ") = 0. Thus, M, = @, which implies the
nonexistence of weak nodal solutions for (D) on (—oo, min{A},A>}). O
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The next result gives the information about the precise number of nodal domains for
solutions of (3.1).

Lemma 4.5. Assume that (1.1) is satisfied and A < Aj. Then any solution u € N} of (3.1) has
precisely two nodal domains.

Proof. Let u € N7 be a solution of (3.1) and consequently a solution of (D). Recall that any
solution of (D) is, in fact, of class C*(Q), a € (0,1) (see Section 1). Suppose, by contradiction,
that there exist three nodal domains D;, i = 1..3, and, without loss of generality, u > 0 in Dy
and D3. We denote u = uq + up + uz, where

i(x) = u(x) if x € D;, 1.3
: 0 if x € Q\D;, "'

Hence, u; € C1* (ﬁ) and uy,u3 > 0, up < 0 in their supports. Moreover, testing (D) by u; one
can get Q) (u;) =0 forall i =1.3.

Assume first that E, (1;) > 0, i = 1..3. However, u; + up € N} and E, (u1 + up) < Ex(u) =
cx- Hence, we get a contradiction.

Suppose now, without loss of generality, that E, (u1) < 0. Since E,(u2) > 0, we conclude
that u; + up € N2, which contradicts Lemma 4.1. O

5 Continuous branch

Let uy € N. /% be a nodal solution of the problem (D) given by a minimizer of (3.1). First we
show that for any A € (—o0,A}) and for any sequence AA — 0, the corresponding sequence

of solutions up4ar € N}, ,, converges strongly in w,”, up to subsequence, to some 1y € N7.
It is not hard to see that for the sequence 1, ) we have

Extar(ursar) — ¢ and  DEjyian(uaiar) =0.

Moreover, using Lemma 2.4 it is not hard to show that there exist constants K, K, such
that for all sufficiently small AA it holds 0 < K; < [[ux4ar]| < Kz < co. Hence, Sobolev’s

embedding theorem and the Eberlein-Smulian theorem imply the existence of 1 € Wé’p such
that, up to subsequence, u);ay — ug strongly in LP (Q) and ujyian — up weakly in Wé’p.
Since DE);ap(a4+a2) = 0 for any AA small enough, we have

(DEr+ar(Upsar), U0 — Uptar) = /Q (Vi an P2 Vupan V(o — upyan) dx
— (A + A1) /Q [rsan |’ 21 gan (o — upian) dx
- /Qf!MHAA\%ZuHAA(“o —tpyar)dx = 0.
From here, using the strong convergence 1)) — ug in LY (Q)), we obtain

/Q ]VMHMV’_ZVuHMVuO dx — /Q \VuMM]pdx — 0,

which implies that u; — ug strongly in W&’p. Moreover, since

Ex(ug) = lim Exiar(uaqan) > c2 >0, Qa(ug) = lim Qryar(ursar) =0,
A0 AL=0
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we conclude that 1y € N}. Obviously, 1 is a critical point of E,.

Let us prove now that u is also a solution of (3.1). Recall the definition ¢, := E,(u,) and
define, additionally, cf :=E ;\(u)jf). Note that ¢, c)jf € (0, 40). Assume, by contradiction, that
¢y < Ex(ug). Hence, we have 61 + 6~ > 0, where

6T =Ex(ug)—cf, 6 =Ex(uy)—cy.

Note first that the continuity of Hy sy w.r.t. AA implies that for sufficiently small AA the
sign of Hyyax(uy) is positive, and at the same time F(uy) > 0. Hence, Lemma 2.2 yields
the existence of points of global maximum t)im = tA+AA(u)jf) of EA+M(tuf\E) wrt. t > 0.
Moreover, t)jf ) tends to 1 as AL — 0. Indeed, using (2.2) we obtain

1

1 1
" <HA+M(u})>W _ <HA(u})—AAf|u}ypdx>“’

B TRy F(uy)

1
Sl |P dx
U

Using this fact and strong convergence 1)y — ug in Wg’p it is not hard to see that for any
€ > 0 there exists § > 0, such that for all |AA| < § we have

’E/\+A/\(tf+A/\u)T) — E)L(M)%” <§,
|[Ea(uy) = Exrar (g a0)| <&
From these estimations we get
Exian(Eoantty) < Expan(uian) +2e =67, (5.1)
Exvan(tyanty) < Exgan(uyay) +26 =07, (5.2)

Combining (5.1) and (5.2) with the assumption 6+ + 6~ > 0 we conclude that for vy ay =

Aty + Aty and sufficiently small ¢ > 0 the inequality

Ex+ar(vatar) < Extan(uaian)
holds. However, by construction, vy 1) € N, Al +ar, which implies a contradiction, since 1)
is a minimizer of E, ) over N/%JFA/\.
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